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Coupled cluster response calculations of two-photon transition probability
rate constants for helium, neon and argon

Christof Hättig, Ove Christiansen, and Poul Jo”rgensen
Department of Chemistry, University of Aarhus, DK-8000 Aarhus C, Denmark

~Received 12 November 1997; accepted 19 February 1998!

The implementation of two-photon transition moments is described for the hierachy of coupled
cluster models CCS, CC2 and CCSD and applications are reported for the two-photon transition
probability rate constants for transitions from the ground state to the first excited1Se state in helium
and to the lowest1De and1Se states in neon and argon. At the CCSD level the rate constant for the
1De transition in argon is in good agreement with the experimental rate constant and also with a
recent MCSCF calculation. ©1998 American Institute of Physics.@S0021-9606~98!02620-8#
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I. INTRODUCTION

The two-photon transition probability rate is in lowe
order of perturbation theory determined by the two-pho
transition moments.1 In the previous article2 we have derived
general expressions for multiphoton transition moments
coupled cluster methods from the residues of quadratic
higher response functions and, alternatively, as derivative
transition moment functionals. One of the major advanta
of the latter approach is that the Lagrangian technique3,4 can
be used to derive computational efficient expressions, wh
only a minimal number of response equations need to
solved.

Two-photon transition moments have been calcula
previously using the random phase approximation~RPA! and
an equation-of-motion technique.5 Recently Hettemaet al.6

have reported an implementation of two-photon transit
moments for multiconfiguration self-consistent field~MC-
SCF! wave functions. High-order response properties
sensitive to the treatment of dynamical electron correlati
which efficiently can be considered using Mo” ller-Plesset per-
turbation theory or coupled cluster theory. However, o
iterative approaches as in the coupled cluster hierachy C
CC2,7 CCSD, CC38,9 and CCSDT provide an improved po
structure and can therefore give frequency-dependent p
erties with a systematic improvement of both the correlat
treatment and the pole structure. A systematic improvem
of the poles cannot be obtained in Mo” ller-Plesset perturba
tion theory, where the pole structure is determined by R
excitation energies and SCF orbital energy differences.

In the present article we report the implementation
two-photon transition moments for the hierachy of coup
cluster models CCS, CC2 and CCSD based on the der
tions in Ref. 2 and present calculations of the two-pho
transition probability rate constants from the ground state
the lowest one-photon dipole-forbidden but two-photon
lowed transitions in helium, neon and argon.

II. TWO-PHOTON TRANSITION MOMENTS FOR THE
COUPLED CLUSTER MODELS CCS, CC2 AND
CCSD

For exact states the expression for the two-photon tr
sition moment between the ground stateu0& and an excited
stateu f & in the dipole approximation is given as:1,2,10
8350021-9606/98/108(20)/8355/5/$15.00
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M f←0
ab ~vb!5 (

nÞ0
F ^ f u~b2^0ubu0&!un&^nuau0&

va2vn0

1
^ f u~a2^0uau0&!un&^nubu0&

vb2vn0
G ~1!

5 P̂ab~va ,vb!(
n

^ f ubun&^nuau0&
va2vn0

. ~2!

In Eq. ~1! a and b are components of the dipole operat
(a,b5x,y,z), vn0 is the excitation energy from the groun
state to stateun&, and va and vb are the photon energie
which satisfy the matching conditionva1vb5v f 0. The op-
eratorP̂ab(va ,vb) symmetrizes with respect to permutatio
of a andb together with their associated frequenciesva and
vb . The two-photon transition moments are symmetric u
der permutation of the operatorsa andb if at the same time
the frequency argumentvb is exchanged byv f 02vb :

M f←0
ab ~vb!5M f←0

ba ~v f 02vb!. ~3!

In exact state response theory or for variationalab initio
methods with a orthonormal parametrization for bra and
states, the two-photon transition moments are in addit
symmetric with respect to complex conjuation and a sim
taneous inversion of the signs of the frequencies and
change of the initial and final states:

M f←0
ab ~vb!5(

n
F ^ f ubun& ^nuau0&

va2vn0
1

^ f uaun& ^nubu0&
vb2vn0

G
5(

n
F ^0uaun&* ^nubu f &*

~v f 02vb!2vn0
1

^0ubun&* ^nuau f &*
~v f 02va!2vn0

G
5(

n
F ^0uaun& ^nubu f &

2vb2vn f
1

^0ubun& ^nuau f &
2va2vn f

G*
5M0← f

ab ~2vb!* . ~4!

In coupled cluster response theory a biorthonormal par
etrization is used and the transition momentsM f←0

ab (vb) and
M0← f

ab (2vb) are not each others complex conjugate. T
symmetry of Eq.~4! therefore holds in coupled cluster re
sponse theory not for the individual moments but only
5 © 1998 American Institute of Physics
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the transition strengths which are obtained as a symmetr
product of ‘‘left’’ M0← f

ab and ‘‘right’’ M f←0
ab transition

moments:2

Sab,gd
0 f ~v!5 1

2 $M0← f
ab ~2v!M f←0

gd ~v!

1M0← f
gd ~2v!* M f←0

ab ~v!* %. ~5!

For the transition strengthSab,gd
0 f (v), which is directly re-

lated to a residue of the cubic response function,2,10 the fol-
lowing symmetries hold:

Sab,gd
0 f ~v!5Sab,gd

f 0 ~2v!*

5Sgd,ab
0 f ~v!* 5Sba,dg

0 f ~v f 02v!. ~6!

In the preceding article,2 dealing with the derivation of ex
pressions for multiphoton transition moments within t
framework of coupled cluster response theory, we show
that the left and right transition moments can be calculate
second derivatives of variational transition mome
Lagrangians with respect to the electric field strengthsea ,
eb of the incident light beams:

M0← f
ab ~vb!5S d2L0 f~ t,e!

dea~va!deb~vb! D
0

, va1vb52v f ,

~7!

M f←0
ab ~vb!5S d2L f 0~ t,e!

dea~va!deb~vb! D
0

, va1vb5v f .

~8!

In coupled cluster response theory, the left and right tra
tion moment Lagrangians for excitations from the grou
state 0 to an excited statef are given by:2

L0 f~ t,e!5 lim
r→0

ertFh~ t,e!1 t̄ ~ t,e!S A~ t,e!2 i
d

dtD G
3Ef~ t,e!1 lim

r→0
ertM̄ f~ t,e!S e~ t,e!2 i

d

dt
t~ t,e! D ,

~9!

L f 0~ t,e!5 lim
r→0

ertĒf~ t,e!S e~ t,e!2 i
d

dt
t~ t,e! D . ~10!

In Eqs. ~9! and ~10! t(t,e) and t̄ (t,e) are the time- and
field-dependent ground state cluster amplitudes and Lagr
ian multipliers, respectively,Ef(t,e) and Ēf(t,e) are the
right and left excited state vectors for statef andM̄ f(t,e) are
left transition moment Lagrangian multipliers. The coupl
cluster JacobianA(t,e) and the vectorsh(t,e) are defined as
partial derivatives of the ground state coupled clus
quasienergy and quasienergy Lagrangian. For details a
the definitions of these intermediates we refer to Ref. 2. T
formulation of transition moments as derivatives of var
tional functionals allows us to use the framework of var
tional perturbation theory including the 2n11 and 2n12
rules3,4 to derive computational efficient expressions whi
require the solution of a minimal number of response eq
tions. As shown in Ref. 2, the left and right two-photo
transition moments can be calculated as
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M0← f
ab ~vb!5hab~2v f2vb ,vb!Ef~v f !

1M̄ f~v f !j
ab~2v f2vb ,vb!, ~11!

M f←0
ab ~vb!5Ēf~2v f !j

ab~v f2vb ,vb! ~12!

with

hab~va ,vb!5 P̂ab~va ,vb!~ 1
2Gta~va!tb~vb!

1Fatb~vb!1 t̄ b~vb!Bta~va!

1 t̄ b~vb!Aa!, ~13!

jab~va ,vb!5 P̂ab~va ,vb!~ 1
2Bta~va!tb~vb!

1Aatb~vb!!. ~14!

The vectorsta, tb and t̄ a, t̄ b are the first-order response o
the ground state cluster amplitudes and Lagrangian mult
ers anda andb index the components of the dipole oper
tor: a,b5x,y,z. For the definition of the matricesB, G, Fa

andAa we refer to Refs. 2 and 11. After the solution of th
cluster equations for the ground state energy, the calcula
of a complete dipole two-photon transition strength ten
Sab,gd

0 f (v) thus requires the solution of the eigenvalue eq
tions for the left and right eigenvectorsĒf , Ef for statef , the
zeroth-order response equations for the ground and trans
Lagrangian multiplierst̄ (0), M̄ f and the six sets of first-orde
response equations forta(v), ta(v f2v), ta(2v),
ta(2v f1v), t̄ a(2v), and t̄ a(2v f1v) with a5x,y,z.

III. COMPUTATIONAL DETAILS

The two-photon transition probability rate constant
given by:1,12

K02 f5a0
4t0~2p!2a2v1v2dTP, ~15!

wherea0 is the Bohr radius,t0 the atomic unit for time,a
the fine structure constant andv1 andv2 the photon energies
~in a.u.!. dTP is a rotationally averaged two-photon transitio
strength~in a.u.! defined as:13

dTP5FdF1GdG1HdH , ~16!

dF5
1

30 (
ab

Saabb
0 f , ~17!

dG5
1

30 (
ab

Sabab
0 f , ~18!

dH5
1

30 (
ab

Sabba
0 f . ~19!

The coefficientsF, G, andH depend on the polarization o
the incident light beams. For parallel linearly polarized las
beams the appropriate values areF5G5H52.14 The sum-
mation in Eqs.~16!–~19! is over the components of the d
pole operatora,b5x,y,z.

Little is known about the basis set requirements
two-photon transition moment calculations, but fro
the definition Eq.~1! it follows that a basis set shoul
be chosen which is flexible enough to provide a balan
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TABLE I. Excitation energies to the lowest excited singulett states in the atoms He, Ne and Ar~in eV!.

State SCF CCS CC2 CCSD MCSCF Exp.

Helium
1s12s1 (1Se) 21.137 20.790 20.615 20.615c

1s12p1 (1Po) 21.696 21.389 21.213 21.217c

1s13s1 (1Se) 23.380 23.044 22.951 22.920c

1s13p1 (1Po) 23.649 23.320 23.209 23.086c

1s13d1 (1De) 23.781 23.498 23.376 23.073c

Neon
2p53s1 (1Po) 18.352 16.094 16.739 16.848c

2p53p1 (1De) 20.106a 20.110 17.767 18.532 18.874a 18.637c

2p53p1 (1Pe) 20.148 17.805 18.578 18.694c

2p53p1 (1Se) 20.586 17.945 18.855 18.966c

Argon
3p54s1 (1Po) 12.200b 12.210 11.803 11.843 11.816b 11.828c

3p54p1 (1De) 13.485b 13.489 13.131 13.218 13.185b 13.171c

3p54p1 (1Pe) 13.567 13.194 13.285 13.277b 13.282c

3p54p1 (1Se) 13.770b 13.807 13.340 13.487 13.435b 13.480c

aReference 6.
bReference 12.
cReference 24.
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treatment of the ground state and the excited state w
functions and their first-order corrections due to pert
bation by an electric field. In the calculations we used
triply augmented polarized correlation consiste
valence quintuple zeta ~t-aug-cc-pV5Z! basis sets15

for helium (11s7p6d5 f 4g)/@8s7p6d5 f 4g), neon
(17s11p7d6 f 5g4h)/@9s8p7d6 f 5g4h# and argon
(23s15p7d6 f 5g4h)/@10s9p7d6 f 5g4h#. In the calcula-
tions for neon and argon only the eight valence electr
were correlated.

IV. RESULTS AND DISCUSSION

In Table I we have compiled the calculated excitati
energies for the first few lowest excited singlet states of
rare gas atoms helium, neon and argon. As demonstrate
previous studies,16,17 we obtain at each higher level of th
coupled cluster hierachy CCS, CC2 and CCSD a signific
improvement of the excitation energies. At the CCSD le
we find for these atoms in general a close agreement
experiment. The sources of the remaining errors are v
different for the three atoms: for helium we have the full
limit results and the remaining errors are due to basis
defects, for neon and argon the contributions from connec
triples and higher excitation levels are neglected and are
major source of errors. For helium we find somewhat lar
errors between 0.03–0.30 eV for the excitations to the
shell (1s13s1, 1s13p1, 1s13d1). These excitations are les
accurately described by the t-aug-cc-pV5Z basis. This is
course a consequence of the fact that the basis was optim
for the ground state correlation energy, but not for exci
states. For argon, the neglect of the spin-orbit interac
leads to additional errors. However, for argon the effect
electron correlation on the calculated four excitation energ
is relatively small and we obtain at the CCSD level a ma
mum error of 0.047 eV for the1Se→ 1De transition. Already
on the CC2 level we have obtained an accuracy of 0.02
0.14 eV, while for neon the errors are about;0.9 eV at the
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CC2 level and about 0.1 eV for CCSD. The mean abso
and the maximum errors of the calculated CCSD excitat
energies for the three atoms are 0.07 and 0.30 eV, res
tively, where the largest error is found for the excitation
the 1s13d1(1De) state in helium. If we compare the CCS
excitation energies for argon with the CASSCF results
Ref. 12, we find that the errors in both calculations are of
same order of magnitude.

In the sum over states definition Eq.~1!, the two-photon
transition moment is formally obtained as the sum of t
dipole transition moments between the ground state 0
intermediates statesn, multiplied by the dipole transition
moment between the intermediate states and the final staf ,

TABLE II. The one-photon dipole oscillator strengths between the grou
state and the lowest1Pe state in He, Ne and Ar.

Method f X 1Se -1Pe

Helium
CCS 0.2554
CC2 0.2649
CCSD 0.2766
Exp. 0.28060.007a

Neon
CCS 0.1666
CC2 0.1570
CCSD 0.1650
Exp. 0.17160.008b

Argon
SCF 0.3154c

CCS 0.3228
CC2 0.3229
CCSD 0.3219
CAS 0.3358c

Exp. 0.33160.016d

aReference 18.
bReference 19.
cReference 12.
dReference 20.
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TABLE III. The two-photon transition strengths and rate constants between the ground state and the1Se state
in He.

v15v25
1
2v f 0

v2510.49 eV

Method S0 f /a.u. K02 f /cm4 s S0 f /a.u. K02 f / cm4 s

CCS 10.824 0.40913 10251 10.826 0.40913 10251

CC2 11.617 0.42473 10251 11.619 0.42483 10251

CCSD 12.306 0.44243 10251 12.315 0.44263 10251
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divided by an energy difference. In theab initio response
theory approaches, the sum over intermediate states is
pressed in terms of solutions to linear equations in orde
obtain computationally tractable expressions. However,
ab initio method and the basis set which have been cho
must be able to provide an accurate representation of at
the most important intermediate states. For two-photon tr
sitions from the ground state to the1Se state in helium and
the 1Se and the1De states in neon and argon the dominati
contributions originate from the lowest1Po states in these
atoms. We have already shown that the coupled cluster
sponse approach gives at the CCSD level accurate excita
energies for the transitions to the1Po states. To obtain fur-
ther insight, we computed the dipole transition strengths
the ground state to1Po transitions in He, Ne, and Ar. A
comparison of the CCS, CC2 and CCSD results with
SCF and complete active space SCF~CAS! results of Refs.
6, 12 and the experimental values from Refs. 18–20 is gi
in Table II. To compare with experiment, we added the
perimental values for theP1/2 andP3/2 contributions. For all
three atoms we obtain at the CCSD level oscillator streng
for the X 1Se→ 1Pe transition within the experimental un
certainities.

In Tables III-V we have listed the two-photon transitio
strengths and the transition probability rate constants
tained with CCS, CC2 and CCSD for the cases withv1

5v25 1
2v f 0 and for the casev2510.49 eV50.3855 a.u.~the

experimental laser frequency used for argon21–23! and v1

5v f2v2. If we compare the rate constants for theX 1Se

→ 1Se andX 1Se→ 1De transitions forv15v2 for the three
x-
to
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atoms, we find an increase of the rate constantK02 f from
helium to neon and argon by a factor of'1.5 and'4 to 5.
The large increase in the two-photon transition probabi
from neon to argon is even more pronounced forv2 5 10.49
eV, because in this casev2 comes close to theX 1Se

→ 1Pe excitation energy in argon. The effect of electro
correlation on the two-photon transition strengths varies s
nificantly for the three atoms and also with the different fr
quencies. For helium and also for thev15v2 case in argon,
electron correlation has only a moderate effect on the tra
tion strengths, but for neon and also for thev2 5 10.49 eV
case in argon the inclusion of electron correlation has a d
tic effect on the results with differences of about 50% b
tween the CCS and the CCSD results. In the cases where
effects of electron correlation are small, the CC2 results
good approximations to the CCSD values, but in the ca
with large correlation effects CC2 overshoot the CCSD va
considerably by 10%–25%. For theX 1Se→ 1De transitions
in neon and argon, recent MCSCF quadratic response re
are available.12,6 For both atoms the agreement between
CCSD and the MCSCF results is good. For argon we
compare with the experimental transition probability ra
constant for the transition to the1De state12 derived as the
sum of the transition probability rates to the spin-orbit mix
states 3p54p@3/2#J52(1De), 3p54p@5/2#J52(3De), and
3p54p@3/2#J52(3Pe). The resulting experimental value o
2.053 10-51 cm4 s agrees well with the CCSD result o
1.833 10-51 cm4 s, considering the uncertainity introduce
by neglecting the spin-orbit coupling.
TABLE IV. The two-photon transition strengths and rate constants between the ground state and the1Se and
1De states in Ne.

v15v25
1
2v f 0

v2510.49 eV

Method S0 f /a.u. K02 f /cm4 s S0 f /a.u. K02 f / cm4 s

2p53p1 (1Se)
CCS 12.559 0.450310251 12.575 0.451310251

CC2 23.108 0.629310251 25.377 0.672310251

CCSD 19.915 0.599310251 20.793 0.617310251

2p53p1 (1De)
SCF 8.799a 0.0690310251b

CCS 8.737 0.0797310251 8.798 0.0801310251

CC2 12.753 0.0908310251 14.528 0.1001310251

CCSD 12.024 0.0931310251 12.876 0.0980310251

MCSCF 11.289a 0.0885310251b

aReference 6.
bCalculated from the two-photon transition moments of Ref. 6 assumingv15v250.3425 a.u.
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V. SUMMARY

We have reported an implementation of two-phot
transition moments for the hierachy of coupled cluster m
els CCS, CC2 and CCSD. In coupled cluster respo
theory, the two-photon transition strength is obtained a
symmetrized product of left and right transition momen
The coupled cluster expression for the transition strength
isfies the same symmetries with respect to complex conju
tion and permutation of the transition operators as the e
transition strength. Applications to the probability rate co
stants for the transitions from the ground state to the fi
excited 1Se state in helium and to the lowest1De and 1Se

state in neon and argon demonstrate a good performanc
the coupled cluster model hierachy CCS, CC2 and CCSD
the calculation of two-photon transition moments. The C
model gives results of a similar accuracy as SCF or RP
The CCSD results are close to the best available MCS
results and close to the experimental value for argon.
cases with modest correlation effects the CC2 model g
results close to the CCSD values, but in cases with lar
correlation effects CC2 overshoots the CCSD results.
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