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Chapter 1

Introduction

1.1 Motivation and the state of research

The computation of properties of large systems such as excitation energies is a

common problem in quantum chemistry. While accurate wavefunction methods

are to expensive because of their steep scaling with the system size, methods

like density functional theory (DFT) or molecular mechanics (MM) might make

larger systems feasible but might not be able to describe the desired property

with sufficient accuracy. In case of local excitations one additionally faces the

problem to isolate them from the many excited states of a large system.

The simplest way to reduce the computation time to study local properties

in a large system is a truncation of the total system to a smaller system. Such

truncations are limited and usually still need most parts of the system in order to

provide accurate results. Another way is provided by embedding methods, where

the total system is divided into a subsystem of interest and its environment.

Here the subsystem of interest is described with a method of choice, while the

environment is described through a computationally less demanding method,

and its influence on the active subsystem is included via an embedding potential

νemb(r). Such methods can converge much faster to supermolecular results with

the size of the active subsystem than simple truncation models. Many different

embedding methods have been developed1–5 so far and combined with various

methods in order to describe different kinds of properties.

1
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The simplest kind of embedding methods, beside mechanical and electro-

static coupling, are the continuum solvation models (CSM). Here the specific

molecular structure of the environment is neglected and replaced by a contin-

uum, which is characterized by its dielectric constant εenv. The active subsystem

is placed within a cavity inside this continuum and the electrostatic potential

of the induced surface charges is included in the quantum chemical treatment

of the active subsystem as the embedding potential. Commonly the cavity is

discretized and the point charges qs at the positions rs on the cavity are used to

approximate the surface charges leading to the following embedding potential:

νCSMemb [ρI ](r) =
∑

s

qs[ε
env, ρI ]

|r− rs|
(1.1)

Many varieties of these kind of models have been developed and mainly differ

in their definition of the cavity and in the equations of the surface charges2.

The most popular CSMs are the polarizable continuum model6 (PCM), the

conductor-like screening model7 (COSMO) and the solvation model based on

density8 (SMD). CSMs are well suited to model solvent effects9,10 since they

implicitly include an average over the different solvent configurations by neglect-

ing the specific molecular structure of the environment and using macroscopic

solvent properties like the dielectric constant or the refractive index to describe

the interaction with the solute. But this is also their biggest disadvantage,

since the molecular structure of the environment can have important influence

on the interaction between embedded species and its environment, in particular

hydrogen-bonds where the solvent acts as hydrogen-bond donor can significantly

shift excitation energies for transitions that involve a hydrogen-bond accepting

lone-pair of the chromophore.

A simple way to introduce environment effects while keeping the information

about the specific molecular structure is through classical MM as proposed by

Warshel and Levitt11. Such methods where the embedded species are described

through a quantum mechanical method (QM) and the effects of the environment

through classical MM are called QM/MM methods. The environment is repre-

sented here through point charges qB , whose positions are determined through

MM calculations. This leads to an interaction energy that is given through the

electrostatic interaction of these point charges with the nuclear charges QA and
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the electron density ρI(r) of the active subsystem:

E
QM/MM
int =

Nat∑

A

Npc∑

B

QAqB
RAB

+

Npc∑

B

∫
ρI(r)qB
|r−RB |

dr , (1.2)

where RAB is the distance between the nuclei A and the point charge B, Nat

the number of atoms in the embedded system, and Npc the number of point

charges. The embedding potential simply given by:

ν
QM/MM
emb (r) =

Npc∑

B

qB
|r−RB |

. (1.3)

The description of the environment can be further improved by taking the polar-

ization of the environment into account. This was already proposed by Warshel

and Levitt in their original work11 and many ways to include polarization have

been developed since then12–16. One way to include polarization is given by the

direct reaction field (DRF) model. Here the electrostatic potential is generated

through induced dipoles µindB at the positions RB :

νDRFemb [ρI ](r) =

Npc∑

B

qB
|r−RB |

+

Npc∑

B

µindB [ρI ] · (r−RB)

|r−RB |3
(1.4)

Since the embedding potential depends on ρI(r) and the induced dipoles de-

pend on all other induced dipoles, the embedding potential needs now to be

determined self consistently. This model was slightly improved by Kongsted

and coworkers in their polarizable embedding (PE) method17–19 by using not

only partial charges but also multipole moments to describe the static part of

the electrostatic potential. This kind of methods are widely used to study local

properties in biological systems3. Nevertheless, in some cases the missing non-

electrostatic contributions, such as the Pauli repulsion, can cause severe prob-

lems, e.g., electron spill-out, where the electron density is unphysically strong

attracted by the positive point charges in the environment.

In purely quantum mechanical embedding methods, such as the frozen den-

sity embedding (FDE) method, also non-electrostatic contributions are included

within the description of the interaction with the environment. The FDE

method was developed by Wesołowski and Warshel20 in 1993 within the frame-

work of DFT and provides a formally exact description of the total system.

Here the electron density of the total system (ρtot) is defined as the sum of the
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electron density of the embedded species (ρI) and its environment (ρII):

ρtot(r) = ρI(r) + ρII(r) . (1.5)

With this partition of the electron density the energy of the total system (Etot)

can be expressed through the following equation:

Etot[ρI(r), ρII(r)] = EI [ρI(r)] + Eint[ρI(r), ρII(r)] + EII [ρII(r)] , (1.6)

where EI represents the energy of the embedded species, EII the energy of the

environment, and the interaction energy Eint is defined as

EFDEint [ρI(r), ρII(r)] =

∫ ∫
ρI(r)ρII(r

′)
|r− r′| drdr −

∫
ρI(r)νNII (r)dr (1.7)

−
∫
ρII(r)νNI (r)dr′ + Enaddkxc [ρI(r), ρII(r)] + ENN .

νNX (r) is the nuclear potential of subsystem X and Enaddkxc contains kinetic and

exchange-correlation contributions to Ekxc[ρtot(r)], which are not covered by

EI [ρI(r)] and EII [ρII(r)]. The kinetic contributions to Enaddkxc can not be com-

puted in the conventional way, with molecular orbitals as proposed by Kohn and

Sham21, since the wavefunction of the total system is not known. So similar

to the exchange-correlation energy also the kinetic energy has to be computed

using a density functional.

If the electron density of the environment is “frozen“ and thus kept constant,

the electron density of the active subsystem minimizes the energy of the total

system. The functional derivative of the total energy with respect to the electron

density of the active subsystem gives in addition to the effective potential of the

isolated active subsystem the embedding potential for this subsystem:

νFDEemb [ρI(r), ρII(r)] = νNII (r) +

∫
ρII(r

′)
|r− r′|dr

′ +
∂Enaddkxc [ρI(r), ρII(r)]

∂ρI(r)
. (1.8)

Such a minimization leads to the exact total electron density if the electron

density of the environment ρII and the density functionals are exact.

In practice neither the exact electron density of the environment nor the

exact density functionals are available. Therefore several strategies have been

developed to approximate both. The simplest approach to approximate the en-

vironment density is to use a computational inexpensive method to generate the

electron density of the environment and use this density for the FDE method.
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This approach is suited especially for environments which are not significantly

polarizable22, but depending on the size of the environment this can be compu-

tational demanding. Another approach is to generate the environment density

based on a superposition of densities of fragments, which are commonly the dif-

ferent molecules within the environment. In this way the computational effort to

generate ρII increases only linear with the number of fragments. This strategy

was used in various studies23–25 and offers a good approximation, if the envi-

ronment comprises weakly interacting molecules. The most common approach

simultaneously optimizes the electron density of the embedded species and the

environment with the freeze-and-thaw (FaT) procedure26. Here, the role of the

frozen density and the embedded species is interchanged in an iterative fashion

between the two subsystems until both electron densities are converged. This

then also includes the polarization of the environment, which leads to a qual-

itative improvement in particular for systems with charged species27. Other

approaches include the dominant part of the external electric field generated

by the embedded species during the generation of ρII to get a polarized elec-

tron density27,28. A continuum like representation of the environment within

FDE29,30 was achieved by using a statistically averaged electron density of the

environment.

Beside approximations of the environment density, the exact density func-

tionals are usually not known, so that approximation must be made for these

as well. While for the subsystems themselves the common approaches of Kohn-

Sham DFT can be used, other approaches are necessary to compute the non-

additive terms. A common approach is to use existing density functionals to

compute the kinetic and exchange-correlation energies of the total electron den-

sity and the individual subsystem densities and then compute the nonadditive

terms as the difference between them. In the same way, the derivatives necessary

for the embedding potential are calculated. Such approximations for the nonad-

ditive energy terms are denoted as decomposable approximations. While for the

exchange-correlation energy various functionals have been developed for conven-

tional DFT calculations, the kinetic energy is usually calculated using orbitals

and therefore only a limited amount of kinetic energy functionals were devel-

oped. In regular density-gradient expansions (DGEs) the exact kinetic density
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functionals for a uniform electron gas, the Thomas-Fermi functional31,32, and

for one electron or spin compensated two electron systems, the von Weizsäcker

functional33, were used to construct kinetic energy functionals, which proofed to

be not very successful in modeling the kinetic energy or the nonadditive kinetic

energy34 if used self-consistently. Many kinetic energy functionals using the

generalized gradient approximation (GGA) have been developed following the

conjointness hypothesis35,36. According to this hypothesis the same enhance-

ment factor used for the exchange functionals can be used for kinetic functionals

as well. The widely used PW91k or LC94 kinetic energy functional37 was de-

veloped following this strategy. Another type of kinetic energy functionals are

based on the linear response of a homogeneous noninteracting electron gas given

by the Lindhard response function38–40. The resulting non-local functionals are

usually much more demanding than (semi)local density functionals, but can

rather efficiently calculated in periodic systems.

Beside the decomposable approximations also so-called nondecomposable

approximations exist, which directly calculate the nonadditive kinetic energy

potential. An advantage of these kind of functionals is that the functionals can

be constructed in such a way that quantities which can be directly extracted

from the potential, i.e. multipole moments or excitation energies, are well re-

produced instead of an approximate description of the kinetic energy41,42. With

such functionals, however, the energy of the system can not be obtained. One

example of such nondecomposable kinetic energy functionals is the “nondecom-

posable approximant using first and second derivatives“ (NDSD). This func-

tional enforces the correct behavior of the nonadditive kinetic potential at the

frozen subsystem, such that for long distances the embedding potential vanishes

at the frozen subsystem.42

If a KS-DFT calculation of the total system is possible the nonadditive

kinetic energy potential can also be obtained through numerical inversion pro-

cedures. Here the nonadditive potential is obtained as the difference between

the potentials of the total density and the embedded subsystem density. The

potentials are obtained from an iterative scheme, where in the simplest case the

potential is updated on a real space grid. In each iteration the current poten-

tial is used to compute an electron density, which is then compared with the
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target density at each grid point. Based on the difference between the two den-

sities the potential will either be made more repulsive or more attractive. Over

the time, various formulas have been proposed for updating the potential43–46.

Beside procedures on the real space grid various other procedures have been

proposed47–51 to increase efficiency and robustness of the potential reconstruc-

tion. Since supermolecular DFT calculations are necessary for these procedures

the computational advantage gets lost, however these procedures can be used

to study and develop new approximate kinetic energy functionals.

That the embedding potential depends only on the electron densities of the

subsystems makes it possible to extend the FDE method to wave function theory

(WFT) methods as well. Such WFT-in-DFT approaches have been developed

for Hartree-Fock52(HF), Møller Plesset perturbation theory53 (MPn), Configu-

ration interaction54 (CI), CASSCF and coupled cluster (CC) methods.55,56 A

strict formulation of such WFT-in-DFT approaches was given by Wesołowski57.

The FDE method has been used to study various properties like NMR shield-

ings58,59 and ESR22,60 properties, but one of its most important fields are ex-

cited states and electronic spectra of chromophores in various environments.

The first excitation energies determined by the FDEmethod were extracted from

orbital energy differences in metal complexes, for example, lanthanide-halide

clusters in elpasolite crystals27,28 or MnF6 complexes in fluoroperovskites61.

A first linear response formulation within FDE was presented by Casida and

Wesołowski62 in 2004 for time dependent DFT (TDDFT) and was later on im-

plemented as a simplified version63, where the response contributions of the

environment are assumed to be zero. This approach was later denoted as “un-

coupled FDE“ 64 (FDEu) or as “neglect of dynamic response of environment“ 65

(NDRE). In 2007 an extension to an arbitrary number of subsystems was pub-

lished64, which includes effects resulting from changes in the electron densi-

ties of all subsystems. This approach allows to calculate excitonically coupled

monomer excitations and is therefore denoted as coupled FDE (FDEc). Later on

this approach was rederived to introduce the Tamm-Dancoff approximation66

and to distinguish coupled and uncoupled response functions with Dyson-type

equations67. In various studies it was shown that the FDEu approach leads to

reliable results if the excitation energies of the embedded subsystem and the
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environment are far apart68–71, but in case of several interacting chromophores

where the excitation can no longer be described in terms of local transitions

the FDEc approach has to be employed72–74. For WFT-based methods a linear

response formulation was given by Höfener et. al.55,56 who demonstrated their

approach for excitations in water molecules within a water cluster using time

dependent HF (TDHF). Since DFT provides in most cases already an accu-

rate ground state density and WFT is usually only necessary to overcome the

difficulties of TDDFT, a scheme was proposed which uses conventional DFT-

in-DFT calculations to determine the embedding potential and use this fixed

embedding potential in a following WFT-in-DFT calculation for local excited

states75. Beside linear response formulations also a state-specific approach was

formulated by Khait and Hoffman76,77 for WFT-in-DFT approaches.

A common problem in QM/MM calculations is the so-called electron spill

out, where the electrons of the embedded subsystem are unphysically strong at-

tracted by regions in the environment with a positive electrostatic potential, in

particular regions close to the nuclei of the environment, because the Pauli re-

pulsion is not included within the purely electrostatic interaction. This problem

especially occurs if diffuse basis functions are used since they reach further into

the region of the environment. The FDE method includes besides electrostatic

contributions also the nonadditive contributions of the exchange-correlation and

kinetic energy within the embedding potential. The nonadditive kinetic energy

contributions provide here an additional repulsive contributions to hinder elec-

trons to move to the nuclei of the environment. Therefore it is expected that the

FDE method suffers less from the electron spill-out problem than MM embed-

ding methods that use a purely classical description of the environment. Dułak

and Wesołowski78 investigated this problem for the two systems F− ·H2O and

Li+ ·H2O and could show based on the interaction energies that this problem

occurs only in case of pure electrostatic embedding potentials but not if the full

FDE embedding potential is used. In another study Fradelos and Wesołowski79

studied excitation energies of hydrogen bonded complexes for different basis set

sizes and embedding potentials. They showed that the excitation energies col-

lapse in case of large basis sets with diffuse basis functions and a purely electro-

static embedding potential and that the numerical stability can be restored with
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a full FDE embedding potential. Nevertheless improvements of the embedding

potential have been developed to overcome problems caused by the approximate

nonadditive kinetic energy contributions. Jacob et al42 developed a long dis-

tance correction that assures the correct description of the embedding potential

at the frozen environment in the long distance limit. An improved description of

the Pauli repulsion is given in projection based embedding models80–86, where

the orthogonality of the molecular orbitals between the subsystems is assured.

However, the orthogonalization has a cubic scaling of its computational demand

with the size of the basis of the full system and is therefore less suited for large

systems.

Another important route to make wavefunction-based methods applicable to

larger molecular system, which several research groups have been working on in

the last decades, are local correlation methods. In particular the Pair Natural

Orbital methods, which truncate the virtual space based on the correlation

contributions of individual pairs of orbitals, have proven to be very efficient.

Here the spatial characteristics of the two electron integrals of the type (ia|bj),
which are related to the computational most demanding steps in second-order

correlation methods, are exploited. These integrals are non-negligible only if the

virtual molecular orbitals (MO) a and b are in the spatial vicinity of the occupied

MOs i and j. Moreover, the magnitude of these integrals decreases with the

power of three with the distance between the centers of i and j. Based on these

relations PNOs with only small contributions can be discarded, which leads to

a reduction of the computational demand for the following calculation. Beside

PNOs such a truncation of the basis size is also performed in the projected

atomic orbitals87,88 (PAO) approximation and in the concept of orbital specific

virtuals89,90 (OSV), but compared to these two approaches, PNOs have the

advantage that they require less number of pairs to achieve the same accuracy

and that their truncation depends only on one parameter.

Already in the 1970s the PNO approximation was formulated and became

popular91–103 because due to their enormous reduction of the virtual space,

they made wave function methods, such as coupled electron pair approximation

(CEPA) and CI methods, feasible for molecules for which these calculations

had at that time not been possible with the available computer hardware with
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conventional implementations. The high computational demand for the trans-

formation of the two electron integrals into the PNO basis, however, led to a loss

of interest in PNOs. It was not until 2009 that the PNO approach was revived

by Neese et. al.104,105, who realized that this problem could be avoided through

the meanwhile developed approximations for the decomposition of the two elec-

tron integrals106,107. The achieved efficiency and accuracy also motivated other

groups to use the PNO approximation beyond ground-state correlation energies.

With that the PNO approach has been applied for F12-methods108–110, excita-

tion energies111–113 with CIS(D), ADC(2) and CC2, for MP2 gradients114 and

for CCSD105 and CC3115. Further improvements in the PNO generation could

be achieved by using an intermediate OSV basis116,117.

1.2 Aim of the project

One of the largest problems within FDE results from the necessary approxima-

tion of the nonadditive kinetic energy contributions. In practice decomposable

approximations are most commonly used, but here the problem arises that the

errors in the kinetic energy for the electron densities of the total system and the

active and environment subsystems do not compensate each other when func-

tionals originating from the regular gradient expansion5 for the kinetic energy

are used. As shown by numerical results there is no correlation between the

errors of the nonadditive kinetic energy contributions and the errors of the cor-

responding kinetic energy contributions for the individual electron densities118.

The same applies for their derivatives23,41,118. Several studies on approximate

nonadditive kinetic energy functionals indicate that simple GGA type approx-

imations are only applicable when the electron densities are weakly overlap-

ping.41,119–121 In case of systems with covalent bonds between the embedded

species and the environment applying the approximate nonadditive kinetic en-

ergy functionals usually leads to wrong results.122–124 This leaves several sys-

tems with only one option, which is to increase the size of the embedded subsys-

tem until there are no more covalent bonds with the environment. The resulting

subsystems can be large, which may limit the number of methods available to

model that subsystem due to the computational demands. Particularly accu-
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rate second-order correlation methods with their steep scaling with the number

of basis functions may no longer be practical. However, such second-order cor-

relation methods are popular to compute excitation energies because of their

reliable accuracy.

An improved description of the embedding potential, in particular the non-

additive kinetic energy potential, with the above mentioned numerical inver-

sion procedures, allows to describe covalent bonds between subsystems123 and

hence keep subsystems within sizes feasible for second-order correlation meth-

ods. However, the necessary supermolecular DFT calculations still make this

method computationally demanding. Another approach to handle covalent

bound environments is given by the so called “3-FDE“ method125. Here, the

subsystems are separated at the covalent bond and capping groups are added

to each subsystem to ensure the structure of the covalent bond in each sub-

system. A third subsystem is then defined as a combination of the capping

groups at each subsystem, and the density of this “capping subsystem“ is sub-

tracted from the combined densities of the other two subsystems to form the

total electron density. In FaT iterations, the densities of the two subsystems are

then optimized while the density of the “capping subsystem“ is kept fixed. The

efficiency of this approach was demonstrated for proteins, where the electron

densities of supermolecular DFT calculations could be reproduced with good

accuracy. However, due to an additional condition that ensures the positivity

of the electron density, the electron density around the covalent bond is fixed

and a polarization of the bond cannot be described.

This work follows a different strategy to overcome the problem of large sub-

systems within FDE embedding calculations. Instead of developing ways to

decrease the size of subsystems even further, the goal is to combine the FDE

method with pair natural orbitals (PNOs) to make accurate second-order wave

function methods within FDE feasible for even larger subsystems. While this

combination offers the possibility to investigate large subsystems within com-

plex environments it also introduces an additional approximation into the FDE

calculation. Therefore, an investigation of the introduced PNO approximation

error for environment-induced properties is required to ensure the accuracy of

this combination. A very important quantity in theoretical spectroscopy is the
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environment-induced shift of excitation energies. These shifts are themselves

rather small, so that an additional approximation might render a qualitative

description of these shifts no longer possible. Also, the convergence of proper-

ties of the embedded subsystem with the size of the environment is an important

feature that must be ensured even after the introduction of the PNO approx-

imation. Therefore an implementation of the combination of PNOs with FDE

is presented within the TURBOMOLE program package and its efficiency and

accuracy tested for the calculation of excitation energies.

Beside the problem of large subsystems a second problem caused by the

approximate nonadditive kinetic contributions might arise in excitation energy

calculations: the electron spill-out problem. This problem is well known in

QM/MM embedding and arises due to the lack of Pauli repulsion between the

subsystems. In FDE the nonadditive kinetic energy offers an additional repul-

sive contribution to the embedding potential and is able to prevent electron

spill-out in systems, where pure electrostatic embedding methods failed78,79.

Nevertheless the robustness depends on the quality of the approximation of the

kinetic density functional and further investigations in case of excitation energy

calculations is important to ensure the accuracy of these. Therefore also the

electron spill-out problem is investigated and a possible improvement of the

description of the Pauli repulsion is proposed.

In the following chapter (chapter 2), the theoretical background of PNOs

and reaction field schemes is explained and the structure of the FDE imple-

mentation is presented. Then, in Chapter 3, the electron spill-out problem for

FDE calculations is investigated and a solution is proposed. In Chapter 4, the

proposed combination of PNO and FDE is tested for efficiency and accuracy.

In conclusion, Chapter 5 provides a summary of the project and an outlook for

further improvements of the implementation.



Chapter 2

Theoretical Background and

Layout of the Implementation

2.1 Pair Natural Orbitals

The electron correlation is a short range effect that decays with the distance as

R−6 and in order to exploit this short-ranged nature PNOs are defined for each

occupied pair of MOs i and j as a linear combination of the virtual orbitals a:

|ā〉 =
∑

a

|a〉dijaā . (2.1)

The coefficients dijaā are chosen such that they diagonalize the pair contribution

Dij of pair ij to the one electron matrix104:

dijaāD
ij
abd

ij

bb̄
= nijā δāb̄ . (2.2)

The eigenvalues nijā are pair-specific natural occupation numbers and show a

fast convergence towards zero. Most contributions to the correlation energy are

already obtained through the MP2 method with a wavefunction of first order.

Therefore a evaluation of the significance of the PNOs can already be carried

out at the MP2 level. The pair contributions to the density matrix are then

13
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given for the closed-shell case as:

Dij
ab =

2

Nij

(
uijabt

ij
bc + uijcat

ij
cb

)
, with (2.3)

Nij = 1 +
2

1 + δij

∑

ab

(
uijabt

ij
ab

)
and (2.4)

uijab = 2tijab − t
ij
ba (2.5)

and the MP1 doubles amplitudes as

tijab =
(ai|bj)

εa + εb − εi − εj
. (2.6)

The number of PNOs is truncated based on their natural occupation number

nijā and all PNOs below a defined threshold value TPNO are neglected. This

convergence can be further improved by using localized molecular orbitals for

occupied orbitals since the PNOs with the highest occupation numbers are spa-

tially close to pairs of occupied orbitals that are themselves spatially close to

each other. Doubles amplitudes and two electron integrals are then transformed

into the resulting truncated PNO basis. For excitation energies the constructed

ground-state PNOs perform poorly since they do not account for the different

characters of excited states111. To deal with this problem, state specific PNOs

are constructed in a similar fashion, where the ground-state doubles amplitudes

are replaced with the first-order excited state doubles amplitudes111:

D̄ij
ab = 2

(
ūijacE

ji
bc + ūijcaE

ij
cb

)
. (2.7)

2.2 Reaction Field Schemes

Reaction field theory provides a theoretical framework how the Schrödinger

equation for a system that consists of an “active“ part of interest and a (polar-

izable) environment can be reduced to an effective Schrödinger equation for the

wavefunction of the active part only:

ĤtotΨtot = EtotΨtot −→ Ĥact
effΨact = EacteffΨact . (2.8)

With that reaction field theory provides a common theoretical framework for

approaches that embed a quantum system in a polarizable environment as it is

f.x. the case for FDE. To achieve such a description the total wavefunction is



2.2. REACTION FIELD SCHEMES 15

approximated by an antisymmetrized product of a wavefunction for the active

subsystem |Ψact〉 and a wavefunction for the environment |Ψenv〉:

|Ψtot〉 ≈ |ΨactΨenv〉 = Â|Ψact〉|Ψenv〉 (2.9)

with Â as the antisymmetrizing operator. The Hamiltonian is partitioned into

Ĥact, which describes the isolated active subsystem, Ĥenv, which describes the

isolated environment and Ĥint describing the interaction between the two sub-

systems.

Ĥtot = Ĥact + Ĥenv + Ĥint (2.10)

Inserting this into the formula for the total energy gives:

Etot = 〈Ψtot|Ĥtot|Ψtot〉 ≈ 〈ΨactΨenv|Ĥact + Ĥenv + Ĥint|ΨactΨenv〉

≈ 〈Ψact|Ĥact + Ĝ+ Eenv|Ψact〉 , (2.11)

with the reaction field:

Ĝ = 〈Ψenv|Hint|Ψenv〉 , (2.12)

and

Eenv = 〈Ψenv|Henv|Ψenv〉 . (2.13)

For a polarizable environment its wavefunction and density depends on a po-

tential arising from the active subsystem, which therefore leads to a dependence

of the reaction field on the electron density of the active subsystem:

Ĝ = Ĝ
[(

Ψact
)∗

Ψact
]
. (2.14)

A minimization with respect to the wavefunction of the active subsystem leads

then to a nonlinear Schrödinger equation.

(
Ĥact + 2Ĝ

[(
Ψact

)∗
Ψact

]
+ Eenv

)
|Ψact〉 = Eact,env|Ψact〉 (2.15)

This non-linear equation is then solved in an iterative cycle of optimizing the

wavefunction of the subsystem and calculation of the density and reaction field

until self-consistency is reached. Since this process is similar to the SCF proce-

dure, an integration of the reaction field is straightforward. Figure 2.1 pictures
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I:

ΨI

ρI(r)

II:

ΨII

ρII(r)

III:

ΨIII

ρIII(r)

· · ·:

Ψ···
ρ···(r)

FaTνemb[ρI , ρII , ρIII , ...]

νemb[ρI , ρII , ρIII , ...]

νemb[ρI , ρII , ρIII , ...]

νemb[ρI , ρII , ρIII , ...]

Figure 2.1: Schematic of the FDE reaction field procedure.

the iterative process of the self consistent reaction field optimization for a FDE

formulation with an arbitrary number of subsystems. Here, the wavefunction

of a subsystem is optimized in the presence of the embedding potential, which

is calculated using the electron densities of the individual subsystems, and then

the electron density of the active subsystem is calculated from the now opti-

mized wavefunction, which in turn is used to calculate the embedding potential

of the next subsystem. If this is done for each subsystem one FaT iteration

is completed and more FaT iterations will be done until the system reaches

self consistency. With only two subsystems, the procedure is similar to most

embedding methods, where only the density of the embedded species and the

environment are optimized alternately.

While the calculation of the reaction field is straight forward within self

consistent field (SCF) methods, like Hartree-Fock (HF) and Density Functional

Theory (DFT), multiple approaches exist for post-HF methods. Figure 2.2

displays the three most common approaches, the perturbation to the energy

(PTE) approach, the perturbation to the energy and density (PTED) approach

and the post-SCF reaction field scheme. The simplest approach of these three is

the PTE approach. Here the HF reaction field is used without further changes

in the following post-HF calculations and neglects any correlation contributions

to the reaction field. This approach is consistent for the MP2 method but

constitutes an additional approximation beyond MP2126. A more complete re-

action field is obtained with the PTED approach. Here the correlated density is
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PTE PTED post-SCF

HF :

ΨHF νemb[ρHF ]

CC:

tµ

· · ·

HF :

ΨHF νemb[ρCC ]

CC:

tµ

νemb[ρCC ]

ρCC(r)

t̄µ

HF :

ΨHF νemb[ρHF ]

CC:

tµ

νemb[ρCC ]

ρCC(r)

t̄µ

Figure 2.2: Schematic of different reaction field schemes for correlated wave-

functions.

used to calculate an improved reaction field potential which is then used for the

Hartree-Fock calculation in the next SCRF cycle, i.e. the next macro-iteration

over the HF and post-HF calculation. In case of FDE this is done inside the

FaT iterations, which might lead to a large number of post-HF calculations.

Since post-HF methods such as second-order correlation methods are usually

computational demanding, this scheme is not feasible for all systems. The third

model, the post-SCF reaction field, represents a compromise between PTE and

PTED. Here the correlation contributions to the reaction field are computed

within the post-HF calculation but not reintroduced back into the HF calcula-

tion. In case of FDE this means that within the FaT iterations only HF is used

to reach a self consistent reaction field and afterwards the post-HF method is

used and changes resulting from the correlated density are only added there.

In this way most of the correlation contributions are included in the reaction

field without the need to perform multiple post-HF calculations for the active

subsystem. The post-SCF scheme was originally developed for PE and COSMO

calculations127–129, where a post-HF calculation is much more computationally

demanding than the update of the reaction field. Here the reduction of the

number of post-HF calculation resulted in a huge time save compared to the

PTED scheme.

Further complications because of the non-linearity of the effective Schrödinger
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equation for the active system arise for excitation energies. The simplest ap-

proach is to use the frozen solvent approximation130. Here all changes in the

environment with respect to the excitation of the embedded species are neglected

and the excited state is determined within the reaction field of the ground state.

This leaves the nuclear and electronic response of the environment unaccounted

for. The nuclear response is compared to the electronic response slow and in

case of fast changes in the density of the embedded species, i.e. in vertical exci-

tations, only the electronic response is considered fast enough, while the nuclei

stay in their initial configuration for a short time scale. The electronic response

beyond the frozen solvent approximation consists of two main effects. First the

interaction of the transition density of the embedded species with the dynamic

response of the reaction field, which is called excitonic coupling and second the

polarization of the environment upon the change in the electron density of the

embedded species10,131. The first effect is important for bright electronic tran-

sitions with large transition dipole moments and is included within the linear

response theory of cFDE, but the second effect is not taken into account within

linear response theory64,131. In state-specific excitation energy calculations the

polarization of the environment can be taken into account by performing the

FaT iterations for the excited state, but the state specific approach has the

problem that the excited states are no longer orthogonal to each others leading

to problems in the vicinity of conical intersections and avoided crossings132.

For the COSMO embedding model different reaction field models have been

studied for excitation energy calculations in ref. 132. They could show that

statistically only a minor difference in excitation energies exists between the

post-SCF and PTED approach for second-order correlation methods. Therefore

the post-SCF reaction field model is used in the following FDE implementation

to reduce the computational demand.

2.3 Implementation of the FDE method

The starting point of the project was a FDE implementation by Laricchia et

al.133 within the TURBOMOLE program package. Originally developed to

study the accuracy of the FDE method if hybrid density functionals are used to
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relax the density of each subsystem, the implementation was limited to systems

consisting of two subsystems and could only be used with the DFT method

within dscf program. Later on the implementation was used to develop new

kinetic and exchange-correlation density functionals134–137 and to study the

accuracy of the FDE method for different kinds of density functionals133,137–139

and for ground-state charge-transfer complexes140. During that time it was

further extended to be used together with the localized Hartree-Fock method141

and for subsystems with non-integer particle numbers142.

The implementation uses the decomposable approximation for the nonaddi-

tive energy contributions, where the embedding potential is given as:

νiemb(r) =
∂Etotkxc[ρtot(r)]

∂ρi(r)
− ∂Eikxc[ρi(r)]

∂ρi(r)
+

∫
ρenv(r

′)
|r− r′| dr

′+ νNenv(r) . (2.16)

However, within the FDE procedure the embedding potential is computed in

the basis of the active subsystem i from the integrated contributions:

F embi,αβ = 〈α|νiemb(r)|β〉 = F kxctot,αβ − F kxci,αβ + F coulenv,αβ , (2.17)

with α and β as the atomic orbitals (AOs) of subsystem i. Hereby the contribu-

tions F kxctot and F coulenv are obtained from a SCF iteration in the supermolecular

basis and their monomolecular submatrix is used to compute the embedding

potential. After I extended the implementation in a first work package to an

arbitrary number of subsystems m, the implementation proceeds according to

the following scheme:

1. Compute isolated subsystems and save their KXC contributions to the

Fock Operator (F kxci ).

2. Start freeze-and-thaw iteration n = 1 for subsystem i = 1:

(a) Compute KXC-contributions to the Fock Operator of the total sys-

tem and save it in the basis of each subsystem (F kxctot ).

(b) Compute Coulomb contributions to the embedding potential F coulenv

from a supermolecular calculation of the environment.

(c) Compute embedding potential for subsystem i according to equation

2.17, relax the density of subsystem i and save F kxci .
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(d) If i = m continue with step 2e; else set i = i + 1 and repeat from

step 2b

(e) Compute total energy with embedded MOs.

(f) If n = nmax or the maximum change of the dipole moment within all

subsystems is below the convergence threshold continue with step 3;

else set n = n+ 1 and repeat from step 2a.

3. Calculate properties.

The steps 2a, 2b and 2e require each one SCF iteration within the supermolec-

ular basis of the system even for a monomolecular calculation. This leads in

case of a monomolecular FDE calculation for a system consisting of m subsys-

tems to n × (m + 2) supermolecular SCF iterations, where n is the number of

performed freeze-and-thaw iterations. In case of a partitioning into many sub-

systems this leads to a high number of supermolecular SCF iterations, which

can be even higher than the necessary amount of SCF iterations in a conven-

tional supermolecular DFT calculation. On the other hand, partitioning into a

small number of subsystems leads to almost no time savings, up to even longer

computation times due to the remaining supermolecular SCF iterations.

In order to demonstrate the flaws of this implementation with respect to large

systems, computational wall times have been determined for various systems of

acetone in water, which differ in the number of water molecules around the

acetone. The structures of the used cluster can be found in appendix C.

The computational wall times of these systems have been determined for con-

ventional supermolecular Kohn-Sham-DFT calculations and for monomolecular

FDE calculations with different numbers of defined subsystems on two Intel(R)

Xeon(R) Gold 6230 CPUs with 2.10GHz using OpenMP parallelization on 40

cores in total. Subsystems have been defined in three different ways. First all

water molecules have been defined as one subsystem (2sub), second each shell

of additional water molecules has been defined as one subsystem (shellsub) and

third every water molecule was defined as a separate subsystem (maxsub). The

def2-TZVP basis set143 was used for all atoms and the DFT calculations have

been performed with the PBE exchange-correlation density functional144 and

a grid size of 3. FDE embedding calculations used in addition the LC94 ki-
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Figure 2.3: Computational wall times in hours with respect to the number of

water molecules in the environment. Wall times of conventional supermolecular

KS-DFT calculations are shown in black. Monomolecular FDE calculations

with all water molecules as one subsystem (2sub) in red, with each molecule as

a separate subsystem (maxsub) in blue and with each shell of additional water

molecules as a separate subsystem (shellsub) in green.

netic density functional37 for the embedding potential and the FaT iterations

have been performed until the dipole moments of all subsystems reached the

convergence threshold of 0.005 Debye.

Figure 2.3 displays the computational wall times against the number of wa-

ter molecules in the system. One can see that the computational wall time

increases much faster with the number of water molecules for the FDE calcu-

lations compared to the supermolecular calculation. This is especially the case

if each water molecule is defined as a separate subsystem, which results from

the many supermolecular SCF iterations that are performed. Even though the

FDE calculations can save a lot of computation time in following property cal-

culations due to the monomer basis, such a steep scaling with the number of

subsystems is not suited for large environments.

In a second work package I extended the implementation to a purely monomolec-

ular procedure. Here the embedding potential is calculated on an supermolecu-

lar integration grid ,which is generated at the beginning of the FDE calculation,

and uses only the densities and electrostatic potentials of the other subsystems.

The embedding potential at the grid point rg of subsystem i in a system of m
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subsystems is then given as:

νiemb(rg) =
∂Ekxc[

∑m
j=1 ρj(rg)]

∂ρi(rg)
− ∂Ekxc[ρi(rg)]

∂ρi(rg)
(2.18)

+

m∑

j 6=i

(
νJj (rg) + νNj (rg)

)
,

where νJj is the electrostatic potential of the electron density of subsystem j

and the FDE calculation proceeds according to the following scheme:

1. Generate supermolecular integration grid.

2. Compute isolated subsystems and save their densities (ρi(r)) and electro-

static potential (νJi (r) + νNi (r)) on the grid.

3. Start freeze-and-thaw iteration n = 1 for subsystem i = 1:

(a) Start macroiterations for subsystem i:

i. Compute embedding potential for subsystem i according to equa-

tion 2.18.

ii. Relax the density of subsystem i and save the relaxed density

ρi(r) and electrostatic potential (νJi (r) + νNi (r)).

(b) If i = m continue with step 3c; else set i = i + 1 and repeat from

step 3a

(c) If n = nmax or the maximum change of all subsystem energies is

below the convergence threshold continue with step 4; else set n =

n+ 1 and repeat from step 2a.

4. Calculate properties.

Following this procedure the FDE method was implemented for DFT and the

HF method in the dscf program, together with the resolution of identity (RI)

approximation into the ridft program and for second-order correlation methods

into the ricc2 program of the TURBOMOLE program package. The second-

order correlation methods have been implemented for the ground state within

the PTE and post-SCF reaction field scheme and for excitation energies within

the FDEu approach and the frozen solvent approximation. The implementation

also employs the OpenMP and Message-Passing Interface (MPI) parallelization
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schemes and was validated by comparisons with the quantum chemistry software

KOALA145.





Chapter 3

Tackling the electron spill-out

problem

This project part investigates electron spill-out in excited states with the FDE

method and tackles this nonphysical behavior by introducing all-electron pseu-

dopotentials for the environment atoms to model missing repulsive effects. Since

embedding methods like QM/MM suffer from electron spill-out in excited state

calculations, because of the missing Pauli repulsion in the description of the

interaction, an investigation of this problem for the FDE method is only rea-

sonable if one is interested in excitation energies. Furthermore, the question

arises whether an additional treatment of the Pauli repulsion with all-electron

pseudopotentials, as it has been done in polarizable embedding (PE)146, intro-

duces errors due to double counting of repulsive terms with the non-additive

kinetic energy contributions in the FDE formalism.

The project part has been performed under the supervision of Prof. Dr.

Christof Hättig and PD Dr. Sebastian Höfener. Implementation of the purely

monomolecular FDE method for the ground state has been performed by me

based on the implementation by Laricchia et al.133. All numbers, graphics and

the all-electron pseudopotentials of bromine and iodine have been created by

me. The first draft of the manuscript was written by me and further developed

together with the co-authors.

The following publication is reprinted with permission from J. Chem. Theory

25
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ABSTRACT: In frozen density embedding (FDE), the properties
of a target molecule are computed in the presence of an effective
embedding potential, which accounts for the attractive and
repulsive contributions of the environment. The formally exact
embedding potential, however, is in practice calculated using
explicit kinetic-energy functionals for which the resulting potentials
are in many cases not repulsive enough to account fully for Pauli
repulsion by the electrons of the environment and to compensate
thereby the strong electron−nuclear attraction. For the excited
states on the target molecule, this leads to charge spill-out when
diffuse basis functions are included, which allow that valence
electrons are excited to those regions of the environment where
the strong nuclear attraction is not sufficiently compensated by
repulsive contributions. To reduce this insufficiency, we propose in the present work the inclusion of atomic all-electron
pseudopotentials for all environment atoms on top of the conventional embedding potential. In the current work, the
pseudopotentials are applied for computing vertical excitation energies of local excited states in complex systems employing the
second-order algebraic diagrammatic construction (ADC(2)) scheme. The proposed approach leads to significantly reduced charge
spill-out and an improved agreement of FDE and supermolecular calculations in the frozen solvent approximation. In particular,
when diffuse functions are employed, the mean absolute deviation (MAD) is reduced from 0.27 to 0.05 eV for the investigated cases.

1. INTRODUCTION
One of the everlasting problems of quantum chemistry is the
large increase of computation time with system size, making
the calculation of large biomolecules or complex systems very
expensive or even impossible tasks. One way to decrease the
computation time of complex systems are embedding methods,
where the focus is set to only a part of the system and the
influence of the environment onto this part is approximated. A
popular class of embedding methods are QM/MM meth-
ods,1−5 where the environment is described through point
charges and force field methods. One representative is the
polarizable embedding6 (PE) method. Here, the polarization
of the MM region is additionally taken into account through
point dipole−dipole polarizabilities, fluctuating charges, or
Drude oscillators.
A problem of QM/MM methods is that they miss purely

quantum mechanical interactions without classical counter-
parts such as Pauli repulsion and nonadditive energy
contributions that become important when the electron
densities of the active part and the environment start to
overlap. For this task, a quantum mechanical description of the
environment is needed, also denoted as QM/QM embedding.
One method belonging to this class is frozen density
embedding (FDE).7 In FDE, the total system is divided into
small quantum mechanically described subsystems, and the

interaction between them is expressed through density
functional theory (DFT). While FDE was developed in the
framework of DFT, it was combined with wave function-based
methods already in the 1990s.8,9 Recently, it has been extended
to methods suitable for dynamic correlation and excited
states.10−14 A response theory formulation within FDE was
first proposed for three overlapping partitions in 200415 and
later extended to a general subsystem DFT response approach,
also denoted as coupled FDE (FDEc).16,17

While the FDE approach is formally exact, in practice
approximations similar to DFT must be made, including the
use of approximate functionals in the interaction term, which
for example are not able to capture long-range dispersion
effects.18 Additionally, the interaction term requires an explicit
approximate semilocal kinetic-energy functional. The latter is
an important repulsive contribution, in particular close to the
nuclei of the environment where the strong Coulomb
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attraction has to be compensated to prevent electron spill-out
from the active subsystem into these regions.19,20

In the present work, furthermore the uncoupled (FDEu)
scheme using the monomer basis is applied to avoid
computational steps that involve the whole supermolecular
system and thereby provides a route for calculations on much
larger systems. While the coupled FDEc treatment enables one
to treat excited states extending to environment subsystems, in
the FDEu approximation used in the current work only excited
states localized on one subsystem are accessible.
The missing Pauli repulsion originating from the orthogon-

ality condition is with numerically accurate implementations
usually not a problem for electronic ground states21 but can
still cause severe problems for excitation energies,22,23

especially in combination with diffuse basis functions that are
often essential for obtaining the excited state accurately. In
such cases, it can change the energetic order of the excited
states and induce low-lying artificial charge-transfer states, that
is, an excited-state electron spill-out problem. One way to
improve the repulsion is through embedding potential
corrections such as long-distance corrections for the kinetic-
energy component24 or an energy correction25 similar to the
DFT-D26,27 approach for dispersion. The orthogonality of the
orbitals between the subsystems can be restored with
projection-based embedding.28−31 A first derivation of
subsystem TDDFT with projection-based embedding has
been reported in ref 32. However, in this work wrong
assumptions were made, but refs 33−36 have shown that
supermolecular excitation energies and properties can be
restored if coupling matrix contributions are correctly taken
into account. Because of the orthogonalization for the whole
supersystem, however, these approaches come at a compara-
tively high computational cost. The description by the
embedding potential can also be improved through the
potential reconstruction scheme,37 leading to improvements
in TDDFT excitation energies of systems with hydrogen-
bonding interactions.38 However, the necessary supermolecular
calculations make this method quite expensive for large
environments.
We aim to address the problem of missing Pauli repulsion by

reintroducing it into the embedding potential through effective
core potentials, following the strategy of ref 39 used for PE,
resulting in a significant improvement in the accuracy of
excitation energies within the Algebraic Diagrammatic
Construction through the second-order, ADC(2),
model.40−42 Effective core potentials (ECP) come with a
small cost and are already implemented in many quantum
chemical programs. Using ECPs to model chemically inactive
electrons is a well-known approach and commonly used for
heavy elements to replace inner electrons and to model the
most important relativistic effects in otherwise nonrelativistic
calculations.43 In combination with embedding methods, ECPs
have first been used to model cations in embedded cluster
calculations to analyze defects in ionic crystals.19,44 In
particular, in the latter context, the idea of representing less
important parts of the system by model potentials has also
been extended to include valence electrons, for example, in the
(fragment) ab initio model potential approach of Seijo and co-
workers.45,46 Similar ideas are also used to represent atoms or
functional groups at the QM−MM boundary in QM/MM
approaches.47−50

Because FDE does not use point charges and multipoles to
approximate the embedding potential and includes repulsive

contributions originating from the exchange and kinetic
energy, missing intersystem Pauli repulsion is for ground-
state FDE calculations less an issue21 than for the QM/MM
approaches mentioned above. Probably for this reason, ECPs
have to the best of our knowledge until now not been used for
the computation of excitation energies within the FDEu model,
although the missing intersystem Pauli repulsion is much more
important for excited states where energetically higher-lying
orbitals are occupied, which are either themselves more diffuse
than those occupied in the ground state or are energetically
close to such diffuse orbitals. In the current work, we assess the
performance of ECPs fitted to reproduce the virtual orbital
energies of noble gases atoms for mitigating the problems from
missing Pauli repulsion for FDEu at the level of ADC(2) as the
correlated wave function method to compute excitation
energies within the frozen solvent approximation,51 that is,
neglecting the response of the solvent. The latter allows one to
compare the FDE results directly with those from ADC(2)
calculations that use a supermolecular Hartree−Fock reference
but allow only excitations out of orbitals located on the active
subsystem. Besides the general performance of the approach,
an important question will be whether including such ECPs
simultaneously with the nonadditive kinetic and exchange
energy contributions, that are part of the FDE scheme, will
lead to double counting of repulsive interactions.

2. THEORY
Frozen density embedding (FDE) as used in combination with
wave function methods goes back to subsystem DFT, in which
the total density of a system is decomposed into the subsystem
densities:

∑ρ ρ=
=

r r( ) ( )
i

m

i
1 (1)

where m denotes the number of subsystems, typically
corresponding to the number of molecules. On the basis of
this decomposition of the density, the energy of the total
system is written as the sum of the energy contributions of the
individual m subsystems plus one interaction contribution,
expressed using the densities of the subsystems:

∑ ρ ρ ρ= [ ] + [ ]
=

E E Er r r( ) ( ), ..., ( )
i

m

i i mtot
1

int 1
(2)

Formally, the interaction energy is defined therefore as the
difference between the individual energies and the total energy:

∑ρ ρ ρ ρ ρ[ ] = [ ] − [ ]
=

E E Er r r r r( ), ..., ( ) ( ), ..., ( ) ( )m m
i

m

i iint 1 tot 1
1

(3)

The main advantage of the decomposition and sorting is
rooted in the description of the interaction term as a functional
of the subsystem densities, as the decomposition allows for
employing different methods for the individual subsystems in
general and the use of wave function methods in particular. If
wave function methods are used, for example, for all
subsystems, one can replace the density functional for the
energy of these individual subsystems in eq 2 with a functional
of the wave function. Note, however, that the interaction
contribution is nevertheless expressed in terms of the
subsystem densities; see eq 3:
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∑ ρ ρ= [Ψ ] + [ ]
=

E E Er r r( ) ( ), ..., ( )
i

m

i i mtot
1

int 1
(4)

The motivation for this is that the interaction energy can then
be expressed in terms of the densities, independent of the
methods chosen for the individual subsystems:

∫
∫ ∫

∑ ∑

∑ ∑

ρ ρ ρ ρ ν

ρ ρ

ρ ρ

[ ] = −

+ ′
| − ′| ′

+ [ ] +

≠

≠

E

E E

r r r r r r

r r

r r
r r

r r

( ), ( ), ..., ( ) ( ) ( ) d

( ) ( )
d d

( ), ..., ( )

m
i

m

j i

m

i j

i

m

j i

m
i j

m

int 1 2
N

kxc
nadd

1 NN (5)

where νj
N is the potential of the nuclei of subsystem j. Ekxc

nadd

contains the nonadditive contributions of the kinetic and
exchange-correlation energy and is given as
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Note that the kinetic contributions need to be computed using
an explicit, that is, approximate, kinetic-energy functional.
Deriving equations for the energy, or wave function, of a
subsystem i leads to the conventional equations for the energy,
or wave function, of a subsystem, which in the embedding case
contains additional terms due to the interaction energy. These
additional terms based on the interaction energy are
commonly denoted as embedding potential and are given by
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where νkxc
i contains the nonadditive contributions obtained as

the functional derivative:
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The embedding potential given in eq 7 is used in the present
work in ground-state Hartree−Fock, ground-state second-
order Møller−Plesset perturbation theory (MP2), as well as
the response equations for the second-order adiabatic-
diagrammatic construction (ADC(2)) scheme by including it
in the Fock operator of subsystem i:

ν̂ = ̂ +F F r( )iFDE vac
emb (9)

where F̂vac is the conventional vacuum Fock operator. No
additional changes to the code are needed for MP2 within the
perturbation on energy52 (PTE) reaction field scheme and for
ADC(2) if used within the frozen solvent approximation.51

Intermolecular interactions can be decomposed into differ-
ent contributions, see ref 53, of which one important
contribution is the repulsive exchange (Pauli) repulsion
between the electrons of two fragments having the same

spin. Note, of course, that only the total intermolecular
interaction is an observable, but the individual contributions
are not. For example, if the exchange repulsion is not included
as, for example, in mixed quantum-mechanics/molecular
mechanics (QM/MM) methods, attractive contributions
might dominate too strongly so that the intersystem distance
of two fragments is too short. On the basis of this analysis,
effective core potentials were introduced in polarizable
embedding.39

In FDE, repulsive effects beyond the pure electrostatic
contributions are included via the nonadditive exchange-
correlation and kinetic terms contained in the embedding
potential; see eq 7.22 The literature reveals, however, that the
contributions beyond the pure electrostatic embedding are not
large enough in case of strong interactions; for example, in case
of potential-energy surfaces, FDE is not repulsive enough.25

Furthermore, for weakly interacting complexes, an “electron-
leak” problem in FDE calculations occurs due to the strongly
attractive nuclear potential, which is not compensated
sufficiently by the kinetic functional.24,54 This drawback
might be rooted in the approximate kinetic-energy func-
tionals.20 As a solution, however, the use of effective core
potentials was proposed.19 To the best of our knowledge,
ECPs were only pursued in FDE in terms of core orbitals
relevant for electronic ground states.
In the present work, we focus on charge spill-out during

electronic excitations. If diffuse basis functions are included,
which is often necessary for accurate excitation energies,
electronic excitations might lead to a charge redistribution such
that electron density is moved to environment regions that
exhibit a strong nuclear attraction where the repulsion is not
sufficiently accounted for by the potential νkxc

i . The resulting
unphysical attraction is significantly reduced when all-electron
ECPs are introduced to model the Pauli repulsion, which leads
to an improved description of the interaction in particular in
regions that are close to nuclei. We therefore add the potential
from all-electron ECPs on all atoms in the environment ν ̂ECPi to
the FDE Fock operator of subsystem i, leading to

ν̂ = ̂ + ̂F F iFDE(ECP) FDE
ECP (10)

In difference to the local potential νkxc
i (r), the ECP potential

νÊCP
i is nonlocal as it employs projection operators to act on
specific parts of the one-electron Hilbert space. This facilitates
the modeling of repulsion effects from the Pauli exclusion
principle. Using all-electron pseudopotentials instead of
effective core potentials that model only core orbitals leads
to a description of the Pauli repulsion with all electrons of the
environment and not just those near the nuclei. This is very
important because the nonbonded interactions between
subsystems are expected to happen primarily between valence
electrons. A simple set of all-electron pseudopotentials that
reproduces the virtual orbital energies of the noble gases and
can be used for the elements in the same period has been
developed for He, Ne, and Ar in ref 39 and for Kr and Xe in
the current work (vide infra). These all-electron pseudopo-
tentials are expected to model approximately the interaction
with the valence region of an atom in a molecule if it can be
assumed that (for main group elements) the octet rule is
fulfilled, which should be the case if the environment has no
low-lying electronically excited states. For a given angular
momentum, these pseudopotentials include all components
and not only selected contributions. Therefore, they are no
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longer effective core potentials, but can still be calculated with
the available ECP subroutines without further manipulation.
To highlight the nature of their computation, we will continue
to use the shorthand notation ECP, even though they refer to
more than just the core orbitals.
In the FDE approach, the densities of all subsystems are kept

frozen except for the active subsystem whose density or wave
function is relaxed in the presence of the frozen environment.
Subsequently, the role of the active subsystem is shifted to the
next subsystem and its density or wave function is optimized
accordingly. This is repeated for every subsystem. One cycle in
which all subsystems had once the role of the active system is
denoted one “Freeze-and-Thaw” (FaT) cycle. The FaT cycles
can be repeated until self-consistent convergence for the total
system is obtained.
This leads to the following computational protocol for a

FDE procedure with m subsystems:

(1) Optimize isolated subsystem densities and save these
densities and their electrostatic potentials.
(2) Start the current Freeze-and-Thaw (FaT) cycle using i =

1:

(a) Freeze all subsystems except subsystem i.
(b) Relax the density of the active subsystem i in the

presence of the relaxed embedding potential.
(c) Save the density and electrostatic potential of subsytem

i.
(d) If i = m exit; otherwise, set i = i + 1 and go to step (2a).

(3) If the solution is (within a preset threshold) self-
consistent, proceed with step (4); otherwise go to step (2).
(4) Compute the target properties, for example, ADC(2)

excitation energies, of the desired subsystems.
While in supermolecular calculations electronic excitations

are possibly delocalized over many atoms, FDEu constrains
electronic excitations by construction to one subsystem. This

Figure 1. Active/environment total structures of the systems used as a test set. The analyzed chromophore is displayed with balls and sticks, while
the environment is displayed as licorice. Systems (a)−(i) are taken from ref 39, while systems (j) and (k) have been constructed in the present
work.
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qualitative difference leads to quantitative differences when the
comparison of FDE and supermolecular reference results is
sought. To provide reference results that are obtained in a
spirit similar to FDE, we have implemented the frozen solvent
ADC(2) scheme, employing the PNO-ADC(2) code,55 which
uses localized molecular orbitals (LMOs) for the occupied
space. In this scheme, the ground-state first-order amplitudes
and the excited-state response vectors are restricted to single
and double excitations out of LMOs localized on those atoms
belonging to the target subsystem in the FDE calculation. In
the following, this scheme will be denoted as subsystem-
ADC(2).

3. COMPUTATIONAL DETAILS
All calculations in this work were carried out with a local
development version of the TURBOMOLE56 program pack-
age. The FDE calculations were performed in the monomer
basis of each subsystem. For the embedding potential, the
PBE57 exchange-correlation and the LC9458 kinetic functional
were used together with a supersystem integration grid created
from the atomic integration grids of all atoms using grid size 3.
We continued with FaT cycles until the electronic energies of
all subsystems were converged within a threshold of 5.0 × 10−6

H. Subsequently, excitation energies were computed using the
ADC(2) method in the frozen core approximation and the
frozen solvent scheme,51 that is, skipping the response of the
environment.
For the atoms H−Ar, we used the all-electron pseudopo-

tentials for He, Ne, and Ar reported in ref 39. For iodine and
bromine, we used the all-electron pseudopotentials optimized
for krypton and xenon as part of the present work. Details can
be found in the Supporting Information. FDE calculations with
the pseudopotentials are denoted as FDE(ECP) in the
following.
Reference results are computed using the subsystem-

ADC(2) approach with a tight PNO truncation threshold of
10−9, using IBO localization. All ADC(2) calculations
employed the frozen core approximation for all orbitals with
energy below −3 hartree.
3.1. Ethylene−Tetrafluoroethylene Dimer. The geo-

metries of the two molecules ethylene and tetrafluoroethylene
(TFE) have been optimized independently of each other with
DFT/B3LYP59 employing D2h symmetry each. These two
monomers were then placed coplanar on top of each other, for
which the lowest 10 excitation energies have been computed
using ADC(2) for distances between 5.5 and 18 bohr. For this
system, we used the d-aug-cc-pVTZ basis set,60 and the
densities in the FDE calculations were computed at the
Hartree−Fock level of theory.
3.2. Embedding Test Set. For a more representative

analysis of the FDE(ECP) approach for excitation energies, we
employ a test set consisting of 11 systems; see Figure 1. The
structures of systems (a)−(i) were taken from ref 39. These
systems contain chromophores in different chemical environ-
ments such as water, organic solvents, biomolecular matrixes,
and molecular container. They have furthermore been shown
to be sensitive to electron spill-out in QM/MM excitation
studies. To this set were added systems (j) and (k) to include
test cases for bromine and iodine as examples for atoms from
periods 4 and 5. The structures for these two systems were
optimized using DFT/B3LYP59 with a grid size of 3 and the
cc-pVTZ61 basis set for the pyrazine subsystem and cc-pVDZ
for its environment. This test set allows one to investigate the

robustness of the FDE method against electron spill-out and
the efficiency of the FDE(ECP) approach in various
environments.
The first two vertical excitation energies of the chromo-

phores in the presence of the environment have been
computed using the Dunning’s cc-pVTZ and aug-cc-pVTZ62

basis sets for the chromophore and the cc-pVDZ basis set for
the environment. For FDE calculations, the HF density was
used for the chromophore and the DFT/PBE density
employing grid 3 for the environment subsystems. System
(h) and (i) have also been computed employing the
revapbek63 and Thomas−Fermi kinetic functional64,65 for the
embedding potential. The results can be found in the
Supporting Information. Because the difference in excitation
energies between the investigated kinetic energies is com-
parably smaller than the difference from the reference, they are
not discussed further. As in ref 39, for system (h), only the first
excitation energy is included.
The potentials for the PE and PE(ECP) calculations were

taken for systems (a)−(i) from ref 39. For system (j) and (k),
we used a IAO-D3 potential; that is, multipole moments are
obtained from an IAO analysis of each subsystem, and the
polarizabilities are taken from the DFT-D3 correction
parameters.27 Excitation energies were computed neglecting
the response of the environment and using the frozen core
approximation.
Subsystem-ADC(2) excitation energies of systems (h) and

(i) were also computed with different localization methods, for
example, the Boys66,67 method, the second moment68 method
with an exponent of 2, and the fourth moment69 method; see
the Supporting Information. The different localization
methods result in only insignificant changes in the excitation
energies and will not be discussed further.

4. RESULTS
4.1. Ethylene−TFE Dimer. We have used the ethylene−

TFE dimer to study the effect of different contributions from
the intermolecular interaction on excitation energies as a
function of the interaction strength, which for this system can
easily be tuned by changing the distance between the
molecules. The different effects from the ground-state potential
(without London dispersion) and the remaining contributions
as excitonic coupling and excited-state response on the
interaction-induced shift of the excitation energies can be
seen in Figure 2, which shows the first eight excitation energies
of the ethylene−TFE dimer from supermolecular and
subsystem-ADC(2) calculations. One can see that at large
distances for all eight excitations the results obtained with the
two approaches converge to the same values, as it should be as
long as none of the excited states is a long-range charge-
transfer state that would be missing in the subsystem-ADC(2)
calculations. If the two molecules get closer, the differences
between both approaches increase. Major differences are in
particular seen for the higher lying states and at short distances
(below about 7.086 bohr). A big effect can be seen in the third
excitation energy where both approaches end up with a
difference of 1.52 eV at a distance of 5.5 bohr. This illustrates
that supermolecular calculations are not a helpful reference for
validating the accuracy of individual contributions of
uncoupled embedding approaches for excitation energies.
Figure 3a and b shows the first four excitation energies of,

respectively, the ethylene and TFE subsystems within the
ethylene−TFE dimer employing FDE, FDE(ECP), and
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subsystem-ADC(2) as the reference. This figure shows that for
long distances the FDE results converge for all states to the
subsystem-ADC(2) result, corresponding to a vanishing
embedding potential without artifacts in the long-range region.
For most excitations on ethylene, see Figure 3a, the FDE

curves are in good agreement with those from subsystem-
ADC(2), including intermediate and short distances. However,
for the first and the fifth excited states, FDE yields too low of
excitation energies for intermediate distances at about 10−12
bohr (curves with boxes). Adding the pseudopotentials to the
embedding potential, that is, using FDE(ECP), leads to major

improvements for the problematic cases (curves with circles),
although FDE(ECP) is not able to provide in all cases accurate
shifts for short distances below 7.086 bohr in all cases. In these
cases, exchange effects that cannot be captured in the FDE
scheme and modeled only very roughly by the ECPs are most
likely the reason. The significant improvements when going
from FDE to FDE(ECP) support the analysis that the strong
attraction is not completely compensated by the kinetic energy
functional and the description can be improved using simple
pseudopotentials, although at short distances some deviations
with respect to the reference subsystem-ADC(2) show up due
to remaining errors in the description of Pauli repulsion and
exchange effects.
In case of the TFE subsystem of the ethylene−TFE dimer,

Figure 3b reveals even more severe problems for the
conventional FDE approach. For most of the excitations,
significant deviations are obtained between FDE (curve with
boxes) and subsystem-ADC(2) (curve with triangles) at
distances below 10−12 bohr. For all excited states in this
case, excitation energies obtained with the conventional FDE
approach decrease with shorter distances, while for some states
the subsystem-ADC(2) reference results in an increase,
yielding a qualitatively wrong behavior with conventional
FDE. To give an example, in case of the fourth excitation, the
FDE curve (circles) deviates already clearly from the reference
value at a distance as large as 16 bohr. Adding the
pseudopotentials to the embedding potential improves the
excitation energies significantly. The results are not as close to
the subsystem-ADC(2) reference as for the ethylene subsystem
but reproduce in all cases the correct behavior of the excitation
energies as a function of the distance between the two
molecules.
To summarize, the results for the ethylene−TFE dimer

reveal unambiguously that simple pseudopotentials increase
the accuracy of the numerical outcome of FDE calculations for
excitation energies significantly, especially for shorter distances,
that is, stronger interactions. In particular, qualitatively wrong
curves are corrected to yield a qualitatively correct description.

4.2. Embedding Test Set. Having assessed the accuracy of
the FDE(ECP) method as the example of a model dimer
system, we now turn to larger systems collected in the test set;
see Figure 1. In the left graph of Figure 4, the deviations of the
excitation energies ω obtained with FDE-ADC(2) from the
subsystem-ADC(2) reference results are shown for the cc-
pVTZ and aug-cc-pVTZ basis sets. The corresponding
deviations for FDE(ECP)-ADC(2) are shown in the right
graph of Figure 4; see also Table 1.
Figure 4 reveals that in case of the cc-pVTZ basis, which

does not contain diffuse functions, the deviations are in most
cases rather small. The largest deviation is 0.20 eV, and the
mean absolute deviation (MAD) is as small as 0.05 eV.
Introducing ECPs, the largest deviation decreases slightly to
0.19 eV, and the MAD increases to 0.06 eV. One can conclude
that, in this case, the basis set without diffuse functions is not
able to allow for excitations into the problematic regions of the
environment so that ECPs are not required.
For the aug-cc-pVTZ basis, which contains diffuse functions,

Figure 4 reveals an increased MAD of 0.27 eV and a maximum
error as large as 1.84 eV. It should be pointed out that the
FDE-ADC(2) method consistently underestimates all vertical
transition energies resulting in a mean signed deviation (MSD)
of −0.27 eV. This indicates an electron spill-out in these
systems in case of conventional FDE-ADC(2). Introducing

Figure 2. First eight excitation energies of the ethylene−TFE system
with respect to the distance between ethylene and TFE for a
conventional calculation as compared to the corresponding excitations
with the subsystem-ADC(2) approach, both employing a super-
molecular basis. A vertical bar is shown at 7.086 bohr.

Figure 3. Excitation energies of the subsystems within the ethylene−
TFE system with respect to the distance between both subsystems for
FDE, FDE(ECP), and subsystem-ADC(2). A vertical bar is shown at
7.086 bohr.
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ECPs, the largest deviation decreases significantly to 0.18 eV
and the MAD to 0.05 eV. The magnitude of the MSD is now
reduced below 0.01 eV, showing that the excitation energies
are both underestimated and overestimated to a similar
amount.
The impact of the ECPs on the physics of the transitions can

be illustrated with natural transition orbitals (NTOs). As an
example, the occupied and virtual NTOs of the second

excitation of system (i) are displayed in Figure 5. The
corresponding excitation energy exhibits an error of −1.42 eV
in case of FDE-ADC(2) and is reduced to −0.02 eV in case of
FDE(ECP)-ADC(2), making it the excitation with the largest
influence of the ECPs in our test set. Figure 5 shows that the
occupied NTOs differ without and with ECPs and only with
ECPs is the correct NTO described, but in both cases they are
well localized on the target chromophore. In case of the virtual
NTOs, however, the huge influence of the ECPs is revealed.
Using FDE-ADC(2) leads to a virtual NTO that is not located
on the chromophore but on the environment. By virtue of the
ECPs in FDE(ECP)-ADC(2), the virtual NTO is fully
(re)located on the chromophore.
To analyze the influence of the ECPs upon the occupied and

virtual space, one can compare the frontier orbital energies,
that is, the energy of the highest occupied molecular orbital
(HOMO) and the lowest unoccupied molecular orbital
(LUMO), of FDE-HF and FDE(ECP)-HF. The comparison,
see the Supporting Information for details, shows that in most

Figure 4. Deviations of the FDE-ADC(2) (left) and FDE(ECP)-ADC(2) (right) excitation energies (Δω) with respect to subsystem-ADC(2)
excitation energies ω. Statistics for these deviations are collected in Table 1.

Table 1. Mean Signed Deviation (MSD), Mean Absolute
Deviation (MAD), and Maximum Deviation (MAX) for
FDE and FDE(ECP) with Respect to Subsystem-ADC(2)a

basis method MSD MAD MAX

cc-pVTZ FDE-ADC(2) +0.02 0.05 +0.20
FDE(ECP)-ADC(2) < +0.01 0.06 +0.19

aug-cc-pVTZ FDE-ADC(2) −0.27 0.27 −1.84
FDE(ECP)-ADC(2) >−0.01 0.05 +0.18

aSee Figure 4. All values are in electronvolts.

Figure 5. Natural-transition orbitals (NTOs) of the second vertical excitation of system (i). Top, virtual NTOs; bottom, occupied NTOs. Left,
FDE method without ECPs; middle, FDE(ECP) method with ECPs displayed in green; right, subsystem-ADC(2).
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cases the orbital energies increase due to ECPs, which is to be
expected due to the additional repulsive term. Only in one case
of the test set (system (b)) are lower orbital energies obtained.
However, in most cases, the increase in orbital energy is
pronounced for the LUMO and in case of diffuse basis
functions, while there are only a few cases in which the energy
of the HOMO is increased more than the energy of the
LUMO.
To give an example, the largest difference between the FDE-

ADC(2) and FDE(ECP)-ADC(2) excitation energies occurs
in case of system (i). In this case, the HOMO energy is in the
cc-pVDZ basis set increased by 47 meV and the LUMO energy
by 125 meV, while in the aug-cc-pVTZ, which contains diffuse
functions, the HOMO energy is increased by 44 meV and that
of the LUMO by 3291 meV.
Figure 6 shows a comparison between the frozen density

embedding and the polarizable embedding (both within the
frozen solvent approximation) for the environment-induced
shifts in the excitation energies in the aug-cc-pVTZ basis.
Comparing FDE-ADC(2) and PE-ADC(2), that is, embedding
methods without pseudopotentials, reveals that for FDE the
electron spill-out problem is not as large as for PE. It is even
removed almost entirely for the first excitations of system (i)
and (h), but still for FDE many shifts show the wrong sign,
revealing that the nonadditive kinetic energy term is in many
cases not repulsive enough to repel leaking electrons. However,
both embedding methods employing ECPs, that is, FDE(ECP)
and PE(ECP), are similarly accurate for the cases investigated
in the present work. Employing the same ECPs, FDE(ECP)
differs from PE(ECP) in the frozen solvent approximation
mainly by the additional nonadditive functional contributions.
If ECPs and the nonadditive kinetic contribution lead to a
double counting of repulsive effects, an increase of the
deviations from the reference values from PE(ECP) to
FDE(ECP) would result, but this is not observed in the
present work. This leads us to the conclusion that the Pauli
repulsion originating from the orthogonality of MOs is
described exclusively by the ECPs, which via projection
operators shift that part of the Hilbert space that is (in the total
supersystem) occupied by the electrons of the environment
energetically up so that they are no longer accessible for the
electrons of the active subsystem. On the other hand, there is
no indication for a significant overestimation of repulsive
exchange and kinetic energy contributions for those parts of
the Hilbert space not occupied by the electrons of the
environment by including both the local νkxc

i and the nonlocal

νÊCP
i potentials, in the Hamiltonian and Fock operators for the
active subsystem.

5. CONCLUSION

In frozen density embedding, available kinetic energy func-
tionals are often not repulsive enough to compensate the
nuclear attraction, in particular in regions close to the nuclei.
While in ground-state calculations, the missing repulsion does
usually not cause problems, it becomes more visible for excited
states if the basis set contains diffuse atomic orbitals that are
often essential to obtain accurate excitation energies. In the
present work, we have proposed an FDE(ECP) scheme in
which effective core potentials are included in the embedding
potential to account for the missing repulsion. The ECPs do
not lead to a significant change in the occupied orbitals but
have a significant impact mainly on the virtual orbitals, which
are repelled by the ECPs from those parts of the Hilbert space
that would be occupied by the electrons of the environment.
The calculations for the ethylene−TFE dimer at different

distances revealed that conventional FDE can lead to a
qualitatively wrong behavior for several excited states.
Employing ECPs in the FDE(ECP) approach leads to a
significant improvement, and the qualitative trend of all excited
states is reproduced.
For a test set consisting of 11 systems, which are sensitive to

electron spill-out, the mean absolute deviation (MAD) for the
results in the aug-cc-pVTZ basis set is reduced from 0.27 to
0.05 eV and the maximum error from 1.84 to 0.18 eV when
using FDE(ECP) instead of FDE.
The ECPs for bromine and iodine reported in the present

work are designed in such a way that they can be used for all p-
block elements within the same period. Further improvements
could possibly be obtained by using additional functions and
parameters in the ECP or by fitting the potentials individually
for each element within a period.
Overall, the results from the present work demonstrate that

FDE provides a somewhat more robust approximation for the
embedding potential with a reduced unphysical electron spill-
out than a PE approach with a multipolar representation of the
environment’s charge density. Also, FDE does not require the
parametrization of static and induced multipole moments,
which can be another limiting factor for the accuracy of PE
models, and it accounts, in difference to the latter, also for
nonadditive kinetic, exchange, and correlation contributions.
However, the remaining errors in FDE due to the approximate

Figure 6. Environment-induced shifts of the first (left) and second (right) vertical excitation energies employing the aug-cc-pVTZ basis set. The
PE-ADC(2) and PE(ECP)-ADC(2) excitation energies of systems (a)−(i) are taken from ref 39.
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account of repulsive contributions by the kinetic energy
functionals can still be sizable and can limit the accuracy of the
excitation energies, in particular for diffuse basis functions.
Incorporating in the FDE calculations the same simple ECPs as
proposed recently for PE leads to significantly improved
excitation energies. A double counting of repulsive contribu-
tions that could be anticipated when ECPs are included, in
addition to the nonadditive kinetic energy contributions, is not
observed.
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Chapter 4

Combining PNOs with the

FDE method

For large subsystems, second-order correlation methods may be too demanding

even within the framework of the FDE method. The use of PNOs can reduce

the costs such that the calculations become feasible even if relatively large sub-

systems are needed in the context of FDE and thereby increase the applicability

of FDE calculations with correlated wavefunction methods. However, the use

of PNOs introduces in the results a (non-systematic) truncation error and the

question arises if (or how much) this affects the accuracy of environment-induced

shifts, one of the most important properties in the context of theoretical spec-

troscopy. This project part investigates the performance and the accuracy of this

combination for tetraazaperopyrenes (TAPPs) within their molecular crystals.

It was performed under the supervision of Prof. Dr. Christof Hättig and PD

Dr. Sebastian Höfener. Implementation of the contributions for second-order

methods within the post-SCF reaction scheme for the ricc2 and pnoccsd pro-

grams of the TURBOMOLE program package was performed by me, exploiting

subroutines and structures already present from the COSMO and PE imple-

mentations in these programs. Jing Liu provided the unit cells of the TAPP

molecular crystals, which I used to generate the clusters used in this work. All

numbers and graphics have been created by me. The first draft of the manuscript

was written by me and further developed together with the co-authors.
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Frozen density embedding (FDE) is an embedding method for complex environments that

is simple for users to set up. It reduces the computation time by dividing the total system

into small subsystems and approximating the interaction by a functional of their densities.

Its combination with wavefunction methods is, however, limited to small or medium-sized

molecules because of the steep scaling in computation time of these methods. To mitigate

this limitation, we present a combination of the frozen density embedding (FDE) approach

with pair natural orbitals (PNOs) in the TURBOMOLE software package. It combines

the uncoupled FDE (FDEu) approach for excitation energy calculations with efficient im-

plementations of second-order correlation methods in the ricc2 and pnoccsd programs.

The performance of this combination is tested for tetraazaperopyrene (TAPP) molecular

crystals. It is shown that the PNO truncation error on the environment-induced shifts are

significantly smaller than the shifts themselves and, thus, that the local approximations

of PNO-based wavefunction methods can without the loss of relevant digits be combined

with the FDE method. Computational wall times are presented for two TAPP systems.

The scaling of the wall times are compared to conventional supermolecular calculations

and demonstrate large computational savings for the combination of FDE and PNO-based

methods. Additionally the behavior of excitation energies with the system size is investi-

gated. It is found that for all investigated TAPPs in the current study the excitation energies

converge quickly with the size of the embedding environment.

a)Electronic mail: robert.tress@rub.de
b)Electronic mail: hoefener@kit.edu
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I. INTRODUCTION

The computation of accurate excitation energies usually requires large and diffuse basis sets

and accurate correlated electronic structure methods beyond TDDFT with semi-local functionals.

This can lead to enormous computation times for complex systems consisting of many molecules.

Embedding methods can reduce the computation time by approximating the interactions of the

surrounding molecules with the chromophore under study. For molecules in solution, contin-

uum solvation models like the polarizable continuum model1 (PCM), the conductor-like screening

model2 (COSMO), or the solvation model based on density3 (SMD) are popular approaches. They

require only a small amount of computational effort, but are limited in their applicability to situ-

ations where the description of the environment by a homogeneous continuum is sufficient. An

alternative to continuum solvation models is to use a classical, i.e. molecular mechanics and elec-

trostatic, description of the environment which leads to the QM/MM and QM/MM-pol methods4–6

as e.g. the polarizable embedding7–10 (PE) method. These methods require for each atom or atom

type a number of parameters that need to be pre-determined. Depending on the complexity of the

environment and the details of the QM/MM or QM/MM-pol method this can limit the accuracy

and lead to complicated work flows that are often only worthwhile if used in repeated calculation,

e.g. for geometry optimizations or MD trajectories.

The frozen density embedding (FDE) method avoids such parameterization steps which makes

its application to complex environments more straight forward. In the FDE method the whole

physical system is divided into subsystems that are treated separately with quantum mechanical

methods and their interaction is described through their electron densities using in addition to the

exact Coulomb interaction functionals for the kinetic, exchange and correlation contributions to

the interaction. For subsystems of equal size, the FDE embedding can achieve a linear scaling

with the number of subsystems if combined with a fast multipole method for the Coulomb interac-

tion. While the FDE method is in principle exact, in practice the kinetic and exchange-correlation

functionals have to be approximated. Also the ν-representability of the optimized density of a

subsystem is not guaranteed through an interacting Hamiltonian11. One drawback of these ap-

proximations is that strong interactions between subsystems are usually not well described, which

renders the division of a molecule into several subsystems unreasonable without further measures

like introducing capping groups as in the 3-FDE scheme12. Also, strong couplings between two

close molecules can only be described within the coupled FDE (FDEc) method13, so that for the
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uncoupled FDE (FDEu) method14 both molecules have to be considered as one subsystem. Those

two cases can lead to subsystem sizes that no longer allow to use conventional implementations of

higher-order methods such as coupled cluster (CC).

One way to reduce computation costs for CC methods is to reduce the virtual space by intro-

ducing pair natural orbitals (PNO). During the generation of the PNOs their contributions to the

electron correlation energy15,16 are estimated and PNOs with insignificant contributions are then

neglected. This can lead to enormous reductions in computation time and storage requirements

for large systems. Thus, PNO-CC methods are also an attractive option to overcome the problem

that arises in FDE for large subsystems.

In the current contribution we present an extension of the FDE implementation17 in the TUR-

BOMOLE program package18 for the calculation of excitation energies with the correlated second-

order methods CIS(D), ADC(2), and CC2. The embedding potential can now be calculated us-

ing only the basis functions of the active subsystem, FDE calculations are no longer limited to

two subsystems, the resolution of identity approximation can be used and the OMP and MPI

parallelization schemes implemented in TURBOMOLE can now be exploited. For correlated

wavefunction and response calculations the FDE implementation is combined with the ricc2 and

pnoccsd programs19–22 that exploit the resolution-of-the-identity (RI) and the PNO approximation

to reduce the computational costs and storage requirements to allow FDE calculations with larger

subsystems than it would have been possible with conventional implementations.

In the next section we give a brief overview of the FDE approach as it is used for the current

work and how it is combined with coupled cluster and response theory and the pair natural orbital

approximation for the calculation of excitation energies. In Sections 3 and 4 we give the com-

putational details and discuss the results of benchmark calculations that have been carried out to

analyze the performance of the implemented approach. In particular, to calculate excitation en-

ergies of tetraazaperopyrenes (TAPP) in their molecular crystals and compare wall times of FDE

calculations with different subsystem sizes with those of supermolecular calculations for different

sizes of the total computational models and investigate the convergence of the excitation energies

with the size of the embedding environment.

3



TAPP

II. THEORY AND IMPLEMENTATION

A. Frozen density embedding

The FDE method is based on subsystem DFT, where the total electron density is described as

the sum of subsystem electron densities:23–25

ρtot(r) =
m

∑
i=1

ρi(r). (1)

The total number of subsystems m is usually equal to the number of molecules in the investigated

system. Using this decomposition of the total electron density leads to the following expression of

the total energy:

Etot =
m

∑
i=1

Ei[ρi]+Eint[ρ1(r), ...,ρm(r)], (2)

where Ei[ρi(r)] is the energy expression of subsystem i and Eint the interaction between the dif-

ferent subsystems. This decomposition has the advantage that each subsystem can in general be

described with a different method and in particular also with wavefunction methods. In the latter

case the density functional Ei[ρi] is for these subsystems replaced by the respective wavefunction

functional Ei[Ψi]. The interaction contribution, however, is nevertheless also for these subsystems

described through the electron densities. Employing wavefunction methods for all subsystems this

leads to the following energy expression:

Etot =
m

∑
i=1

Ei[Ψi]+Eint[ρ1(r), ...,ρm(r)]. (3)

This is motivated by the fact that, regardless of the methods chosen, the interaction is then deter-

mined only through the electron densities of the subsystems as

Eint[ρ1(r), ...,ρm(r)] =
m

∑
i=1

m

∑
j 6=i

∫ ∫ ρi(r)ρ j(r′)
|r− r′| drdr′ (4)

−
m

∑
i=1

m

∑
j 6=i

∫
ρi(r)νN

j (r)dr

+Enadd
kxc [ρ1(r), ...,ρm(r)]+ENN,

where νN
j is the potential originating from the nuclei in subsystem j and ENN the nuclear repulsion

contribution to the interaction energy. Enadd
kxc contains the nonadditive contributions of the kinetic
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and exchange-correlation energy, which is given as

Enadd
kxc [ρ1(r), ...,ρm(r)] =T [ρ1(r)+ ...+ρm(r)]−

m

∑
i=1

T [ρi(r)] (5)

+Exc[ρ1(r)+ ...+ρm(r)]−
m

∑
i=1

Exc[ρi(r)] .

To keep Enadd
kxc a pure density functional that is free from any information on the wavefunctions,

the kinetic contributions must be computed with an explicit kinetic energy density functional. The

derivation of the equations for the energy, or wavefunction, for a subsystem i leads now to the

conventional, i.e. non-embedded, equations with a Hamiltonian augmented by an additional local

potential that arises from the interaction energy. This additional potential is commonly denoted

embedding potential and is given by

ν i
FDE(r) =

m

∑
j 6=i

∫ ρ j(r′)
|r− r′|dr′−

m

∑
j 6=i

ν j
N(r)+ν i

kxc(r) , (6)

where ν i
kxc contains the functional derivatives of the nonadditive contributions. As described in

previous work26, additional all-electron pseudopotentials are added to the environment in order to

account more completely for the Pauli repulsion between the electrons of a subsystem i and its

embedding environment, leading to the following Fock Operator:

FFDE(ECP) = Fvac +ν i
FDE +ν i

ECP , (7)

where ν i
ECP is the sum of the all-electron ECPs on all atoms of the environment for subsystem i, and

an additional contribution to the interaction energy which consists of the sum of the expectation

values of all subsystems i for the respective potentials ν i
ECP. With that the Hartree-Fock and, for

DFT, the Kohn-Sham equations remain unchanged apart from using an augmented potential. For

self-consistent field (SCF) methods like Hartree-Fock and DFT the ground-state equations that

follow from the minimization of the total energy is solved self-consistently in freeze-and-thaw

cycles27.

The embedding potential is calculated for the active subsystem from the electron densities

and electrostatic potentials of the subsystems in the environment on a supermolecular integration

grid, that is generated by merging the atomic integration grids of all atoms in the total system.

The integrals are evaluated only for the basis functions of the currently active subsystem. The

FDE extension is implemented within the dscf and ridft programs for Hartree-Fock and DFT
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employing OMP and MPI parallelization schemes and was validated by comparisons with the

quantum chemistry software KOALA28.

Within the perturbation of the energy (PTE) reaction field scheme, where the embedding po-

tential is kept fixed after reached self-consistency at the Hartree-Fock level, no further changes to

the code have to be made for post Hartree-Fock ground state calculations.

As for other reaction field methods that allow for a polarization of the environment, one can

devise for post-SCF methods, in particular in connection with response theory, different reaction

field coupling schemes29–32, which have all their advantages and disadvantages for different ap-

plications. We use for the current implementation the post-SCF coupling scheme that in the ricc2

and pnoccsd programs of TURBOMOLE is also used for the PE and COSMO embeddings.8,10,33

In the post-SCF coupling scheme the reaction field for the ground-state reference wavefunction

is determined fully self-consistently with the reference wavefunction and its density. The post-SCF

part of the wavefunction, i.e. for coupled cluster and related methods, the amplitudes and Lagrange

multipliers, are then determined in a reaction field that includes the respective contributions to the

density. The post-SCF contributions to the density and the reaction field are, however, not fed back

into the freeze-and-thaw cycles for the reference wavefunction. This reduces the costs relative to

coupling schemes that determine all wavefunctions and densities in a reaction field that has been

equilibrated with the post-SCF, e.g. coupled cluster density. But equally important, this coupling

scheme avoids a functional dependence of the reference wavefunction on post-SCF contributions

to the density and thereby allows for a more consistent formulation of response and perturbation

theories.

In the current work we use FDEu where the response functions for each subsystem are de-

coupled by neglecting inter-system contributions. Within the post-SCF coupling scheme this is

consistent with determining the reaction field for post-SCF correlation and response calculations

from the unperturbed self-consistent field reference densities of the environment and the full post-

SCF density of the active subsystem that is currently under consideration.

B. FDE contributions in post-Hartree-Fock wavefunction methods

For the coupled cluster (CC) in HF or DFT ansatz we follow the derivation in Ref. 34 and 35

and use a variational formulation in terms of a Lagrangian. For simplicity we restrict the equations

to the closed-shell case and use the second quantization formalism. For an isolated system, the CC

6
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Lagrangian is given by

L(t̄µ , tµ) = 〈HF|H|CC〉+∑
µ

t̄µ〈µ|exp(−T )H|CC〉= 〈Λ|H|CC〉 (8)

where |CC〉 = exp(T )|HF〉 is the CC wavefunction, T = ∑µ tµτµ the cluster operator with the

excitation operators τµ and amplitudes tµ , while 〈µ| is an element of the projection manifold and

t̄µ the Lagrange multipliers. The latter are combined with 〈HF| to 〈Λ| = 〈HF|+∑µ tµ〈µ|. Note

that if the right hand side of Eq. 8 becomes complex, only the real part should be used. The density

obtained from the above Lagrangian are the so-called “unrelaxed” coupled-cluster densities since

they do not account for a response (relaxation) of the orbitals.

The Lagrangian for the total energy of the whole system takes the same form as the expression

for the total energy in Eq. 3, but with Ei[Ψi] replaced by Li for those subsystems that are treated

at the CC level. For simplicity we use in the following for the active subsystem a lower index act

and collect all other subsystems in the environment and write Ltot as the sum of the Lagrangian for

the active system (Lact), the sum of the Lagrangians for the subsystems in the environment (Lenv)

and the interaction contribution (Eint):34,35

Ltot = Lact +Lenv +Eint . (9)

For FDEu with the post-SCF coupling scheme the interaction energy is for the coupled cluster and

response part of the calculations defined as Eint[ρCC
act ,ρSCF

env ], where ρSCF
i can be a Hartree-Fock or

DFT density and ρCC
act the (unrelaxed) coupled cluster density obtained from the coupled cluster

Lagrangian, Eq. (8), of the active system. The CC amplitude equations for the embedded system

are obtained from the stationarity condition for the total Lagrangian, Eq. (9), with respect to the

Lagrange multipliers:

0 =
δL
δ t̄µi

= Ωvac
µi

+∑
pq
〈p|νint|q〉〈µi|exp(−T )Epq|CC〉 , (10)

with Ωvac
µi

as the vacuum contribution to the residual of the amplitude equations and

νint[ρCC
act ,ρ

SCF
env ] = ν i

FDE[ρ
CC
act ,ρ

SCF
env ]+ν i

ECP . (11)

At this point we introduce the reaction field operator,

G = ∑
pq
〈p|νint|q〉Epq , (12)

7
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and write equation 10 as:

0 =
δL
δ t̄µi

= Ωvac
µi

+ 〈µi|exp(−T )G|CC〉 . (13)

The contributions arising from G are straight forward to evaluate as they have the same structure as

the contributions arising from the Fock operator in the amplitude equations for an isolated system.

Similarly, the Lagrange multipliers are obtained from stationarity condition of the total La-

grangian with respect to the amplitudes:

0 =
δL
δ tµi

= 〈Λ|
[
H,τµi

]
|CC〉+ 〈Λ|

[
G,τµi

]
|CC〉 . (14)

In response theory for isolated systems, excitation energies are usually derived as poles of the

response functions. This can in principle also be done for subsystem formulations. However,

similar as in other embedding approaches with polarizable environments, the contributions to the

Lagrangian arising from the interaction contributions that are quadratic in the multipliers introduce

an additional coupling between the cluster amplitudes and the multipliers34. As a consequence,

the poles no longer occur at the eigenvalues of the CC Jacobian, but at the eigenvalues of the

full electronic Hessian with the amplitudes and multipliers considered as variables on equal foot-

ing. This leads to significant computational overhead while the numerical effects on excitation

energies are expected to be small. We thus follow the computational strategy that has been suc-

cessfully employed in the CC/MM schemes36 and the related PE-CC and PCM- and COSMO-CC

approaches32,37–39 and neglect this coupling and determine the excitation energies of the embed-

ded system as eigenvalues of its Jacobian. From the definition of the Jacobian,

Aµiν j =
δ 2Ltot

δ t̄µiδ tν j

= Avac
µiν j

+AFDE
µiν j

, (15)

one obtains with the above choice for Eint for the FDE contribution:

AFDE
µiν j

= 〈µi|
[
G,τν j

]
|CC〉 (16)

+
1
2 ∑

pq,rs
(pq|ωint |rs)〈µi|exp(−T )Epq|CC〉〈Λ|[Ers,τν j ]|CC〉 .

The second term includes the so called kernel contributions, which received their name due to their

analogy to the exchange correlation kernel in DFT-based response theory:

(pq|ωint |rs) =
∫ ∫

φ †
p(r
′)φq(r′)

[
δ 2Ekxc

δρ(r′)δρ(r)

∣∣∣∣
ρtot

− δ 2Ekxc

δρ(r′)δρ(r)

∣∣∣∣
ρact

]
φ †

r (r)φs(r)drdr′ .

(17)

8
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The excitation energies for the active subsystem are obtained by solving the right eigenvalue for

the Jacobian:

ARk = ωkRk . (18)

C. The second-order methods CC2, ADC(2), and CIS(D)

The approximate coupled-cluster singles and doubles model CC2 was introduced40 as an ap-

proximation to the coupled-cluster singles and doubles model CCSD where the iterative character

of coupled cluster is retained, but only terms that are at most of second order are kept in the

Lagrangian. For this truncation the electron fluctuation potential, W = H −F , and the doubles

amplitudes and multipliers are, as in Møller-Plesset perturbation theory, counted as first order.

Due to their special role in response theory, the singles amplitudes and multipliers are treated as

being of zeroth-order. This leads to the Lagrangian:

LCC2 =〈HF|H exp(T )|HF〉+∑
µ1

t̄µ1〈µ1|exp(−T1)(H +[H,T2])exp(T1)|HF〉 (19)

+∑
µ2

t̄µ2〈µ2|exp(−T1)H exp(T1)+ [F,T2]|HF〉 .

The CC2 model gives ground-state and excitation energies for single excitations that are complete

through second-order in the fluctuation potential.

For FDE, the second-order approximation must be generalized to the interaction contribution

in the Lagrangian. In this context, the intersystem electron-electron interaction should in the per-

turbation expansion be treated similar as the intrasystem electron-electron interactions. A natural

choice is to count the interaction potential that arises from the SCF densities as being of zeroth

order, on equal footing with the Coulomb and exchange contributions in the vacuum Fock matrix,

and all intersystem electron-electron interactions in contributions beyond the mean field potential

as being of first order. In case of CC2 the unrelaxed density matrix40 given as:

DCC2
pq =〈HF|exp(−T1)Epq exp(T1)|HF〉 (20)

+∑
µ1

t̄µ1〈µ1|exp(−T1)(Epq +[Epq,T2])exp(T1)|HF〉

+∑
µ2

t̄µ2〈µ2|exp(−T1)[Epq,T2]exp(T1)|HF〉 ,

depends in the last term on the doubles multipliers and doubles amplitudes, which is therefore

of second order, and gives in the interaction contribution to Ltot only rise to contributions that

9
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are of third order and beyond that are not consistent with a second-order model. As discussed

in Ref. 8 in the framework of polarizable embedding, also the contribution to DCC2 that is pro-

portional to the doubles amplitudes and singles multipliers introduces in reaction field approaches

contributions beyond second order and causes for a consistent second-order model complications.

It is, therefore, skipped for CC2. The interaction term is thus in the post-SCF coupling scheme

for CC2 evaluated with a CCS-like density matrix which includes in addition to the Hartree-Fock

term only contributions from the singles amplitudes and multipliers, which are taken from the

FDE-CC2 calculation:

DCCS
pq =〈HF|exp(−T1)Epq exp(T1)|HF〉 (21)

+∑
µ1

t̄µ1〈µ1|exp(−T1)Epq exp(T1)|HF〉 .

The total energy Lagrangian for CC2 in HF or DFT thus becomes:

Ltot = LCC2
act +Eint[ρCCS

act ,ρSCF
env ]+LSCF

env . (22)

This leads to the following amplitude equations:

0 = 〈µ1|exp(−T1)
(

Hemb +
[
Hemb,T2

]
+G∆

)
exp(T1)|HF〉 (23)

0 = 〈µ2|exp(−T1)Hemb exp(T1)+
[
Femb,T2

]
|HF〉 , (24)

with

G∆ = G−GSCF = ∑
pq
〈p|νint

[
ρCCS

act ,ρSCF
env

]
−νint

[
ρSCF

act ,ρSCF
env

]
|q〉Epq (25)

= ∑
pq
〈p|νkxc

[
ρCCS

act ,ρSCF
env

]
−νkxc

[
ρSCF

act ,ρSCF
env

]
|q〉Epq , (26)

where GSCF is the SCF reaction field operator calculated from the SCF densities. In Eqs. 23 and 24

we included the SCF reaction field in Femb and Hemb which are defined as the respective vacuum

operators plus the SCF interaction potential:

Femb = Fvac +νint[ρSCF
act ,ρSCF

env ] . (27)

This is motivated by the fact that the SCF reaction field is included via the Fock matrix obtained

from the preceding FDE calculation at the HF or DFT level. In the post-SCF part Femb remains

unchanged, only G∆ depends on the cluster amplitudes and Lagrange multipliers. We note that

10
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in the equation for the doubles amplitudes, Eq. (24), in the first term on the right hand side from

Hemb = Femb +W only the electron fluctuation potential W contributes.

The equations for the Lagrange multipliers become:

0 =〈HF|
[
Hemb +G∆,τµ1

]
exp(T )|HF〉 (28)

+∑
µ1

t̄µ1〈µ1|exp(−T1)
([

Hemb +G∆,τµ1

]
+
[[

Hemb,T2

]
,τµ1

])
exp(T1)|HF〉

+∑
µ2

t̄µ2〈µ2|exp(−T1)
[
Hemb,τµ1

]
exp(T1)|HF〉

and

0 =〈HF|
[
Hemb,τµ2

]
exp(T )|HF〉 (29)

+∑
µ1

t̄µ1〈µ1|exp(−T1)
[
Hemb,τµ2

]
exp(−T1)|HF〉

+∑
µ2

t̄µ2〈µ2|
[
Femb,τµ2

]
|HF〉 .

With the restriction to the CCS-like density for the interaction energy, for the Jacobian explicit

contributions from the embedding beyond those automatically included via Femb arise only in the

singles-singles block.

AFDE
µ1ν1

=〈µ1|exp(−T1)
[(

Hemb +
[
Hemb,T2

]
+G∆

)
,τν1

]
exp(T1)|HF〉 (30)

+ ∑
pqrs

(pq|ωCCS
int |rs)〈Λ1|[Ers,τν1]exp(T1)|HF〉〈µ1|exp(−T1)Epq exp(T1)|HF〉

The eigenvalue problem for the excitation energies, Eq. (18), is solved using iterative direct tech-

niques which only needs the possibility to compute contractions of A with trial vectors b. For the

FDE contributions this is implemented by first setting up a transition density

ρb(r) = ∑
rs

φ †
r (r)φs(r)Db

rs (31)

Db =


−t̄†

1b1 0

2b1 t̄1b†
1


 , (32)

which is then used to evaluate the integrals on the supermolecular grid,

Gb
µν =

∫
χµ(r′)χν(r′)

∫ [ δ 2Ekxc

δρ(r′)δρ(r)

∣∣∣∣
ρtot

− δ 2Ekxc

δρ(r′)δρ(r)

∣∣∣∣
ρact

]
ρb(r)drdr′ , (33)

11
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for the atomic orbitals χµ . These integrals are then transformed to the molecular orbital basis,

which allows to formulate the FDE contribution to σ = Ab as

σFDE
µ1

= ∑
ν1

AFDE
µ1ν1

bν1 = 〈µ1|exp(−T1)
([

G∆,b1

]
+Gb

)
exp(T1)|HF〉 , (34)

with the one-electron operators b1 = ∑ab baiEai and Gb = ∑pq Gb
pqEpq. The latter equation is

evaluated similar to other one-electron contributions.

The algebraic diagrammatic construction is a propagator approach41 which uses a very different

theoretical framework for the derivation of response functions than it is used in coupled cluster re-

sponse theory. At the second-order level42, ADC(2), the secular matrix from which the excitation

energies are obtained as eigenvalues is, however, technically closely related to that for the iterative

variant of the configuration interaction singles model with a second-order doubles correction43,

CIS(D∞), and the Jacoby matrix for CC2:44 The secular matrix for CIS(D∞) is obtained by replac-

ing in the CC2 Jacoby matrix the CC2 ground-state singles and doubles amplitudes by those from

first-order Møller-Plesset perturbation theory. Similar to the CC2 Jacobian, it is non-Hermitian.

The secular matrix for ADC(2) is equal to the Hermitian part of that for CIS(D∞).

The excitation energies for configuration interaction singles, CIS, with a perturbative second-

order doubles correction45, CIS(D), can be written as:

ωCIS(D) = ECIS
1

(
ACIS(D∞)

11 −ACIS(D∞)
12

[
ACIS(D∞)

22 −ωCIS122

]−1
ACIS(D∞)

21

)
ECIS

1 , (35)

where ωCIS and ECIS are the CIS eigenvalues and eigenvectors and ACIS(D∞)
kl the respective blocks

of the CIS(D∞) secular matrix for the excitation classes k, l. Note that for excitation energies CIS

is equivalent to coupled cluster singles, CCS, if the reference wavefunction fulfills the Brillouin

condition.

The same relations can be used to derive from the FDE expressions for CC2 in HF or DFT

the respective expressions for ADC(2), CIS(D∞), and CIS(D). All three methods require the

ground-state amplitudes from first-order Møller-Plesset perturbation theory. The post-SCF cou-

pling scheme used in the current work becomes at this level identical with the PTE scheme. The

first-order singles amplitudes vanish and the first-order doubles amplitudes are determined by the

equation:

0 = 〈µ2|[Femb,T (1)
2 ]+W |HF〉 . (36)

The last equation differs from equation 24 only in that the fluctuation potential is not similarity-

transformed with exp(T1).
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D. Pair natural orbital approximation of excitation energies

The implementation of the CIS(D) excitation energies with pair natural orbitals has been de-

scribed in Ref. 20 and its extension to the iterative methods ADC(2) and CC2 in Ref. 21. Here,

only a brief summary on the use of the pair natural orbitals in the calculation of excitation energies

is given.

The second-order methods for excitation energies have in common that the computationally

most costly steps are related to the doubles amplitudes for the ground (tµ2) and excited states (Eµ2)

and two-electron integrals of the type (ai|b j) with two occupied (i, j) and two virtual (a, b) MO

indeces, where the orbitals can be dressed with ground- and/or excited-states singles amplitudes.

For localized occupied molecular orbitals (LMOs) the latter integrals are only non-negligible if

the virtual MOs a and b are close to the LMOs i and j and their magnitude decays as R−3 with the

distance between the centers of i and j.

This sparsity is exploited in the pair natural orbital approximation by determining for each

LMO pair i j a set of PNOs that are defined as linear combinations of virtual orbitals

|ā〉= ∑
a
|a〉di j

aā , (37)

with the coefficient di j
aā chosen such that they diagonalize the correlation contribution Di j of pair

i j to the one-electron density matrix:

∑
ab

di j
aāDi j

abdi j
bb̄ = ni j

ā δāb̄ , (38)

with

Di j
ab =

2
Ni j

∑
c

(
ui j

act
i j
bc +ui j

cat i j
cb

)
, (39)

Ni j = 1+
2

1+δi j
∑
ab

ui j
abt i j

ab, (40)

ui j
ab = 2t i j

ab− t i j
ba (41)

and t i j
ab as the MP2 doubles amplitudes. The eigenvalues ni j

ā are natural orbital occupation numbers

and provide a measure for the importance of the corresponding PNO. Thus, all PNOs with a natural

occupation number lower than a chosen PNO threshold value TPNO are discarded. For localized

LMOs i j the ni j
ā decay rapidly with the index ā towards zero which then leads to a large reduction

of the virtual space for i j. In the second-order correlation methods CIS(D), ADC(2), and CC2, the

13
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double amplitudes are then used only within the PNO basis, and the integrals in which they are

contracted are also projected onto it.

For the excited-state doubles amplitudes a state-specific PNO basis is constructed for each

excited state to account for the different characters of the excitations, which can be localized on

a single chromophore group or exhibit long-range charge-transfer character in case of non local

excitation. The excited state PNOs are obtained by a similar procedure as for the ground-state but

with t i j
ab replaced by the first order excited-state doubles amplitudes20 E i j

ab:

D̃i j
ab =

2
Ñi j

∑
c

(
ũi j

acE i j
bc + ũi j

cat i j
cb

)
. (42)

For further technical details on the generation of the PNO coefficients with a reduced scaling of

the operation count with the system size and the truncation of the set of significant LMOs pairs we

refer to Refs. 20–22.

All FDE contributions have also been implemented within the pnoccsd program and have been

tested by comparisons to the ricc2 program in the limit of a very tight PNO truncation threshold.

With that, FDE is available in the pnoccsd program within the frozen density approximation and

the post SCF reaction field scheme in combination with PNOs.

III. COMPUTATIONAL DETAILS

A. Geometries

To test the performance of the FDE implementation, clusters were created from tetraazaperopy-

rene (TAPP) molecular crystals. The general structure of the TAPPs is shown in Figure 1 together

with the TAPP derivatives used for the current study.

Starting point for constructing the TAPP clusters were solid-state geometries for selected TAPP

compounds available in the Cambridge Crystallographic Data Centre (CCDC). We have used the

CCDC entries 747374 (Refs. 46 and 47) and 1980431 (Refs. 48 and 49) in case of H-TAPP-H

and all-C3F7-TAPP-Cl4Br4, respectively. In case of monoclinic bay-C2F5-TAPP-H4F4 the struc-

ture from CCDC entry 1908781 (Refs. 50 and 51) is used in which the chlorine atoms are replaced

with fluorine atoms. Starting from these initial geometries, the bulk phase was optimized using the

CP2K program52 with periodic DFT methods. Both, the cell parameters and the crystal structures,

have been optimized with the PBE functional53,54 and the TZVP-MOLOPT-GTH55 basis set to-

gether with the GTH-PBE pseudopotential56. The DFT-D3 correction has been applied to account
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Compound X1 X2 R

(1) H-TAPP-H H H H

(2) bay-C2F5-TAPP-H4F4 F H C2F5

(3) all-C3F7-TAPP-Cl4Br4 Cl Br C3F7

FIG. 1: Chemical structure of the investigated TAPP compounds

(a) H-TAPP-H (b) bay-C2F5-TAPP-H4F4 (c) all-C3F7-TAPP-Cl4Br4

FIG. 2: Structures of the largest extracted clusters for each TAPP.

for dispersion57. Based on the fully optimized bulk phases, the clusters have been extracted using

Avogadro58 and VMD59 such that only those molecules are included which are entirely located

within a specified radius. A detailed analysis for a broad range of TAPP compounds, including

cell structure or electronic gaps as well as crystal stability, will be published elsewhere60.

With this method clusters have been created with a radii of 8, 10, 12 and 15 Å for compound

(1), with radii of 10, 12, 15 and 20 Å for compound (2), and with radii of 10, 13, 15 and 20 Å

for compound (3) around a single central molecule. Additional clusters have been created for the

compounds (2) and (3) with radii of 10, 15 and 20 Å around a dimer of two stacked molecules.

The largest clusters of each compound are shown in Figure 2.

Additionally to the TAPPs, two systems from previous work26 are used to investigate the influ-

ence of the kernel contributions on excitation energies: the Green Fluorescence Protein (GFP) sys-

tem and the 2,3-Diazabicyclo[2.2.2]oct-2-en (DBO) within Cucurbit[7]uril (CB[7]), both shown

in Figure 3.
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(a) GFP (b) DBO/CB[7]

FIG. 3: Structures of systems used to investigate the post-SCF contributions. The examined

chromophore is displayed with balls and sticks, while the environment is displayed as licorice.

B. FDE and excitation energy calculations

All FDE and excitation energy calculations were carried out with a development version of the

TURBOMOLE program package18. For all TAPP systems we used the def2-TZVP basis set61,62

for the atoms of the central molecule and the def2-SVP basis set61,62 for the molecules in the

environment. All FDE calculations used for each subsystem the respective monomer basis. For

the current study, the first step is a self-consistent FDE calculation with all subsystems treated

at the Hartree-Fock level. The resolution of identity approximation for the Coulomb potential63,

RI-J, was employed for all subsystems except the central one, using the respective optimized aux-

iliary basis sets from Refs. 62. The embedding potential was calculated with the PBE exchange-

correlation53 and revAPBEk kinetic energy functionals64 on a supermolecular integration grid

constructed from the atomic integration grids of all atoms using grid size 3. In addition, the all-

electron pseudopotentials65 ecp-all have been used to prevent electron spill-out effects26. The

freeze and thaw iterations have been carried out until the electronic energies of all subsystems

were converged within a threshold of 5.0 · 10−6 H. The frozen core approximation has been ap-

plied for all orbitals with energies below −3.0 Hartree. Except for test calculations (vide infra),

all PNO-based calculations were performed with a PNO truncation threshold of 10−8 and used

intrinsic bond orbital (IBO) localization for the occupied orbitals.66 All post Hartree-Fock calcu-

lations used for the resolution-of-the-identity approximations in the correlation contributions and

the excitation energy calculations the respective auxiliary basis sets67 for RI-CC.
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TABLE I: The first two excitation energies ω of the GFP system without (w/o) and with (w/)

kernel contributions using the FDEu(ECP)-CCS method. All in eV.

ω ∆ω

w/o kernel w/ kernel

S1 3.661 3.662 0.66 ·10−3

S2 4.538 4.552 13.65 ·10−3

IV. RESULTS

A. Evaluation of the kernel contributions

The kernel contributions originate from a non-linear dependence of the embedding potential

on the electron density in the active subsystem. Therefore, this contributions should be larger

when the distances between the active and surrounding subsystems are small resulting in increased

overlap of subsystem electron densities. To evaluate their importance, we computed the kernel

contributions for a GFP system and for DBO within CB[7] as shown in Figure 3. The GFP system

has been chosen because of hydrogen bonds between the subsystems and also because of the in

general small distances between them. In previous studies10,65 DBO in CB[7] was found to be

sensitive to electron charge spill-out in electronically excited states which then causes a strong

interaction between the subsystems. Therefore excitation energies have been computed for the

first two excitations within the CCS model using either the frozen solvent68 approximation (w/o

kernel) or the post-SCF reaction field scheme (w/ kernel). For these systems the aug-cc-pVTZ

basis69 for the chromophore and the cc-pVDZ basis70 for the environment has been used together

with the lc94 kinetic energy functional71 for the embedding potential.

As shown in Table I and II the kernel contributions are in general rather small. In case of

DBO in CB[7] the largest kernel contribution is only 0.64 meV, which is negligible. For the

GFP system a contribution of 13.65 meV is observed for the second excitation, which shows

that the kernel contributions can be significant. This difference between the kernel contributions

indicates its importance for systems with hydrogen bonds between subsystems. Since the TAPPs

which are studied in the following do not exhibit hydrogen bonds between the molecules, only

insignificant contributions from the kernel are expected. To check this presumption, we computed

the kernel contributions for compound (2). For most excitations they are below 1 meV; the largest
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TABLE II: The first two excitation energies of the DBO/CB[7] system with and without kernel

contributions using the FDEu(ECP)-CCS method. All in eV.

ω ∆ω

w/o kernel w/ kernel

S1 3.682 3.683 0.64 ·10−3

S2 6.711 6.711 0.38 ·10−3

contribution obtained is 3.47 meV for the 14th excitation.

Since the kernel contributions to the excitations of interest are only minor for the TAPPs, we

decided to employ the frozen solvent approximation in the following.

B. PNO truncation error in FDE calculations

A major task of embedding methods in the framework of theoretical spectroscopy is to model

environment-induced shifts in the spectra. These shifts are often small, so it is necessary to be

careful that an approximation such as the truncation of the PNOs does not introduce errors in

these shifts that are larger than the shifts themselves. In order to ensure that PNO-based methods

are able to qualitatively describe environment-induced shifts for electronic valence excitations, the

PNO truncation error on the environment shift was investigated. Therefore, the first four excitation

energies of the isolated molecule and the molecule within the environment was computed with and

without PNO approximation for compounds (1) and (2) within the CC2 model. The clusters with

radii of 15 Å for compound (1) and 20 Å for compound (2) around the target molecule were in

these calculations used to model the environment.

For compound (2) we can see in Table III that the PNO truncation errors on the excitation

energies increases with the excitation energy and reaches for S4 a value of 59.21 meV. The

environment-induced shift for the first two excitations are relatively small, below 0.1 eV, so that

the PNO truncation errors on the excitation energies are even slightly larger than the environment

shifts. However, most of the PNO truncation errors consists of a mostly systematic blue shift and,

thus, the PNO truncation error on the environment shift is nevertheless much smaller than the

environment shift itself, in most cases by an order of magnitude.

For compound (1) the truncation errors on the excitation energies (see Table IV) are lower than
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TABLE III: Excitation energy ω , environment induced shift ∆envω and the corresponding

truncation errors ∆truncω and ∆trunc(∆envω) in eV for the first four excitations of (2) within the

largest tested cluster.

ω ∆truncω ∆envω ∆trunc(∆envω)

method PNO-CC2 PNO-CC2 FDE(ECP)-PNO-CC2 FDE(ECP)-PNO-CC2

reference - CC2 PNO-CC2 FDE(ECP)-CC2

S1 2.964 +18.25 ·10−3 +13.16 ·10−3 +4.64 ·10−3

S2 3.057 +29.71 ·10−3 +25.92 ·10−3 −1.19 ·10−3

S3 3.191 +48.83 ·10−3 +157.51 ·10−3 −12.10 ·10−3

S4 3.208 +59.21 ·10−3 +141.88 ·10−3 −27.92 ·10−3

TABLE IV: Excitation energy ω , environment induced shift ∆envω and the corresponding

truncation errors ∆truncω and ∆trunc(∆envω) in eV for the first four excitations of (1) within the

largest tested cluster.

ω ∆truncω ∆envω ∆trunc(∆envω)

method PNO-CC2 PNO-CC2 FDE(ECP)-PNO-CC2 FDE(ECP)-PNO-CC2

reference - CC2 PNO-CC2 FDE(ECP)-CC2

S1 3.060 −2.60 ·10−3 +9.77 ·10−3 +0.19 ·10−3

S2 3.235 +14.47 ·10−3 +26.78 ·10−3 −8.07 ·10−3

S3 3.238 +8.80 ·10−3 +161.31 ·10−3 +12.38 ·10−3

S4 3.241 +9.42 ·10−3 +167.02 ·10−3 +2.66 ·10−3

the environment-induced shifts and the effect of the PNO truncation on the environment shifts are

also for this compound much smaller than the shifts themselves. For the first excitation energy

the PNO truncation error on the environment shift is even below 1 meV. We thus conclude that a

PNO truncation threshold of 10−8 is sufficient to ensure a qualitatively correct description of the

environment-induced shifts for the investigated TAPPs.
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FIG. 4: Computational wall time versus the number of basis function for (2) (left) and for (3)

(right). The dashed lines represent the functions f (N) = k×Na that were numerically fitted to

the last two data points of each method. Further information to the fit can be found in the

supporting information.

C. Timings and scaling with system size

The computational performance of the implementation was evaluated for compounds (2) and

(3) by determining wall times of conventional supermolecular and FDE calculations for various

system sizes with either one or two molecules as the target subsystem for the FDE calculations.

The supermolecular calculations were performed with the same mix of basis sets as the FDE calcu-

lations together with the RI-J approximation. All computational wall times have been determined

for ground state (FDE-)Hartree-Fock calculations followed by a PNO-CIS(D) excitation energy

calculation of four excitations on two Intel(R) Xeon(R) Gold 6230 CPUs with 2.10GHz using

OMP parallelization on 40 cores in total with a maximum available memory of 192 Gigabytes.

Figure 4 shows the obtained wall times against the number of basis functions of the total system

on a logarithmic scale.

For compound (2) the computation time of the FDE calculations with a monomer as the tar-

get subsystem initially increases sublinear with the number of basis functions N, but increases to

k×N1.98, i.e. quadratically with the overall system size. This behavior arises because for small

systems the computation time is dominated by the computation of the target subsystem includ-
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ing the excitation energies. Additional subsystems in the environment do not lead to a significant

increase in computation time. As the size of the total system increases, also the integration grid

increases, resulting in higher computational costs for the embedding potential, especially the elec-

trostatic potential. This, along with the linear increase in computation time for the FDE method

with the number of subsystems, leads for the current implementation to a quadratic scaling with

the number of basis functions above a certain system size. In this case, the point is reached be-

tween 8.4k and 15.2k basis functions. It should be pointed out that this behavior with respect to

the basis functions only occurs because the system size is also increased. An increase in basis

functions without any change in system size will lead to a similar behavior as in supermolecular

calculations. The quadratic scaling with the overall system size can be avoided with fast multipole

methods, but this is beyond the scope of the present work.

For the FDE calculations with a TAPP dimer as target subsystem, only the lower scaling be-

havior is observed within the range of system sizes used here, but a similar behavior for larger

environments as for the FDE calculations with the monomer as target subsystem is expected.

The computation times for the supermolecular calculations exhibit even with the PNO-based

implementation a steeper scaling compared to the FDE calculations. Here, the computation time

is dominated by the calculation of the excitation energies. From the available data points we can

deduce an approximate power law of k×N2.99 for the wall time of these calculations in agreement

with the scaling reported in Ref. 22, although the effective scaling varies with the system size,

structure and the basis set depending on the onset of integral screening and PNO truncation.

The different scaling of the computation time with the number of basis functions between

the FDE method and supermolecular calculations allows the computation of much larger systems

with the FDE approach. This can be shown by the largest system for which the wall times were

determined for both methods and which consists of 8.4k basis functions and 528 atoms. For this

system, the FDE calculation was 39 times faster than the supermolecular calculation, saving 327 h

of wall time.

Compound (3) (see Figure 4b) shows a similar behavior for all methods. The wall times of

FDE calculations with a monomer as the target subsystem show at the beginning a comparably

slow increase in computation time with the number of basis functions and for larger systems an

increase with k×N1.82. With a dimer as the target subsystem, again only the slow increase within

this test series is visible. For the supermolecular calculations, an increase in computation time

with the number of basis functions of k×N2.75 is observed. This is slightly lower compared to (2),
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probably due to the larger distance between the subsystems, which leads to more negligible pairs

in the calculation of the excitation energies. The largest system of compound (3) calculated within

the supermolecular basis and with the FDE approach consists of 9.3k basis functions and 486

atoms. For this system the FDE calculation was 25 times faster than the supermolecular approach

and could so save 315 h of wall time.

D. Convergence of the excitation energies with the environment size

We also investigated how large the environment needs to be for converged results for the ex-

citation energies in the target subsystem. For this purpose, 18 excitation energies were computed

for four different radii for three different molecular crystals employing the CIS(D).

Table V shows the lowest 10 excitation energies for compound (2). For the clusters obtained

with radii 10 and 12 Å the target molecule is not surrounded by neighbor molecules on all sides.

First with 15 Å the π system of the central molecule is surrounded entirely either by neighbor

molecules or -C2F5 side chains. Up to this point, the excitation energies show variations > 10

meV. From the cluster for 15 Å and to that for 20 Å the excitation energies change at most by

about 0.001 eV. We thus conclude that in this case 20 subsystems for the environment are sufficient

to converge the environment-induced shifts. The largest change of 0.113 eV is found for the 9th

excitation energy between none and the first four environment subsystems. For the 9th excitation,

the difference in excitation energy between the isolated monomer and the monomer surrounded by

44 molecules is the highest with 0.181 eV. The environment-induced shifts are expected to become

in general larger for higher excitation energies, as the orbitals into which the electrons are excited

become more diffuse and have larger overlap with the electron density of neighboring molecules.

With a few exceptions, the excitation energies of the TAPPs are all blue shifted with the influence

of the environment.

Table VI shows the excitation energies for compound (3). Its geometric structure is similar to

that of (2) only with a slightly larger side chain (-C3F7 instead of -C2F5) and we observe a similar

convergence of the environment-induced shifts with the cluster size, in particular, only minor

changes < 10 meV between the clusters obtained with a 15 and 20 Å radius. We thus expect

that the excitation energies are converged within 10 meV with the size of the environment. The

largest changes are observed between the clusters for 13 and 15 Å, indicating the importance of

the additional molecules added in this step to the environment. In contrast to compound (2), about
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TABLE V: Environment-induced shifts of the first 10 excitation energies in eV of compound (2)

for different sizes of the environment.

ω ∆envω

radius 0Å 10Å 12Å 15Å 20Å

Env.a 0 4 10 20 44

S1 3.114 +0.013 +0.011 +0.027 +0.027

S2 3.250 +0.018 +0.019 +0.005 +0.005

S3 3.697 +0.001 +0.004 −0.027 −0.026

S4 3.702 +0.041 +0.034 −0.002 −0.002

S5 3.749 −0.005 −0.001 +0.077 +0.077

S6 3.898 −0.034 −0.028 −0.029 −0.029

S7 3.898 +0.023 +0.025 −0.003 −0.003

S8 4.138 +0.019 +0.020 +0.004 +0.004

S9 4.307 +0.113 +0.103 +0.182 +0.181

S10 4.638 +0.019 +0.020 −0.001 +0.000

a Number of environment subsystems

half of the excitation energies are red shifted by the interaction with the environment. The origin

for the change in this trend from (2) to (3) is most likely the larger distance between the π systems

of neighboring TAPP molecules in the crystal with the larger -C3F7 side chain. The increased

distance reduces the Pauli repulsion between the electrons in the active target subsystem and the

environment which is usually in excited states larger than in the ground states. This is corroborated

by the fact that most excitation energies increase between none and four environment subsystems,

while the red shifts mostly happen when more distant neighbor molecules are included in the

larger clusters. The latter should mainly interact electrostatically with the central molecule. The

red shift of excitation energies originate usually from a decrease of the orbital energies for the

virtual orbitals by favorable electrostatic interactions with the environment. Only for the second

excitation a decrease of the excitation energies for the small environment is observed. This could

be explained by an increase of the orbital energy for the occupied molecular orbital out of which

an electron is excited. Again, the largest changes in excitation energies are observed for the higher
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TABLE VI: Environment-induced shifts for the first 10 excitation energies in eV of compound

(3) for different sizes of the environment.

ω ∆envω

radius 0Å 10Å 13Å 15Å 20Å

Env.a 0 4 8 16 36

S1 2.815 +0.005 +0.006 −0.027 −0.026

S2 2.930 −0.019 −0.019 −0.021 −0.021

S3 3.115 +0.038 +0.042 −0.019 −0.012

S4 3.192 +0.029 +0.033 −0.031 −0.027

S5 3.395 +0.044 +0.045 −0.007 −0.005

S6 3.452 −0.008 −0.011 +0.044 +0.040

S7 3.469 +0.024 +0.023 +0.050 +0.047

S8 3.519 +0.039 +0.042 +0.033 +0.038

S9 4.000 +0.036 +0.038 −0.054 −0.051

S10 4.021 +0.045 +0.042 +0.055 +0.053

a Number of environment subsystems

excitations because electrons are transferred into orbitals which are more diffuse and therefore

interact more strongly with the environment.

The excitation energies of (1) are shown in Table VII. Here we used smaller radii for the

environment because the molecular crystal is packed much more densely due to the lack of fluoro-

carbon side chains at the positions labeled with R in Figure 1. Although the number of molecules

around the target subsystem is similar to the other two molecular crystals the excitation energies

still show some variation between the two largest clusters. For example the fourth excitation en-

ergy still changes by −0.045 eV. The highest changes in excitation energy between the systems

without environment and 40 surrounding molecules are 0.155 eV for S4 and 0.120 eV for S3. The

origin of long range interactions in this system could be a larger polarization of the closest neigh-

bors by theirs neighbors because of the smaller intermolecular distances in the crystal for this

compound.
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TABLE VII: Environment-induced shifts for the first 10 excitation energies in eV of compound

(1) for different sizes of the environment.

ω ∆envω

radius 0Å 8Å 10Å 12Å 15Å

Env.a 0 4 10 20 40

S1 3.240 +0.015 +0.016 +0.028 +0.028

S2 3.299 +0.050 +0.039 +0.004 +0.001

S3 3.555 −0.012 +0.020 +0.107 +0.120

S4 3.585 +0.041 +0.168 +0.200 +0.155

S5 4.164 +0.054 +0.072 +0.025 +0.016

S6 4.199 +0.066 +0.069 +0.074 +0.066

S7 4.276 +0.027 −0.008 +0.005 +0.002

S8 4.346 −0.003 −0.022 −0.030 +0.015

S9 4.398 +0.078 −0.040 +0.040 +0.035

S10 4.562 −0.058 −0.034 −0.038 +0.016

a Number of environment subsystems

E. Embedded TAPP dimer

Finally, we studied the excitation energies for embedded TAPP dimers. Table VIII lists the

lowest excitation energies for a dimer of (2). Here we see almost no changes between the last

two radii and can therefore expect that the excitation energies are converged with respect to the

size of the environment. Also the changes between the radii of 10 and 15Å are rather small

compared to the changes seen with the monomer as target subsystem. The largest change in an

excitation energy between these radii is seen for S10 with −0.027 eV. In contrast to the monomer

as central system all excitation energies shown in Tables VIII and IX decrease already for the

smallest embedding environment. Also, the environment-induced shifts are larger than for the

monomer as active central system. While the maximum difference in excitation energy for the

dimer system is −0.518 eV , the maximum difference or the monomer system is only 0.113 eV.

Most of the changes in the excitation energies already occurs in the step from the isolated dimer

25



TAPP

TABLE VIII: Environment-induced shifts for the first 10 excitation energies in eV of the dimer of

compound (2) for different sizes of the environment.

ω ∆envω

radius 0Å 10Å 15Å 20Å

Env.a 0 6 26 52

S1 3.115 −0.183 −0.186 −0.187

S2 3.120 −0.125 −0.133 −0.134

S3 3.254 −0.127 −0.116 −0.114

S4 3.311 −0.161 −0.151 −0.150

S5 3.705 −0.509 −0.519 −0.518

S6 3.707 −0.422 −0.432 −0.432

S7 3.714 −0.097 −0.104 −0.106

S8 3.753 −0.075 −0.089 −0.091

S9 3.766 −0.064 −0.088 −0.086

S10 3.977 −0.261 −0.288 −0.288

a Number of environment subsystems

and to six surrounding subsystems. Further changes are comparatively small. Thus, the greatest

effect on the dimer system can be achieved with a relatively small environment. The difference

in the converged excitation energies of the monomer and the dimer demonstrates the effect of the

missing response of the environment within the FDEu approach. Similar converged excitation

energies can only be achieved with the FDEc method.

Table IX shows the excitation energies for a dimer of compound (3) within its molecular crys-

tal taking different sizes of the environment into account. Between the last two radii only minor

changes up to 0.008 eV in the excitation energies. As for the dimer of compound (2) the largest

changes in the excitation energies observed between the isolated dimer and the dimer embedded

in the first environment shell of nearest neighbors. Also for compound (3) the excitation ener-

gies have all been lowered through the influence of the environment. The largest environment-

induced shifts in the excitation energies are found for for S1 and S2 with changes of −0.591 eV

and −0.624 eV.
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TABLE IX: Environment-induced shifts for the first 10 excitation energies in eV of the dimer of

compound (3) for different sizes of the environment.

ω ∆envω

radius 0Å 10Å 15Å 20Å

Env.a 0 6 20 44

S1 2.829 −0.582 −0.593 −0.591

S2 2.876 −0.615 −0.626 −0.624

S3 2.950 −0.141 −0.166 −0.164

S4 2.950 −0.095 −0.122 −0.120

S5 3.147 −0.208 −0.209 −0.209

S6 3.147 −0.199 −0.202 −0.201

S7 3.219 −0.098 −0.130 −0.122

S8 3.220 −0.095 −0.125 −0.117

S9 3.514 −0.286 −0.336 −0.332

S10 3.517 −0.288 −0.337 −0.333

a Number of environment subsystems

V. CONCLUSION

Frozen density embedding offers a straight-forward, almost black-box way to reduce the costs

for calculation of properties for systems that consists of several only weakly interacting molecules.

Large reduction of computational costs can in particular be obtained when a system can be di-

vided into small subsystems. Unfortunately, this is not always possible, for example in the case of

complex chromophores, which can lead to large subsystems. This can in turn lead to long compu-

tational times when these subsystems are studied, even with second-order correlation methods as

e.g. CIS(D), ADC(2), or CC2.

As a solution to this problem, we presented a combination of frozen density embedding with

pair natural orbital based local correlation methods within the pnoccsd program of the TURBO-

MOLE package. The new extended FDE implementation is applicable for an arbitrary number of

subsystems and evaluated the embedding potentials only within the basis of the active subsystem,
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avoiding the calculation of integrals for the supermolecular basis. At the Hartree-Fock and DFT

levels is has been implemented in the dscf and ridft programs. In the latter program it can be used

together with the RI approximation. At the correlated wavefunction level it has been implemented

for MP2, CIS(D), ADC(2) and CC2 in the ricc2 and pnoccsd programs that exploit the resolution-

of-the-identity (RI) and the pair natural orbital (PNO) approximations. Excitation energies can be

computed within the frozen solvent approximation or the post-SCF reaction field coupling.

We investigated the importance of the kernel contributions for excitation energies. The latter

originate from the non-linear dependence of the interaction energy on the density of the embedded

subsystem. It turned out that they are most of the time small.For the TAPPs that have been used in

the current work to study the computational performance of the implementation, test calculations

for compound (2) demonstrated that the kernel contributions are insignificant and can be neglected

for TAPPs.

Furthermore we investigated the effect of the PNO truncation error on environment-induced

shifts in the excitation energies of an embedded subsystem. For two TAPP systems we demon-

strate that the truncation error on the environment-induced shifts in valence excitation energies are

significantly smaller than the shift themselves and that, thus, the additional approximations made

in the PNO-based implementation has only an insignificant effect on the accuracy of the predicted

environment-induced shifts.

One aim of the current work has been to reduce the computational effort for the calculation

of excitation energies in large systems consisting of several weakly interaction molecules. The

computational performance for the combination FDE with PNO-based local methods was tested

against conventional supermolecular calculations in Sec. IV C. The results demonstrate that large

savings that can be achieved with this combination. In case of compound (2) the FDE calculation

was 39 times faster than the supermolecular calculation for the largest system computed with both

methods.

Finally, the behavior of the excitation energy with respect to the size of the embedding envi-

ronment was investigated for subsystems consisting of either a monomer or a dimer. This showed

that the excitation energies converge for the investigated TAPPS with a relatively small number of

environment subsystems, for an embedded dimer with even less subsystems than for an embedded

monomer.

Overall, we demonstrate the capabilities of this combination, both in terms of the overall size

of the system and in terms of the size of individual subsystems and could show that the accuracy
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of the environment-induced shift are not significantly affected by the PNO approximation.
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Chapter 5

Conclusions and Outlook

In the course of this PhD project a FDE implementation was developed that can

be used in combination with the PNO approximation and works exclusively in

the monomolecular basis, i.e. avoids any calculations with the supermolecular

basis sets. The starting point of the project was the implementation by Laricchia

et al.133 within the TURBOMOLE package. The implementation was limited to

two subsystem, could only be used with the local HF and DFT method within

the odft and dscf programs, could only make use of the OpenMP parallelization

scheme and needed supermolecular SCF iterations to compute the embedding

potential. An extension of this implementation to an arbitrary number of sub-

systems turned out to be too computational demanding for large systems and an

implementation which used only the monomolecular basis of each subsystem was

aspired. The FDE implementation within the KOALA program served here as a

model implementation, because second-order correlation methods could be used

and the embedding potential is calculated using only the monomolecular basis.

Nevertheless the KOALA implementation is limited to canonical orbitals and

the OpenMP parallelization scheme. The new implementation was integrated

into the dscf , ridft , ricc2 and pnoccsd programs of the TURBOMOLE package.

This allows to perform FDE calculations with HF, DFT or second-order corre-

lation methods for the individual subsystems while exploiting the RI and PNO

approximation. In addition the implementation makes use of the OpenMP and

MPI parallelization schemes allowing to use various processor architectures.

73
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As part of the project also the electron spill-out problem in ADC(2) ex-

citation energy calculations of chromophores within various environments was

addressed. For this a testset consisting of eleven different systems, where most

of them have been known to suffer from electron spill-out if modeled with the

PE method146, was used to investigate the errors in the excitation energies

compared to a subsystem-ADC(2) reference calculation. It could be demon-

strated that some systems still suffer from electron spill-out even with the FDE

method, although the nonadditive kinetic energy contributions provide an ad-

ditional repulsive term in the embedding potential. By comparison with the

PE method it was shown that the FDE method could prevent the electron

spill-out for some excitations and also lower the error caused by this problem,

but nevertheless errors up to 1.84 eV occurred. Following a similar approach

as used for the PE method, all-electron pseudopotentials where added to the

embedding potential to model the Pauli repulsion between subsystems. With

this so-called FDE(ECP) approach the maximum error could be reduced to

0.18 eV and the mean absolute deviation (MAD) from 0.27 eV to 0.05 eV. Since

the FDE approach has compared to the PE approach an additional repulsive

contribution through the non-additive kinetic energy potential, the FDE(ECP)

approach bears the risk of double counting repulsive contributions when used

with all-electron pseudopotentials developed for the PE(ECP) approach. How-

ever a systematic error of the FDE(ECP) approach compared to the PE(ECP)

method could not be found and therefore a double counting does not seem to

be an issue with the proposed ECPs.

The efficiency and accuracy of the proposed combination of PNOs with FDE

was tested in the second publication of this work. Here the excitation energies

of one or two TAPP molecules within their molecular crystals were calculated

for different numbers of environment molecules and their computational wall

times determined. This demonstrated the capabilities of the combination of

FDE with PNOs, since excitation energies of systems with up to 2592 atoms

could be determined. Also the huge time savings compared to supermolecular

calculations were demonstrated. For one of the largest clusters investigated

with a supermolecular approach the FDE(ECP)-PNO calculation was 39 times

faster. In addition, the scaling of the FDE implementation with the system
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size was determined, showing a sublinear scaling for small systems, because of

the huge prefactor caused by the excitation energy calculation, and a scaling

with N2 with the number of basis functions for larger systems representing the

true scaling of the FDE implementation. Beside the efficiency also the accuracy

of the results were investigated with respect to the truncation error caused by

the PNO approximation. Here the error caused by the truncation of the PNO

expansion on the environment induced shift was of special interest since this is a

very important property within the framework of theoretical spectroscopy and is

usually also rather small. While the truncation errors of the excitation energies

themselves were similar in magnitude to the environment induced shifts, the

truncation error in the shifts were an order of magnitude smaller than the shifts

themselves, which ensures a qualitative correct description of the environment

induced shifts even in combination with PNOs. In addition to the accuracy with

respect to the truncation error also the convergence with the environment size

was investigated for monomer and dimer TAPPs and could be verified.

Supported by the results of the presented study the implementation offers the

opportunity to calculate excitation energies of large chromophores, like a TAPP

dimer, with accurate second-order correlation methods within large and complex

environments without loosing the accuracy to model environment induced shifts.

Together with all-electron pseudopotentials the implementation also ensures a

robustness against the electron spill-out problem.

The efficiency of this implementation could in future be even further im-

proved with respect to large systems in two points. First thing is the N2 scaling

with respect to the size of the environment, which currently still caused by the

evaluation of the electrostatic potential on the supermolecular integration grid.

This could be improved using the fast multipole method (FMM) to evaluate the

far-field of the electrostatic potential, which should result in a near linear scal-

ing of the FDE implementation in combination with the RI approximation147

(MARIJ). Another possibility to increase the efficiency of this implementation

is to change the current parallelization scheme of the FDE approach. At the

moment each subsystem is computed using all available processes and threads

until its calculation is finished and only then the next subsystem will be calcu-

lated. In case of systems containing small subsystems, i.e. one water molecule,
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a high parallelization of such a subsystem does not lead to any improvement

and may even take more time than using less resources. For such cases it would

be more efficient to reduce the number of resources used for small subsystems

and use the saved resources to compute the density of another subsystem at the

same time. Such a parallelization scheme would make it necessary to change the

current implemented FDE procedure, such that the densities used to calculate

the embedding potentials are only updated after a FaT iteration is completed.

This ensures that the embedding potential does not depend on the update or-

der of the densities, which would lead to different interim results for different

update sequences. The current update scheme was chosen to be consistent with

the KOALA program to provide comparable results for canonical CC2 calcula-

tions and therefore the subsystem densities are updated in the same order in

which they are defined. For such a update scheme it is advisable to define the

subsystem of the greatest interest as the last subsystem, so that its embedding

potential is the most accurate. A change of the density update scheme to the

one proposed above would also get rid of this dependency and the embedding

potentials of all subsystems are equivalently accurate.
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Supporting Informations

A.1 Tackling the electron spill-out problem

The following supporting information belongs to the publication J. Chem. The-

ory Comput. 2022, 18, 3, 1737–1747; Copyright c© 2022 The Authors.

Published by American Chemical Society. The publication is available

online: https://doi.org/10.1021/acs.jctc.1c00732 and presented in chap-

ter 3.
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1 Parameterized ECPs of Ar, Kr and Xe

Table 1: All-electron ECP Ar ecp-all, fitted to reproduce with zero electrons the orbital
energies of the 4s4p3d5s5p4d shells in the aug-cc-pV(6+d)Z basis.

ncore= 18 lmax= 3
f 0.00 2 1.0000
s-f 275.00 2 1.6410
p-f 1.90 2 0.2733
d-f -3.40 2 0.4400

Table 2: All-electron ECP Kr ecp-all, fitted to reproduce with zero electrons the orbital
energies of the 5s5p4d6s6p4f5d shells in the aug-cc-pV5Z basis.

ncore= 36 lmax= 4
g 0.00 2 1.00000
s-g 158.20 2 1.20000
p-g 9.40 2 0.49000
d-g -78.30 2 5.95000
f-g -53.00 2 2.00000
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Table 3: Xe ecp-all. All-electron ECP were fitted to reproduce with zero electrons the orbital
energies of the 6s6p4f5d7s7p shells in the aug-cc-pV5Z-PP basis together with the defpp-
ecp1 ECP. For each type of potential, a pair of coefficient and exponent was added, which
is shown in the respective last line.

ncore= 54 lmax= 4
g 0.00000000 2 1.0000000
s-g 49.99796200 2 40.00518400

281.01330300 2 17.81221400
61.53825500 2 9.30415000
10.70000000 2 0.52000000

p-g 67.43914200 2 15.70177200
134.87471100 2 15.25860800
14.66330000 2 9.29218400
29.35473000 2 8.55900300
50.40000000 2 2.00000000

d-g 35.43690800 2 15.18560000
53.19577200 2 14.28450000
9.04623200 2 7.12188900

13.22368100 2 6.99196300
0.08485300 2 0.62394600
0.04415500 2 0.64728400

-18.20000000 2 1.46000000
f-g -23.08929500 2 20.88155700

-30.07447500 2 20.78344300
-0.28822700 2 5.25338900
-0.38692400 2 5.36118800

-109.10000000 2 2.20000000
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2 HOMO LUMO Tables

Table 4: Orbital-energy differences in meV of HOMO and LUMO between FDE and
FDE(ECP) using the cc-pVTZ basis set for the chromophore.

System ∆HOMO ∆LUMO ∆∆HL
Formamid/H2O +273.5 +236.6 -36.9
Berenil/DNA -47.4 +3.2 +50.6

PNP−/Na+(aq) +647.3 +675.0 +27.6
Cholesterol/cy-C6H12 +63.4 +131.2 +67.8
Aniline-yellow/H2O +83.1 +23.5 -59.6

Acrolein/C2H3N +9.0 +49.6 +40.6
DMABN/CB[7] +80.6 +104.8 +24.3
GFP/Protein +376.5 +303.0 -73.5
DBO/CB[7] +46.8 +124.8 +77.9

Pyrazine/DMI-Br +122.4 +168.3 +45.9
Pyrazine/DMI-I +10.3 +25.4 +15.1

Table 5: Orbital-energy differences in meV of HOMO and LUMO between FDE and
FDE(ECP) using the aug-cc-pVTZ basis set for the chromophore.

System ∆HOMO ∆LUMO ∆∆HL
Formamid/H2O +243.1 +3527.2 +3284.1
Berenil/DNA -67.8 +269.1 +336.9

PNP−/Na+(aq) +525.2 +1869.0 +1343.8
Cholesterol/cy-C6H12 +22.2 +763.5 +741.2
Aniline-yellow/H2O +61.8 +1968.4 +1906.6

Acrolein/C2H3N +28.4 +2415.7 +2387.3
DMABN/CB[7] +52.2 +1686.0 +1633.8
GFP/Protein +359.0 +1869.1 +1510.2
DBO/CB[7] +43.7 +3290.8 +3247.1

Pyrazine/DMI-Br +124.1 +1204.9 +1080.8
Pyrazine/DMI-I +37.2 +826.8 +789.5
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3 Excitation Energies

3.1 Subsystem-ADC(2)

Table 6: First and second excitation energies in eV computed with the Subsystem-ADC(2)
approach. Excitation energies computed with the cc-pVTZ and aug-cc-pVTZ basis set are
denoted “TZ“ and “aTZ“, respectively.

System ∆ES1−TZ ∆ES2−TZ ∆ES1−aTZ ∆ES2−aTZ

Formamid/H2O 5.729 7.393 5.674 7.202
Berenil/DNA 2.758 3.102 2.737 3.082

PNP−/Na+(aq) 3.007 3.566 3.016 3.572
Cholesterol/cy-C6H12 7.119 7.194 6.363 6.452
Aniline-yellow/H2O 2.987 4.232 2.967 4.189

Acrolein/C2H3N 3.941 6.555 3.918 6.480
DMABN/CB[7] 4.181 4.480 4.146 4.430
GFP/Protein 2.552 3.328 2.528 3.324
DBO/CB[7] 3.475 6.158 3.444 6.124

Pyrazine/DMI-Br 4.452 5.223 4.381 5.176
Pyrazine/DMI-I 4.605 5.212 4.537 5.170
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3.2 FDE-ADC(2)

Table 7: First and second excitation energies in eV computed with the FDE-ADC(2) ap-
proach. Excitation energies computed with the cc-pVTZ and aug-cc-pVTZ basis set are
denoted “TZ“ and “aTZ“, respectively.

System ∆ES1−TZ ∆ES2−TZ ∆ES1−aTZ ∆ES2−aTZ

Formamid/H2O 5.705 7.526 5.572 6.747
Berenil/DNA 2.711 3.046 2.677 3.018

PNP−/Na+(aq) 3.101 3.673 2.981 3.596
Cholesterol/cy-C6H12 7.089 7.208 5.472 5.802
Aniline-yellow/H2O 2.988 4.253 2.963 4.157

Acrolein/C2H3N 3.902 6.615 3.868 5.810
DMABN/CB[7] 4.219 4.504 3.891 3.979
GFP/Protein 2.546 3.168 2.468 3.029
DBO/CB[7] 3.471 6.358 3.429 4.282

Pyrazine/DMI-Br 4.438 5.229 4.378 5.175
Pyrazine/DMI-I 4.554 5.218 4.497 5.166

3.3 FDE(ECP)-ADC(2)

Table 8: First and second excitation energies in eV computed with the FDE(ECP)-ADC(2)
approach. Excitation energies computed with the cc-pVTZ and aug-cc-pVTZ basis set are
denoted “TZ“ and “aTZ“, respectively.

System ∆ES1−TZ ∆ES2−TZ ∆ES1−aTZ ∆ES2−aTZ

Formamid/H2O 5.663 7.586 5.585 7.377
Berenil/DNA 2.735 3.054 2.700 3.027

PNP−/Na+(aq) 3.175 3.536 3.156 3.590
Cholesterol/cy-C6H12 7.185 7.266 6.335 6.412
Aniline-yellow/H2O 2.977 4.170 2.957 4.106

Acrolein/C2H3N 3.908 6.641 3.871 6.533
DMABN/CB[7] 4.270 4.519 4.215 4.461
GFP/Protein 2.501 2.716 2.486 2.774
DBO/CB[7] 3.472 6.151 3.437 6.106

Pyrazine/DMI-Br 4.319 5.250 4.294 5.193
Pyrazine/DMI-I 4.501 5.226 4.446 5.175
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3.4 PE-ADC(2)

Table 9: First and second excitation energies in eV computed with the PE-ADC(2) approach.
Excitation energies computed with the cc-pVTZ and aug-cc-pVTZ basis set are denoted “TZ“
and “aTZ“, respectively.

System ∆ES1−TZ ∆ES2−TZ ∆ES1−aTZ ∆ES2−aTZ

Formamid/H2O 5.851 7.460 5.648 6.430
Berenil/DNA 2.703 3.046 2.657 2.949

PNP−/Na+(aq) 2.961 3.589 2.773 3.463
Cholesterol/cy-C6H12 7.092 7.215 3.378 4.531
Aniline-yellow/H2O 2.994 4.318 2.967 4.217

Acrolein/C2H3N 3.925 6.607 3.895 5.789
DMABN/CB[7] 4.525 4.692 1.177 1.323
GFP/Protein 2.579 3.559 1.279 2.555
DBO/CB[7] 3.472 6.101 0.886 1.096

Pyrazine/DMI-Br 4.553 5.207 4.529 5.149
Pyrazine/DMI-I 4.759 5.180 4.847 5.104

3.5 PE(ECP)-ADC(2)

Table 10: First and second excitation energies in eV computed with the PE(ECP)-ADC(2)
approach. Excitation energies computed with the cc-pVTZ and aug-cc-pVTZ basis set are
denoted “TZ“ and “aTZ“, respectively.

System ∆ES1−TZ ∆ES2−TZ ∆ES1−aTZ ∆ES2−aTZ

Formamid/H2O 5.822 7.508 5.754 7.322
Berenil/DNA 2.722 3.050 2.688 3.024

PNP−/Na+(aq) 3.002 3.293 2.988 3.349
Cholesterol/cy-C6H12 7.190 7.255 6.336 6.408
Aniline-yellow/H2O 2.984 4.207 2.963 4.144

Acrolein/C2H3N 3.929 6.628 3.897 6.527
DMABN/CB[7] 4.576 4.710 4.526 4.607
GFP/Protein 2.558 2.959 2.526 3.044
DBO/CB[7] 3.475 6.105 3.440 5.802

Pyrazine/DMI-Br 4.408 5.233 4.385 5.178
Pyrazine/DMI-I 4.660 5.198 4.619 5.148
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4 Validation of used methods

This section shows the excitation energies of different variants of the methods used for

systems (h) and (i). System (i) was chosen because the second excitation energy had the

highest error, while system (h) was selected because it exhibited the largest changes in the

excitation energy based on the localization method.

4.1 Localization methods

Table 11: First excitation energy in eV of system (h) in the aug-cc-pvTZ basis computed
with the subsystem-ADC(2) approach using different localization methods.

Localization-method ∆ES1−aTZ

Boys 2.525
second moment (exponent=2) 2.526

fourth moment 2.525
IBO 2.528

Table 12: First and second excitation energies in eV of system (i) in the aug-cc-pvTZ basis
computed with the subsystem-ADC(2) approach using different localization methods.

Localization-method ∆ES1−aTZ ∆ES2−aTZ

Boys 3.447 6.124
second moment (exponent=2) 3.447 6.124

fourth moment 3.447 6.124
IBO 3.444 6.124
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4.2 Kinetic Functionals

Table 13: First and second excitation energies in eV of system (h) in the aug-cc-pvTZ basis
computed with the FDE-ADC(2) approach using different kinetic functionals.

Kinetical functional ∆ES1−aTZ ∆ES2−aTZ

lc94 2.469 3.029
revapbek 2.468 3.094

thomas-fermi 2.482 3.150
subsystem-ADC(2) 2.528 3.324

Table 14: First and second excitation energies in eV of system (i) in the aug-cc-pvTZ basis
computed with the FDE-ADC(2) approach using different kinetic functionals.

Kinetical functional ∆ES1−aTZ ∆ES2−aTZ

lc94 3.429 4.282
revapbek 3.428 4.287

thomas-fermi 3.432 4.525
subsystem-ADC(2) 3.444 6.124

4.3 Long distance Correction

The long distance correction to the kinetic-energy component of the embedding potential

proposed by Jacob et al.2 is a computational cheap approximation and lead to accurate

orbital energies for the Li-H2O system. In order to test its efficiency for the here used systems

the long distance correction has been used for system (i) with the proposed value of 0.1 for

the α parameter. Table 15 shows the first two excitation energies for different FDE-ADC(2)

approaches and the reference method subsystem-ADC(2). An improvement of 0.5 eV could

be achieved for the second excitation with the long distance correction compared to an

regular FDE-ADC(2) approach, but even with this improvement an error of about 1.4 eV

remains. The FDE(ECP) approach on the other hand could reduce the error to about 0.2 eV.

This lead us to the conclusion that a simple reduction of the embedding potential in regions

with a much higher density of the environment is not enough to compensate the missing

repulsion between the subsystems.
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Table 15: First and second excitation energies in eV of system (i) in the aug-cc-pVTZ basis
computed with different approaches. The long distance correction approach is denoted as
“ldc“ and has been used with a value of 0.1 for the parameter α.

Method ∆ES1−aTZ ∆ES2−aTZ

FDE-ADC(2) 3.429 4.282
FDE-ldc-ADC(2) 3.426 4.727

FDE(ECP)-ADC(2) 3.437 6.106
Subsystem-ADC(2) 3.444 6.124

References

(1) Peterson, K. A.; Figgen, D.; Dolg, M.; Stoll, H. J. Chem. Phys. 2007, 126, 124101.

(2) Jacob, C. R.; Beyhan, S. M.; Visscher, L. J. Chem. Phys. 2007, 126, 234116.
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A.2 Combining PNOs with the FDE method

The following supporting information belong to the submitted manuscript pre-

sented in chapter 4 and is submitted to the Journal of Chemical Physics by

AIP Publishing on the 24th of May 2022.



TAPP

I. TIMINGS

1. bay-C2F5-TAPP-H4F4

Basis functions Wall time [s]

1608 9766

3216 31130

4328 165341

8408 1209191

TABLE I: Computational wall times of supermolecular calculations.

Basis functions Wall time [s]

1608 9766

4328 18531

8408 30715

15208 80624

19968 134941

31528 339676

TABLE II: Computational wall times of FDE calculations with a monomer as the main

subsystem.

Basis functions Wall time [s]

3216 31130

7296 102148

20896 236878

38576 611086

TABLE III: Computational wall times of FDE calculations with a dimer as the main

subsystem.

1



TAPP

2. all-C3F7-TAPP-Cl4Br4

Basis functions Wall time [s]

2044 21749

4088 68903

5668 326885

9292 1181782

TABLE IV: Computational wall times of supermolecular calculations.

Basis functions Wall time [s]

2044 21749

5668 36541

9292 47300

16540 93688

34660 365131

26506 205507

TABLE V: Computational wall times of FDE calculations with a monomer as the main

subsystem.

Basis functions Wall time [s]

4088 68903

9524 175001

22208 292556

43952 750375

TABLE VI: Computational wall times of FDE calculations with a dimer as the main

subsystem.
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TAPP

II. FIT INFORMATION

TABLE VII: Parameters resulting from fitting f(N) = k ×Na to the last two points of the

wall times of compound (2).

Parameter supermolecular mono-FDE dimer-FDE

a 2.99618 2.02116 1.54581

k 5.84939e-10 7.62394e-08 1.38113e-05

TABLE VIII: Parameters resulting from fitting f(N) = k ×Na to the last two points of

the wall times of compound (3).

Parameter supermolecular mono-FDE dimer-FDE

a 2.59989 2.14297 1.3798

k 1.58341e-08 1.89429e-08 8.17666e-05
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TAPP

III. EXCITATION ENERGIES

A. FDE-Kernel contributions

radius 10Å 12Å 15Å 20Å

Env.a 4 10 20 44

S1 +0.00031 +0.00029 +0.00035 +0.00032

S2 +0.00060 +0.00055 +0.00057 +0.00049

S3 +0.00004 +0.00007 +0.00021 +0.00005

S4 +0.00016 +0.00008 +0.00010 +0.00011

S5 +0.00005 +0.00007 +0.00010 −0.00009

S6 -0.00107 −0.00151 +0.00022 +0.00001

S7 +0.00024 +0.00016 +0.00034 +0.00032

S8 +0.00056 +0.00044 +0.00066 +0.00047

S9 +0.00022 +0.00059 +0.00061 +0.00079

S10 +0.00204 +0.00246 +0.00009 +0.00011

S11 -0.00028 −0.00028 −0.00030 −0.00040

S12 +0.00037 +0.00047 +0.00045 +0.00055

S13 +0.00028 −0.00008 +0.00035 +0.00025

S14 +0.00244 +0.00275 +0.00347 +0.00308

S15 +0.00244 +0.00275 +0.00347 +0.00308

S16 +0.00024 +0.00012 +0.00066 +0.00064

S17 +0.00111 +0.00119 +0.00072 +0.00068

S18 +0.00015 +0.00029 +0.00016 +0.00031
a Number of environment subsystems

TABLE IX: The kernel contributions for the first 18 excitations energies of compound (2)

for different sizes of the environment using the PNO-CIS(D) method in eV.
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TAPP

ω ∆ω

w/o kernel w/ kernel

S1 3.661 3.662 0.66 · 10−3

S2 4.538 4.552 13.65 · 10−3

TABLE X: The first two excitation energies ω of the GFP system without (w/o) and with

(w/) kernel contributions using the FDEu(ECP)-CCS method. All in eV.

ω ∆ω

w/o kernel w/ kernel

S1 3.682 3.683 0.64 · 10−3

S2 6.711 6.711 0.38 · 10−3

TABLE XI: The first two excitation energies of the DBO/CB[7] system with and without

kernel contributions using the FDEu(ECP)-CCS method. All in eV.
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TAPP

B. Excitation energy convergence

1. Monomer target subsystem

radius 0Å 10Å 12Å 15Å 20Å

Env.a 0 4 10 20 44

S1 3.114 3.127 3.125 3.141 3.141

S2 3.250 3.268 3.269 3.255 3.255

S3 3.697 3.698 3.701 3.670 3.671

S4 3.702 3.743 3.736 3.700 3.700

S5 3.749 3.744 3.748 3.826 3.826

S6 3.898 3.864 3.870 3.869 3.869

S7 3.898 3.921 3.923 3.895 3.895

S8 4.138 4.157 4.158 4.142 4.142

S9 4.307 4.420 4.410 4.489 4.488

S10 4.638 4.657 4.658 4.637 4.638

S11 4.743 4.759 4.760 4.783 4.782

S12 4.780 4.784 4.784 4.832 4.829

S13 4.897 4.910 4.910 4.871 4.873

S14 4.916 4.910 4.911 4.898 4.898

S15 4.916 4.951 4.949 4.970 4.970

S16 4.991 5.013 5.012 5.007 5.007

S17 5.195 5.224 5.222 5.223 5.223

S18 5.699 5.689 5.692 5.682 5.682
a Number of environment subsystems

TABLE XII: The first 18 excitation energies of compound (2) for different sizes of the

environment.
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TAPP

radius 0Å 10Å 13Å 15Å 20Å

Env.a 0 4 8 16 36

S1 2.815 2.820 2.821 2.788 2.789

S2 2.930 2.911 2.911 2.909 2.909

S3 3.115 3.153 3.157 3.096 3.103

S4 3.192 3.221 3.225 3.161 3.165

S5 3.395 3.439 3.440 3.388 3.390

S6 3.452 3.444 3.441 3.496 3.492

S7 3.469 3.493 3.492 3.519 3.516

S8 3.519 3.558 3.561 3.552 3.557

S9 4.000 4.036 4.038 3.946 3.949

S10 4.021 4.066 4.063 4.076 4.074

S11 4.290 4.332 4.331 4.131 4.150

S12 4.310 4.359 4.365 4.290 4.296

S13 4.379 4.536 4.535 4.313 4.313

S14 4.504 4.542 4.556 4.445 4.480

S15 4.575 4.640 4.641 4.479 4.501

S16 4.640 4.682 4.684 4.536 4.542

S17 4.654 4.759 4.770 4.623 4.562

S18 4.668 5.005 5.010 4.633 4.625

TABLE XIII: The first 18 excitation energies of compound (3) for different sizes of the

environment.

a Number of environment subsystems
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TAPP

radius 0Å 8Å 10Å 12Å 15Å

Env.a 0 4 10 20 40

S1 3.240 3.255 3.256 3.268 3.268

S2 3.299 3.349 3.338 3.303 3.300

S3 3.555 3.543 3.575 3.662 3.675

S4 3.585 3.626 3.753 3.785 3.740

S5 4.164 4.218 4.236 4.189 4.180

S6 4.199 4.265 4.268 4.273 4.265

S7 4.276 4.303 4.268 4.281 4.274

S8 4.346 4.343 4.324 4.316 4.331

S9 4.398 4.476 4.358 4.438 4.433

S10 4.562 4.504 4.528 4.524 4.546

S11 4.594 4.640 4.628 4.541 4.577

S12 4.645 4.641 4.704 4.973 4.974

S13 4.849 4.915 4.928 5.132 5.141

S14 5.077 5.055 5.125 5.162 5.167

S15 5.163 5.170 5.192 5.220 5.223

S16 5.197 5.269 5.266 5.300 5.298

S17 5.331 5.339 5.341 5.325 5.319

S18 5.758 5.786 5.763 5.770 5.775
a Number of environment subsystems

TABLE XIV: The first 18 excitation energies of compound (1) for different sizes of the

environment.
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TAPP

2. Dimer target subsystem

radius 0Å 10Å 15Å 20Å

Env.a 0 6 26 52

S1 2.919 2.932 2.929 2.928

S2 3.054 2.995 2.987 2.986

S3 3.115 3.127 3.138 3.140

S4 3.137 3.150 3.160 3.161

S5 3.181 3.196 3.186 3.187

S6 3.265 3.285 3.275 3.275

S7 3.599 3.617 3.610 3.608

S8 3.602 3.678 3.664 3.662

S9 3.673 3.702 3.678 3.680

S10 3.720 3.716 3.689 3.689

S11 3.803 3.902 3.858 3.861

S12 3.995 4.031 4.026 4.018

S13 4.110 4.068 4.140 4.128

S14 4.236 4.424 4.348 4.360

S15 4.282 4.433 4.443 4.453

S16 4.309 4.498 4.503 4.493

S17 4.363 4.503 4.523 4.523

S18 4.634 4.566 4.596 4.605
a Number of environment subsystems

TABLE XV: The first 18 excitation energies of the dimer of compound (2) for different

sizes of the environment in eV.
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TAPP

radius 0Å 10Å 15Å 20Å

Env.a 0 6 20 44

S1 2.243 2.247 2.236 2.238

S2 2.262 2.261 2.250 2.252

S3 2.800 2.809 2.784 2.786

S4 2.848 2.855 2.828 2.830

S5 2.951 2.939 2.938 2.938

S6 2.957 2.948 2.945 2.946

S7 3.111 3.121 3.089 3.097

S8 3.113 3.125 3.095 3.103

S9 3.221 3.228 3.178 3.182

S10 3.227 3.229 3.180 3.184

S11 3.463 3.491 3.423 3.428

S12 3.789 3.639 3.660 3.531

S13 3.956 4.022 3.952 3.956

S14 4.001 4.029 3.964 3.967

S15 4.021 4.070 3.971 4.085

S16 4.023 4.091 4.093 4.093

S17 4.192 4.319 4.330 4.331

S18 4.616 4.542 4.521 4.528
a Number of environment subsystems

TABLE XVI: The first 18 excitation energies of the dimer of compound (3) for different

sizes of the environment in eV.
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IV. PNO TRUNCATION ERROR

ω ∆truncω

method CC2 PNO-CC2

S1 2.94623 2.96448 +0.01825

S2 3.02761 3.05732 +0.02971

S3 3.14241 3.19124 +0.04883

S4 3.14926 3.20847 +0.05921

TABLE XVII: The first four excitation energies of the compound (2) computed using

canonical MOs and PNOs and the resulting truncation error in eV.

ω ∆truncω

method FDE-CC2 FDE-PNO-CC2

S1 2.95475 2.97764 +0.02289

S2 3.05472 3.08324 +0.02852

S3 3.31202 3.34875 +0.03673

S4 3.31906 3.35035 +0.03129

TABLE XVIII: The first four excitation energies of compound (2) within its molecular

crystal (w20) computed using canonical MOs and PNOs and the resulting truncation error

in eV.
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∆envω ∆trunc (∆envω)

method FDE-CC2 FDE-PNO-CC2

S1 0.00852 0.01316 +0.00464

S2 0.02711 0.02592 −0.00119

S3 0.16961 0.15751 −0.01210

S4 0.16980 0.14188 −0.02792

TABLE XIX: Environment induced shifts of the excitation energy of compound (2) within

its molecular crystal (w20) computed using canonical MOs and PNOs and the resulting

truncation error on the shifts in eV.

ω ∆truncω

method CC2 PNO-CC2

S1 3.06251 3.05991 −0.00260

S2 3.22050 3.23497 +0.01447

S3 3.22896 3.23776 +0.00880

S4 3.23139 3.24081 +0.00942

TABLE XX: The first four excitation energies of the compound (1) computed using

canonical MOs and PNOs and the resulting truncation error in eV.

ω ∆truncω

method FDE-CC2 FDE-PNO-CC2

S1 3.07209 3.06968 −0.00241

S2 3.25535 3.26175 +0.00640

S3 3.37789 3.39907 +0.02118

S4 3.39575 3.40783 +0.01208

TABLE XXI: The first four excitation energies of compound (1) within its molecular

crystal (w15) computed using canonical MOs and PNOs and the resulting truncation error

in eV.
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∆envω ∆trunc (∆envω)

method FDE-CC2 FDE-PNO-CC2

S1 0.00958 0.00977 +0.00019

S2 0.03485 0.02678 −0.00807

S3 0.14893 0.16131 +0.01238

S4 0.16436 0.16702 +0.00266

TABLE XXII: Environment induced shifts of the excitation energy of compound (1)

within its molecular crystal (w15) computed using canonical MOs and PNOs and the

resulting truncation error on the shifts in eV.
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Appendix B

FDE-Documentation

B.1 FDE related keywords

FDE calculations can be performed within TURBOMOLE program package

with the FDE script. But before the script can be used two additional keywords

beside the ones already necessary for a conventional calculation have to be

defined.

• $frag

• $fde

$frag is needed to define the subsystems within your system. This can either be

done via define and choosing the frag submenu within the coordination setup

menu or by the user itself. For a water dimer the keyword could look like this:

$frag

fragment 1 charge 0 atoms 1-3

fragment 2 charge 0 atoms 4-6

Beside the atoms also the charge of a subsystem has to be defined. If no charge

is given within the keyword a charge of 0 is anticipated.

The second keyword $fde defines all options within an FDE calculation.

Most of its options can be defined with the program define but some of the

options currently have to be added by the user itself. Such keywords will be
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marked in the following with ∗.

$fde

functional name

specifies the exchange-correlation energy functional used for the em-

bedding potential. It can also be used together with the xcfun and

libxc library using the same notation as in $dft.

gridsize integer

specifies the size of the supermolecular integration grid used to com-

pute embedding potential.

kin name

specifies the kinetic energy functional used for the embedding po-

tential. The kinetic energy can also be included in the exchange-

correlation functional via the xcfun and libxc library.

comp

switches to compatibility mode and FDE calculation is performed ac-

cording to the implementation by Laricchia et. al.133.

fdeecp

switches to FDE(ECP) calculation. Needs in addition the definition

of the embedding ECPs in $ecpemb.

∗fdehf

script ignores post-SCF calculation during the FaT iterations.

∗kernel integer

forces the calculation of contributions beyond PTE for post-SCF meth-

ods. 1=on and 0=of.

zemb_point_charges

switch to point charges for the calculation of nuclear contributions in

the embedding potential. This may lead to numerical errors and is

therefore not recommended.
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active integer

specifies currently active subsystem.

mode integer

specifies necessary steps in each program.

∗debug

switches to debug output.

∗multilevel

specifies methods used for specific subsystems in a multilevel ansatz.

This option currently has to refer to another file.

∗ldc integer

activates the long distance correction42 and specifies the its factor

alpha.

B.2 Multilevel ansatz within FDE

A multilevel ansatz is defined such that all keywords within the control file of

the supermolecular system will also be used for each subsystem and specific

keywords for specific subsystems have to be defined in the multilevel reference

file. Such a multilevel reference file has to start with the keyword $multilevel

and end with $end. Between those two keywords lines defining the fragments

followed by their specific keywords have to be added. For a system containing

of three subsystems where subsystem one and two shall be calculated with the

DFT method and subsystem three with the CC2 model together with the first

two excitation energies the multilevel reference file would look like this:

$multilevel

fragment 1-2

$dft

gridsize 3

functional pbe

fragment 3

$ricc2
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cc2

$excitations

irrep=a nexc=2 npre=4 nstart=6

$end

It is suggested to define all necessary basis sets already in the control file of the

supermolecular system to ensure a correct execution of the calculation.

B.3 The FDE script

After all the above options have been set a FDE calculation can be started by

running the FDE script. The script performs all FaT iterations until either the

energy/dipole convergence criteria or the maximum number of FaT iterations

is reached. Both of these values and more can be set by invoking the FDE

script with additional arguments. In the following all important arguments for

the in this work presented implementation of the FDE script will be listed and

explained:

-help / –help / -h / ?

Any one of these commands prints an explanation of all valid argu-

ments for the FDE script.

-k / –kin name

This argument defines the kinetic energy functional used for the em-

bedding potential. and overwrites the in the control file defined kinetic

energy functional. If this argument is not used the script tries to use

the kinetic energy functional defined in the control file and if no kinetic

functional is defined the default kinetic energy functional revAPBEk is

used.

–epsilon= number

This argument defines the energy convergence threshold in Hartree of

the freeze and thaw iterations. If this argument is not invoked the

default value of 5.0E − 6 is used.

–max-iter= integer
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This argument defines the maximum number of freeze and thaw iter-

ations. The default value is 20.

–max-macro integer

This argument defines the maximum number of macroiterations. The

default value is 50.

–frozencore

This arguments activates the frozen core approximation for all sub-

systems and defines all orbitals below the freezing point as frozen.

–fp number

This argument defines the freezing point in Hartree. All orbitals with

energies below the freezing point will be defined as frozen. The default

value is 3.0.

–comp

This argument activates the compatibility mode and the FDE calcu-

lation will be performed according to the implementation by Laricchia

et. al.133.





Appendix C

Structures

Figure C.1: Structures of the acetone in water clusters used in chapter 2.3 to

determine the computational wall times of the initial FDE implementation.
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