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a b s t r a c t

An implementation of analytical gradients, transition moments and excited state properties for scaled
opposite-spin (SOS) CC2 and a SOS variant of the algebraic diagrammatic construction through second
order ADC(2) is presented. The time-determining fifth order scaling steps in the algorithms are replaced
by schemes with only fourth order scaling computational costs using a ‘‘resolution of the identity’’
approximation for the electron repulsion integrals and a numerical Laplace transformation of the orbital
energy denominators. This leads to a significant reduction of the computational costs for geometry opti-
mizations of large systems.

This work is an extension to the recently presented quartic scaling algorithm for SOS–CC2 energies for
ground and excited states. The Laplace error for adiabatic electronic excitation energies and excited state
structures is found to be very small. SOS–ADC(2) provides for adiabatic electronic excitation energies,
excited state structure parameters, harmonic vibrational frequencies as well as dipole moments and tran-
sition strengths an accuracy similar to SOS–CC2. Timings for ground and excited state calculations are
reported and applications to a chlorophyll molecule and a ditopic 2,20:60,200-bis(terpyridine) with 160
atoms demonstrate how the new implementation extends the applicability of these methods for large
systems.

� 2011 Elsevier B.V. All rights reserved.

1. Introduction

The determination of equilibrium geometries in electronically
excited states is a challenging task in quantum chemistry. Geome-
try optimizations using numerical gradients suffer from a large
computational effort and the numerical difficulties arising from
the coordinate displacement. Analytical gradients are therefore
necessary for a fast and reliable calculation of equilibrium struc-
tures in ground and electronically excited states. Vibrational fre-
quencies can then be obtained by numerical differentiation of the
analytical gradients. Thereby adiabatic electronic excitation ener-
gies and 0–0 transition energies are available. Transition moments
and excited state properties as e.g. dipole or quadrupole moments
can be used to further characterize electronic transitions.

CC2 is a coupled cluster method, for which these properties can
be derived in a straightforward manner using the framework of re-
sponse theory [1–4]. Unfortunately conventional CC2 is a quite
expensive method as its computational costs increase with fifth or-
der of the system size. For a scaled opposite spin (SOS) ansatz of
MP2 gradients a quartic scaling implementation was presented
by Lochan et al. [5]. Fourth order scaling gradient calculations for
excited states were reported for SOS-CIS(D0) [6].

SOS–CC2 provides an accuracy comparable to unscaled CC2 for
equilibrium bond distances and adiabatic electronic excitation
energies [7]. A scaled opposite spin (SOS) ansatz for CC2 can be
implemented with only fourth order scaling computational costs
using the resolution-of-the-identity (RI) approximation for the
electron repulsion integrals and a numerical Laplace transforma-
tion of the orbital energy denominators. A numerical Laplace trans-
formation is also used in local CC2 response methods [8,9], which
are available for excitation energies, transition moments and first-
order properties. Here we extended the recently presented fourth
order scaling algorithm for SOS–CC2 energies [10] to the calcula-
tion of first-order properties and gradients for ground and excited
states as well as transition moments. A quartic scaling algorithm
for gradients of a SOS variant of the algebraic diagrammatic con-
struction through second order ADC(2), which is a cost-efficient
alternative to SOS–CC2, is also presented.

In Section 2 the theoretical background of SOS–CC2 gradient
theory is briefly described, where the focus is on the time-deter-
mining steps of the algorithms. In Section 3 the implementation
of the algorithms in the TURBOMOLE program package [11] is pre-
sented. In Section 4.1 the errors for adiabatic electronic excitation
energies and structures in the excited state arising from the
numerical Laplace transformation are investigated. In Section 4.2
the accuracy of SOS–ADC(2) for adiabatic excitation energies, ex-
cited state structures, harmonic vibrational frequencies as well as
dipole moments and transition strengths is evaluated and
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compared to SOS–CC2 and unscaled CC2. In Sections 4.3 and 4.4
the efficiency of the fourth order scaling implementation is demon-
strated using two large molecules, chlorophyll and a ditopic
2,20:60,200-bis(terpyridine), as examples.

2. Theory

The SOS–CC2 [7] ground state energy is given by

ESOS ¼ HFh j ebH þ cos
ebH ; bT os

2

� �
HFj i; ð1Þ

with the amplitudes determined by the cluster equations:

Xl1
¼ l1

� �� ebH þ cos
ebH ; bT os

2

� �
HFj i ¼ 0; ð2Þ

Xl2
¼ los

2

� �� ebH þ bF ; bT os
2

h i
HFj i ¼ 0: ð3Þ

In the latter equations ebH denotes the similarity-transformed
Hamiltonian ebH ¼ e�bT 1 bHebT 1 . The spin scaling is realized by using
the two-electron excitation operator bT OS

2 , which acts only on
two electrons with different spins. l1 are singly excited determi-
nants and los

2 are doubly excited determinants generated from
the excitations included in bT os

2 . For the scaling factor we use
cos = 1.3, which is the same factor as optimized by Jung et al.
for SOS-MP2 [12].

As described in Ref. [13], excitation energies are derived as
eigenvalues of the SOS–CC2 Jacobi matrix A with Alimj

¼ oXli
otmj

. For
the total energy of an excited state a Lagrange functional [2] can
be constructed as:

Lex
SOS�CC2 ¼ ESOS þ

X2

i;j¼1

X
limj

Eli
Alimj

Emj
þ �x 1�

X2

i¼1

X
li

Eli
Eli

 !

þ
X2

i¼1

X
li

�tex
li
Xli
þ
X
l0

�jex
l0

Fl0
; ð4Þ

where ESOS and Xli
are given in Eqs. (1)–(3). Eli

is the right and Eli
the

left eigenvector of the SOS–CC2 Jacobi matrix, �tli
are the Lagrange

multipliers for the cluster equations and �jl0
are Lagrange multipliers

for the orbital rotations. The second term in Eq. (4) accounts for the
transition energy from the ground to the excited state and the third
term ensures that Eli

and Eli
are bi-orthonormal. If we skip these

two terms this leads us to the CC2 ground state Lagrange functional
[1].

In the following we make use of the resolution-of-the-identity
(RI) approximation [14] for the four-index electron repulsion inte-
grals (ERIs):

ðpqjrsÞRI ¼
X

P

BP
pqBP

rs; ð5Þ

with the three-index intermediates:

BP
pq ¼

X
abQ

CapCbqðabjQÞ½V�1=2�QP: ð6Þ

Here and in the following we use the convention that p, q, r, s are
MO indices, a, b are AO indices and P, Q are auxiliary functions
for the RI approximation. The integrals (abjQ) are three-index ERIs,
VQP = (QjP) are two-index ERIs and C is the usual MO coefficient
matrix.

Introducing unrelaxed one- and two-particle densities Dpq and
d̂nsep

pqrs as defined in Ref. [2], we can express Eq. (4) as:

Lex
SOS�CC2 ¼ hHFjHjHFi þ

X
pq

DF;n
pq

�texð Þ þ DF;A
pq E; E
� �� 	

Fpq þ
1
2

�
X
pqrs

d̂nsep;n
pqrs

�texð Þ þ d̂nsep;A
pqrs E; E

� �� 	
ðpq bjrsÞRI

þ �x 1�
X2

i¼1

X
l

Eli
Eli

 !
þ
X
l0

�jex
l0

Fl0
: ð7Þ

The caret on the two-electron integrals and densities indicates that
these quantities refer to the t1-similarity transformed basis. The
modified four-index ERIs are efficiently obtained as:

ðpq̂jrsÞRI ¼
X

P

bBP
pq
bBP

rs; ð8Þ

where the three-index intermediates:

bBP
pq ¼

X
abQ

Kp
apK

h
bqðabjQÞ V�1=2

h i
QP

ð9Þ

are calculated with transformation matrices Kp ¼ Cð1� tT
1Þ and

Kh = C(1 + t1).
The densities for the ground state Lagrangian can be obtained as

Dgs
pq ¼ DF;n

pq ð�tgsÞ and d̂nsep;gs
pqrs ¼ d̂nsep;n

pqrs ð�tgsÞ i.e., by replacing the Lagrang-
ian multipliers �tex by �tgs, whereas DF;A

pq and d̂nsep;A
pqrs have no counter-

parts in the ground state Lagrangian. To calculate one-photon
transition strengths [3]:

S0f
V1V2
¼ 1

2
MV1

0 f M
V2
f 0 þ MV2

0 f MV1
f 0

� 	�n o
; ð10Þ

the ‘‘left’’ MV
0 f

� 	
and ‘‘right’’ MV

f 0

� 	
transition moments:

MV
0 f ¼ Dg

pqðEÞ þ Dn
pqðMÞ

h ibV pq; ð11Þ

MV
f 0 ¼ Dn

pqðEÞbV pq ð12Þ

have to be computed, where M are the transition moment Lagrang-
ian multipliers [15] and bV ¼ e�bT 1 Ve

bT 1 is the similarity-transformed
operator for the interaction with the electromagnetic field, e.g., the
dipole operator. Explicit expressions for the one-particle density Dg

pq

are given in Ref. [4].
In the conventional algorithm fifth order scaling steps appear

during the solution of the left and right eigenvalue problem, the
determination of the Lagrange multipliers �t;M and the calculation
of the one- and two-particle densities Dpq and d̂nsep

pqrs . In our previous
work [10] we described a fourth order scaling algorithm for the
solution of the right eigenvalue problem. The time-determining
steps in the calculation of the left eigenvectors E and the Lagrange
multipliers �t and M are similar to the solution of the right eigen-
value problem [4,1,2]. Therefore we will only discuss the computa-
tion of the one- and two-particle densities in the following. To
reduce the storage requirements and the operation count for gradi-
ent calculations, the non-separable two-particle densities d̂nsep

pqrs are
contracted with three-index integrals to the three-index
intermediates:

DP
pq ¼

X
rs

d̂nsep
pqrs
bBP

rs: ð13Þ

The calculation of DP
pq requires intermediates, which are similar to

the three-index intermediates YP
ai used during the solution of the

eigenvalue problem. Only the doubles contribution to the one-par-
ticle densities Dpq requires a new strategy to get to a fourth order
scaling algorithm, which is illustrated in detail in Section 3.1.

The equations for SOS–ADC(2) excitation energies and excited
state first-order properties and gradients can be derived from the
SOS–CC2 expressions by neglecting the singles part of the ground
state cluster amplitudes t1 and symmetrizing the Jacobi matrix
[10]. The ground state amplitudes reduce then to the scaled oppo-
site-spin first-order amplitudes (in the sense of a scaled opposite-
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spin perturbation theory [16]) and the eigenvalue problem is sym-
metric, i.e. left and right eigenvectors are identical. Consistent with
this, the SOS-MP2 ground state energy is added to the SOS–ADC(2)
excitation energies to get total energies for the excited states. Thus,
for SOS–ADC(2) fewer equations for the eigenvectors and no itera-
tive equations for the ground state amplitudes or the Lagrange
multipliers �tex need to be solved. Apart from that the derivation
of the one-particle densities for the excited state gradient and
first-order properties is completely analogous to CC2 [17].

The expressions for the transition moments of the strict
ADC(2) model, as given in Ref. [18], are, as the energy, complete
through second order in the electron fluctuation potential but
require the second-order ground state single and double excita-
tion amplitudes (i.e., the amplitudes from which the MP4(SDQ)
energy can be calculated). The costs for computing the second-
order doubles amplitudes scale as OðN6Þ and are incommensu-
rate with the size of molecules for which RI-ADC(2) and SOS–
ADC(2) are usually applied. Spectral intensities are usually not
needed with a high accuracy and their accuracy is anyway lim-
ited by the accuracy of the eigenvector, which describes the ex-
cited state. In the RI-ADC(2) implementation of the TURBOMOLE
program package we neglect therefore contributions, which are
second-order in the ground state amplitudes, in the calculation
of transition densities. This is justified by the fact that already
terms first-order in the ground state amplitudes are small. In
this work the same approximation is applied for SOS–ADC(2),
e.g. contributions, which are second-order in the SOS ground
state amplitudes, are neglected. With this approximation the
transition strengths are still correct through the same order in
perturbation theory as for the corresponding CC2 approaches
and the results are indeed very similar, if there are no significant
differences in the eigenvectors. Therewith the computation of
transition densities for ADC(2) and SOS–ADC(2) is – similar to
the computation of gradients – considerably cheaper than for
the corresponding CC2 approaches because fewer equations need
to be solved.

3. Implementation

3.1. Ground state one-particle density

In the following we demonstrate the derivation of a fourth order
scaling algorithm for the one-particle densities using the example
of the ground state density for SOS–CC2. Detailed expressions for
DF;n

pq ð�tgsÞ and the three-index intermediate DP
pq from the correspond-

ing two-particle density have been presented in Ref. [1]. As they re-
main (apart from the spin-scaling of the amplitudes) unchanged
for SOS–CC2, we do not repeat them here. Doubles contributions
to DF;n

pq ð�tÞ enter through the intermediates:

Pn
ij ¼ �cos

X
abk

�tajbktaibk; ð14Þ

Pn
ab ¼ cos

X
ijc

�taicjtbicj; ð15Þ

Cai ¼ cos

X
bj

taibj
�tbj: ð16Þ

The Lagrange multipliers �tgs for the ground state are given by

�tgs
aibj ¼ �

ðai�jbjÞRI

�a � �i þ �b � �j
; ð17Þ

where the modified four-index ERIs are obtained as:

ðai�jbjÞRI ¼ Sab
ij

X
P

BP
ai BP

bj þ �BP
bj

� 	
þ bF ia�tbj

 !
: ð18Þ

In the last equation the three-index intermediates:

�BP
pq ¼

X
abQ

�Kp
apK

h
bq þKp

ap
�Kh

bq

� 	
abjQð Þ V�1=2

h i
QP

ð19Þ

are evaluated with transformation matrices �Kp ¼ Kp�t1 and
�Kh ¼ Kh�tT

1:S
ab
ij is a symmetrization operator: Sab

ij BP
ai

�BP
bj

� 	
¼

BP
ai

�BP
bj þ �BP

aiB
P
bj and bF is a Fock matrix calculated from the similar-

ity-transformed Hamiltonian ebH ¼ e�bT 1 bHebT 1 [4].
The cluster amplitudes are obtained as:

taibj ¼ �
ðaîjbjÞRI

�a � �i þ �b � �j
; ð20Þ

where ðaibjbjÞRI was introduced in Eq. (8). With Eqs. (17) and (20) we
can express the intermediate in Eq. (14) as:

Pn
ij ¼ �cos

1
�i � �j

�
X
abk

1
�a � �i þ �b � �k

� 1
�a � �j þ �b � �k


 �
ðaj�jbkÞRIðaîjbkÞRI

:

ð21Þ

To decompose the orbital energy denominators 1
�aibj

with �aibj = �a �
�i + �b � �j of the doubles contribution a numerical Laplace transfor-
mation [19–21] is used:

1
�aibj
¼
Z 1

0
e��aibjtdt �

Xn

z

wze��aibjtz : ð22Þ

Here wz are the weights and tz the grid points of the numerical
quadrature procedure. With this approximation Eq. (21) can be
rewritten as:

Pn
ij ¼ �cos

X
z

wz
e�i tz � e�j tz

�i � �j

X
abk

ðaj�jbkÞRIðaîjbkÞRIe�ð�aþ�b��kÞtz

 !
: ð23Þ

The prefactor of the summation over a, b and k can be reformulated
as:

gz
ij ¼

e�i tz � e�j tz

�i � �j
¼ tzeð�iþ�jÞtz=2 sinh ð�i � �jÞtz=2

� 

ð�i � �jÞtz=2

; ð24Þ

where numerical instabilities in the case of near degenerate orbitals
are avoided by the continuity of gz

ij at the limit �i � �j as described in
Ref. [21].

Using the RI expressions for the four-index ERIs Pij can be eval-
uated as:

Pn
ij ¼ �

X
Qaz

gz
ij

�YQ
aiz
bBQ

aj � e
��atz ; ð25Þ

where

�YQ
aiz ¼ �coswz

X
P

NQP
z BP

ai þ �BP
ai

� 	
þ �NQP

z BP
ai

� 	
þ nQ

z
�tai þ �nQ

z
bF ia: ð26Þ

The intermediates used in the last equation are defined as:

NQP
z ¼

X
bj

BP
bj
bBQ

bje
�ð�b��jÞtz ; ð27Þ

�NQP
z ¼

X
bj

ðBP
bj þ �BP

bjÞbBQ
bje
�ð�b��jÞtz ; ð28Þ

nQ
z ¼

X
bj

bF jb
bBQ

bje
�ð�b��jÞtz ; ð29Þ

�nQ
z ¼

X
bj

�tbj
bBQ

bje
�ð�b��jÞtz : ð30Þ
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With �YQ
aiz also the virtual/virtual block Pn

ab can be calculated as:

Pn
ab ¼

X
Qiz

gz
ab

�YQ
aiz
bBQ

bi � e
�i tz ð31Þ

with [21]:

gz
ab ¼ �

e��atz � e��btz

�a � �b
¼ tze�ð�aþ�bÞtz=2 sinh ð�a � �bÞtz=2½ �

ð�a � �bÞtz=2
: ð32Þ

The remaining doubles contribution to DF;n
pq is easily obtained by

Cai ¼ �cos

X
Qz

wz�nQ
z
bBQ

bje
�ð�b��jÞtz : ð33Þ

Please note that �YQ
aiz in Eq. (26) still depends on the Laplace quadra-

ture points. For the calculation of the two-particle density DP
pq an

intermediate �YQ
aið�tgsÞ ¼ cos

P
bj

�tgs
aibj
bBQ

bj is needed, which is independent
of the quadrature points. This can be obtained from �YQ

aiz as:

�YQ
aið�t

gsÞ ¼
X

z

�YQ
aize

�ð�a��iÞtz : ð34Þ

To replace all fifth order scaling steps in the computation of DP
pq we

evaluate in addition eY Q
aiðtÞ ¼ cos

P
bjtaibj

�BP
bj with a fourth order scaling

algorithm. This is achieved by calculating it as:eY P
aiðtÞ ¼ �cos

X
Qz

wz
�NPQ

z
bBQ

aie
�ð�a��iÞtz : ð35Þ

As no tz-dependent analog of eY Q
ai is needed for the calculation of

DF;n
pq ð�tÞ the summation over the quadrature points is carried out al-

ready in Eq. (35). All other contributions to the ground state one-
and two-particle densities are obtained as described in Ref. [1] with
operation counts scaling at most quartic with the system size.

3.2. Excited state one-particle densities

For the excited state gradient the one-particle density DF;n
pq ð�texÞ

calculated from the excited state Lagrange multipliers �tex is needed
(see Eq. (7)). The doubles part of these Lagrangian multipliers:

�tex
aibj ¼ �

Sab
ij

P
PBP

ai BP
bj þ �BP

bj þ
�BP

bj

� 	
þ bF ia�tbj þ FiaEbj

� 	
�a � �i þ �b � �j

; ð36Þ

contains additional singles contributions originating from the left
eigenvector E and a Fock matrix F, which is calculated from the

modified Hamiltonian bH ¼ ebH ; bE1

� �
, where bE1 is the singles part of

a cluster operator built with amplitudes from the right eigenvector.

The intermediates �BP
bj depend on the singles part of the excited state

Lagrange multipliers �tex
1 in this context and the intermediate:

�BQ
ai ¼ �

X
k

X
c

EciEck

 !
BQ

ak �
X

c

X
k

EakEck

 !
BQ

ci ð37Þ

is calculated from the singles part of the left and right eigenvectors
E and E. The fourth order scaling algorithm for DF;n

pq ð�texÞ can thus be
derived in the same way as for DF;n

pq ð�tgsÞ. The only difference is that in
the calculation of �YQ

aiz two additional nQ
z intermediates have to be in-

cluded, which account for the contributions of E and F.
Excited state gradient and first-order property calculation addi-

tionally require the one-particle density DF;A
pq ðE; EÞ (see Eq. (7)). The

doubles contributions to DF;A
pq ðE; EÞ are: [2]

PA
ij ¼ �cos

X
abk

EaibkEajbk; ð38Þ

PA
ab ¼ cos

X
ijc

EaicjEbicj; ð39Þ

Cai ¼ cos

X
bj

EaibjEbj: ð40Þ

The doubles part of a right eigenvector can be calculated as:

Eaibj ¼ �
Sab

ij

P
Q BQ

ai
bBQ

bj

� 	
�a � �i þ �b � �j �x

; ð41Þ

with the three-index intermediates:

BP
pq ¼

X
abQ

�Kp
apK

h
bq þKp

apK
h
bq

� 	
ðabjQÞ V�1=2

h i
QP

ð42Þ

built with transformation matrices Kp ¼ �CET
1 and Kh ¼ CE1. The

doubles part of a left eigenvector:

Eaibj ¼ �
Sab

ij

P
PBP

ai
�BP

bj þ bF iaEbj

� 	
�a � �i þ �b � �j þx

ð43Þ

is formed similar to the doubles part of the ground state Lagrange
multipliers in Eq. (17), where �BP

ai depends on the singles part of
the left eigenvector E1 instead of �t1. The fourth order scaling algo-
rithm for the calculation of PA

ij; P
A
ab and Cai is sketched in Fig. 1. Dur-

ing the calculation of PA
ij and PA

ab the frequency x from the
denominators is incorporated in the prefactors:

gz
ijðxÞ ¼

eð�iþxÞtz � eð�jþxÞtz

�i � �j

¼ tzeð�iþ�jþ2xÞtz=2 sinh ð�i � �jÞtz=2
� 

ð�i � �jÞtz=2

; ð44Þ

Fig. 1. Algorithm for the calculation of the SOS–CC2 one-particle density matrix
DF;AðE; EÞ.
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and

gz
abðxÞ ¼ �

e�ð�a�xÞtz � e�ð�b�xÞtz

�a � �b

¼ tze�ð�aþ�b�2xÞtz=2 sinh ð�a � �bÞtz=2½ �
ð�a � �bÞtz=2

: ð45Þ

In the scheme presented in Fig. 1 the Laplace independent
intermediates:

�YQ
aiðEÞ ¼ cos

X
bj

Eaibj
bBQ

bj; ð46Þ

�YQ
aiðEÞ ¼ cos

X
bj

EaibjB
Q
bj; ð47Þ

are calculated from �YQ
aiz and �YQ

aiz by summation over the quadrature
points (compare Eq. (34)). In addition to the scheme in Fig. 1 the
intermediates:

YP
aiðEÞ ¼ cos

X
bj

EaibjB
P
bj; ð48Þ

eY P
aiðEÞ ¼ cos

X
bj

Eaibj
�BP

bj; ð49Þ

are needed to evaluate the two-particle density. They can be ob-
tained as:

YP
aiðEÞ ¼ �cos

X
Qz

wz NPQ
z BQ

ai þ NPQ
z
bBQ

ai

� 	
e�ð�a��iÞtz ; ð50Þ

eY P
aiðEÞ ¼ �cos

X
Qz

wz
�NPQ

z BQ
ai þ

�NPQ
z
bBQ

ai

� 	
e�ð�a��iÞtz : ð51Þ

For the calculation of transition moments the one-particle density
Dg

pqðEÞ is needed (see Eq. (11)). The doubles contributions to
Dg

pqðEÞ are formed in the same way as the doubles contributions
to DA

pqðE; EÞ in Eqs. (38)–(40), where the left eigenvector E is replaced
by the ground state lagrange multipliers �tgs. As the doubles part of a
left eigenvector is formed similar to the doubles part of the ground
state Lagrange multipliers (compare Eqs. (17) and (43)), the algo-
rithm for the calculation of Dg

pqðEÞ is analogous to the algorithm
for DF;A

pq ðE; EÞ. Additionally the one-particle densities Dn
pqðMÞ and

Dn
pqðEÞ are needed (see Eqs. (11) and (12)). The doubles part of M

can be calculated similar to �tex
aibj in Eq. (36) and E2 is analogous to

the doubles contribution of �tgs in Eq. (17), so that these densities
can again be evaluated using the same algorithms. For the calcula-
tion of transition moments for one-electron operators no two-parti-
cle densities are required.

All statements, that were made in this section, also hold for the
fourth order scaling algorithm for SOS–ADC(2) with the modifica-

tion, that the singles parts of the ground state cluster amplitudes
t1 and the Lagrange multipliers �tgs

1 and �tex
1 are zero. Thereby the

similarity-transformed three-index-intermediates bBP
ai become

identical to the unmodified intermediates BP
ai and the intermedi-

ates �BP
ai in Eqs. (18) and (36), which depend on the singles part of

the Lagrange multipliers, are zero. The intermediate �BP
ai in Eq.

(43) does not change, as it depends on the singles part of the left
eigenvector E1. The relation between the algorithms for CC2 and
ADC(2) in general is described in Ref. [17].

4. Results

4.1. Laplace error

A measure for the accuracy of the numerical Laplace transfor-
mation introduced in Eq. (22) is the integral over the squared error:

FLapðtzÞ ¼
Z �max

�min

1
�aibj
�
Xn

z

wze��aibjtz

 !2

d�aibj: ð52Þ

In our previous publication [10] we determined the Laplace error
for ground state and vertical excitation energies. In the present
work we consider the Laplace error of adiabatic electronic excita-
tion energies and structure parameters in electronically excited
states. Therefore we had a look at the test set from Ref. [2], which
was used to demonstrate the accuracy of the RI approximation for
excited state gradients with CC2. We chose those molecules from
the test set, which were not yet investigated with SOS–CC2 in Ref.
[7] and carried out SOS–CC2 calculations with different conver-
gence criteria for FLap using the aug-cc-pVQZ [22–24] basis set
and employing the frozen-core approximation. For Mg2 we used
the aug-cc-pCVQZ [25] basis set instead and kept only the electrons
in the 1s orbitals frozen.

The error in adiabatic excitation energies introduced by the
numerical Laplace transformation, denoted in the following as La-
place error DELap, is defined as:

DELap ¼ ESOS � ELap
SOS; ð53Þ

where ELap
SOS is the adiabatic excitation energy calculated using the

fourth order scaling Laplace-transformed algorithm and ESOS is the
SOS excitation energy calculated with the conventional fifth order
scaling algorithm. The Laplace error in bond distances and angles
in excited states is determined in the same way.

The results for the Laplace error in adiabatic electronic excita-
tion energies are collected in Table 1. In Ref. [10] it was found that
the Laplace error in vertical excitation energies correlates with the
Laplace error function from Eq. (52) by the relation:

Table 1
0–0 transition energies (eV) and the Laplace errors (meV) for SOS–CC2 with different convergence criteria for the Laplace error function FLap (a.u). For Mg2 the adiabatic excitation
energy is given.

Molecule State Te Laplace error for FLap lower than

Exp. CC2a SOS–CC2 SOS–ADC(2) 10�8 10�6 10�4 10�2

Mg2
b 11Rþu 3.23 3.28 3.29 3.27 0.19 1.22 7.41 �34.46

C3
c 1 1Pu 3.06 3.08 3.50 3.58 0.85 3.43 9.97 76.28

C2H2c 1 1Au 5.23 5.33 5.36 5.32 0.02 0.00 3.46 10.93
CH2Od 1 1A00 3.49 3.52 3.71 3.53 0.11 0.37 5.38 18.01

1 3A00 3.12 3.05 3.34 3.22 0.04 0.12 2.52 �14.13
CH2Se 1 1A2 2.03 2.15 2.23 2.11 0.10 0.51 4.13 18.42

1 3A00 1.80 1.79 1.98 1.89 0.02 0.35 1.50 �2.78
Trans-(CHO)2c 1 1Au 2.72 2.70 3.03 2.95 0.04 0.16 2.18 7.85
HC2CHOc 1 1A00 3.24 3.17 3.51 3.28 0.16 0.54 5.30 60.53

a The results are identical to those reported in Ref. [2].
b Exp. value from Ref. [28].
c Exp. values from Ref. [29].
d Exp. values from Ref. [30].
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DELap
��� ��� 6 ffiffiffiffiffiffiffiffi

FLap
p

: ð54Þ

That means enforcing
ffiffiffiffiffiffiffiffi
FLap

p
6 10�4 results in an absolute Laplace

error of less than 0.1 mH or 2.7 meV in the energy. As can be seen
from Table 1 the Laplace error for adiabatic electronic excitation
energies is about one order of magnitude lower than this for all

cases. A convergence criterion of
ffiffiffiffiffiffiffiffi
FLap

p
6 10�3 should result in an

error of less than 1 mH or 27 meV. Again the Laplace error is about
one order of magnitude lower than this also in the worst case (1 1Pu

state of C3).
ffiffiffiffiffiffiffiffi
FLap

p
6 10�2 should result in an energy error of less

than 270 meV and
ffiffiffiffiffiffiffiffi
FLap

p
6 10�1 in an error of less than

2700 meV. It can clearly be seen that such Laplace errors are not
reached. The errors for the adiabatic excitation energies are typi-
cally about one order of magnitude smaller than for vertical excita-
tion energies. This is due to a systematic error cancellation in the
ground and excited state. We note that this error cancellation takes
only place when the same number of Laplace grid points is used for
the ground and the excited state calculation. If a different number of
points is used, the Laplace error increases significantly.

In Table 2 the Laplace errors for structure parameters of electron-
ically excited states are listed. With a convergence criterion offfiffiffiffiffiffiffiffi

FLap
p

6 10�4 the largest absolute error in a bond length is
0.011 pm for Mg2. For angles the maximum error is 0.012� for the

dihedral angle of CH2S. Enforcing
ffiffiffiffiffiffiffiffi
FLap

p
6 10�3 results in a maxi-

mum absolute error of 0.05 pm for Mg2 and 0.08� for the dihedral

angle of CH2S. Even with very loose convergence criteria offfiffiffiffiffiffiffiffi
FLap

p
6 10�2 and

ffiffiffiffiffiffiffiffi
FLap

p
6 10�1 the Laplace errors in bond angles re-

main below 0.5� and 1� and the maximum errors observed for bond
lengths are still below 0.2 pm and 0.6 pm respectively. Altogether
we find that the Laplace errors of structure parameters in excited
states are very small and already with a small number of grid points
insignificant compared to the inherent accuracy of CC2 and ADC(2).

The Laplace error of transition moments has also been investi-
gated. Since for most of the states in the test set for structures
the oscillator strengths are zero or very small, we studied the La-
place error in oscillator strengths for some selected molecules from
the test set for vertical excitation energies reported in Ref. [10]. For
these molecules SOS–CC2 calculations with different convergence
criteria for FLap were carried out. For these calculations the aug-
cc-pVTZ [22–24] basis set and the frozen-core approximation were

employed. The results are listed in Table 3. With
ffiffiffiffiffiffiffiffi
FLap

p
6 10�3 andffiffiffiffiffiffiffiffi

FLap
p

6 10�2 the Laplace errors in oscillator strengths are com-
pletely negligible. The highest error occurs for the 3 1A1 state of
pyrimidine and is with both convergence criteria still smaller than

2% of the oscillator strength. For
ffiffiffiffiffiffiffiffi
FLap

p
6 10�1 the Laplace error is

at most 7% of the oscillator strength for the 2 1A0 state of formam-
ide. Even with this high value of the Laplace error function the er-
rors in oscillator strengths are very small.

To get
ffiffiffiffiffiffiffiffi
FLap

p
6 10�1 three grid points were needed for Mg2. For

all other molecules considered here only two grid points were suf-
ficient. For Mg2 the aug-cc-pCVQZ basis set was used and therefore
the range of orbital energies is larger than for the other molecules, so

Table 2
Excited state structure parameters and the Laplace error for SOS–CC2 (bond lengths in pm and angles in degrees) with different convergence criteria for the Laplace error function
FLap. For Mg2 the experimental re-value is quoted which is corrected for vibrational effects.

Molecule State Parameter Exp. CC2a SOS–CC2 SOS–ADC(2) Laplace error for FLap lower than

10�8 10�6 10�4 10�2

Mg2
b 11Rþu re 308.2 310.9 314.7 314.2 �0.011 �0.047 �0.162 �0.486

C3
c 1 1Pu d(CC) 130.5 132.2 131.4 130.4 0.006 0.036 0.083 0.313

C2H2
d 1 1Au d(CC) 137.5 138.1 137.3 136.9 0.000 0.000 �0.006 �0.406

d(CH) 110.0 109.1 109.2 109.1 0.000 0.000 �0.003 �0.308
\(HCC) 122.5 122.0 122.3 122.4 0.000 0.000 0.008 0.350

CH2Oe 1 1A00 d(CH) 109.8 108.7 109.0 108.7 0.000 �0.001 �0.017 �0.434
d(CO) 132.3 135.5 134.2 135.9 0.004 0.016 0.143 0.491
\(HCH) 118.4 121.5 120.0 121.6 0.000 0.002 0.037 0.045
/ 34.0 25.9 28.1 22.2 0.005 0.016 0.111 1.301

1 3A00 d(CH) 108.4 109.2 109.4 109.2 0.000 �0.001 �0.012 �0.402
d(CO) 130.7 133.6 132.4 133.1 0.002 0.006 0.061 �0.049
\(HCH) 117.9 117.8 116.7 118.1 0.000 0.001 0.028 0.060
/ 41.1 38.2 38.6 35.2 0.001 0.003 0.019 0.081

CH2Se 1 1A2 d(CH) 107.7 108.3 108.3 108.3 0.000 0.000 �0.005 �0.295
d(CS) 168.2 170.6 170.4 171.6 0.004 0.014 0.103 0.352
\(HCH) 120.7 121.1 120.4 120.4 0.001 0.003 0.024 0.133

1 3A00 d(CH) 108.2 108.2 108.2 108.2 0.000 �0.001 0.001 �0.266
d(CS) 168.3 168.8 168.6 169.0 0.002 0.015 0.046 �0.063
\(HCH) 119.3 120.9 120.3 120.6 �0.001 �0.002 �0.016 �0.049
/ 11.9 11.9 9.9 3.4 0.012 0.081 0.318 0.617

Trans-(CHO)2
f 1 1Au d(CC) 146.0 147.9 148.9 148.7 �0.001 �0.006 �0.084 �1.397

d(CH) 112.0 109.5 109.4 109.4 0.000 0.000 �0.009 �0.440
d(CO) 125.0 125.4 124.7 124.5 0.001 0.003 0.041 0.057
\(HCC) 114.0 114.5 114.5 114.9 0.001 0.002 0.044 0.497
\(OCC) 124.0 123.9 123.5 123.3 0.000 0.000 �0.007 �0.065

HC2CHOc 1 1A00 d(C1C2) 123.8 123.6 122.5 122.0 0.001 0.003 0.024 0.134
d(C3H) 109.1 108.5 108.5 108.4 0.000 �0.001 �0.011 �0.435
d(C3O) 132.5 140.6 137.4 139.8 0.004 0.015 0.182 0.583

a The results are identical to those reported in Ref. [2].
b Exp. data from Ref. [28].
c Exp. data from Ref. [29].
d Exp. data from Ref. [31].
e Exp. data from Ref. [30].
f Exp. data from Ref. [32].
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that more grid points are needed. Their number could be reduced by
deleting very high lying virtual orbitals, which we did not exploit in
this study. Setting the criterion for the Laplace error function toffiffiffiffiffiffiffiffi

FLap
p

6 10�2 five grid points were employed for Mg2 and three or

four points for all other molecules. Enforcing
ffiffiffiffiffiffiffiffi
FLap

p
6 10�3 results

in five to six grid points (seven for Mg2) and to get
ffiffiffiffiffiffiffiffi
FLap

p
6 10�4 se-

ven quadrature points are needed (nine for Mg2). This means, that al-
ready with a low number of grid points one can obtain a satisfying
accuracy of the numerical Laplace transformation.

4.2. Accuracy of SOS–CC2 and SOS–ADC(2)

The accuracy of SOS–CC2 for adiabatic electronic excitation ener-
gies, structure parameters in the ground and excited state and har-
monic vibrational frequencies has already been investigated in Ref.
[7]. In the present work we studied the accuracy of SOS–ADC(2)
for adiabatic electronic excitation energies, excited state structure
parameters, harmonic vibrational frequencies as well as dipole mo-
ments and transition strengths and compared with SOS–CC2 and
unscaled CC2 results. For this we used the test sets described in Sec-
tion 4.1. To investigate harmonic vibrational frequencies and dipole
moments the same test set was used as for adiabatic electronic exci-
tation energies and excited state structure parameters, whereas for
transition strengths some states from the test set for vertical excita-
tion energies from Ref. [10] were examined.

The structures of the molecules were optimized in the ground
and excited state with CC2, SOS–CC2 and SOS–ADC(2) using the
TURBOMOLE program package [11]. Harmonic vibrational frequen-
cies were obtained by numerical differentiation of the analytical
gradients and dipole moments were calculated for ground and ex-
cited states. For all calculations the aug-cc-pVQZ [22–24] basis set
and the frozen-core approximation were employed.

We note that we did not allow unphysical symmetry breaking
during the geometry optimizations. CC2 and SOS–ADC(2) do not
provide equilibrium geometries for the 1 1Pu state of C3 under this
condition, as can be seen from an imaginary frequency in the vibra-
tional spectrum. SOS–ADC(2) reveals in addition an imaginary fre-
quency for the 1 1Au state of C2H2.

0–0 transition energies are listed in Table 1. For Mg2 the adiabatic
excitation energy is given since for this an experimental reference
value exists. As already pointed out in Ref. [7] adiabatic excitation

energies have a systematic blue-shift with SOS–CC2. For all mole-
cules except C3 SOS–ADC(2) gives results which are less blue shifted
than with SOS–CC2. The difference is especially emphasized for the
aldehydes and thioaldehydes, which represent four of the seven con-
sidered molecules. For vertical excitation energies of molecules with
a double bonded oxygen, like aldehydes and amides, SOS–ADC(2) is
also significantly less blue shifted than SOS–CC2. [10] For all other
vertical excitation energies investigated in Ref. [10] the results with
SOS–ADC(2) differ only slightly from the SOS–CC2 results. Unscaled
ADC(2) provides already too low adiabatic excitation energies for
the 1 1A00 and 1 3A00 state of CH2O, whereas on average adiabatic exci-
tations energies with ADC(2) are blue shifted with respect to CC2.
[17] Therefore the SOS–ADC(2) method benefits from a good error
cancellation in the case of aldehydes.

SOS–CC2 and SOS–ADC(2) have relatively large errors of 0.44 eV
and 0.52 eV for the 1 1Pu state of C3. As already unscaled CC2 does
not provide an equilibrium geometry of the 1 1Pu state of C3 with
the correct symmetry, the description of this state seems to be dif-
ficult with second order methods.

Excited state structures parameters are listed in Table 2. CC2 overes-
timates bond lengths, as already pointed out in Ref. [2]. This error is
reduced by SOS–CC2, which is in agreement with the results from
Ref. [7]. This effect is especially pronounced for the CAO bond of
aldehydes in the np⁄ excited states. With CC2 the CAO bond is about
3 pm to long for the 1 1A00 and 1 3 A00 states of formaldehyde. The CAO
bond for the 1 1A00 state of HC2CHO is approximately 8 pm to long.
With SOS–CC2 the bond lengths of the 1 1A00 and 1 3A00 states of form-
aldehyde are merely about 2 pm to long and the CAO bond of
HC2CHO is about 5 pm to long. The same trend is seen for the CAS
bond in the excited states of thioformaldehyde. The bond lengths
are too long with CC2 and the error is again reduced with SOS–
CC2, although the effect is not as pronounced as for the CAO bonds.

No such systematic improvement upon CC2 is seen for SOS–
ADC(2). SOS–ADC(2) provides even shorter bond lengths than
SOS–CC2 for most of the CAH and CAC bonds, which can lead to
an over-correction e.g. for the CAC bond in the 1 1Au state of
C2H2 and the C1AC2 bond of HC2CHO. For the CAO and CAS bonds
of formaldehyde, thioformaldehyde and HC2CHO SOS–ADC(2)
yields longer bond lengths than SOS–CC2, partially even longer
than with unscaled CC2.

For all CAH, CAC, CAO and CAS bonds the spin scaled methods
deviate less than 2 pm from the CC2 reference results. For the bond

Table 3
Oscillator strengths (length gauge) and the Laplace errors for SOS–CC2 with different convergence criteria for the Laplace error function FLap.

Molecule State CC2 SOS–CC2 SOS–ADC(2) Laplace error (for FLap lower than)

10�6 10�4 10�2

Naphthalene 1 1B3u 0.0000 0.0002 0.0001 0.0000 0.0000 0.0000
1 1B2u 0.0777 0.0587 0.0731 0.0000 0.0000 �0.0007
21B3u 1.4238 1.5119 1.8228 0.0001 0.0004 0.0019
21B2u 0.2532 0.3105 0.3906 �0.0001 �0.0005 �0.0038

Furan 1 1B2 0.1838 0.1700 0.2067 0.0000 0.0002 0.0016
21A1 0.0003 0.0009 0.0015 0.0000 0.0000 �0.0003
31A1 0.3579 0.4164 0.3924 0.0004 0.0018 0.0139

Pyrimidine 1 1B1 0.0054 0.0060 0.0059 0.0000 0.0000 0.0001
1 1B2 0.0292 0.0246 0.0284 0.0000 0.0001 0.0001
21A1 0.0860 0.0282 0.0318 0.0000 �0.0001 �0.0020
31A1 0.4100 0.3173 0.1677 0.0014 0.0053 �0.0102
21B2 0.5151 0.5170 0.5783 0.0003 0.0013 0.0032

Formaldehyde 1 1B1 0.0009 0.0012 0.0014 0.0000 0.0000 0.0000
21A1 0.0826 0.1476 0.1782 0.0001 0.0014 0.0054

Acetone 1 1B1 0.0005 0.0000 0.0000 0.0000 0.0000 0.0000
p-Benzoquinone 1 1B1u 0.5305 0.6180 0.6808 0.0000 0.0005 0.0040

Formamide 1 1A00 0.0004 0.0004 0.0004 0.0000 0.0000 0.0000
21A0 0.3180 0.2417 0.1705 0.0006 0.0033 0.0160
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lengths of the test set the deviation is only higher in the case of
Mg2, where the spin scaling has an exceptional large effect because
of the weak bond.

We note that only SOS–CC2 provides qualitatively correct equi-
librium structures for all molecules and states in the test set. Un-
scaled CC2 fails for the equilibrium structure of C3, where it
provides an imaginary frequency when the correct symmetry is en-
forced. SOS–ADC(2) predicts as well an imaginary frequency for C3.
Additionally it yields an imaginary frequency for C2H2 when a sym-
metry constraint is applied.

Harmonic vibrational frequencies are listed in Table 4. Since the
experimental reference data are not corrected for anharmonicities,
the calculated frequencies are expected to be slightly higher than
the experimental ones. For the m2(ru) mode of C3 in the 1 1Pu state
CC2 and SOS–ADC(2) give imaginary frequencies, whereas this
mode is reproduced well with SOS–CC2. We note that the present
CC2 results for the modes of C3 are different from the values re-
ported in Ref. [2] for the same basis set, which do not fit to the fre-
quencies reported in the same reference for smaller basis sets and
are probably incorrect.

For the CAO stretch modes in the 1 1A00 state of CH2O (m3(a0))
and in the 1 1A00 state of HC2CHO (m6(a0)) SOS–CC2 performs signif-
icantly better than CC2 and SOS–ADC(2). This is also the case for
the CAS stretch modes of CH2S (m3(a1) in the 1 1A2 state and
m3(a0) in the 1 3A00 state), but the differences between the methods
are not as pronounced as for the CAO stretch modes. This effect is
related to the smaller error of SOS–CC2 for the bond lengths of the
CAO and CAS bonds. For most of the other frequencies the results
with unscaled CC2 and the spin scaled methods do not differ much.

Dipole moments for ground and excited states of CH2O and CH2S
are listed in Table 5. The dipole moments obtained with CC2 and
SOS–CC2 deviate by at most 0.12 D in the unrelaxed formulation.
In the relaxed formulation the differences are even smaller. The
SOS–ADC(2) dipole moments differ by up to 0.24 D from the CC2
results.

Oscillator strengths for some selected molecules from the test set
reported in Ref. [10] are listed in Table 3. The oscillator strengths
of the spin scaled methods are in all cases of the same order of
magnitude as with unscaled CC2. For the 2 1A1 and 3 1A1 states
of pyrimidine, the 2 1A1 state of formaldehyde and the 2 1A0 state

Table 4
Harmonic vibrational frequencies (cm�1). For Mg2 the experiment al xe-value is quoted which is corrected for anharmonicities.

Molecule State Mode Exp. CC2a SOS–CC2 SOS–ADC(2)

Mg2
b, 11Rþu xe 190.6 181.2 177.4 179.4

C3
c,d 1 1Pu m1(rg) 1085.9 1069.4 1118.5 1172.6

m2(ru) 541.7 i843.0 580.3 i851.0
m3(pu) 307.9 260.2 246.7 238.3

C2H2
c 1 1Au m2(ag) 1385.0 1367.5 1405.9 1435.4

m3(ag) 1047.6 1085.3 1102.5 1105.0

CH2Oe 1 1A00 m1(a0) 2846.0 3062.0 3043.4 3072.6
m2(a0) 1293.1 1320.3 1347.8 1367.5
m3(a0) 1183.0 1014.0 1093.6 1002.2
m5(a00) 2968.3 3198.9 3163.4 3200.0
m6(a00) 904.0 870.4 905.9 905.9

1 3A00 m2(a0) 1283.0 1297.4 1324.4 1344.2

CH2Se 1 1A2 m1(a1) 3034.0 3125.8 3121.8 3121.4
m2(a1) 1320.0 1342.3 1374.5 1377.9
m3(a1) 859.0 798.1 812.4 796.7
m4(b1) 3081.3 3251.7 3239.6 3241.1
m5(b1) 799.0 765.1 791.2 771.8

1 3A00 m2(a0) 1320.0 1335.8 1368.1 1372.8
m3(a0) 859.0 845.5 862.3 841.8

Trans-(CHO)2
f 1 1Au m1(ag) 2809.0 3049.9 3054.8 3068.9

m2(ag) 1391.4 1368.3 1418.9 1443.5
m3(ag) 1195.2 1230.6 1246.4 1264.5
m4(ag) 952.4 993.6 985.9 1007.6
m5(ag) 508.9 493.8 500.4 508.2
m6(au) 720.0 753.5 754.6 757.4
m7(au) 233.2 218.8 221.6 220.8
m8(bg) 735.1 763.3 753.7 769.1
m10(bu) 1280.8 1247.1 1242.7 1235.7
m11(bu) 1172.0 1175.9 1203.5 1092.7
m12(bu) 379.3 369.5 384.0 385.2

HC2CHOc 1 1A00 m2(a0) 2952.5 3168.7 3159.4 3176.0
m3(a0) 1945.8 1896.7 1996.8 2044.8
m4(a0) 1304.0 1217.7 1269.3 1262.8
m5(a0) 1119.5 1072.8 1067.8 1063.1
m6(a0) 951.6 777.1 903.0 832.3
m7(a0) 650.0 639.4 665.5 695.2
m8(a0) 506.9 470.7 486.5 494.6
m9(a0) 189.4 170.2 176.4 179.1
m10(a00) 506.9 549.3 476.9 505.1
m11(a00) 389.7 408.2 420.8 453.8
m12(a00) 345.9 325.8 336.0 340.3

a With the exception of the modes for C3 the results are within the numerical accuracy identical to those reported in Ref. [2].
b Exp. data from Ref. [28].
c Exp. data from Ref. [29].
d Exp. data for mode m2(ru) from Ref. [33].
e Exp. data from Ref. [30].
f Exp. data from Ref. [34].
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of formamide the character of the excitations with SOS–CC2 and
SOS–ADC(2) differ from the character obtained with CC2. Accord-
ingly the oscillator strengths of the spin scaled methods deviate
from the CC2 results by up to a factor of three. For all other states
with a valuable oscillator strength SOS–CC2 deviates at most by a
factor of 1.3 and SOS–ADC(2) by a factor of 1.5 from the CC2
results.

4.3. Timings

The time-determining steps of the Laplace-transformed SOS–
CC2 algorithm are the formation of the N and Y intermediates
and the calculation of the one-particle density contributions Pij

and Pab. The formation of N and Y scale with N2
x NoNvNL (see e.g.

Eqs. (26) and (27)), where Nx is the number of auxiliary functions
for the RI approximation, No is the number of occupied and Nv
the number of virtual orbitals and NL the number of grid points
for the numerical quadrature, which is independent of the system
size. The operation count for Pij scales with NxN2

oNvNL (see Eq. (25))
and that of Pab with NxNoN2

vNL (see Eq. (31)). The time-determining
steps of the conventional algorithm are the formation of the dou-
bles contributions to the ground state cluster amplitudes t, the La-
grange multipliers �t and the left and right eigenvectors E and E as
well as their contraction to Y intermediates. These steps scale with
NxN2

oN2
v , where for the four-index quantities the symmetry tij

ab ¼ tji
ba

can be exploited so that they only have to be computed for i P j.
The calculation of Pij scales with N3

oN2
v and that of Pab with N2

oN3
v .

For the ground state density DF;n
pq ð�tgsÞ with the Laplace-trans-

formed algorithm two N intermediates have to be calculated, �Y is
formed from two contractions and eY from one contraction of N
intermediates (see Eqs. (26) and (35)). To calculate Pij and Pab

one additional contraction has to be done for each of them (com-
pare Eqs. (25) and (31)). With the conventional algorithm the
ground state cluster amplitudes t and the Lagrange multipliers �tgs

are calculated and contracted to �Y and eY . If we assume that Nx �
3Nv, as it is the case for most basis sets, the ratio between the oper-
ation counts of the fourth and the fifth order scaling algorithms is
roughly 96

23
NL
No

for a ground state density calculation. The higher the
prefactor of NL

No
is, the smaller are the savings in computational time

of the fourth order scaling algorithm. That means that the speed-
up for the ground state density is only slightly smaller than for
the determination of the cluster amplitudes with a ratio of 4 NL

No
,

but still higher than for the solution of the eigenvalue problem
with a ratio of 24

5
NL
No

[10,26].
For the excited state density DF;AðE; EÞ with the Laplace-trans-

formed algorithm four N intermediates are calculated. Two of these
are contracted to �Y and the other two to �Y (compare Fig. 1). Four
additional contractions are needed to calculate Y and eY (see Eqs.
(50) and (51)). To get Pij and Pab for each of them two contractions

are carried out (compare Fig. 1). With the conventional algorithm
the doubles contributions to the left and right eigenvectors are
formed and contracted to the four Y intermediates. If we again as-
sume Nx � 3Nv, the ratio between the fourth and the fifth order
scaling algorithms is 6 NL

No
for the calculation of DF;AðE; EÞ. If we com-

pare to the theoretically derived ratio for DF;n
pq ð�tgsÞ the prefactor of NL

No

is higher for the A-density. This means that the speed-up of the
fourth order scaling algorithm for DF;AðE; EÞ is expected to be smal-
ler than for DF;n

pq ð�tgsÞ.
The computational savings of the fourth order scaling algorithm

with increasing system size are shown for a series of glycine poly-
peptides. The chain length is varied between two and nine gly-
cines. For these test systems ground and excited state gradients
were calculated with the TZVP basis set and eight Laplace quadra-
ture points, which provide a high accuracy of the Laplace error
function of FLap < 2.5 � 10�8 for all chain lengths. In Figs. 2 and 3
the computational timings for the calculation of the ground state
density DF;n

pq ð�tgsÞ and the excited state density DF;AðE; EÞ are plotted.
The results are fitted to power functions of the chain length Ngly:

f ðNglyÞ ¼ aN5
gly; ð55Þ

gðNglyÞ ¼ bN4
gly: ð56Þ

As expected from the estimates for the operation count, the savings
with the fourth order scaling algorithm for DF;n

pq ð�tgsÞ are larger than
for DF;AðE; EÞ. In Fig. 2 one can see that for the ground state density
the break-even point is reached with about four glycine units. For
DF;AðE; EÞ the cross-over occurs somewhat later between five and
six glycines (compare Fig. 3). For DF;n

pq ð�tgsÞ the ratio between the pre-
factors b

a � 4 is close to the theoretical value of 96
23

NL
No

(with NL = 8 and
No

Ngly
¼ 11). Also for DF;AðE; EÞ the ratio b

a � 5:9 fits to the estimate of
6 � 8

11. For the density DF;n
pq ð�texÞ the benefit of the Laplace algorithm

is similar to that of DF;n
pq ð�tgsÞ with a b

a ratio of 4.6.

4.4. Applications

To demonstrate the applicability of the Laplace-transformed
SOS–CC2 method to gradient and property calculations of large
systems, two applications are presented. First we calculated SOS–
CC2 gradients of the ground and first excited state as well as tran-
sition moments for the chlorophyll molecule. The chlorophyll mol-
ecule has 137 atoms and, using the TZVP basis set and the frozen-
core approximation for occupied orbitals, 176 valence occupied
and 1421 virtual orbitals and 4455 auxiliary basis functions for
the RI approximation. We used seven Laplace grid points, which
leads to a tight value of the Laplace error function of 6.4 � 10�8

Table 5
Dipole moments (D) of CC2 and SOS–CC2 in the unrelaxed and relaxed formulation.
For SOS–ADC(2) only relaxed dipole moments are given. Exp. values are taken from
Ref. [30].

Molecule State Exp. CC2a SOS–CC2 SOS–ADC(2)

CH2O X 1A1 2.33 2.27b 2.38 2.33 2.42 2.42c

1 1A00 1.56 1.10 1.73 1.22 1.73 1.97
1 3A00 1.29 1.08 1.46 1.16 1.47 1.62

CH2S X 1A1 1.65 1.66 1.72 1.69 1.73 1.67c

1 1A2 0.79 0.38 0.96 0.45 0.94 1.16
1 3A00 0.57 0.24 0.55 0.25 0.54 0.66

a With the exception of the unrelaxed value for the X 1A1 state of CH2O the results
are identical to those reported in Ref. [2].

b Note that the unrelaxed CC2/aug-cc-pVTZ value reported in Ref. [2] is incorrect.
c For the ground state results from SOS-MP2 are given.
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In the following we will give wall times for the time-determining
steps of a calculation on seven processors and estimate the
speed-up of the fourth order scaling algorithm compared to the
conventional one.

The wall time for the calculation of the ground state density
DF;n

pq ð�tgsÞ was 3 h and 50 min. We estimated a speed-up of a factor
of six for the calculation of DF;n

pq ð�tgsÞ compared to the conventional
algorithm. The calculation of the density DF;n

pq ð�texÞ for the excited
state gradient was 4 h and 4 min. The calculation takes slightly
longer than for DF;n

pq ð�tgsÞ since one additional Y intermediate has
to be calculated. For DF;n

pq ð�texÞ the speed-up of the Laplace-trans-
formed algorithm is estimated to be a factor of 4.9. The calculation
of the excited state density DF;AðE; EÞ takes 9 h and 17 min under
the same conditions. For this density the speed-up is about a factor
of 4.2. These speed-ups are already obtained with an accurate grid
for the Laplace integration. If the high-lying virtual anti-core orbi-
tals are deleted, seven Laplace grid points provide already a very
tight convergence of FLap = 3.6 � 10�10. As shown in Section 4.1,
much looser convergence criteria of FLap

6 10�6 or even FLap
6 10�4

will be sufficient in most cases. For chlorophyll in the TZVP basis
these criteria are fulfilled with five and four grid points respec-
tively, if the occupied core and virtual anti-core orbitals are ex-
cluded from the correlation treatment. This considerably
enhances the speed-up.

For the previously discussed densities also contributions to the
corresponding two-particle densities d̂nsep

pqrs are needed. The time-
determining steps for their construction have been included in
the considered computational times. For the densities
Dn

pqðMÞ;D
n
pqðEÞ and Dg

pqðEÞ, which are needed for transition mo-
ments (see Eqs. (11) and (12)), only one-particle contributions
are calculated. During the calculation of one-particle densities

some Y intermediates, that are needed to form the corresponding
two particle densities, are obtained as byproducts with negligible
additional costs when the fourth order scaling algorithm is applied.
In the framework of the fifth order scaling algorithm the Y interme-
diates for the two-particle densities require additional matrix mul-
tiplications with N2

oN2
vNx costs. Therefore the benefit of the fourth

order scaling algorithm is high for the two-particle densities and
somewhat smaller if only one-particle contributions are required.
For chlorophyll the calculation of Dn

pqðMÞ as well as Dn
pqðEÞ requires

about three hours on seven processors. The fourth order scaling
algorithm gives a speed-up of a factor of 3.5 for these densities.
The calculation of Dg

pqðEÞ takes six hours and the conventional algo-
rithm should take 2.3 times longer. Again, these speed-ups are ob-
tained already with seven grid points for the Laplace integration. If
also the virtual anti-core orbitals are deleted and the convergence
criterion is relaxed to FLap

6 10�6 the speed-up increases by a fac-
tor of 1.4 and with FLap

6 10�4 even by a factor of 1.75.
For excited state densities the Laplace SOS–CC2 algorithm still

gives a smaller speed-up than for the solution of the eigenvalue
problem, where it is faster by a factor of five for the chlorophyll
molecule (see Ref. [10] for a detailed discussion). However, for gra-
dient or property calculations most of the computational time is
spent on the iterative solution of the ground state cluster equa-
tions, the left and right eigenvalue problem and the response equa-
tions for the Lagrangian multipliers. For the calculation of a
gradient for one excited state of chlorophyll the solution of the lin-
ear equation systems require about 1 day and 12 h. The speed-up
for the total calculation is with seven Laplace grid points a factor
of five. With five grid points the speed-up increases to a factor of
seven and with four grid points even to almost a factor of nine.

For ADC(2) the determination of the ground state amplitudes
and the respective Lagrange multipliers is not iterative and the
Jacobian is symmetric, so that no left eigenvalue problem has to
be solved. Therefore the SOS–ADC(2) method requires only about
a third of the computational costs for the solution of the linear
equation systems, which makes this method an attractive ap-
proach for the optimization of excited state structures.

Finally we applied the Laplace-transformed SOS–CC2 algorithm
to the ditopic 2,20:60,200-bis(terpyridine) T13 from Ref. [27], with
the structure depicted in Fig. 4. This molecule is a candidate for
the synthesis of supramolecular architectures. [27] It has 160
atoms and, using the TZVP basis set and freezing only occupied
core orbitals, 241 active occupied and 1943 virtual orbitals and
6174 auxiliary basis functions for the RI approximation. We calcu-
lated the gradient for the lowest pp⁄ excited state on seven proces-
sors with seven Laplace grid points, which leads to a small value of
the Laplace error function of 3.6 � 10�8. The wall time for the cal-
culation of DF;n

pq ð�texÞ was 6 h and 50 min. We estimated a speed-up
of a factor of 6.7 for this density with the Laplace algorithm. The
calculation of DF;AðE; EÞ took about 19 h and the estimated speed-
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Fig. 4. Structure of the ditopic 2,20:60 ,200-bis(terpyridine) T13 from Ref. [27].
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up is a factor of 5.7. The solution of the linear equations needed
about three days. For this part the Laplace algorithm is faster by
a factor of seven for this system size and seven Laplace grid points.
The speed-up for the whole calculation of a gradient for one ex-
cited state of T13 is a factor of seven with seven grid points. By
deleting also virtual anti-core orbitals and relaxing the Laplace
convergence to FLap

6 10�4 only three grid points are used so that
the speed-up increases to a factor of 16.

5. Summary

We presented a fourth order scaling algorithm for gradients of
ground and excited states, excited state properties and transition
moments in the framework of SOS–CC2 and SOS–ADC(2). With
ADC(2) the determination of the ground state parameters and
the Lagrange multipliers is not iterative and the Jacobian is sym-
metric, so that no left eigenvalue problem has to be solved. Since
for CC2 most time during gradient and property calculations is
spent on the iterative solution of the linear equation systems, the
SOS–ADC(2) method provides significant savings compared to
SOS–CC2. The derivation and computational timings for the densi-
ties are completely analogous to SOS–CC2. In combination with the
parallel implementation these developments permit the calcula-
tion of spectra and the optimization of excited state structures
for molecules with more than 150 atoms using standard computer
hardware, which would be prohibitive with other correlated wave-
function methods.

We determined the error of the numerical Laplace transforma-
tion for adiabatic electronic excitation energies, excited state struc-
ture parameters and oscillator strengths. This Laplace error is for
adiabatic excitation energies about one order of magnitude smaller
than for vertical excitation energies. This is due to a fortunate error
cancellation. Also for structure parameters, such as bond lengths
and angles, as well as oscillator strengths the Laplace error is found
to be very small.

We evaluated the accuracy of SOS–ADC(2) for adiabatic elec-
tronic excitation energies, structure parameters in the excited
state, harmonic vibrational frequencies as well as dipole moments
and oscillator strengths and compared to SOS–CC2 and unscaled
CC2. As for vertical excitation energies, adiabatic excitation ener-
gies are blue shifted with SOS–ADC(2). For aldehydes SOS–
ADC(2) excitation energies are less blue shifted than with SOS–
CC2. We find that for excited state structures SOS–CC2 performs
slightly better than unscaled CC2. Especially the overestimation
of the C–O-bond length of aldehydes after np⁄ excitations is re-
duced with SOS–CC2. This improvement over CC2 is not seen for
SOS–ADC(2), but the accuracy obtained with SOS–ADC(2) is still
close to that of CC2. Since SOS–ADC(2) is, due to the smaller num-
ber of equations that need to be solved, computationally cheaper, it
is an attractive method for the calculation of spectra and the opti-
mization of excited state structures.

The savings in computational time of the Laplace-transformed
SOS–CC2 algorithm is for excited state densities somewhat smaller
than for the solution of linear equation systems. For a series of

glycine polypeptides with a varying number of glycine units the
crossing point, where both algorithms need the same computa-
tional time, occurs for the excited state density between five and
six glycines, whereas for the ground state density and the solution
of linear equations the crossing points are already reached at about
four glycines. For standard applications most time is spent on the
solution of the linear equation systems, so that the benefit of the
fourth order scaling algorithm is dominated by the larger speed-
up for this part. For the calculation of a gradient for one excited
state the total speed-up is for chlorophyll a factor of five and for
a ditopic 2,20:60,200-bis(terpyridine) with 160 atoms a factor of se-
ven, when seven grid points for the numerical Laplace transforma-
tion are used in each case. By reducing the number of grid points,
so that the convergence criterion for the Laplace error function is
only 10�4, speed-ups of a factor of nine for chlorophyll and even
a factor of 16 for the bis(terpyridine) can be achieved.
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