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In order to test the performance of the recently developed time-dependent second-order Mo” ller–
Plesset perturbation theory~TDMP2! for anisotropic frequency-dependent multipole
polarizabilities, we have studied the isoelectronic series CO, N2, CN2, and NO1. The
polarizabilities of these triple-bonded diatomics are an interesting test for the TDMP2 method,
because it is known that Mo” ller–Plesset perturbation theory has its difficulties describing multiple
bonds. We selected these molecules as test systems because, especially for N2 and CO, accurate
experimental and otherab initio data are available to compare with and their dynamical
polarizabilities are needed for dispersion coefficients of van der Waals complexes, which are
presently under intensive investigation. To get reliable results near the TDMP2 basis set limit we
used large one-particle basis sets, optimized for polarizability calculations at the coupled Hartree–
Fock level. The results show that the TDMP2 method is capable to improve for the isotropic as well
as for the anisotropic polarizabilities considerably on the TDHF approximation, with the exception
of the dipole polarizabilities of N2 and NO

1, for which the static correlation effects are too strong
to be treated by second-order Mo” ller–Plesset perturbation theory. However, we find, that the
TDMP2 method, due to the use of coupled~TDHF! first-order orbital rotation parameters, is
somewhat more stable with respect to static correlation effects than the singles-doubles-triples
many-body perturbation theory to second order@SDT-MBPT~2!# double perturbation theory. Where
reference data are available, the TDMP2 results for static polarizabilities and for the first Cauchy
moments are in good agreement with the best theoretical and experimental data. We also calculated
dispersion coefficients for the~N2!2 and the~CO!2 dimer and, utilizing the results of previous
TDMP2 studies for the atoms He through Xe, also for the respective rare gas complexes of N2, CO,
CN2, and NO1. We estimate the results to be the most accurateab initio data available for these van
der Waals coefficients. ©1996 American Institute of Physics.@S0021-9606~96!00145-6#

I. INTRODUCTION

In a recent article1 we studied the accuracy of the time-
dependent second-order Mo” ller–Plesset perturbation theory
~TDMP2!2 for the frequency-dependent polarizabilities of
the rare gas atoms argon through radon. To obtain results
that are approximately unaffected by basis set deficiencies,
we used large one-particle basis sets with numerousd, f , and
g functions, optimized for polarizability calculations on the
coupled Hartree–Fock~CHF! level of theory. For the heavier
atoms Kr–Rn we also accounted for relativistic effects by
combining the TDMP2 method with the spin-free no-pair
HamiltonianH1

sf1.3–5 The final results showed a reliable per-
formance of the TDMP2 method for frequency-dependent
polarizabilities of these systems, where static correlation ef-
fects are of no importance and the polarizability anisotropy
vanishes. For most of the dipole properties the TDMP2 val-
ues are in agreement with the recommended constrained di-
pole oscillator strength distribution~DOSD! data of Kumar
and Meath6 within an error range of one percent. For all rare
gas atoms, with the exception of helium, the TDMP2 method
overestimates the correlation contribution to the dipole po-

larizabilities at imaginary frequencies and for real frequen-
cies well below the first dipole-allowed transition, recovering
about 100%–125% of the exact correlation contribution.

However, this result was not quite unexpected, because
the noble gas atoms are well-suited for a perturbational treat-
ment of correlation effects: the electron correlation is mainly
dynamical in these atoms; no near degeneracies leading to
static correlation effects need to be considered. This situation
changes if one studies molecules. Here one must be aware of
static correlation effects, which are brought about by excita-
tions from occupied bonding orbitals to corresponding anti-
bonding virtual orbitals. Especially for molecules with un-
usual long bonds or with multiple bonds, where the
differences in the HF orbital energies become small for such
corresponding pairs, these excitations can spoil the conver-
gence of perturbation expansions, e.g., Mo” ller–Plesset per-
turbation theory. Such excitations from bonding orbitals to
corresponding antibonding orbitals can also be induced by
interaction with specific multipole components of the electric
field, as for example a dipole-type component parallel to the
bond axes. For other components the interaction may be
small or even vanish completely due to selection rules. As a
consequence the individual tensor components of multipole–
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multipole polarizabilities are affected very differently by
static correlation.

The intention of the present publication is to investigate
the accuracy of the TDMP2 method for the calculation of
frequency-dependent anisotropic polarizabilities and to test
the applicability of this method for systems, where static
correlation effects play an important role. As examples we
choose the isoelectronic series of 14-electron systems N2,
CO, CN2, and NO1, because for N2 and CO accurate con-
strained pseudo dipole oscillator strength distributions
~DOSD!, fitted to a lot of experimental data, are available.

The DOSD polarizabilities correspond to the pure elec-
tronic contributions to the total polarizabilities and only
zero-point vibrational averaging must be accounted for to
obtain a valid comparison ofab initio fixed-nuclei calcula-
tions with the DOSD data. For the triple-bonded diatomics,
the effect of vibrational averaging is expected to be small.
For N2, e.g., Maroulis and Thakkar have estimated the vibra-
tional corrections to the static isotropic and anisotropic di-
pole polarizabilities as 0.043 a.u. and 0.050 a.u.,
respectively.7 This is well below the errors in the MP2 cor-
relation contributions. We therefore neglect vibrational aver-
aging in the present study and give only results of fixed-
nuclei calculations. However, the most important application
of our results will be their use in model potentials for van der
Waals complexes. The neglect of the dependence on in-
tramolecular vibrational coordinates is an approximation of-
ten used for van der Waals potentials, especially in supermo-
lecular calculations.

The rare-gas complexes of the four molecules, in par-
ticular their argon complexes, and the dimers~N2!2 and
~CO!2 are van der Waals complexes presently under inten-
sive investigation,8–17 and accurate dispersion coefficients
for these molecules are of great interest for people working
on intermolecular forces.

A central topic of the present study is the effect of static
correlation on polarizabilities. Although this effect is appar-
ent and important to judge the reliability ofab initio calcu-
lations of polarizabilities, it goes practically unnoticed in the
literature.

The most obvious feature is that for molecules, for
which static correlation effects become important, the dipole
polarizability parallel to the bond axes is largely overesti-
mated by the uncoupled Hartree–Fock~UCHF! or SCF sum-
over-states level of approximation. On the coupled Hartree–
Fock ~CHF! or SCF finite-field level the error is partially
corrected, but often still a considerably too large polarizabil-
ity is obtained, while normally UCHF and CHF both under-
estimate the polarizability and the CHF result is larger than
the UCHF value. An overestimation by the UCHF and CHF
approximations is, for example, observed for the longitudinal
dipole polarizabilities of N2 and NO1, but not for the per-
pendicular components and not for the dipole polarizabilities
of CO and CN2 ~see Table I!. Of course, it is exactly for
these molecules and polarizability components that one ob-
tains an abnormal negative correlation contribution. At the
TDHF level of approximation a strong interaction between a
bonding orbital and its virtual antibonding counterpart shows

up by a low lying dipole-allowed excitation with an unusu-
ally large oscillator strength.

As we shall show in Sec. IV, in the case of static corre-
lation the treatment of the relaxation of the orbitals and the
density in the external electric field becomes crucial for po-
larizability calculations. As a consequence, the TDMP2
method2 and the diagrammatic SDT-MBPT~2! method of
Rijks and Wormer18–20perform differently for molecules for
which static correlation effects are important, although both
methods account for the electron correlation by second-order
many-body perturbation theory. While the TDMP2 method
incorporates the full TDHF orbital relaxation~first order in
the electric field!, the latter accounts for the orbital relaxation
in the correlation contributions only by its~in a MBPT
sense! zeroth-order approximation.

II. THEORY

A subject of central interest in the present study is the
MBPT expansion of the orbital relaxation due to an external
electric field. We therefore briefly sketch the closed-shell
TDHF method and the expansion of the TDHF orbital rota-
tion parameters and polarizabilities as power series in the
two-electron integrals. For a detailed derivation and discus-
sion see, for example, Refs. 21 and 22.

As in normal Hartree–Fock theory, in the TDHF method
the wave function is approximated by a~now time-
dependent! single determinant, which can be parametrized as

u0̄~v,t !&5expS 2 i E
t0

t

W 0
HF~v,t8!dt8D u 0̃~v,t !&, ~1!

u 0̃~v,t !&5exp~2k̂~v,t !!u0&, ~2!

TABLE I. Comparison of UCHF and TDHF polarizabilities.ai anda' are
the longitudinal and perpendicular components of the dipole polarizabilities;
eS1, f S1, eP and fP are the excitation energies and oscillator strengths of
the first dipole-allowed transitions withS1 andP symmetry, respectively.
All numbers are given in a.u.

CO N2

UCHF TDHF UCHF TDHF

ai 13.78 14.47 16.06 15.03
a' 10.06 11.27 9.19 9.82
eS1 0.56 0.44 0.63 0.51
f S1 0.17 2.22
eP 0.56 0.32 0.62 0.48
fP 0.25 0.26

CN2 NO1

UCHF TDHF UCHF TDHF

ai 27.10 32.51 11.10 9.22
a' 20.28 24.52 5.48 5.72
eS1 0.24 0.20 0.87 0.62
f S1 0.01 1.78
eP 0.24 0.20 0.86 0.37
fP 0.01 0.04
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where u0& denotes the unperturbed SCF wave function and

u 0̃&(v,t) is the phase-isolated form of the TDHF wave
function.23 The antihermitian orbital rotation operator is
given by

k̂~v,t !5(
ai

~kai~v,t !Êai2kai* ~v,t !Êai
† !, ~3!

and Êai are the usual generators of the unitary group. Here
and in the following we adopt the convention that the indices
i jkl denote occupied orbitals,abcd virtual, andpqrs gen-
eral orbitals.

We define the TDHF quasi-energyW 0
HF, which can be

calculated as

W 0
HF5 K 0̃~v,t !UĤ2 i

]

]t U 0̃~v,t !L . ~4!

The orbital rotation parameterskai are determined by requir-
ing that the TDHF wave function fulfills the Frenkel
principle:24

K 0̃~v,t !UF Ẽm~v,t !,S Ĥ2 i
]

]t D GU 0̃~v,t !L 50,

mP$~ai !,~ ia !% ~5!

as a time-dependent variation condition, with the generators
of the unitary group in the time-dependent basisẼpq(v,t)
defined as

Ẽpq~v,t !5exp~2k̂~v,t !!Êpq exp~1k̂~v,t !!. ~6!

In the presence of oscillating external fields we write the
Hamiltonian as

Ĥ5Ĥ ~0!1ĥQ
~1!~vQ ,t !1ĥW

~1!~vW ,t !1••• , ~7!

ĥQ
~1!~v,t !5~ f Q~1v!e1 ivt1 f Q~2v!e2 ivt!Q̂, ~8!

whereQ̂ is the one-electron operator describing the external
potential andf Q the corresponding field strength.

Expanding Eq.~5! in a power series in the field strengths
up to first order, one obtains the response equation

^0u@Êm ,@Ĥ
~0!,k̂~1!##u0&2 i

]

]t
^0u@Êm ,k̂

~1!#u0&

5^0u@Êm ,ĥ
~1!#u0&. ~9!

Equation~9! is usually rewritten with the Ansatz

km
~1!~v,t !5 f ~1v!e1 ivtkm

~1!~1v!

1 f ~2v!e2 ivtkm
~1!~2v!, ~10!

and the matrices

Amn5^0u@Êm ,@Ĥ
~0!,Ên

†##u0&

and

Bmn5^0u@Êm ,@Ên ,Ĥ
~0!##u0&, ~11!

leading to the well-known form of the first-order TDHF re-
sponse equation:23,25–28

F S A B

B AD 22vS 1 0

0 21D G S k~1!~1v!

k~1!~2v!
D 522S h~1!

h~1!D . ~12!

Alternatively, Eq.~9! can be evaluated using the technique of
one-index transformations,29 writing the first term as a Fock
matrix element calculated from a Hamiltonian with one-
index-transformed integrals,

^0u@Êm ,@ k̂~1!~v!,Ĥ ~0!##u0&5Fm$@k~1!~v!,H ~0!#%, ~13!

Fpq$@k~1!~v!,H ~0!#%

5@k~1!~v!,h~0!#pq1(
rs

Drs~@k~1!~v!,g# rspq

2 1
2 @k~1!~v!,g# rqps! ~14!

5kpq
~1!~v!~ep2eq!1(

rs
ksr

~1!~v!~ns2nr !

3~grspq2
1
2grqps!, ~15!

wheregpqrs are the usual two-electron integrals in Mulliken
notation andep andnp unperturbed SCF orbital energies and
occupation numbers, respectively. Inserting this into Eq.~9!
and evaluating the remaining commutators, one obtains

k ia
~1!~v!5

1

e i2ea1v S hia~1!1(
rs

ksr
~1!~v!~ns2nr !

3S grsia2 1

2
graisD D . ~16!

This equation can be expanded in a power series in the two-
electron integrals,

k ia
~1,n!~v!5

1

e i2ea1v S hia~1!1(
rs

ksr
~1,n21!~v!~ns2nr !

3S grsia2 1

2
graisD D , ~17!

starting from the uncoupled zeroth-order solution

k ia
~1,0!~v!5

h~1!

e i2ea1v
. ~18!

The respective expansion of the TDHF polarizability is de-
fined by

a~n!~2v;v!522(
ia

~k ia
~1,n!~v!hai

~1!2kai
~1,n!~v!hia

~1!!.

~19!

The power series~17!–~19! are equivalent to the MBPT ex-
pansion of the TDHF orbital rotation parameters and
polarizabilities.21 For the first- and higher-order contribu-
tions of these series, Sadlej introduced the termapparent
correlation to distinguish them from the so-calledtrue cor-
relation contributions.22 These many-body contributions are
actually self-consistency effects, which describe the relax-
ation of the Hartree–Fock mean field in the external field. As
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mentioned in Ref. 2, the TDMP2 method and the SDT-
MBPT~2! method differ only in the treatment of these relax-
ation effects.

In TDMP2, the full orbital relaxation is accounted for by
calculating the correlation contributions to the polarizabil-
ities as second derivatives of the time-dependent second-
order Mo” ller–Plesset quasi-energy:

aQW
TDMP2~2v;v!5aQW

TDHF~2v;v!1DaQW
TDMP2~2v;v!,

~20!

DaQW
TDMP2~2v;v!52

]2~DW 0
MP2~v,t !!

] f Q~2v!] fW~1v!
, ~21!

with respect to the strengths of two oscillating electric fields,
whereDW 0

MP2 is defined as

DW 0
MP2~v,t !5 1

2 ~^C̃0
~1!~v,t !uV̂u 0̃~v,t !&

1^ 0̃~v,t !uV̂uC̃0
~1!~v,t !&!. ~22!

In the last equationV̂ is the electron fluctuation potential and

uC̃0
(1)(v,t)& is the first-order Mo” ller–Plesset correction for

the wave function in the phase-isolated form.2 These equa-
tions have been implemented recently also by Aiga and
Itoh,30 who call this method quasi-energy derivative MP2.

In the correlation contribution of SDT-MBPT~2! the or-
bital relaxation is approximated in zeroth order of the two-
electron integrals, i.e., only the second-order true correlation
diagrams are included, which are also only second order in
the two-electron integrals.20 The higher-order terms of the
expansion~17! for the orbital rotation parameters would be
included successively in the higher orders of the double per-
turbation theory of Refs. 18–20.

III. TECHNICAL DETAILS

Polarizability calculations are very sensitive to the con-
struction of the one-particle basis sets. Especially if higher-
rank polarizabilities are to be computed, standard basis sets,
taken from the literature, must be augmented carefully by
polarization functions with appropriate exponents and angu-
lar momenta.

For atoms it is clear from group theoretical arguments
that to get the contributions from electrons in orbitals with an
angular momentuml to the linear response to a multipolar
electric fieldQl 8, one has to include functions with angular
momenta in the rangel ^ l 85u l2 l 8u,...,u l1 l 8u. Hence, for
electrons inp orbitals one needs at leastd functions for the
dipole polarizability,f functions for the quadrupole polariz-
ability, etc.

A generalization of this rule to molecules is not straight-
forward. For linear molecules it follows from group theoreti-
cal arguments that to describe the contribution from elec-
trons in orbitals with the quantum numberl z

orb to the
polarizability componenta lm,l 8m polarization functions with
l z
pol 5 l z

orb 6 mmust be included. Together with the selection
rules for the polarizability tensors

C`v : a lm,l 8m8HÞ0
50

m5m8
mÞm8

~23!

D`h : a lm,l 8m8HÞ0
50

m5m8 and l1 l 8 even
mÞm8 or l1 l 8 odd; ~24!

this suggests the rule of thumb that for an appropriate treat-
ment of all components of the polarizability tensoral ,l 8 with
l. l 8 the polarization functions should have angular mo-
menta up tol pol 5 l z

orb 1 l 8. However, a rigorous rule similar
to the one for atoms cannot be devised for molecules.

In our calculations we kept the bond distances for CO,
N2, and NO1 fixed at the following experimental distances:
RC–O52.132 a.u.,RN–N52.074 a.u., andRN–O52.008 78
a.u. For the CN2 anion we used the same bond length
RC–N52.210 98 a.u. as in Ref. 31.

In the calculations for CO and CN2 we put the carbon
atom on the positivez axis; for NO1 the oxygen atom was
positioned on the positivez axis.

For all three atoms C, N, and O we started with the
construction of the basis sets with the correlation-consistent
aug-cc-pV5Z basis of Woon and Dunning.32 From these ba-
sis sets we took the (15s9p)/[7s6p] subsets, which we aug-
mented by two diffuses and p functions with exponents
determined by extrapolating the most diffuse exponents as
even tempered series~zs50.0152, 0.0059 for C; 0.0192,
0.0071 for N and 0.0235, 0.0084 for O andzp50.0970,
0.0035 for C; 0.0128, 0.0044 for N and 0.0155, 0.0054 for
O!.

To these sets we kept on adding a diffuse and a steepd
function at a time, until with eight functions
(zd12d85zp42p11) the TDHF dipole polarizabilities for all
four molecules were converged within 0.1%. Subsequently,
we contracted the innermost fourd functions according to
pattern~22!, where the contraction coefficients were deter-
mined by a scheme devised by Sadlej.33 In this scheme the
contraction coefficients of polarization functions, having
common exponents with the highest occupied atomic orbital,
are obtained by scaling the coefficients of this orbital with
ai

D l /2, whereai is the exponent of the primitive Gaussian
function andD l the difference in the angular momenta of the
highest occupied orbital and the polarization function. The
TDHF dipole polarizabilities of all four molecules are af-
fected by this contraction by less than 0.3%.

In a similar fashion we added fivef functions
(z f12 f55zp52p9), which were collated in~2111! contrac-
tions, and threeg functions (z f12 f55zp62p8), which were
left uncontracted.

In Figs. 1–3 we give information about the convergence
behavior of the multipole–multipole polarizabilities in the
CHF approximation during the optimization of the one-
particle basis sets, starting with the@9s8p# subset augmented
by two primitived functions, i.e., the smallest basis set that
gave reliable dipole polarizabilities. As can be seen from
these plots, it is indeed the case that for linear molecules the
convergence of the higher-rank polarizability tensors
a lm,l 8m is determined by the degree of freedom described by
the indexm. The quadrupole polarizability componenta22,22,
for example, increases during augmentation of the basis with
f functions between 30% and 60%, while the components
a20,20 and a21,21 are almost unaffected by thef functions.
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FIG. 1. Convergence of the CHF results with the basis set parameters for the components of the polarizability tensorsa1,l with l51,2,3,4,5. The polarizabil-
ities are given in arbitrary units, with the values for the [9s8p]12d basis normalized to 100. The static dipole, dipole–quadrupole and dipole–octupole
polarizabilities for the final [9s8p6d4 f3g] basis are listed in the Tables II–V, the results for the higher-rank polarizabilities~in a.u.! with this basis are as
follows: a40,10: 108.7~CO!, 257.2~CN2!, 214.7 NO1; a41,11: 112.5~CO!, 220.0~CN2!, 217.4 NO1; a50,10: 231.0~CO!, 86.0~N2!, 650.3~CN2!, 37.4~NO1!;
a51,11: 229.4~CO!, 95.9 ~N2!, 579.3~CN2!, 46.5 ~NO1!.

FIG. 2. Convergence of the CHF results with the basis set parameters for the components of the polarizability tensorsa2,2, a2,3 anda2,4. The polarizabilities
are given in arbitrary units, with the values for the [9s8p]12d basis normalized to 100. The static quadrupole polarizabilities for the final [9s8p6d4 f3g]
basis are listed in the Tables II–V, the results for the higher-rank polarizabilities~in a.u.! with this basis are as follows:a30,20: 269.2 ~CO!, 729.9~CN2!,
231.9 NO1; a31,21: 278.8~CO!, 668.3~CN2!, 237.3 NO1; a32,22: 90.4~CO!, 284.1~CN2!, 210.6 NO1; a40,20: 969.6~CO!, 479.0~N2!, 3532.6~CN

2!, 183.3
NO1; a41,21: 940.8~CO!, 472.5~N2!, 3250.0~CN2!, 192.5 NO1; a42,22: 372.3~CO!, 191.5~N2!, 1522.4~CN2!, 66.9 NO1.
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The rule of thumb mentioned above holds in a good approxi-
mation if the differencesl2 l 8 are small. The off-diagonal
polarizability tensorsa1,4, a1,5, anda2,4 are affected percep-
tibly by basis functions with higher angular momenta. But at
least for the four diatomics studied in the present investiga-
tion, the off-diagonal polarizability tensors with larger differ-
encesl2 l 8 are much smaller than polarizability tensors of
the typeal ,l andal ,l11, which contribute to interaction ener-
gies in a 1/R expansion in the same order, i.e., to the same
induction and dispersion coefficients. Therefore, we expect
that these instabilities do not cause larger errors in the dis-
persion coefficients than the remaining basis set deficiences
in the higher-rank tensorsa2,2, a2,3, anda3,3.

The final (17s11p8d5 f3g)/[9s8p6d4 f3g] basis is ex-
pected to give values converged within 0.3% for the compo-
nents of the polarizability tensorsa1,1, a2,1, a3,1, a2,2, and
within 1% for a4,1 ~CO, N2,NO

1! anda3,2. For the compo-
nents of the polarizabilitiesa4,1 ~CN2!, a5,1, a4,2, a3,3 we
estimate, that the remaining basis set deficiency errors are
between 1% and 5%, depending on the differencel2 l 8 and
on the indexm.

For the atom–diatom complexes we give the dispersion
coefficients in the usualLLM convention,34,35 which is de-
fined by an expansion of the dispersion energy in Legendre
polynomials:36

E~disp!52 (
n50

`

R2n(
L50

n24

Cn
~L !PL~cosu!. ~25!

For the dispersion coefficients of the dimers~CO!2 and~N2!2
we adopt the definitions of the so-calledLLL convention
derived by Wormer,26,37 so that we can compare our results
directly with the SDT-MBPT~2! results of the Refs. 19 and
38. From the dispersion coefficients in theLLL convention,
the dispersion interaction for diatom–diatom complexes can
be calculated as follows:39

E~disp!52 (
n50

`

R2n (
LALBL

Cn
~LALBL !

3 (
MAMBM

S LA LB L

MA MB M DCMA

LA ~uA ,fA!

3CMB

LB ~uB ,fB!CM
L ~u,f!, ~26!

whereuA , fA , uB , fB , u, andf are the Euler angles speci-
fying the orientation of the two molecules and the intermo-
lecular distance vector in a space-fixed frame.

Formulas for the transformation between theLLL and
theLLM convention have been given for example by Visser
et al.26

FIG. 3. Convergence of the CHF results with the basis set parameters for the components of the octupole polarizability. The polarizabilities are given in
arbitrary units, with the values for the [9s8p]12d basis normalized to 100. The static octupole polarizabilities~in a.u.! for the final [9s8p6d4 f3g] basis are
as follows:a30,30: 1772.6~CO!, 1075.0~N2!, 9030.3~CN2!, 351.5 NO1; a31,31: 1636.5~CO!, 9773.5~N2!, 8343.0~CN2!, 322.4 NO1; a32,32: 980.2 ~CO!,
760.9~N2!, 6403.7~CN2!, 223.3 NO1; a33,33: 442.2~CO!, 403.3~N2!, 4016.7~CN2!, 94.6 NO1.
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As in our previous work,1 we calculated the dispersion
coefficients from the frequency-dependent polarizabilities by
a numericalN-point Gauss–Chebyshev integration, as de-
scribed in Ref. 19:

1

2p E
0

`

aA~ iv!aB~ iv!dv

5
1

4N (
j51

N
aA~ i cot~f j !!aB~ i cot~f j !!

sin2~f j !
, ~27!

with the grid pointsfj5p(2 j21)/4N.
For all molecules studied, we calculated all considered

multipole polarizabilities at the grid points forN510, 15,
and 20. Comparison of the dispersion coefficients obtained
with 15 and 20 grid points showed, that the numerical inte-
gration forN515 is converged within the number of digits
given in the tables. Effective spectra were fitted to the
TDMP2 results for the static polarizabilities and the dynamic
polarizabilities at these totally 45 grid points

a lm,l 8m~2v;v!5(
j

f lm,l 8m
~ j !

~« lm,l 8m
~ j ! !22v2 , ~28!

using a Levenberg–Marquard fit.40 These effective spectra
can be used to combine the TDMP2 polarizabilities for the
molecules CO,N2,CN

2, and NO1 with other dynamic polar-
izabilities given in the literature to obtain van der Waals
coefficients for complexes not considered in the present
study.

We also used these effective spectra to calculate corre-
lated ~TDMP2! Cauchy moments

Slm,l 8m~k!5(
j

~e lm,l 8m
~ j ! !kf lm,l 8m

~ j ! ~29!

for k50, 21, 23, 24, while the TDHF values for the
Cauchy moments were calculated directly from the complete
TDHF or RPA spectra.

IV. RESULTS AND DISCUSSION

In Tables II–V we have compiled the first multipole mo-
ments, the dipole, dipole–quadrupole, dipole–octupole, and
quadrupole polarizabilities, as well as some Cauchy mo-
ments for the dipole polarizabilities of the four molecules
studied. Similar to the polarizabilities, the MP2 multipole

TABLE II. Multipole moments, static polarizabilities and Cauchy moments for CO~in a.u.!.

SCF/TDHF MP2/TDMP2 Literature DOSD/Exp.

Q10 0.104 20.109 2.186,b2.1024i 20.048k

Q20 21.530 21.491 21.524,b21.5195i 21.44l

Q30 24.424 23.459 23.879,b23.908j

Q40 210.687 28.997 29.848j

a10,10 14.465 15.60 17.14,a16.22,b15.74c 15.46f

15.59,d16.30e

a11,11 11.271 11.97 11.88,a11.79,b11.83c 11.89f

12.02,d11.73e

a20,10 11.378 13.93 13.00,a13.82g

a21,11 15.899 17.49 16.39,a16.70g

a30,10 53.424 58.16
a31,11 59.218 62.13
a20,20 127.36 141.2 133.5b,144.1d

a21,21 141.21 152.5 145.5b

a22,22 52.71 57.7 55.5b

S10,10~0! 13.42 13.37 14.00h

S10,10~21! 10.57 10.87 11.13f

S10,10~23! 23.45 26.66 26.28f

S10,10~24! 41.36 49.56 51.56f

S11,11~0! 13.38 13.32 14.00h

S11,11~21! 8.81 8.98 9.03f

S11,11~23! 19.63 21.70 21.46f

S11,11~24! 42.03 47.76 46.61f

aSDT-MBPT~2!1TDHF EPV terms atRC-O52.132 a.u., Ref. 38.
bSDT-MBPT~2! at RC-O52.14 a.u., Ref. 35.
cCEPA, Ref. 42.
dMBPT4 atRC-O52.132 a.u., Ref. 43.
eSOPPA, Ref. 44.
fConstrained pseudo-DOSD, Ref. 48.
gCI, Ref. 49.
hTRK sum rule.
iMBPT4 atRC-O52.132 a.u., Ref. 50.
jSDCI atRC-O52.132 a.u., Ref. 50.
kExp., Ref. 51.
lExp., Ref. 52.
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TABLE III. Multipole moments, static polarizabilities and Cauchy moments for N2 ~in a.u.!.

SCF/TDHF MP2/TDMP2 Literature DOSD/Exp.

Q20 20.930 21.193 21.138,e21.1131,a21.149i 21.09j

Q40 27.408 26.537 26.801,e26.67a 28.0k

a10,10 15.026 14.29 14.77,a14.68,b15.46d 14.80c

13.41,e14.13,f14.59i

a11,11 9.823 10.12 10.13,a10.04,b9.98d 10.21c

9.87,e9.90,f9.34i

a30,10 28.611 38.91 38.28a

a31,11 30.116 38.13
a20,20 94.33 104.3 103.83,a96.76,d98.0e

a21,21 97.30 109.2 107.40,a99.27,d100.6e

a22,22 46.00 46.9 42.53,a44.48,d45.3e

S10,10~0! 13.46 13.44 13.89h 14.00g

S10,10~21! 10.96 10.72 10.91h 10.84c

S10,10~23! 24.11 22.18 23.82h 23.65c

S10,10~24! 41.83 37.18 41.13h 40.84c

S11,11~0! 13.41 13.43 14.03h 14.00g

S11,11~21! 8.69 8.71 8.65h 8.81c

S11,11~23! 13.47 14.48 13.11h 14.80c

S11,11~24! 20.51 23.07 19.89h 24.23c

aSDQ-MBPT~4! at RN-N52.074 32 bohr, Ref. 7.
bMCSCF, Ref. 53.
cConstrained pseudo-DOSD, Ref. 54.
dSDT-MBPT~2!1EPV correction atRN-N52.068 bohr, Ref. 19.
eSDT-MBPT~2! at RN-N52.068 bohr, Ref. 35.
fSOPPA, Ref. 44.
gTRK sum rule.
hSOPPA, Ref. 45.
iMBPT~4! at RN-N52.068 bohr, Ref. 55.
jExp., Ref. 56.
kExp., Ref. 57.

TABLE IV. Multipole moments, static polarizabilities and Cauchy moments
for CN2 ~in a.u.!.

SCF/TDHF MP2/TDMP2 Literature

Q10 20.162 20.294 20.291,a20.265b

Q20 23.327 23.722
Q30 24.324 23.378
Q40 216.937 215.503
a10,10 32.511 36.37 36.69,a37.77b

37.32,c32.38d

a11,11 24.523 27.80 27.92,a28.34b

28.02,c24.08d

a20,10 22.553 31.88
a21,11 20.906 30.40
a30,10 120.92 190.0
a31,11 111.19 163.8
a20,20 426.08 560.5
a21,21 422.24 554.2
a22,22 240.81 289.8
S10,10~0! 13.42 13.32 ~14.00e!
S10,10~21! 15.27 15.72
S10,10~23! 87.00 110.31
S10,10~24! 266.91 393.53
S11,11~0! 13.39 13.30 ~14.00e!
S11,11~21! 12.72 13.18
S11,11~23! 64.03 81.36
S11,11~24! 201.54 287.34

aMBPT~2!, Ref. 31.
bMBPT~4!, Ref. 31.
cCCSD, Ref. 31.
dSOPPA, Ref. 44.
eTRK sum rule.

TABLE V. Multipole moments, static polarizabilities and Cauchy moments
for NO1 ~in a.u.!.

SCF/TDHF MP2/TDMP2 Literature

Q10 20.254 20.074
Q20 0.519 0.398
Q30 1.155 0.779
Q40 23.829 23.089
a10,10 9.222 8.82 9.18,a8.75b

a11,11 5.721 5.86 5.70,a5.73b

a20,10 21.716 22.67
a21,11 23.098 23.55
a30,10 15.390 18.34
a31,11 17.852 19.75
a20,20 40.609 43.38
a21,21 45.221 48.13
a22,22 16.722 16.65
S10,10~0! 13.43 13.29 ~14.00c!
S10,10~21! 8.62 8.47
S10,10~23! 11.58 10.63
S10,10~24! 15.89 13.79
S11,11~0! 13.41 13.34 ~14.00c!
S11,11~21! 6.64 6.64
S11,11~23! 6.30 6.72
S11,11~24! 8.44 9.38

aTDCHF, Ref. 46.
bMP2, Ref. 47.
cTRK sum rule.
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moments were calculated as energy derivatives. In Fig. 4 the
frequency-dependent dipole polarizabilities are plotted.

In Tables VI–XI we give the dispersion coefficients for
CO, ~CO!2, N2, CN

2, NO1, and~N2!2, which were calculated
from the frequency-dependent polaritabilities, and in Tables
XII–XV, effective spectra for the monomers are compiled.
We compare our values with data taken from the
literature.41–59 For CO and N2 we can compare our results
with the recommended constrained dipole oscillator strength
distribution ~DOSD! data of Kumar and Meath, which are
estimated by the authors to have an error range of less than
1%, theab initio SDT-MBPT~2! data of Wormer and co-
workers and the results of a recent DFT study of van Gisber-
genet al.41

A. Carbon Monoxide

For the CO molecule, the TDMP2 results compare very
well with the reference data. Our static polarizabilities are in
good agreement with the CEPA results of Werner and
Meyer42 and the finite-field MBPT~4! results of Diercksen
and Sadlej.43 The slightly larger differences to the SOPPA
results of Sauer and Oddershede44 are probably due to defi-
ciencies in the basis sets used for the SOPPA calculation,
which were optimized for magnetizabilities, but not for po-
larizabilities. The differences between the TDMP2 values

and the SDT-MBPT~2! results of Rijks and Wormer38 and
Hettemaet al.35 are also small for the perpendicular compo-
nenta11,11, but pronounced for the longitudinal dipole polar-
izability a10,10. We give a more detailed discussion of this
point later in this section.

Our final results for the static dipole polarizabilities dif-
fer by less than 1% from the DOSD values, and the Cauchy
moments are also improved considerably by the TDMP2 cor-
relation contributions to the TDHF numbers, with an error
range of about 0.5%–4% for the TDMP2 results. This re-
flects the accuracy of the dynamic polarizabilities plotted in
Fig. 4. On the imaginary axis, the TDMP2 results differ only
in the region aroundiv51 a.u. by more than 1% from the
DOSD curve. Of course, on the real axis the errors in the
TDMP2 polarizabilities increase significantly asv ap-
proaches the first allowed transition frequency, because the
TDMP2 method is not able to correlate excitation energies.
The single-excitation poles are the same as on the TDHF
level and the double-excitation poles occurring in the
second-order correlation contributions are at the positions of
SCF orbital energy differences.2 The lack of correlation of
the transition energies or poles is a structural problem, inher-
ent in any finite-order MBPT-based response theory and
could not be resolved by using third- or fourth-order time-
dependent MBPT instead of a second-order approach. How-
ever, for frequencies well below the first allowed transition
this is only of minor importance, as can seen be from Fig. 4.

FIG. 4. The dynamic dipole polarizabilities for CO, N2, CN
2, and NO1. The DOSD curves for CO and N2 have been calculated from the effective spectra

given Refs. 54 and 48, respectively.

9956 C. Hättig and B. A. Hess: Dynamic multipole polarizabilities

J. Chem. Phys., Vol. 105, No. 22, 8 December 1996

Downloaded¬30¬Oct¬2001¬to¬141.52.95.104.¬Redistribution¬subject¬to¬AIP¬license¬or¬copyright,¬see¬http://ojps.aip.org/jcpo/jcpcr.jsp



TABLE VI. Dispersion coefficients for the rare gas complexes of CO~LLM convention!.

n L TDHF TDMP2 Literature DOSDb

He•CO
6 0 9.95 10.56 10.866a 10.69
6 2 0.83 0.93 1.126a 0.99
7 1 225.4 229.5 228.683a

7 3 1.6 1.3 0.5896a

8 0 245 265 263.39a

8 2 260 277 274.91a

8 4 211 211 29.897a

9 1 21203 21334
9 3 2634 2604
9 5 34 29
10 0 6404 7126
10 2 9621 10 426
10 4 2031 1994
10 6 2111 291

Ne•CO
6 0 19.34 22.11 23.8,c 23.075,d 22.407e 21.87
6 2 1.58 1.90 1.96,c 2.736,d 2.270e 2.00
7 1 247.4 260.2 257.554,d 257.237e

7 3 2.8 2.5 1.792,d 1.031e

8 0 513 604 592.1,d 590.61e

8 2 504 581 571.503,d 567.769e

8 4 220 221 220.66,d 218.83e

9 1 22416 22942 22719.8d

9 3 21197 21237 21250.9d

9 5 62 58 49.90d

10 0 14 373 17 646 16 065d

10 2 20 257 23 979 23 036d

10 4 3848 4076 4037.3d

10 6 2201 2182 2204d

Ar•CO
6 0 68.02 72.51 76.5,c 75.806,d 73.597e 72.26
6 2 5.84 6.53 6.52,c 9.4192,d 7.8522e 6.81
7 1 2185.1 2215.1 2205.96,d 2204.86e

7 3 12.6 10.4 8.141,d 5.492e

8 0 2211 2402 2378.3,d 2362.1e

8 2 1836 1970 1946.8,d 1928.1e

8 4 289 285 284.77,d 278.40e

9 1 210 415 211 710 210 897d

9 3 24384 24216 24283.1d

9 5 271 231 211d

10 0 76 911 85 243 79 784d

10 2 90 318 98 338 948 59.8d

10 4 13 284 13 123 13 007d

10 6 2875 2722 2830.7d

Kr•CO
6 0 97.03 102.75 106,c109.63,d 106.43e 102.5
6 2 8.38 9.30 9.06,c 13.74,d 11.46e 9.67
7 1 2269.3 2309.9 2303.87,d 2302.24e

7 3 18.9 15.5 12.81,d 8.924e

8 0 3424 3681 3769.5,d 3737.1e

8 2 2648 2822 2858.9,d 2826.7e

8 4 2133 2126 2129.8,d 2120.5e

9 1 216 039 217 887 217 165d

9 3 26261 25989 26227.0d

9 5 407 343 326.2d

10 0 131 260 142 730 139 930d

10 2 141 650 152 560 152 097d

10 4 18 540 18 225 18 397d

10 6 21310 21071 21271.2d

Xe•CO
6 0 144.63 152.47 162.8,d 158.06e 151.6
6 2 12.55 13.87 20.6,d 17.23e 14.31
7 1 2410.1 2468.6 2463.09,d 2460.64e

7 3 30.0 24.6 21.15,d 15.29e

8 0 5792 6154 6549.9,d 6475.4e
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The dispersion coefficients for the rare gas complexes of
CO and for the~CO!2 dimer are given in Tables XIII and IX,
respectively. For the isotropicC6

0 coefficients the TDMP2
results are in very good agreement with the DOSD reference

values with errors less than 1.5%. The largest deviations are
obtained for the He•CO ~1.2%! and Ne•CO ~1.1%! com-
plexes, for which we have used the TDMP2 polarizabilities
of Ref. 2. For the anisotropicC6

2 or C6
022 coefficients, which

are obtained as integrals of an isotropic polarizability and the
anisotropic dipole polarizabilityDa5a10,102a11,11 of CO,
the relative deviations between the TDMP2 results and the
DOSD values are about 3%–5%, only for theC6

2 coefficient
for He•CO we obtain a slightly larger error of'7%. The
coefficientsC6

220, C6
222, andC6

224 for the ~CO!2 dimer are
obtained as integrals of two anisotropic polarizabilities. For
these coefficients the error of the TDMP2 numbers is within
'7% about twice the error for theC6

022 coefficient.
In comparison with the TDHF numbers, which deviate

from the DOSD reference by 13%–20% for theC6
2 or C6

022

coefficients and'22% for theC6
220, C6

222, C6
224 coefficients,

the TDMP2 results provide a significant improvement, low-
ering the errors by a factor of 3–4.

As pointed out in Ref. 35, the SDT-MBPT~2! method
cannot cope with the strong correlation effects in the CO
molecule. TheC6

2 coefficients of Hettemaet al.35 are too
large by about the same amount as the TDHF numbers were
to small. The errors in the previous SDT-MBPT~2! results of
Refs. 34 and 38 are even two times larger, because in these
calculations TDHF exclusion principle violating~EPV!
terms have been included in the polarizabilities for CO, for
which it was found later that they should be omitted.20

Therefore, the SDT-MBPT~2! results for the anisotropicC6

coefficients of the~CO!2 dimer show larger discrepancies
with the DOSD values than the TDHF results.

The DFT results in the adiabatic local density approxi-
mation~ALDA ! given by van Gisbergenet al.41 have for the
isotropic coefficients about the same accuracy as the TDHF
values, but for the anisotropic coefficients the performance
of the DFT method of Ref. 41 is considerable better than for

TABLE VI. ~Continued.!

n L TDHF TDMP2 Literature DOSDb

Xe-CO
8 2 4014 4256 4363.1,d4300.0e

8 4 2210 2197 2207.6,d2193.6e

9 1 226 888 229 743 229 500d

9 3 29279 28863 29258.2d

9 5 642 539 527.6d

10 0 282 700d

10 2 269 299d

10 4 25 924d

10 6 22030.8d

aHe polarizabilities from explicitly correlated calculations of Ref. 58 combined with SDT-MBPT~2! polariz-
abilities for CO atRC-O52.14 a.u., Ref. 35.
bConstrained pseudo-DOSD, Ref. 48.
cAdiabatic local density approximation~ALDA !, Ref. 41.
dSDT-MBPT~2!1TDHF EPV terms polarizabilities for CO atRC-O52.132 a.u. of Ref. 38 combined with
SDT-MBPT~2! polarizabilities for Ne, Ar, Kr, and Xe, Ref. 34.
eSDT-MBPT~2! polarizabilities for Ne, Ar, Kr, and Xe of Ref. 34 combined with SDT-MBPT~2! polarizabilities
for CO atRC-O52.14 a.u., Ref. 35.

TABLE VII. Dispersions coefficients for the~CO!2 dimer withRC-O52.132
bohr ~LLL convention!.

n LA LB L TDHF TDMP2 Literature DOSD

6 0 0 0 74.69 81.25 89.14,a83.8b 81.31c

6 0 2 2 14.33 16.37 24.78,a15.9b 17.08c

6 2 2 0 0.25 0.30 0.33c

6 2 2 2 0.68 0.81 0.87c

6 2 2 4 7.30 8.76 18.27a 9.41c

7 0 1 1 354.0 421.1 422.9a

7 0 3 3 237.4 231.9 226.6a

7 1 2 1 10.0 12.5
7 1 2 3 250.0 262.4 286.3a

7 2 3 1 20.6 20.5
7 2 3 3 21.3 21.2
7 2 3 5 222.2 220.0 223.7a

8 0 0 0 2989 3328 3357a

8 0 2 2 4601 5050 5254a

8 0 4 4 2299 2294
8 1 1 0 301 385
8 1 1 2 21524 21948 22659a

8 1 3 2 237 234
8 1 3 4 189 176
8 2 2 0 49 57
8 2 2 2 2195 2221
8 2 2 4 1220 1404 1974a

8 2 4 2 24 24
8 2 4 4 210 210
8 2 4 6 2205 2212
8 3 3 0 0.6 0.4
8 3 3 2 20.9 20.7
8 3 3 4 24 23
8 3 3 6 2133 299

aSDT-MBPT~2!1TDHF EPV terms, calculated atRC-O52.132 bohr; Ref.
19.
bAdiabatic local density approximation~ALDA !, Ref. 41.
cCalculated from the constrained pseudo-DOSD of Ref. 48.
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TDHF. The anisotropic coefficients obtained by the ALDA
method for van der Waals complexes of CO have a similar
accuracy as the TDMP2 coefficients. This probably reflects
that the density functional theory has less difficulties with

near degeneracies and static correlation effects than Hartree–
Fock theory.

From Sec. II it is clear that the difference between the
time-dependent Mo” ller–Plesset perturbation theory and the

TABLE VIII. Dispersion coefficients for the rare gas complexes of N2 ~LLM convention!.

n L TDHF TDMP2 Literature DOSDb

He•N2

6 0 9.87 10.01 9.7617a 10.23
6 2 1.12 0.99 0.804 63a 1.05
8 0 212 226 219.17a

8 2 179 211 201.85a

8 4 26 26 24.823a

10 0 5013 5418 5184.1a

10 2 5820 6965 6555.97a

10 4 1068 1223 1140.3a

10 6 264 265 252.53a

Ne•N2

6 0 19.24 21.02 23.1,c 21.525,d 20.232e 20.97
6 2 2.10 2.03 2.38,c 2.639,d 1.625e 2.09
8 0 452 522 504.7,d 497.58e

8 2 354 447 424.32,d 421.52e

8 4 210 213 29.693,d 29.070e

10 0 11 500 13 750 12 431,d 12 842e

10 2 12 542 16 332 15 135,d 15 102e

10 4 2065 2521 2170,d 2337e

10 6 2117 2130 270.2,d 2100e

Ar•N2

6 0 67.13 68.10 73.5,c 69.843,d 65.515e 68.69
6 2 7.97 6.98 8.02,c 9.0758,d 5.6192e 7.34
8 0 1961 2077 2028.8,d 1982.3e

8 2 1257 1486 1406.5,d 1385.4e

8 4 245 251 240.70,d 238.60e

10 0 63 380 68 200 63 406,d 64 192e

10 2 55 864 67 245 62 278.5,d 62 025.4e

10 4 6752 7892 6642.3,d 7262.3e

10 6 2490 2508 2294.3,d 2409.1e

Kr•N2

6 0 95.57 96.22 102,c 100.67,d 94.4e 97.28
6 2 11.51 9.97 11.2,c 13.25,d 8.2189e 10.57
8 0 3053 3192 3224.5,d 3138.8e

8 2 1810 2122 2055.3,d 2013.8e

8 4 267 275 262.50,d 259.43e

10 0 109 610 115 490 112 510,d 112 990e

10 2 88 005 104 750 100 203,d 99 567.6e

10 4 9300 10 888 9260.0,d 10 190e

10 6 2724 2749 2451.36,d 2623.65e

Xe•N2

6 0 142.08 142.26 148.84,d 139.5e 143.4
6 2 17.39 14.90 19.92,d 12.39e 15.83
8 0 5205 5359 5632.3,d 5451.6e

8 2 2752 3196 3124.5,d 3029.7e

8 4 2106 2117 2100.1,d 295.43e

10 0 230 700,d 229 260e

10 2 178 568,d 176 685e

10 4 12 784,d 14 243e

10 6 2721.75,d 2990.20e

aHe polarizabilities from explicitly correlated calculations of Ref. 58 combined with SDT-MBPT~2! polariz-
abilities for N2 at RN-N52.068 a.u., Ref. 35.
bConstrained pseudo-DOSD, Ref. 48.
cAdiabatic local density approximation~ALDA !, Ref. 41.
dSDT-MBPT~2!1TDHF EPV terms polarizabilities for N2 at RN-N52.068 a.u. of Ref. 38 combined with
SDT-MBPT~2! polarizabilities for Ne, Ar, Kr, and Xe, Ref. 34.
eSDT-MBPT~2! polarizabilities for Ne, Ar, Kr, and Xe of Ref. 34 combined with SDT-MBPT~2! polarizabilities
for N2 at RN-N52.068 a.u., Ref. 35.
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diagrammatic double perturbation theory will strongly de-
pend on the convergence of the expansion ofk~1! in powers
of the two-electron integrals and on the difference between
the uncoupled and the converged, coupled solution.

As indicated in Sec. I, the importance of orbital relax-
ation is itself strongly dependent on static correlation effects.
To visualize this phenomenon, we plotted in Fig. 5 the CHF
dipole polarizabilities of the molecules studied as a function
of the order of the orbital rotation parameters in the two-
electron integrals@see Eq.~19!#. These plots clearly show
that the MBPT expansion of the CHF polarizabilities and
orbital rotation parameters is extremely sensitive to static
correlation effects. While the convergence for the component
vertical to the bond axisa' is reasonable for all molecules

studied, the convergence of the longitudinal componentai is
impeded by a strong interaction between the bonding orbitals
and their antibonding counterparts, which is induced by the
electric field oriented parallel to the bond axis.

This behavior explains why the TDMP2 and the SDT-
MBPT~2! results for the rare gas atoms are very similar, but
differ significantly for the triple-bonded molecules N2 and
CO, in particular for the anisotropic dispersion coefficients,
where the errors in the TDMP2 results are smaller by a factor
between 2 and 7.

As can be seen from Fig. 5, the convergence of the
MBPT expansion ofai is much slower for N2 than for CO
and CN2. For the NO1 cation, the MBPT expansion of the

TABLE IX. Dispersion coefficients for the rare gas complexes of CN2 ~LLM convention!.

n L

He•CN2 Ne•CN2 Ar•CN2 Kr•CN2 Xe•CN2

TDHF TDMP2 TDHF TDMP2 TDHF TDMP2 TDHF TDMP2 TDHF TDMP2

6 0 16.72 18.02 31.89 37.24 117.97 128.08 170.14 183.56 256.88 276.05

6 2 1.35 1.39 2.51 2.82 9.87 10.19 14.39 14.75 22.00 22.42

7 1 229.5 238.9 254.5 278.8 2220.0 2293.1 2323.2 2427.7 2498.3 2657.1

7 3 0.2 0.5 0.4 0.9 1.9 4.0 2.9 6.0 4.8 9.7

8 0 571 672 1150 1471 4977 5840 7661 8885 12 818 14 661

8 2 443 573 848 1184 3199 4194 4651 6070 7116 9261

8 4 210 212 218 223 281 293 2122 2139 2193 2219

9 1 22090 22736 24052 25825 217 565 223 319 226 872 235 415 244 431 258 168

9 3 2960 21009 21789 22047 27039 27494 210 280 210 892 215 742 216 647

9 5 27 28 48 57 212 226 319 338 506 534

10 0 22 351 28 973 46 850 66 303 233 180 296 330 383 870 477 330

10 2 23 464 32 855 47 353 72 098 208 900 293 180 324 070 450 090

10 4 4153 5172 7799 10 500 28 997 37 010 41 568 53 071

10 6 2167 2150 2303 2297 21306 21222 21953 21829

TABLE X. Dispersion coefficients for the rare gas complexes NO1 ~LLM convention!.

n L

He•NO1 Ne•NO1 Ar•NO1 Kr•NO1 Xe•NO1

TDHF TDMP2 TDHF TDMP2 TDHF TDMP2 TDHF TDMP2 TDHF TDMP2

6 0 6.75 6.83 13.34 14.51 44.93 45.51 63.54 63.90 93.81 93.86

6 2 0.91 0.84 1.73 1.74 6.32 5.81 9.06 8.23 13.54 12.19

7 1 5.5 7.3 10.4 15.0 39.4 51.8 56.8 74.0 85.7 110.6

7 3 20.5 20.3 20.9 20.6 24.1 22.6 26.1 23.9 29.6 26.1

8 0 115 120 254 288 1116 1163 1751 1801 3020 3062

8 2 111 122 223 263 775 852 1115 1214 1697 1829

8 4 25 24 28 29 236 235 253 252 283 281

9 1 198 230 411 527 1770 2123 2746 3278 4664 5548

9 3 116 112 224 232 760 748 1063 1046 1526 1517

9 5 29 28 216 215 267 259 2100 287 2156 2136

10 0 2154 2280 5223 6151 31 044 32 707 55 250 56 914

10 2 2871 3150 6421 7685 29 241 32 334 46 643 50 965

10 4 549 589 1074 1225 3266 3570 4384 4809

10 6 241 235 274 270 2310 2276 2459 2407
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TABLE XI. Dispersion coefficients for the~N2!2 dimer atRN-N52.074 bohr~LLL convention!.

n LA LB L TDHF TDMP2 Literature DOSD

6 0 0 0 72.71 71.62 71.99,a75.63,b77.2c 73.41d

6 0 2 2 19.21 16.33 21.87,b18.7c 17.52d

6 2 2 0 0.49 0.35 0.59b 0.40d

6 2 2 2 1.30 0.93 1.57b 1.06d

6 2 2 4 14.04 10.06 16.99b 11.49d

8 0 0 0 2426 2549 2489b

8 0 2 2 3111 3562 3476b

8 0 4 4 2144.6 2157.1 2129.9b

8 2 2 0 46.4 45.6 55.5b

8 2 2 2 2156.9 2168.4 2200.4b

8 2 2 4 1087 1104 1332b

8 2 4 2 22.9 22.6 22.7b

8 2 4 4 27.4 27.1 27.5b

8 2 4 6 2154.4 2140.2 2149.6b

aMCSCF-LR, Ref. 53.
bSDT-MBPT~2!1TDHF EPV terms, calculated atRN-N52.068 bohr, Ref. 19.
cAdiabatic local density approximation~ALDA !, Ref. 41.
dCalculated from the constrained pseudo-DOSD of Ref. 59.

TABLE XII. Effective spectra for multipole polarizabilities of CO. The spectra reproduce the TDMP2 results at the 46 grid points used for the least square
fit with maximum deviations less than 131025 a.u. fora10,10anda11,11, less than 331023 a.u. fora22,22and less than 131024 a.u. for the other polarizabilities.

a10,10 a11,11 a20,20 a21,21 a22,22

f 1 7.255 634~21! 2.736 405~21! 1.065 663~11! 7.411 152 1.070 934~11!

e1 4.370 844~21! 3.187 255~21! 4.492 381~21! 3.180 358~21! 5.350 333~21!

f 2 2.092 052 1.089 993 1.373 003~11! 8.633 890 1.675 075~11!

e2 5.403 089~21! 5.190 361~21! 5.832 373~21! 5.300 248~21! 1.006 679

f 3 2.075 205 1.898 996 2.327 332~11! 2.096 066~11! 1.491 224~11!

e3 8.296 428~21! 7.766 301~21! 8.525 050~21! 8.172 355~21! 2.033 552

f 4 2.211 696 2.528 906 2.309 939~11! 2.419 556~11! 3.453 516

e4 1.339 894 1.290 271 1.351 953 1.305 675 5.344 556

f 5 1.766 494 2.4701 172 1.610 592~11! 1.397 944~11!

e5 2.306 922 2.284 292 2.339 568 2.326 780

f 6 9.369 902~21! 1.259 362 7.405 002 6.190 898

e6 4.563 039 4.245 757 4.484 727 4.410 465

f 7 1.455 805 1.567 443 8.080 741 6.799 043

e7 1.142 369~11! 1.057 434~11! 1.144 878~11! 1.111 777~11!

f 8 2.101 390 2.232 819 9.413 168 6.973 188

e8 2.467 644~11! 2.360 648~11! 2.371 462~11! 2.341 297~11!

a20,10 a21,11 a30,10 a31,11

f 1 1.665 534 1.397 072 3.746 646 2.698 032

e1 4.415 238~21! 3.178 302~21! 4.352 946~21! 3.179 547~21!

f 2 2.841 699 7.758 740~21! 1.687 950~11! 4.722 634

e2 6.338 071~21! 4.948 102~21! 7.272 460~21! 5.040 215~21!

f 3 22.877 466 7.497 262~21! 6.004 909~11! 7.171 054

e3 1.376 817 7.838 616~21! 1.322 680 8.024 277~21!

f 4 21.533 586 21.401 744 25.943 019~11! 8.038 165

e4 3.021 545 1.634 795 1.377 920 1.291 847

f 5 28.290 433 21.726 839 1.015 748~11! 4.465 877

e5 8.406 227 2.925 176 1.831 146 2.463 851

f 6 9.421 844 21.381 942~12! 4.913 812 2.535 699

e6 9.154 424 9.127 073 3.703 293 4.817 220

f 7 22.475 606 1.395 331~12! 4.966 057 5.090 598

e7 6.860 187~11! 9.164 070 1.020 402~11! 1.147 343~11!

f 8 21.750 766 7.806 881 5.365 704

e8 5.451 418~11! 2.187 515~11! 2.345 558~11!
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first-order TDHF response to the longitudinal field compo-
nent does even diverge.

For higher-rank components we found a similar behav-
ior: if the symmetry of the component of the electric field is
S1 ~for N2 Su

1!, the convergence is spoiled by the interac-
tion between the bonding orbitals and their antibonding
counterparts, while for tensor components with a different
symmetry the convergence of the MBPT expansion~19! is
reasonably good.

B. Nitrogen

The much stronger static correlation effects for the N2
molecule as compared to CO affect also the TDMP2 results
for the static dipole polarizability~Table III!. At variance
with the CO molecule, the TDMP2 method is not capable of
improvinga10,10for N2, although the TDMP2 result of 14.29
a.u. seems to be better than the SDT-MBPT~2! values of
15.46 a.u.19 and 13.41 a.u.35

However, all other static polarizabilities, including the
dipole–octupole componenta30,10, which is also a response
to a field component withSu

1 symmetry, are in good agree-
ment with the SDQ-MBPT~4! results of Maroulis and

Thakkar.7 The somewhat larger difference for the quadrupole
polarizability componenta22,22 is a basis set effect, caused
by the smallf space used in Ref. 7, that consists of only one
primitive function.

Similar to the polarizabilities, the Cauchy moments
S10,10(k) are also not improved by the TDMP2 correlation
contributions, while the momentsS11,11(k) on the TDMP2
level are in significantly better agreement with the DOSD
reference values than the TDHF results. Surprisingly, the er-
rors in the second-order polarization propagator approach
~SOPPA! results of Ref. 45 show exactly the opposite trend:
for S11,11(k) with k521,23,24, their errors are larger than
the errors in our TDHF values, while with the same basis set
very accurate results forS10,10(k) were obtained.

Despite the fact that the deviations in the static MP2
dipole polarizabilities and Cauchy moments for N2 are some-
what larger than for CO, the average accuracy of the dy-
namic dipole polarizabilities for imaginary frequencies is
comparable for the two molecules, because for N2 the error
in the first dipole-allowed transition energies is smaller.
Hence, the accuracy of the TDMP2 results for the dispersion
coefficients for the rare gas complexes of N2 and for the

TABLE XIII. Effective spectra for multipole polarizabilities of N2. The spectra reproduce the TDMP2 results at the 46 grid points used for the least square
fit with maximum deviations less than 131025 a.u. fora10,10 anda11,11 and less than 131024 a.u. for the other polarizabilities.

a10,10 a11,11 a20,20 a21,21

f 1 1.287 681 1.107 825 6.302 198 4.922 203
e1 5.090 718~21! 5.244 440~21! 5.346 879~21! 3.534 763~21!
f 2 1.560 249 1.111 165 1.098 188~11! 9.402 686
e2 5.893 101~21! 6.660 928~21! 5.993 062~21! 5.946 286~21!
f 3 2.222 139 1.916 125 2.578 617~11! 2.222 116~11!
e3 8.547 186~21! 9.617 501~21! 8.692 327~21! 8.915 481~21!
f 4 2.372 058 2.748 352 2.768 854~11! 2.582 841~11!
e4 1.299 087 1.536 042 1.378 573 1.416 098
f 5 1.616 156 1.788 062 1.377 988~11! 1.106 973~11!
e5 2.218 741 2.481 044 2.359 313 2.361 705
f 6 8.403 771~21! 1.134 896 7.192 231 6.106 448
e6 4.401 183 4.963 204 4.226 155 4.194 147
f 7 1.026 127 1.422 378 4.770 407 4.119 833
e7 1.201 259~11! 1.366 597~11! 1.097 367~11! 1.136 317~11!
f 8 2.515 854 2.196 660 1.198 964~11! 8.943 147
e8 2.310 763~11! 2.392 367~11! 2.293 159~11! 2.265 006~11!

a22,22 a30,10 a31,11

f 1 2.050 036 2.057 322 7.145 201
e1 5.253 722~21! 4.853 708~21! 5.285 236~21!
f 2 5.441 340 22.576 201 8.908 671
e2 5.909 918~21! 5.384 812~21! 9.896 626~21!
f 3 1.102 775~11! 1.795 322~11! 9.009 223
e3 8.622 865~21! 7.670 181~21! 1.666 330
f 4 1.430 054~11! 8.861 368 3.350 687
e4 1.428 710 1.103 503 4.339 137
f 5 7.600 485 4.076 146 4.146 401
e5 2.107 480 2.125 330 1.292 689~11!
f 6 4.197 378 4.705 448 5.924 324
e6 3.607 878 3.815 346 2.499 476~11!
f 7 7.140 406~21! 2.910 267
e7 8.560 848 1.033 134~11!
f 8 3.212 235~21! 8.954 778
e8 2.487 028~11! 2.221 979~11!
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~N2!2 dimer is similar to the accuracy of the coefficients for
the analogous complexes of CO. For the isotropicC6

0 coef-
ficients the TDMP2 values deviate between 0.2%~Ne•N2!
and 2.2%~He•N2! from the DOSD reference values, for the
anisotropicC6

2 and C6
022 coefficients the errors are about

3%–6% and for theC6
220, C6

222, C6
224 coefficients of~N2!2 the

difference between the TDMP2 and the DOSD values are
'13%. The SDT-MBPT~2! numbers for theC6

2 coefficients
of the rare gas complexes of N2 deviate by more than 20%
from the DOSD results.

Also, the dispersion coefficients obtained by DFT have,
for these complexes, larger errors than the TDHF results,
because the ALDA method overestimates the static dipole
polarizabilities of N2 by '5%, and the static polarizabilities
of the rare gases are also overestimated. This leads to a con-
siderable overestimation of the related dispersion coeffi-
cients, although the relative anisotropiesg6

25C6
2/C6

0 are even
somewhat better than for the TDMP2 results.

C. The ions CN 2 and NO1

For the polarizabilities of the ions CN2 and NO1 there is
little reference data available in the literature. Fowler and

Diercksen calculated the dipole polarizabilities of CN2 by
CHF, MBPT(n) with n52,3,4, and CCSD. Their study is in
good agreement with our results for the static polarizabilities
~Table IV! and indicates a good convergence for the true
correlation contributions of the MBPT expansion for CN2.

For the static dipole polarizabilities of the NO1 cation
our TDHF results are in good agreement with the values
given by Visser and Wormer.46 On the correlated~TDMP2!
level, our result fora10,10 is similar to the MP2 value given
by Fehér and Martin, while our result fora11,11 is about 2%
larger than the value given in Ref. 47, due to deficiencies in
thed space of the basis used by Fehe´r and Martin.

In Tables IX and X we give the TDHF and TDMP2
results for the dispersion coefficients of the rare gas com-
plexes of CN2 and NO1. From the importance of the static
correlation effects, which can be estimated by the conver-
gence of the MBPT expansion of the TDHF response~Fig.
5!, we expect that our results for the static polarizabilities
and the dispersion coefficients for the CN2 anion have a
similar accuracy as the results for CO, while for the polariz-
abilities and the dispersion coefficients of the NO1 cation we
expect similar errors as for the N2 molecule.

TABLE XIV. Effective spectra for multipole polarizabilities of CN2. The spectra reproduce the TDMP2 results at the 46 grid points used for the least square
fit with maximum deviations less than 331025 a.u. fora10,10 anda11,11 and less than 431024 a.u. for the other polarizabilities.

a10,10 a11,11 a20,20 a21,21 a22,22

f 1 2.997 327~21! 2.563 368~21! 3.724 493 3.298 341 1.754 121
e1 2.020 343~21! 2.050 151~21! 2.026 815~21! 2.031 277~21! 2.080 885~21!
f 2 8.032 585~21! 5.334 102~21! 1.404 351~11! 1.736 343~11! 7.851 509
e2 2.755 852~21! 2.792 232~21! 2.567 474~21! 2.458 098~21! 2.616 810~21!
f 3 2.193 771 1.841 144 2.232 164~11! 1.263 404~11! 1.093 987~11!
e3 4.307 778~21! 4.447 215~21! 3.819 422~21! 3.744 259~21! 3.781 155~21!
f 4 2.382 587 2.242 205 3.238 255~11! 2.651 538~11! 1.402 118~11!
e4 7.053 028~21! 7.619 624~21! 6.541 069~21! 6.296 289~21! 6.042 650~21!
f 5 2.497 075 2.658 458 2.945 546~11! 2.856 702~11! 1.661 892~11!
e5 1.259 187 1.382 703 1.114 707 1.063 953 1.033 314
f 6 1.404 505 1.732 161 1.698 790~11! 1.585 471~11! 1.202 003~11!
e6 2.426 710 2.563 142 2.067 672 1.937 223 1.778 428
f 7 8.053 841~21! 1.014 201 7.538 529 6.789 704 3.993 205
e7 6.412 209 6.334 051 4.608 546 4.328 748 3.660 145
f 8 2.934 163 3.024 472 1.619 501~11! 1.269 254~11! 5.951 662~21!
e8 1.753 729~11! 1.728 338~11! 1.624 770~11! 1.557 411~11! 1.384 815~11!

a20,10 a21,11 a30,10 a31,11

f 1 4.884 655~21! 2.727 162~21! 1.702 361 8.823 311~21!
e1 1.953 795~21! 1.956 843~21! 1.950 189~21! 1.942 415~21!
f 2 6.719 599~21! 1.122 160 3.213 629 3.045 025
e2 2.350 312~21! 2.309 200~21! 2.333 561~21! 2.257 685~21!
f 3 1.149 468 3.721 703~21! 9.795 166 1.023 353~11!
e3 4.030 289~21! 3.930 226~21! 4.500 162~21! 4.115 764~21!
f 4 6.219 295~21! 1.696 830 1.742 916~11! 9.561 056
e4 7.075 688~21! 8.922 873~21! 7.113 617~21! 7.684 687~21!
f 5 21.327 611 21.869 190 4.926 669 7.168 786
e5 1.090 619 9.658 642~21! 1.363 979 1.408 618
f 6 28.336 774~21! 21.091 423 5.613 076 3.351 933
e6 1.807 132 1.946 823 2.891 210 2.987 080
f 7 21.480 697~11! 21.299 403~11! 3.214 273 2.896 180
e7 5.924 501 5.833 847 7.569 169 7.338 640
f 8 1.501 070~11! 1.333 333~11! 1.050 383~11! 8.761 048
e8 6.153 993 6.048 573 1.796 891~11! 1.747 485~11!
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FIG. 5. MBPT expansion of the CHF approximation for the static dipole polarizabilities.

TABLE XV. Effective spectra for multipole polarizabilities of NO1. The spectra reproduce the TDMP2 results at the 46 grid points used for the least square
fit with maximum deviations less than 131025 a.u. fora10,10anda11,11, less than 331022 a.u. fora22,22, and less than 131024 a.u. for the other polarizabil-
ities.

a10,10 a11,11 a20,20 a21,21 a22,22

f 1 2.385 956 4.585 825~22! 1.288 344~11! 2.578 755 1.302 750~11!
e1 6.812 109~21! 3.784 024~21! 8.365 955~21! 3.772 822~21! 1.007 733
f 2 3.343 015 6.454 720~21! 7.059 202~21! 9.053 744 1.946 878~11!
e2 1.072 993 6.281 384~21! 1.141 341 9.001 948~21! 2.256 429
f 3 2.343 642 1.806 452 2.022 400~11! 2.111 030~11! 3.511 911
e3 1.890 063 9.427 880~21! 1.150 954 1.282 538 1.317 539~11!
f 4 1.366 012 2.832 741 2.116 513~11! 1.908 120~11!
e4 3.606 344 1.456 280 1.724 080 1.948 345
f 5 9.072 488~21! 2.806 497 1.395 205~11! 1.564 234
e5 8.614 521 2.473 276 2.828 595 2.796 338
f 6 2.943 268 1.354 125 6.690 284 9.644 145
e6 2.333 653~11! 4.744 854 5.111 957 3.693 877
f 7 1.048 235 4.894 459 3.908 122
e7 1.101 980~11! 1.273 400~11! 8.491 758
f 8 2.800 006 1.068 637~11! 9.680 415
e8 2.452 524~11! 2.591 300~11! 2.265 066~11!

a20,10 a21,11 a30,10 a31,11

f 1 2.698 712~21! 23.409 927~21! 1.076 932 3.244 305~21!
e1 6.177 814~21! 3.774 119~21! 5.526 004~21! 3.791 216~21!
f 2 21.868 006~21! 22.547 554~21! 22.894 406 3.312 972
e2 5.982 370~21! 6.161 223~21! 5.80 363 ~21! 6.163 735~21!
f 3 22.340 428 26.296 436~21! 1.776 605~11! 7.200 077
e3 8.159 786~21! 9.567 971~21! 9.539 565~21! 1.151 832
f 4 21.290 537 1.252 752 6.174 270 8.218 467
e4 1.201 774 2.529 447 1.457 087 1.697 360
f 5 2.688 099 6.636 868~21! 6.802 343 4.357 206
e5 1.366 514 5.990 070 3.085 266 3.188 446
f 6 8.321 612~21! 28.354 503~21! 3.299 442 2.817 587
e6 2.837 388 1.110 766~11! 6.576 293 7.539 931
f 7 1.312 984~11! 9.513 319 7.838 216
e7 8.403 593 2.164 118~11! 2.185 901~11!
f 8 21.325 100~11!
e8 8.689487
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