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Derivation of coupled cluster excited states response functions
and multiphoton transition moments between two excited states
as derivatives of variational functionals

Christof Hättig and Poul Jo”rgensen
Department of Chemistry, University of Aarhus, DK-8000 Aarhus C, Denmark

~Received 6 March 1998; accepted 21 August 1998!

Based on an analysis of the second residues of the coupled cluster ground state response functions,
general expressions are derived for multiphoton transition moments between two excited states and
for excited states response functions. The second residues are rewritten as derivatives of variational
functionals and computational efficient expressions are obtained in accordance with the 2n11 and
2n12 rules. For the excited state response functions secular divergent terms are removed by
reformulating the expressions that are identified from the second residues of the ground state
response functions as derivatives of an excited state quasienergy Lagrangian. Explicit expressions
are given for coupled cluster one-, two- and three-photon transition moments between two excited
states and for excited states first-order properties and linear and quadratic response functions.
© 1998 American Institute of Physics.@S0021-9606~98!31144-7#
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I. INTRODUCTION

Quantum-mechanical calculations of transition mome
and excited state properties have in the past mainly b
performed by carrying out an explicit optimization of th
excited state wave functions. This requires often a multic
figurational wave function ansatz and, if dynamical electr
correlation effects need to be considered, demanding m
reference correlation methods must be used. Olsen
Jo”rgensen demonstrated in their derivation of respo
theory for exact and MCSCF wave functions1,2 how poles
and residues of ground state response functions can be
lized to obtain an alternative approach for excited state
culations. Excitation energies were obtained from the po
of the response functions and from the first residues of
linear, quadratic and cubic response functions they identi
formulas for one-, two- and three-photon transition mome
From the second residues of the quadratic and cubic resp
functions expressions were derived for excited states fi
and second-order properties.1 Implementations of this ap
proach for SCF and MCSCF wave functions were reporte
Refs. 3–6.

In coupled cluster theory, the determination of excitati
energies as poles of the ground state response function
been used successfully7–10 and accurate excitation energie
have been obtained employing hierarchies of coupled clu
models.11–15 Analytic excited state first-order properties a
energy gradients based on the response approach to e
tion energies have been implemented f.x. for the coup
cluster singles and doubles~CCSD! method in the context o
the equation-of-motion coupled cluster approach16,17 and the
theory of second derivatives of excited states with respec
general frequency-independent perturbations was derive
Stanton and Gauss in Ref. 18. Recently an AO integral-di
implementation has been reported for one- and two-pho
transition moments and for excited states first-order prop
ties in the framework of coupled cluster response theory
9210021-9606/98/109(21)/9219/18/$15.00
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the coupled cluster models CCS, CC2 and CCSD.19,20

In Ref. 21 we analyzed the structure of the first residu
of coupled cluster response functions and derived the exp
sions for multiphoton transition moments between t
ground state and an excited state. We formulated the m
photon transition moments as derivatives of variational tr
sition moment functionals and used variational perturbat
theory to obtain expressions in accord with 2n11 and 2n
12 rules.22–24

In the present paper we extend the derivation of Ref.
to transition moments between two excited states and
frequency-dependent excited state properties. These qu
ties can be obtained from the second residues of ground
response functions or equivalently from the first residues
ground to excited state multiphoton transition moments.
analyze the structure of these residues and derive expres
for multiphoton transition moments between two excit
states and for excited state response functions.

The expressions identified from the residues have
disadvantages: They involve unnecessary high-order
sponse intermediates and for excited state properties
contain so-called secular divergencies, terms which beco
singular in the static limit but cancel each other mutual
The unnecessary high-order response intermediates ca
removed if the multiphoton transition moments are rewritt
as derivatives of a variational functional. This allows us
apply variational perturbation theory to derive expressio
which obey the 2n11 and 2n12 rules. We derive such a
variational functional in Sec. IV and exemplify its use
Sec. V by the derivation of expressions for the one- throu
three-photon transition moments. In Sec. VI we discus
phase-isolated perturbation expansion for the excited s
wave functions in coupled cluster response theory. This
ternative parametrization of the excited states is used to
move the secular divergent terms in the excited state
sponse functions. We devise in Sec. VII an excited st
9 © 1998 American Institute of Physics
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quasienergy Lagrangian which leads to excited state
sponse functions and response equations which are fre
secular divergent terms and therefore are numerical stab
the static limit. Explicit expressions are derived for coupl
cluster excited states linear and quadratic response funct

II. MULTIPHOTON TRANSITION MOMENTS IN
COUPLED CLUSTER RESPONSE THEORY

To introduce the notation and the basic concepts
coupled cluster response theory a brief review of the der
tion of coupled cluster response functions and multipho
transition moments between an excited state and the gro
state will be in place. For details of the derivations we re
to Refs. 21, 25 and references cited therein. Coupled clu
response functions are most conveniently derived using
quasienergy Lagrangian:13,21,25–27

L~ t,e!5W ~ t,e!1(
m

t̄ m~ t,e!S em~ t,e!2 i
d

dt
tm~ t,e! D ,

~1!

with the quasienergy defined as

W ~ t,e!5^HFuĤ~ t,e!exp~ T̂~ t,e!!uHF&, ~2!

and

em~ t,e!5^m̄uexp~2T̂~ t,e!!Ĥ~ t,e!exp~ T̂~ t,e!!uHF&.
~3!

The cluster operator is defined asT̂(t,e)5(mtm(t,e) t̂m and
t̄ m(t,e) are Lagrangian multipliers. We consider a~quasi-!-
periodic time-dependent perturbation, which can be dec
posed into a sum over Fourier components as:

Ĥ~ t,e!5Ĥ ~0!1V̂~ t,e!, ~4!

V̂~ t,e!5(
j

ĤXje j~v j !e
2 iv j t, ~5!

whereĤXj are time-independent hermitian one-electron o
erators.V̂(t,e) is assumed to be Hermitian. Therefore t
field strengths are required to fulfille j (2v j )5e j (v j )* . The
time-evolution is determined by the condition that the tim
average of the quasienergy Lagrangian is stationary with
spect to variations of the cluster amplitudes and the Lagra
ian multipliers:25,28

d$L~ t,e!%T5dH lim
t0→`

1

2t0
E

2t0

1t0
L~ t,e!dtJ 50. ~6!

If one expands the cluster amplitudes and the Lagrang
multipliers in orders of the field strengths

tm~ t,e!5 (
n50

`
1

n! (
j 1

...(
j n

t
m

Xj 1
...Xj n~v j 1

,...,v j n
!

3 )
m51

n

e j m
~v j m

!e2 iv j m
t, ~7!
e-
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t̄ m~ t,e!5 (
n50

`
1

n! (
j 1

...(
j n

t̄
m

Xj 1
...Xj n~v j 1

,...,v j n
!

3 )
m51

n

e j m
~v j m

!e2 iv j m
t. ~8!

Equation ~6! becomes a set of response equations for
Fourier components oftm(t,e) and t̄ m(t,e). For ordern.0
these equations can be written in the form

~A2~v11...1vn!1!tX1 ...Xn~v1 ,...,vn!

52jX1 ...Xn~v1 ,...,vn!, ~9!

t̄ X1 ...Xn~v1 ,...,vn!~A1~v11...1vn!1!

52 j̄X1 ...Xn~v1 ,...,vn!, ~10!

where the matrixA is the coupled cluster Jacobian:

Amn5S ]2L

] t̄ m]tn
D

e j ~v j !50

. ~11!

Explicit expressions for the right hand side vectorsjX1 ...Xn

and j̄X1 ...Xn have been derived in Appendix A of Ref. 21
The response functions are obtained as derivatives of the
part of the time-averaged quasienergy Lagrangian with
spect to the field strengths:25,26,29,30

^^X1 ;X2 ,...,Xn&&v1 ,...,vn

5S dn$ 1
2L~ t,e!1 1

2L~ t,e!* %T

de1~v1!...den~vn!
D

e i ~v i !50

. ~12!

The right hand side of Eq.~12! is explicitly symmetrized
with respect to complex conjugation ofL(t,e). This is nec-
essary because the coupled cluster~quasi-!energy is defined
by the projection type expression^HFuĤ exp(T̂)uHF& which
without such a symmetrization would give an artifici
imaginary contribution if complex Hermitian operators,
for example the time-dependent perturbationV̂(t,e), are in-
cluded in the Hamiltonian. In the limit of a complete clust
expansion this symmetrization becomes, as in exact stat
sponse theory, redundant.

The coupled cluster approximation for ground–excit
state multiphoton transition moments can be identified fr
the first residues of the response functions. Of particular
terest are the first residues of the even order response f
tions which determine the absorption cross sections for m
tiphoton transitions. For exact states these residues take
form:

lim
v11...1vn→v f

~v11...1vn2v f !^^X1 ;X2 ,...,X2n&&v2 ,...,v2n

5M0← f
Xn11 ...X2n~vn12 ,...,v2n!M f←0

X1 ...Xn~v2 ,...,vn!, ~13!

whereM0← f
X1 ...Xn(v2 ,...,vn) andM f←0

X1 ...Xn(v2 ,...,vn) are left
and rightn-photon transition moments between the grou
state and the excited statef . With v f we denote the excita
tion energy from the ground state to statef .
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For exact states, left and right transition moments for
same operators and for frequencies of the same absolute
ues but of opposite signs are related by comp
conjugation:21 M f← i

X1 ...Xn(v2 ,...,vn)* 5Mi← f
X1 ...Xn(2v2 ,...,

2vn). This symmetry is not retained in coupled cluster
sponse theory. As a consequence of the symmetrization
respect to complex conjugation in Eq.~12! the first residues
of the coupled cluster response functions have to be c
pared with the explicitly symmetrized expression:

lim
v11...1vn→v f

~v11...1vn2v f !^^X1 ; X2 ,...,X2n&&v2 ,...,v2n

5 1
2$M0← f

Xn11 ...X2n~vn12 ,...,v2n!M f←0
X1 ...Xn~v2 ,...,vn!

1M0← f
X1 ...Xn~2v2 ,...,2vn!*

3M f←0
Xn11 ...X2n~2vn12 ,...,2v2n!* %. ~14!

In Ref. 21 we showed that the first residues of the coup
cluster response functions have the structure

lim
v1 ,...,vn→v f

~v11...vn2v f !^^X1 ; X2 ,...,X2n&&v2 ,...,v2n

5 1
2~@ j̄Xn11 ...X2n~vn11 ,vn12 ,...,v2n!Ef~v f !#

3@Ēf~2v f !j
X1 ...Xn~v1 ,v2 ,...,vn!#

1@ j̄X1 ...Xn~2v1 ,2v2 ,...,2vn!Ef~v f !#*

3@Ēf~2v f !j
Xn11 ...X2n~2vn11 ,2vn12 ,...,2v2n!#* !,

~15!

where on the right hand sidev15v f2v2 ...2vn and
vn1152v f2vn12 ...2v2n . The intermediatesĒf(2v f)
andEf(v f) are the left and right eigenvectors of the coupl
cluster JacobianA for the eigenvaluev f . From the last
equation we identified for the left and right coupled clus
n-photon transition moments between the ground state
an excited statef the expressions:21

M0← f
X1 ...Xn~v2 ,...,vn!5 j̄X1 ...Xn~v1 ,...,vn!Ef~v f !,

v152v f2v2 ...2vn , ~16!

M f←0
X1 ...Xn~v2 ,...,vn!5Ēf~2v f !j

X1 ...Xn~v1 ,...,vn!,

v15v f2v2 ...2vn . ~17!

Equations~16! and ~17! provide a simple basis for the der
vation of closed expressions for the coupled cluster grou
excited state transition moments, but are not efficient from
computational point of view, because the right hand s
vectorsjX1 ...Xn and j̄X1 ...Xn require the solution of respons
equations up to order (n21) for the Lagrange multiplierst̄
and up to ordern for the cluster amplitudest. These high-
order response vectors can be eliminated if one solves
stead for some additional low-order intermediates. In Ref.
we showed that Eqs.~16! and~17! can be formulated asnth
derivatives of two time-averaged functionals which, au
mented with the constraints for the wave function variabl
e
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could be used as variational ‘‘transition mome
Lagrangians,’’ from which expressions for multiphoton tra
sition moments are obtained as derivatives:

$L0 f%T5 lim
r→0

H ertFh~ t,e!1 t̄ ~ t,e!S A~ t,e!2 i
d

dtD GEf~ t,e!

1ertM̄ f~ t,e!S e~ t,e!2 i
d

dt
t~ t,e! D J

T

, ~18!

$L f 0%T5 lim
r→0

H ertĒf~ t,e!S e~ t,e!2 i
d

dt
t~ t,e! D J

T

. ~19!

The field- and time-dependent vectorh(t,e) and the Jaco-
bian A(t,e) are defined as derivatives of the ground st
quasienergy and the coupled cluster equations:

hm~ t,e!5
d

dtm
W ~ t,e!, ~20!

A~ t,e!mn5
d

dtn
em~ t,e!. ~21!

The damping factorert was introduced to ensure the prop
convergence of the transition moment functionals when
sum of the external field frequencies approaches the ex
tion energyv f . Ēf(t,e) and Ef(t,e) are field- and time-
dependent left and right excited state vectors:

Ēf~ t,e!5 (
n50

`
1

n! (
j 1

...(
j n

Ēf Xj 1
...Xj n~2v f ,v j 1

,...,v j n
!

3eiv f t )
m51

n

e j m
~v j m

!e2 iv j m
t, ~22!

Ef~ t,e!5 (
n50

`
1

n! (
j 1

...(
j n

Ef Xj 1
...Xj n~v f ,v j 1

,...,v j n
!

3e2 iv f t )
m51

n

e j m
~v j m

!e2 iv j m
t. ~23!

M̄ f(t,e) are Lagrangian multipliers that impose the coupl
cluster equations as constraints for the cluster amplitu
t(t,e). From the Lagrangian$L0 f%T , the left ground state–
excited state multiphoton transition moments are obtained

M0← f
X1 ...Xn~v2 ,...,vn!5S dn$L0 f%T

de1~v1!...den~vn! D
0

. ~24!

Similarly, the right ground state–excited state transition m
ments are obtained as:

M f←0
X1 ...Xn~v2 ,...,vn!5S dn$L f 0%T

de1~v1!...den~vn! D
0

. ~25!

The variational conditions for the time-average
Lagrangians$L0 f%T and$L f 0%T determine the time-evolution
of the variables t(t,e), t̄ (t,e), Ef(t,e), Ēf(t,e), and
M̄ f(t,e). By construction, the transition moment functiona
give for the cluster amplitudes and the ground state Lagra
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ian multipliers the same response equations as obtained
the ground state quasienergy Lagrangian$L%T . For the left
and right excited state vectors one obtains in zeroth-order
eigenvalue equations for the unperturbed left and right
cited state vectors,

Ēf~2v f !~A2v f1!50, ~26!

~A2v f1!Ef~v f !50, ~27!

and the higher-order response equations can be cast int
form

Ēf X1 ...Xn~2v f ,v1 ,...,vn!~A1~v11...1vn2v f !1!

52 j̄ f X1 ...Xn~2v f ,v1 ,...,vn!, ~28!

~A2~v11...1vn1v f !1!Ef X1 ...Xn~v f ,v1 ,...,vn!

52j f X1 ...Xn~v f ,v1 ,...,vn!. ~29!

The equations for the excited state vectors obtained from
transition moment Lagrangians$L f 0%T and $L0 f%T are
equivalent to the equations obtained by expansion of the
fective Schro¨dinger equations:

A~ t,e!Ef~ t,e!5 i
d

dt
Ef~ t,e!, ~30!

Ēf~ t,e!A~ t,e!52 i
d

dt
Ēf~ t,e!, ~31!

which can be derived from a generalized Frenkel variat
principle.21 The response equations for the transition mom
LagrangianM̄ f X1 ...Xn multipliers are of the form
m

he
-

the

e

f-

n
t

M̄ f X1 ...Xn~v f ,v1 ,...,vn!~A1~v11...1vn1v f !1!

52m̄f X1 ...Xn~v f ,v1 ,...,vn!. ~32!

Explicit expressions for the right hand side vectorsj̄ f X1 ...Xn,
j f X1 ...Xn andm̄f X1 ...Xn can be found in Appendices C and
of Ref. 21.

From the variational formulation of the transition mo
ments it follows immediately that one can formulate 2n11
and 2n12 rules for the response intermediates: The
sponses of the cluster amplitudes and the right eigenvec
up to ordern are sufficient to calculate transition momen
up to photon number 2n11, and from the responses of th
Lagrangian multiplierst̄ andM̄ f and the left eigenvectors u
to ordern one can calculate transition moments up to pho
number 2n12.

III. ANALYSIS OF THE SECOND RESIDUES OF
COUPLED CLUSTER RESPONSE FUNCTIONS

The expressions for multiphoton transition moments
Eqs.~16! and~17! were obtained from an analysis of the fir
residues of the coupled cluster ground state response f
tions. From the second residues of the ground state resp
functions or equivalently from the first residues of th
ground–excited state transition moments one can derive
pressions for transition moments between two excited st
and for excited state response functions.1 This may be veri-
fied for exact wave functions starting from the sum-ov
states expression for multiphoton transition moments:21,31
ns
te

te and
M0← f
X1 ...Xn11~v2 ,...,vn11!5 P̂X1 ...Xn11(

l 1
...(

l n

m0l n

Xn11m l nl n21

Xn ...m l 2l 1

X2 m l 1f
X1

@v11...1vn2El nf #...@v11v22El 2f #@v12El 1f #
, ~33!

wherev152(v21...1vn111v f) andm jk
Xi5^ j uXi uk& andEi j 5Ej2Ei . Taking into account the sum over all permutatio

of operator/frequency pairs and the summations over all states~which include the excited states as well as the ground sta!,
we obtain two contributions to the residue atvn11→2v i :

lim
vn11→2v i

~2vn112v i !M0← f
X1 ...Xn11~v2 ,...,vn11!5m0i

Xn11P̂X1 ...Xn(
l 1

...(
l n21

m i l n21

Xn ...m l 2l 1

X2 m l 1f
X1

@v11...1vn212El n21f #...@v12El 1f #

2d i f m0 f
Xn11P̂X1 ...Xn(

l 1
...(

l n21

m0l n21

Xn ...m l 2l 1

X2 m l 10
X1

@v11...1vn212El n210#...@v12El 10#
.

~34!

If i and f are two different states one thus obtains:

lim
vn11→2v i

~2vn112v i !M0← f
X1 ...Xn11~v2 ,...,vn11!5M0← i

Xn11Mi← f
X1 ...Xn~v2 ,...,vn!. ~35!

When the two excited statesi and f are identical, this residue becomes equal to the difference between the excited sta
the ground state response functions:

lim
vn11→2v f

~2vn112v f !M0← f
X1 ...Xn11~v2 ,...,vn11!5M0← f

Xn11~^^X1 ; X2 ...Xn&&v2 ,...,vn

~ f ! 2^^X1 ; X2 ...Xn&&v2 ,...,vn

~0! !, ~36!

where we used that the response functions for exact states can be written in a sum-over-states form as:
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^^X1 ; X2 ...Xn&&v2 ,...,vn

~ i ! 5 P̂X1 ...Xn(
l 1

...(
l n

m l i l n21

Xn ...m l 2l 1

X2 m l 1i
X1

@v11...1vn212El n21i #...@v11v22El 2i #@v12El 1i #
. ~37!

The analogous residues of the right transition momentsM f←0
X1 ...Xn11 follow from the symmetry of the transition moments an

the response functions with respect to complex conjugation and inversion of the signs of the frequency arguments:

lim
vn11→1v i

~1vn112v i !M f←0
X1 ...Xn11~v2 ,...,vn11!5M f← i

X1 ...Xn~v2 ,...,vn!Mi←0
Xn11, ~38!

for iÞ f and for the diagonal casei 5 f :

lim
vn11→1v f

~1vn112v f !M f←0
X1 ...Xn11~v2 ,...,vn11!5~^^X1 ; X2 ...Xn&&v2 ,...,vn

~ f ! 2^^X1 ; X2 ...Xn&&v2 ,...,vn

~0! !M f←0
Xn11 . ~39!

As an example of the use of the above equations, we apply them in the following paragraphs to coupled cluster wave f
where we determine the one- and two-photon transition moments between two excited states and the first- and sec
properties for excited states. Before doing so, we recall that in coupled cluster theory the quasienergy is calcu
projection^HFuĤ exp(T̂)uHF& and is in general a complex quantity. The response functions are therefore obtained as
tives of only the real part of the quasienergy which imposes an explicit symmetrization with respect to complex conj
and inversion of the signs of the frequencies. The equivalent symmetrization for the residues@cp. Eq.~14!# becomes:

lim
vn11→2v i

~2vn112v i !@ lim
vn12→v f

~vn122v f !^^X1 ; X2 ...Xn12&&v2 ,...,vn12
#

5 lim
vn11→2v i

~2vn112v i !
1
2 $M0← f

X1 ...Xn11~v2 ,...,vn11!M f←0
Xn121~M0← f

Xn12!* ~M f←0
X1 ...Xn11~2v2,...,2vn11!!* %. ~40!

The left and right transition moments for excitations from the ground state to an excited statef are thus not related by comple
conjugation and inversion of the frequency signs and it is thus a nontrivial question, if the residues from Eqs.~35! and~38! will
lead to equivalent expressions for the transition moments between two excited states and if Eqs.~36! and~39! will lead to the
same expressions for excited state response functions. We will in the following paragraphs show that this is indeed
and that the second residue in Eq.~40! therefore can be rewritten as:

lim
vn11→2v i

~2vn112v i !@ lim
vn12→v f

~vn122v f !^^X1 ; X2 ...Xn12&&v2 ,...,vn22
#

3H 5 1
2$M0← i

Xn11Mi← f
X1 ...Xn~v2 ,...,vn!M f←0

Xn121~M0← f
Xn12!* ~M f← i

X1 ...Xn~2v2 ,...,2vn!!* ~Mi←0
Xn11!* %, for iÞ f

5 1
2$M0← i

Xn11DW 0 f
X1 ...Xn~v1 ,v2 ,...,vn!M f←0

Xn121~M0← f
Xn12!* ~DW 0 f

X1 ...Xn~2v1 ,2v2 ,...,2vn!!* ~Mi←0
Xn11!* %, for i 5 f

~41!
tr
tw

g
o

den-

f

rnal

a
. 21
where we define DW 0 f
X1 ...Xn(2v1 ,...,2vn) implicitly

through the last equation withv152v22...2vn . The
asymmetry of the Jacobian, Eq.~11!, and the biorthogonality
of the left and right eigenvectors introduce an asymme
between the left and right transition moments between
excited states,Mi← f

X1 ...Xn(v2 ,...,vn) and M f← i
X1 ...Xn(2v2 ,...,

2vn), and between DW 0 f
X1 ...Xn(v1 ,v2 ,...,vn) and

DW 0 f
X1 ...Xn(2v1 ,2v2 ,...,2vn). The transition strengths

between two excited states must therefore, as the stren
for the ground–excited state transitions, be calculated fr
the symmetrized expressions:19,21

SX1 ...Xn ,Xn11 ...X2n

i f ~v2 ,...,vn!

5 1
2$Mi← f

X1 ...Xn~v2 ,...,vn! M f← i
Xn11 ...X2n~2v2 ,...,2vn!

1~Mi← f
Xn11 ...X2n~v2 ,...,vn!!*

3~M f← i
X1 ...Xn~2v2 ,...,2vn!!* %. ~42!
y
o

ths
m

The coupled cluster excited state response functions are i
tified with the expressions:

^^X1 ; X2 ,...,Xn&&v2 ,...,vn

~ f !

5^^X1 ; X2 ,...,Xn&&v2 ,...,vn

~0!

1 1
2DW 0 f

X1 ...Xn~v1 ,v2 ,...,vn!

1 1
2~DW 0 f

X1 ...Xn~2v1 ,2v2 ,...,2vn!!* . ~43!

The quantitiesDW 0 f
X1 ...Xn are identified with derivatives o

the quasienergy difference between the statef and the
ground state with respect to the strengths of the exte
perturbations.

A. One-photon transition moments between two
excited states from the residues of the two-photon
transition moments

The left form of the two-photon transition moment for
ground state to excited state transition was derived in Ref
as:
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M0← f
AB ~vB!5 P̂AB@ 1

2GtA~vA!tB~vB!1FAtB~vB!

1 1
2FtAB~vA ,vB!1 t̄ B~vB!BtA~vA!

1 t̄ B~vB!AA#Ef~v f !, ~44!

with vA52v f2vB . The only terms which do not vanish
we take the residue limvB→2v i

(2vB2v i) are those propor-

tional to the first-order Lagrangian multiplierst̄ B(vB). If we
introduce the coupled cluster reduced resolventR~v!:21

Rmn~v!5@2~A2v1!21#mn5(
m

Em
m 1

v2vm
Ēn

m , ~45!

the first-order Lagrangian multipliers can be written
t̄ B(vB)5 j̄BR(2vB), and the residues oft̄ B(vB) in the
limit vB→2v i are found as:

lim
vB→2v i

~2vB2v i ! t̄ B~vB!5@ j̄BEi~v i !#Ē
i~2v i !

5M0← i
B Ēi~2v i !. ~46!

The residue of the two-photon transition moment thus
comes

lim
vB→2v i

~2vB2v i !M0← f
AB ~vB!

5M0← i
B Ēi~2v i !~BtA~v i2v f !1AA!Ef~v f !, ~47!

and one identifies the one-photon transition moment betw
two excited states as:

Mi← f
A 5Ēi~2v i !~BtA~v i2v f !1AA!Ef~v f !. ~48!

The right ground to excited state two-photon transition m
ment was derived in Ref. 21 as:

M f←0
AB ~vB!5Ēf~2v f !~BtA~v f2vB!tB~vB!

1AAtB~vB!1ABtA~v f2vB!!. ~49!

Its residue is determined in a similar manner as:

lim
vB→v i

~vB2v i !M f←0
AB ~vB!

5Ēf~2v f !~BtA~v f2v i !1AA!Ei~v i !Mi←0
B , ~50!

where we used that the residues of the first-order clu
amplitude responses are:

lim
vB→v i

~vB2v i !t
B~vB!5 lim

vB→v i

~vB2v i !R~vB!jB~vB!

5Ei~2v i !Mi←0
B . ~51!

From Eq.~50! one identifies:
-

en

-

er

M f← i
A 5Ēf~2v f !~BtA~v f2v i !1AA!Ei~v i !. ~52!

The two expressions, Eqs.~48! and ~52!, for the transition
moment between two excited states obtained from the r
dues of the left and right two-photon transition momen
differ only in the dummy indices for the excited state and a
thus obviously equivalent. The one-photon transiti
strength between two excited states is thus obtained as:

SX1 ,X2

i f 5 1
2$Mi← f

X1 M f← i
X2 1~Mi← f

X2 !* ~M f← i
X1 !* %. ~53!

The calculation of the transition moments according
the expression obtained from the residues of the groun
excited state two-photon transition moments would requ
the solution of first-order response equations for the coup
cluster amplitudes. This can be avoided if one solves inst
the zeroth-order equations:

~A1v i2v f !N̄
f i~2v i ,v f !52Ēf~2v f !BEi~v i !. ~54!

With the intermediatesN̄f i the transition moments betwee
two excited states can be rewritten as:25

M f← i
A 5N̄f i~2v f ,v i !j

A1Ēf~2v f !A
AEi~v i !. ~55!

For i 5 f one obtains the expression for the difference b
tween the excited state and the ground state first-order p
erties:

^A&~ f !2^A&~0!5 1
2$N̄

f f~2v f ,v f !j
A1Ēf~2v f !A

AEf~v f !

1~N̄f f~2v f ,v f !j
A!*

1~Ēf~2v f !A
AEf~v f !!* %. ~56!

In accord with the 2n11 and 2n12 rules, the calculation of
one-photon transition moments between two excited st
and of excited states first-order properties requires in the
mulation Eqs.~55!–~56! only solution of zeroth-order equa
tions. Using the right hand side vectors for the respo
equations for the left and right excited state vectorsj̄ f A and
j iA ~see Appendix A of Ref. 21!, Eq. ~52! may be expressed
in a form similar to expressions~16! and ~17! for the
ground–excited state transition moments:

M f← i
A 5 j̄ f A~2v f ,v f2v i !E

f~v f !

5Ēf~2v f !j
iA~v i ,v f2v i !. ~57!

B. Two-photon transition moments between two
excited states from the residues of the three-photon
transition moments

To find the residues of the coupled cluster left thre
photon transition moments we start from the expression:21
M0← f
ABC~vB ,vC!5 P̂ABC$ 1

3!HtA~vA!tB~vB!tC~vC!1 1
2GtAB~vA,vB!tC~vC!1 1

2F
AtBC~vB,vC!1 1

3!FtABC~vA ,vB ,vC!

1 t̄ C~vC!@ 1
2CtA~vA!tB~vB!1 1

2BtAB~vA ,vB!1BAtB~vB!#1 1
2 t̄ BC~vB ,vC!@AA1BtA~vA!#%Ef~v f !,

~58!
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and take the residue forvC→2v i . The Resolvent
R(2vC) occurs in the first-order multiplierst̄ (vC) and in
the second-order multiplierst̄ AC(vA ,vC) and t̄ BC(vB ,vC).
For the latter one the residue forvC→2v i becomes:

lim
vC→2v i

~2vC2v i ! t̄ BC~vB ,vC!

5M0← i
C Ēi~2v i !~BtB~vB!1AB!R~v i2vB!

5M0← i
C ĒiB~2v i ,vB!. ~59!

Using Eqs.~46! and~59! the residue of the left three-photo
transition moment is obtained as:

lim
vC→2v i

~2vC2v i !M0← f
ABC~vB ,vC!

5M0← i
C ~ P̂ABĒi~2v i !@

1
2CtA~vA!tB~vB!

1 1
2BtAB~vA ,vB!1BAtB~vB!#

1 P̂ABĒiB~2v i ,vB!@BtA~vA!1AA# !Ef~v f !. ~60!

The term in parentheses is the right hand side ve
j̄ iAB(2v i ,vA ,vB) for the second-order response equatio
for the left excited state vectors.21 Thus we obtain for the
two-photon transition moment between two excited states
expression which has the same structure as Eqs.~57! and
~16!:

Mi← f
AB ~vB!5 j̄ iAB~2v i ,vA ,vB!Ef~v f !. ~61!

Using the interchange technique Eq.~61! can be rewritten in
a form which is analogous to Eq.~17!:

Mi← f
AB ~vB!5Ēi~2v i !j

f AB~v f ,vA ,vB!. ~62!

Alternatively, one can reformulateMi← f
AB (vB) in a computa-

tional more efficient form as

Mi← f
AB ~vB!5 P̂AB~Ēi~2v i !@

1
2CtA~vA!tB~vB!1BAtB~vB!#

3Ef~v f !1 j̄ iB~2v i ,vB!Ef A~v f ,vA!

1 1
2N̄

i f ~2v i ,v f !j
AB~vA ,vB!!. ~63!

In the last expression we have eliminated the second-o
response of the ground state cluster amplitudes, to obtai
expression which is in accordance with a 2n11 rule for the
coupled cluster amplitudes and the right excited state vec
and a 2n12 rule for the Lagrangian multipliers and the le
excited state vectors.

The coupled cluster right three-photon transition m
ment in Ref. 21 was derived as:

M f←0
ABC~vB ,vC!5Ēf~2v f !~ P̂ABC$@ 1

6CtA~vA!1 1
2B

A#

3tB~vB!tC~vC!1 1
2@BtA~vA!1AA#

3tBC~vB ,vC!%!. ~64!

To determine the residue of the expression in Eq.~64! we
need the residue of the second-order response of the cou
cluster amplitudes:
r
s

n

er
an

rs

-

led

lim
vC→v i

~vC2v i !t
BC~vB ,vC!5EiB~v i ,vB!Mi←0

C . ~65!

Using Eqs.~51! and ~65!, the residue of the right three
photon transition matrix element is found as:

lim
vC→v i

~vC2v i !M f←0
ABC~vB ,vC!

5Ēf~2v f !~ P̂AB@ 1
2CtA~vA!tB~vB!1 1

2B
AtB~vB!

1 1
2BtAB~vA ,vB!#Ei~v i !1 P̂AB@BtA~vA!1AA#

3EiB~v i ,vB!!Mi→0
C . ~66!

The expression in parentheses is the right hand side ve
j iAB(v i ,vA ,vB) for the second-order response equations
the right excited state vectors. One identifies in accorda
with Eq. ~62!:

M f← i
AB ~vB!5Ēf~2v f !j

iAB~v i ,vA ,vB!. ~67!

Thus, we obtain also for the two-photon transition mome
between two excited states the same expressions from
residues of the left and the right ground–excited state tr
sition moments.

The expression for the difference between the exci
state and ground state linear response functions is obta
by taking i 5 f and applying the appropriate symmetrizatio

^^A;B&&vB

~ f !2^^A;B&&vB

~0!

5 1
2Ĉ

6vP̂AB~Ēf~2v f !@
1
2CtA~vA!1BA#tB~vB!Ef~v f !

1Ēf B~2v f ,vB!j f A~v f ,vA!

1 1
2N̄

f f~2v f ,v f !j
AB~vA ,vB!!, ~68!

wherevA52vB . The operatorĈ6v symmetrizes with re-
spect to an overall sign inversion of the frequencies of
external fields and simultaneous complex conjugation. N
that it does not affect the frequencies associated with
excited state.

The first-order responses of the left and right excit
state vectorsĒf X(2v f ,vX) andEf X(v f ,vX) are obtained as
solutions of the response equations~28! and ~29!. Because
the excitation energyv f is subtracted from the diagonal o
the Jacobian matrix in these equations, the responses o
excited state vectors become singular in the static lim
wherevX equals zero. These singularities are physical in
expressions for the multiphoton transition moments, but
unphysical artifacts in the expressions for the excited s
response functions. These so-called secular divergencie28,32

of the static limit of response functions originate from term
which cancel mutually and can be removed by mathemat
manipulations. Defining the projection operator to the
thogonal complement of statef ,

Qmn
f 5dmn2Em

f ~v f !Ēn
f ~2v f !5@12Rf #mn , ~69!

the terms which contain the secular divergencies in Eq.~68!
can be rewritten as:
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P̂ABĒf B~2v f ,vB!j f A~v f ,vA!

5 P̂ABj̄ f B~2v f ,vB!~A2~v f1vB!1!21j f A~v f ,vA!,

~70!

5 P̂AB$~j̄ f B~2vf ,vB!Ef~vf !!vB
21~Ēf~2vf !j

f A~v f ,vA!!

1 j̄ f B~2v f ,vB!Qf~A2~v f1vB!1!21

3Qfj f A~v f ,vA!%. ~71!

The secular divergencies originate from the first term on
right hand side. If the permutation operatorP̂AB is applied,
the contributions from this term cancel each other beca
vA52vB . The second term on the right hand side of E
~71! has a finite static limit. Thus, we obtain a form of th
excited state response function which is numerical stabl
the static limit as:

^^A;B&&vB

~ f !2^^A;B&&vB

~0!

5 1
2Ĉ

6vP̂AB~Ēf~2v f !@
1
2CtA~vA!1BA#

3tB~vB!Ef~v f !1 j̄ f B~2v f ,vB!

3Qf~A2~v f1vB!1!21Qfj f A~v f ,vA!

1 1
2N̄

f f~2v f ,v f !j
AB~vA ,vB!!. ~72!

IV. A TRANSITION MOMENT LAGRANGIAN FOR
TRANSITIONS BETWEEN TWO EXCITED STATES

Equations~57!, ~61! and ~62! suggest that in coupled
cluster response theory multiphoton transition moments
tween two excited states can be calculated in analogy to
~16! and ~17! as:

M f← i
X1 ...Xn~v2 ,...,vn!5 j̄ f X1 ...Xn~2v f ,v1 ,...,vn!Ei~v i !,

~73!

and

M f← i
X1 ...Xn~v2 ,...,vn!5Ēf~2v f !j

iX1 ...Xn~v i ,v1 ,...,vn!,
~74!

where v15v f2v i2v2 ...2vn . Equations~73! and ~74!
obviously hold in first and second order as shown in Sec.
Induction may be used to prove that they also hold for a
trary order. The details are given in the Appendix.

It remains to prove that the two expressions lead in ev
order to the same expressions for excited state–excited
transition moments and excited state response functions.
equivalence of Eqs.~73! and~74! is verified in the following
by demonstrating that both expressions can be rewritte
derivatives of the same functional. In Ref. 21 we show
how the projection formulas~16! and ~17! for the ground–
excited state transition moments can be reformulated as
rivatives of variational time-averaged functionals. To der
a similar functional for the transition moments between t
excited states, we start from Eq.~73!. Without changing the
result forMi← f

X1 ...Xn we can add to the right hand side of E
~73! lower-order response equations for the left excited s
vectors, multiplied by right excited state response vector
e

se
.

in

e-
s.

I.
i-

y
ate
he

as
d

e-

te

05@ j̄ iX1 ...Xm~2v i ,v1 ,...,vm!1ĒiX1 ...Xm~2v i ,v1 ,...,vm!

3~A1~v11...1vm2v i !1!21#

3Ef Xm11 ...Xn~v f ,vm11 ,...,vn!. ~75!

We may further add the eigenvector equations forĒi andEf

multiplied by the excited state response vectors of ordern,

lim
v11...1vn→v i2v f

ĒiX1 ...Xn~2v i ,v1 ,...,vn!~A2v f1!21

3Ef~v f !50, ~76!

lim
v11...1vn→v i2v f

Ēi~2v i !~A2v i1!21

3Ef X1 ...Xn~v f ,v1 ,...,vn!50, ~77!

where we impose the limes in order to guarantee that
equality still holds, when the sum of the frequencies a
proaches the excitation energy differencev i2v f . Using
Eqs.~75!–~77!, we can rewrite the expression for the mul
photon transition moments between two excited states a

Mi← f
X1 ...Xn~v2 ,...,vn!

5 lim
v11...1vn→v i2v f

P̂X1 ...Xn (
m50

n
1

m! ~n2m!!

3@ j̄ iX1 ...Xm~2v i ,v1 ,...,vm!

1ĒiX1 ...Xm~A1~v1 ...1vm2v i !1!#

3Ef Xm11 ...Xn~v f ,vm11 ,...,vn!. ~78!

Employing the variational conditions for the left excited sta
response vectors, the term braces can be formulated
derivative:

j̄ iX1 ...Xm~2v i ,v1 ,...,vm!1ĒiX1 ...Xm~2v i ,v1 ,...,vm!

3~A1~v1 ...1vm2v i !1!

5S dm$Ēi~ t,e!~A~ t,e!1~v1 ...1vm2v i !1!%

de1~v1!...dem~vm!
D

0

. ~79!

Since the responses of right excited state vectors are the
rivatives ofE(t,e) with respect to some field strengths,

Ef Xm11 ...Xn~v f ,vm11 ,...,vn!

5S d~n2m!Ef~ t,e!

dem11~vm11!...den~vn! D
0

, ~80!

Eq. ~78! becomes a special case of the binomial formula a
Mi← f

X1 ...Xn(v2 ,...,vn) can be formulated as derivative of
functional:
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Mi← f
X1 ...Xn~v2 ,...,vn!

5S dn

de1~v1!...den~vn! H lim
r→0

ertĒi~ t,e!

3S A~ t,e!1 i
d

dtDEf~ t,e!J
T
D

e i50

. ~81!

With $ %T we denote time-averaging as in Eq.~6!. The ex-
pression in braces in Eq.~81! can be interpreted as an excite
state–excited state transition moment functional:
e

h
am
t

:

r
te
o
t
n
a

ns

th
t

n
l

T i f ~ t,e!5 lim
r→0

ertĒi~ t,e!S A~ t,e!2 i
d

dtDEf~ t,e!. ~82!

Alternatively, one may start from Eq.~74! for the transition
moments between two excited states and add to the r
hand side of Eq.~74! lower-order response equations for th
right excited state vectors multiplied by left excited sta
response vectors and again the eigenvector equations foĒi

and Ef multiplied by thenth-order excited state respons
vectors, Eqs.~76! and~77!. This leads to the same transitio
moment functional:
Mi← f
X1 ...Xn~v2 ,...,vn!5 lim

v11...1vn→v i2v f

P̂X1 ...Xn (
m50

n
1

m! ~n2m!!
S d~n2m!Ēi~ t,e!

dem11~vm11!...den~vn!
D

0

3S dm$~A~ t,e!2~v f1v1 ...1vm!1!Ef~ t,e!%

de1~v1!...dem~vm! D
0

~83!

5S dn

de1~v1!...den~vn! H lim
r→0

ertĒi~ t,e!S A~ t,e!2 i
d

dtDEf~ t,e!J
T
D

0

. ~84!
e

of

am-
the
state
nsi-

ions

f the
di-

the
are

end
the

oes

e-
s a
the
ined
te
m-
ere-
This proves that the two formulations~73! and ~74! for the
transition moments between two excited states are ind
equivalent for arbitrary ordern.

We observe, that the time-average of the functionalT i f

is variational in the Fourier components of the left and rig
excited state vectors, but not in the ground state cluster
plitudes. To obtain a Lagrangian which may be required
be stationary in all its variables we complementT i f with the
time-dependent coupled cluster equations as constraints

Li f ~ t,e!5 lim
r→0

ertĒi~ t,e!S A~ t,e!2 i
d

dtDEf~ t,e!

1N̄i f ~ t,e!S e~ t,e!2 i
d

dt
t~ t,e! D . ~85!

From the derivatives of$Li f %T one obtains expressions fo
the left and right transition moments between two exci
states which are equivalent to those derived from the sec
residues of the ground state response functions or from
first residues of the ground–excited state transition mome
The variational formulation through a transition moment L
grangian makes the implementation of 2n11 and 2n12
rules straightforward: The calculation of (2n11)-photon
transition moments requires only the solution of the respo
equations up ordern for the variables oft, Ēi , Ef and N̄i f .
For the Lagrangian multipliersN̄i f and either for the left or
for the right excited state vectors also the stronger 2n12
rule can be applied. The singular terms which during
derivation of the transition moment functional were added
Mi← f

X1 ...Xn have no effect for the applicability of the transitio
moment Lagrangian, since these terms are proportiona
ed

t
-

o

d
nd
he
ts.
-

e

e
o

to

ĒiX1 ...Xn andĒf X1 ...Xn and automatically eliminated from th
expressions when the 2n11 and 2n12 rules are applied.

From the variational condition for the time-average
the transition moment Lagrangian,

d$Li f ~ t,e!%T50, ~86!

one obtains per construction for the ground state cluster
plitudes and for the left and right excited state vectors
same response equations as obtained from the ground
quasienergy Lagrangian and the ground–excited state tra
tion moment Lagrangians. The only new response equat
which arise are those for the Lagrangian multipliersN̄i f .
They are obtained from the condition that$Li f %T is stationary
in the cluster amplitudest.

Because we used a phase-isolated parametrization o
coupled cluster ground state wave functions, the interme
atest(t,e), Ēi(t,e), Ef(t,e) and N̄i f (t,e) of the transition
moment Lagrangian are phase-isolated with respect to
ground state quasienergy-dependent phase-factor. They
not phase-isolated with respect to phase-factors that dep
on the quasienergy differences between the ground and
excited states. Thus, the transition moment Lagrangian d
not become a quasienergy Lagrangian fori 5 f . The La-
grangianL f f(t,e) could be used to derive excited state r
sponse functions, but the resulting expressions would a
consequence of the incomplete phase-isolation contain
same secular divergent terms as the expressions obta
from the residues. In Sec. VII we will derive an excited sta
quasienergy Lagrangian with a parametrization that is co
pletely phase-isolated for the excited state and leads th
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fore to expressions which are numerical stable in the st
limit.

V. MULTIPHOTON TRANSITION MOMENTS AS
DERIVATIVES OF THE TRANSITION MOMENT
LAGRANGIAN

The variational transition moment Lagrangian render
possible to derive multiphoton transition moments in
straightforward and simple way as derivatives, without
roundabout way via second residues of the ground state
sponse functions:

Mi← f
X1 ...Xn~v2 ,...,vn!5S dn$Li f %T

de1~v1!...den~vn! D
0

. ~87!

To exemplify the usage of the last equation, we derive in
following the coupled cluster response theory expressions
one- through three-photon transition moments between
excited states. According to the 2n12 rule we need for these
transition moments the zeroth- and the first-order Lagrang
multipliers N̄i f (2v i ,v f) and N̄i f (2v i ,v f ,vA). From the
stationary condition of$Li f %T in the Fourier components o
the cluster amplitudes we obtain the equations:

N̄i f ~2v i ,v f !~A1~v f2v i !1!52Ēi~2v i !BEf~v f !, ~88!

and

N̄i f A~2v i ,v f ,vA!~A1~v f2v i1vA!1!

52n̄i f A~2v i ,v f ,vA!, ~89!

with

n̄i f A~2v i ,v f ,vA!

5Ēi~2v i !~CtA~vA!1BA!Ef~v f !

1ĒiA~2v i ,vA!BEf~v f !1Ēi~2v i !

3BEf A~v f ,vA!1N̄i f ~2v i ,v f !~BtA~vA!1AA!.

~90!

From the first derivative of the time-averaged transition m
ment functional we get the expression for one-photon tr
sion moment. If we apply the 2n11 and 2n12 rules, we
obtain the one-photon transition moment immediately in
formulation of Eq.~55!,

Mi← f
A 5S d$Li f %T

deA~v i2v f !
D

0

5Ēi~2v i !A
AEf~v f !1N̄i f ~2v i ,v f !j

A, ~91!

which from the residue of the ground–excited state transi
moments was only found after some algebraic manipu
tions. The two-photon transition moment between two
cited states is obtained from the second derivative of
transition moment Lagrangian as:
ic

it

e
re-

e
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n

-
-

e

n
-
-
e

Mi← f
AB ~vB!5S d2$Li f %T

deA~vA!deB~vB! D
0

~92!

5 P̂AB$Ēi~2v i !@BtA~vA!1AA#Ef B~v f ,vB!

1Ēi~2v i !@
1
2CtA~vA!tB~vB!1BAtB~vB!#

3Ef~v f !1N̄i f ~2v i ,v f !

3@ 1
2BtA~vA!tB~vB!1AAtB~vB!#%, ~93!

with vA5v i2v f2vB . Equation~93! is equivalent to the
expression in Eq.~63!, derived in Sec. III using the inter
change rule. Employing the 2n11 and 2n12 rules one ob-
tains for the three-photon transition moments between
cited states:

Mi← f
ABC~vB ,vC!5S d3$Li f %T

deA~vA!deB~vB!deC~vC! D
0

, ~94!

5 P̂ABC$ĒiAj f BC1Ni f AjBC1 1
6Ē

iDtAtBtCEf

1Ēi@ 1
2CtAtB1BAtB#Ef C

1N̄i f @ 1
6CtAtBtC1 1

2B
BtAtC#%, ~95!

where we for notational convenience omitted the freque
arguments on the right hand side, implying thatĒi

5Ēi(2v i), N̄i f 5N̄i f (2v i ,v f), tA5tA(vA), etc. and that
vA5v i2v f2vB2vC .

VI. A REGULARIZED PERTURBATION EXPANSION
FOR THE EXCITED STATE VECTORS

The left and right excited state response vectorsĒf X1 ...Xn

and Ef X1 ...Xn, determined by the variational conditions fo
the transition moment Lagrangians, are the coefficient o
Fourier and perturbation expansion of the time-depend
vectorsĒf(t,e) andEf(t,e). These vectors provide a param
eterization of the time-dependent bra and ket wave functi
for the excited statef in the biorthogonal space spanned
the similarity transformed left projection manifold

^HFu t̂m
† exp~2T̂~ t,e!!expS i E

t0

t

W ~ t8,e!dt8D ,

and by the single, double, etc. excitations out of the coup
cluster state,

t̂muCC~ t,e!&5expS 2 i E
t0

t

W ~ t8,e!dt8D exp~ T̂~ t,e!!t̂muHF&.

~96!

The coupled cluster state and the bra states of the left
jection manifold include an oscillating phase-factor depe
ing on the so-called level shift or time-dependent quasi
ergy W (t,e) for the ground state which was defined in E
~2!. Because this phase-factor is incorporated in the b
thogonal basis, the vectorsĒf(t,e) and Ef(t,e) are phase-
isolated with respect to the ground state quasienergy. T
are, however, not phase-isolated with respect to the quas
ergy of the excited statef . As discussed in detail by Lang
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hoff et al.,28 a wave function ansatz which is not complete
phase-isolated leads in time-dependent perturbation ex
sions to so-called secular terms which diverge in the st
limit. These divergencies can be avoided by factoring out
quasienergy-dependent phase factor and expanding the
function and the quasienergy separately in orders of the
turbation strength.

For the excited state vectorsĒf(t,e) andEf(t,e) such an
ansatz can be realized by isolating the quasienergy differe
between the ground state and the excited statef :

Ef~ t,e!5Ẽf~ t,e!expS 2 i E
t0

t

DW 0 f~ t8,e!dt8D , ~97!

Ēf~ t,e!5E! f~ t,e!expS 1 i E
t0

t

DW 0 f~ t8,e!dt8D , ~98!

where the explicit form ofDW 0 f(t,e) will be determined
below. The vectorsẼf(t,e) andE! f(t,e) can now be param
etrized such that secular terms which describe an ove
time-dependent phase-factor are excluded. From the b
thogonality condition,

E! f~ t,e!Ẽf~ t,e!5Ēf~ t,e!Ef~ t,e!5Ēf~2v f !E
f~v f !51,

~99!

it follows that a remaining overall phase-factor inE! f(t,e)
must be the inverse of an overall phase-factor inẼf(t,e).
Requiring in addition to Eq.~99! that

Ēf~2v f !Ẽ
f~ t,e!5E! f~ t,e!Ef~v f !, ~100!

forces the overall phase-factors inE! f(t,e) andẼf(t,e) to be
equal and thus fixes them to 1. A similar time-independ
phase-factor for the nonphase-isolated parametrization
for the unperturbed vectors is fixed by the conditi
Ef(v f)E

f(v f)51. In the unperturbed limitE! f(t,e) and
Ẽf(t,e) must converge to the time-independent vect
Ēf(2v f) andEf(v f). An expansion ofE! f(t,e) andẼf(t,e)
in the field strengths and Fourier components of the exte
perturbationV̂(t,e) which is compatible with Eq.~100! is
obtained by:

Ẽf~ t,e!5Ef~v f !1 (
n51

`
1

n! (
j 1

...(
j n

Ẽf Xj 1
...Xj n~v f ,v j 1

,...,v j n
!

3 )
m51

n

e j m
~v j m

!e2 iv j m
t, ~101!

E! f~ t,e!5Ēf~2v f !1 (
n51

`
1

n! (
j 1

...(
j n

E! f Xj 1
...Xj n~2v f ,v j 1

,...,v j n
!

3 )
m51

n

e j m
~v j m

!e2 iv j m
t. ~102!
n-
ic
e

ave
r-

ce

ll
r-

t
nd
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Inserting the expansion ansatzes for the left and right exc
state vectors into Eqs.~99! and ~100!, these two equations
can be combined to:

Ēf~2v f !Ẽ
f X1 ...Xn~v f ,v1 ,...,vn!

5E! f X1 ...Xn~2v f ,v1 ,...,vn!Ef~v f !

52 1
2P̂

X1 ...Xn(
k51

n21

E! f X1 ...Xk~2v f ,v1 ,...,vk!

3Ẽf Xk11 ...Xn~v f ,vk11 ,...,vn!. ~103!

The projection of the excited state response vectors onto
unperturbed reference state are thus dependend variable
can be expressed in terms of lower-order response vec
The independent variables of the expansion in Eqs.~101! and
~102! are the components of the zeroth-order vectorsEf(v f)
and Ēf(2v f) ~restricted by the normalization conditions!
and the projection of the higher-order response vectors o
the orthogonal complement of the excited reference statf .
Using the projection operatorQf introduced in Eq.~69!, the
latter components can be defined by:

'Ẽf X1 ...Xn~v f ,v1 ,...,vn!5Qf Ẽf X1 ...Xn~v f ,v1 ,...,vn!,
~104!

'E! f X1 ...Xn~2v f ,v1 ,...,vn!

5E! f X1 ...Xn~2v f ,v1 ,...,vn!Qf . ~105!

A. Time-dependent effective Schro ¨ dinger equations
and variation principles for the phase-isolated
excited state vectors

Inserting the ansatz~97! and ~98! into the effective
Schrödinger equations for the excited state vectors, Eqs.~30!
and ~31!, leads to effective Schro¨dinger equations for the
phase-isolated parts:

~A~ t,e!2DW 0 f~ t,e!!Ẽf~ t,e!5 i
d

dt
Ẽf~ t,e!, ~106!

E! f~ t,e!~A~ t,e!2DW 0 f~ t,e!!52 i
d

dt
E! f~ t,e!. ~107!

Projecting Eq.~106! onto E! f(t,e) or Eq. ~107! onto Ẽf(t,e)
leads to the equation for the quasienergy difference betw
the excited statef and the ground state:

DW 0 f~ t,e!5S E! f~ t,e!S A~ t,e!2 i
d

dtD Ẽf~ t,e! D , ~108!

where we used the normalization condition for the exci
state vectors Eq.~99!.

Alternatively to the effective Schro¨dinger equations, the
generalized Frenkel variation principle,21,28

dES Ēf~ t,e!FA~ t,e!2 i
d

dtGEf~ t,e! D
1 i

d

dt
~Ēf~ t,e!dEEf~ t,e!!50, ~109!
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can be used to determine the time-evolution of the exc
state vectors. In Eq.~109! the symboldE denotes variations
with respect to the independent variables of the excited s
vectors. Inserting the phase-isolated ansatz, Eqs.~97! and
~98!, into Eq. ~109! one obtains:

dES E! f~ t,e!FA~ t,e!2DW 0 f~ t,e!2 i
d

dtG Ẽf~ t,e! D
1 i

d

dt S E! f~ t,e!dEẼf~ t,e!2 iE! f~ t,e!Ẽf~ t,e!

3dEE
t0

t

DW 0 f~ t8,e!dt8D 50. ~110!

Using the normalization condition~99!, the phase-isolated
form of the generalized Frenkel principle is obtained as:

dES E! f~ t,e!FA~ t,e!2 i
d

dtG Ẽf~ t,e! D
1 i

d

dt
~E! f~ t,e!dEẼf~ t,e!!50, ~111!

or, if Eq. ~108! for the quasienergy differenceDW 0 f(t,e) is
inserted, as:

dEDW 0 f~ t,e!1 i
d

dt
~E! f~ t,e!dEẼf~ t,e!!50. ~112!

Because we consider only~quasi-!periodic perturbations
which can be written as a sum over Fourier components a
Eq. ~5!, the time-average of Eq.~112! is sufficient to deter-
mine the time-evolution ofE! f(t,e) and Ẽf(t,e). Due to the
~quasi-!periodic form of E! f(t,e) and Ẽf(t,e) the time-
average of the second term in Eq.~112! vanishes and we
arrive at a variational condition for the time-averag
quasienergy difference between the excited statef and the
ground state:

dE$DW 0 f~ t,e!%T50. ~113!

As in the generalized Frenkel principle for the comple
time-dependent excited state vectors, Eq.~109!, are the al-
lowed variationdE in Eqs.~110!–~113! restricted by the nor-
malization condition Eq.~99! and the phase condition Eq
~100!. In the next paragraphs we show how the respo
equations for the phase-isolated excited state vectorsE! f(t,e)
and Ẽf(t,e) can be determined from the effective Schr¨-
dinger equations~106! and~107!. Equivalent response equa
tions can be obtained from the variational conditions~111!–
~113!.

B. Response equations for the phase-isolated excited
state vectors

We use the effective Schro¨dinger equations and Eqs
~99! and~100! to derive the first- and second-order respon
equations for the phase-isolated excited state vectors.
time- and field-dependent Jacobian matrixA(t,e) which ap-
pears in Eqs.~106! and~107! can be expanded in the Fourie
components and the strengths of the external fields up
second order as:
d

te

in

e

e
he

to

A~ t,e!5A1(
j

e j~v j !e
2 iv j t@BtXj~v j !1AXj #

1(
jk

1

2
e j~v j !ek~vk!e

2 i ~v j 1vk!t

3@CtXj~v j !t
Xk~vk!1BtXjXk~v j ,vk!

1BXktXy~v j !1BXj tXk~vk!#1... . ~114!

For the quasienergy differenceDW 0 f(t,e) we make the an-
satz:

DW 0 f~ t,e!5v f1 (
n51

`
1

n! (
j 1

...(
j n

DW
0 f

Xj 1
...Xj n~v j 1

,...,v j n
!

3 )
m51

n

e j m
~v j m

!e2 iv j m
t. ~115!

Inserting Eq.~114! and the expansion for the phase-isolat
excited state vectors, Eqs.~101! and ~102!, into Eqs.~106!
and ~107! and expanding it in orders of the field strength
one obtains in zeroth order the usual left and right eigenva
equations forĒf(2v f) and Ef(v f). In first order one gets
the response equations:

~A2~v f1vA!1!Ẽf A~v f ,vA!

52~BtA~vA!1AA2DW 0 f
A ~vA!!Ef~v f !, ~116!

and

E! f A~2v f ,vA!~A1~vA2v f !1!

52Ēf~2v f !~BtA~vA!1AA2DW 0 f
A ~vA!!. ~117!

From Eq.~103! we obtain

E! f A~2v f ,vA!Ef~v f !5Ēf~2v f !Ẽ
f A~v f ,vA!50. ~118!

Thus, the first-order responses of the phase-isolated exc
state vectors have no component parallel to the unpertu
excited reference state vectors,Ēf(2v f) andEf(v f). Mul-
tiplying Eq. ~116! from the left and Eq.~117! from the right
with the projector to the orthogonal complement of statef ,
Qf512Rf , defined in Sec. III B, and using thatQf com-
mutes with the Jacobian, we obtain:

~A2~v f1vA!1!Ẽf A~v f ,vA!

52Qf~BtA~vA!1AA!Ef~v f !, ~119!

E! f A~v f ,vA!~A1~vA2v f !1!

52Ēf~2v f !~BtA~vA!1AA!Qf . ~120!

Due to this projection the response equations~119! and~120!
are regular in the static limitvA→0. Projection of the first-
order response equations onto the excited reference
leads to an expression for the quasienergy deriva
DW 0 f

A (vA):
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DW 0 f
A ~vA!5Ēf~2v f !~BtA~vA!1AA!Ef~v f !. ~121!

The second-order response equations for the right and
excited state vectors are:

~A2~v f1vA1vB!1!Ẽf AB~v f ,vA ,vB!

5 j̃ f AB~v f ,vA ,vB!, ~122!

E! f AB~2v f ,vA ,vB!~A2~v f1vA1vB!1!

5j! f AB~2v f ,vA ,vB!, ~123!

with

j̃ f AB~v f ,vA ,vB!5 P̂AB$~BtA~vA!1AA2DW 0 f
A ~vA!!

3Ẽf B~v f ,vB!1~ 1
2CtA~vA!tB~vB!

1 1
2BtAB~vA ,vB!1BAtB~vB!!Ef~v f !

2DW 0 f
AB~vA ,vB!Ef~v f !%, ~124!

and

j̃ f AB~v f ,vA ,vB!5 P̂AB$E! f B~2v f ,vB!~BtA~vA!

1AA2Wf
A~vA!!1Ēf~2v f !~

1
2CtA~vA!

3tB~vB!1 1
2BtAB~vA ,vB!1BAtB~vB!!

2Ēf~2v f !DW 0 f
AB~vA ,vB!%. ~125!

From the projection onto the orthogonal complement off we
obtain regular equations for the part of the second-order
sponse vectors which are orthogonal to the reference sta

~A2~v f1vA1vB!1!'Ẽf AB~v f ,vA ,vB!

52Qf j̃ f AB~v f ,vA ,vB!, ~126!

'E! f AB~2v f ,vA ,vB!~A2~v f1vA1vB!1!

52j! f AB~2v f ,vA ,vB!Qf . ~127!

The reference state coefficients of the second-order exc
state response vectors are obtained from Eq.~103!:

Ēf AB~2v f ,vA ,vB!Ef~v f !

5Ēf~2v f !E
f AB~v f ,vA ,vB!

52 1
2~Ēf A~2v f ,vA!Ef B~v f ,vB!

1Ēf B~2v f ,vB!Ef A~v f ,vA!!. ~128!

Projection of the second-order response equations onto
excited reference statef gives equations from which th
second-order quasienergyDW 0 f

AB(vA ,vB) could be calcu-
lated once the second-order excited state response vecto
known.

The procedure used to solve for the second-order
sponse vectors can be generalized to higher orders: In
eral the component of thenth-order response vectors o
thogonal to the excited reference state are determined f
the nth-order response equations projected onto orthogo
complement of statef :
ft

e-
.

ed

he

are

e-
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m
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~A2~v f1v11...!1!'Ef X1 ...~v f ,v1 ,...!

52Qf j̃ f X1 ...~v f ,v1 ,...!, ~129!

'Ēf X1 ...~2v f ,v1 ,...!~A1~2v f1v11...!1!

52j! f X1 ...~2v f ,v1 ,...!Qf , ~130!

while the reference state coefficients are determined by
~103!. To calculate the right hand side vectors for t
nth-order response equations the responses of the qua
ergy difference are needed up to ordern21. They can be
obtained either from the expectation value type express
~108! or from equivalent equations obtained from projecti
the response equations onto the excited reference state
note, that the 2n11 and 2n12 rules cannot be applied with
out modifications to the calculation of the coefficien
DW f

AB(vA ,vB) of the time-dependent quasienergy diffe
ence, because only the time-average$DW 0 f(t,e)%T is sub-
ject to the variational condition~113!.

Although we used for the phase-isolated and
nonphase-isolated perturbation expansions different par
etrizations of the time-dependent excited state vectors,
final results forĒf(t,e) andEf(t,e) must be the same orde
by order in the perturbation strengths. To compare the
perturbation series, we expand the quasienergy-depen
phase-factor which has been factored off in the pha
isolated expansion. Doing so, we get for the right exci
state vectors:

Ef~ t,e!5Ef~v f !e
2 iv f t1(

j
e j~v j !S Ẽf Xj~v f ,v j !

1Ef~v f !
DW 0 f

Xj~v j !

v j
D e2 i ~v f1v j !t1... .

~131!

If we compare the last equation with the nonphase-isola
perturbation expansion for the right excited state vectors
find in first order:

Ef A~v f ,vA!5Ẽf A~v f ,vA!1Ef~v f !
DW 0 f

A ~vA!

vA
.

~132!

For the left excited state vectors one finds in a similar m
ner:

Ēf~ t,e!5Ēf~2v f !e
1 iv f t

1(
j

e j~v j !S E! f Xj~2v f ,v j !

2Ēf~2v f !
DW 0 f

Xj~v j !

v j
D e2 i ~v j 2v f !t1..., ~133!

and

Ef A~2v f ,vA!5E! f A~2v f ,vA!2Ēf~2v f !
DW 0 f

A ~vA!

vA
.

~134!
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Of course, the same relations can be derived from a comp
son of the respective response equations for the ph
isolated and the nonphase-isolated perturbation expansi

From the results of Ref. 21 and from the examples
rived in Sec. III it is evident that the first and second residu
of the ground state response functions and thus the exp
sions for multiphoton transition moments are more clos
related to the irregular nonphase-isolated perturbation ex
sion. For excited state response functions the singular
from the left and from the right excited state vectors can
mutually. In this case it is evidently computationally adva
tageous to use the regularized phase-isolated perturbatio
ries in order to avoid numerical instabilities for small or ze
frequencies.

VII. RESPONSE FUNCTIONS FOR EXCITED STATES
AS DERIVATIVES OF A QUASIENERGY
DIFFERENCE LAGRANGIAN

Similar to the ground state response functions, the
ference between the ground state and the excited stat
sponse functions can be calculated as derivative of the
part of the time-averaged quasienergy difference:

^^X1 ;X2 ,...,Xn&&v2 ...vn

~ f ! 2^^X1 ;X2 ,...,Xn&&v2 ...vn

~0!

5S dn$ 1
2DW 0 f~ t,e!1 1

2DW 0 f~ t,e!* %T

de1~v1!de2~v2!...den~vn!
D

0

, ~135!

with v152v2 ...2vn . The expressions for the excite
state response functions obtained from the derivative of
quasienergy difference are equivalent to those obtained f
the derivatives of the transition moment functionalT f f(t,e).
This conjecture can be proven as follows: From the gene
ized Frenkel variation principles for thecompleteand for the
phase-isolatedexcited state vectors, Eqs.~109! and ~111!,
we obtain the two equations:

d

de j~v j !
S Ēf~ t,e!FA~ t,e!2 i

d

dtGEf~ t,e! D
1 i

d

dt S Ēf~ t,e!
d

de j~v j !
Ef~ t,e! D

5Ēf~ t,e!
dA~ t,e!

de j~v j !
Ef~ t,e!, ~136!

d

de j~v j !
S E! f~ t,e!FA~ t,e!2 i

d

dtG Ẽf~ t,e! D
1 i

d

dt S E! f~ t,e!
d

de j~v j !
Ẽf~ t,e! D

5E! f~ t,e!
dA~ t,e!

de j~v j !
Ẽf~ t,e!, ~137!

which resemble the time-dependent Hellmann–Feynm
theorem for exact states:2,25,28
ri-
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d

de j~v j !
^0~ t,e!uĤ~ t,e!2 i

d

dt
u0~ t,e!&

1 i
d

dt
^0~ t,e!u

d

de j~v j !
u0~ t,e!&

5^0~ t,e!u
dĤ~ t,e!

de j~v f !
u0~ t,e!&. ~138!

In the parametrization~97!–~102! the time-average of the
second term of the left hand side of Eq.~137! vanishes. This
can be used to rewrite the derivatives of the time-avera
quasienergy difference$DW 0 f(t,e)%T as:

dn$DW 0 f~ t,e!%T

de1~v1!...den~vn!

5H dn21

de2~v2!...den~vn! F d

de1~v1!

3S E! f~ t,e!FA~ t,e!2 i
d

dtG Ẽf~ t,e! D
1 i

d

dt S E! f~ t,e!
d

de1~v1!
Ẽf~ t,e! D G J

T

, ~139!

5H dn21

de2~v2!...den~vn! S E! f~ t,e!
dA~ t,e!

de1~v1!
Ẽf~ t,e! D J

T

,

~140!

5H dn21

de2~v2!...den~vn!

3 lim
r→0

ertS Ēf~ t,e!
dA~ t,e!

de1~v1!
Ef~ t,e! D J

T

. ~141!

In Eq. ~141! the limes was imposed because divergent se
lar terms appear in the nonphase-isolated excited state
tors. In the parametrization~22!–~23! for the complete ex-
cited state vectors the time-average of the second term o
left hand side of Eq.~136! vanishes and thus one obtain
that the derivatives of the time-averaged quasienergy dif
ence$DW 0 f(t,e)%T are equal to the derivatives of the time
averaged transition moment functional$T f f(t,e)%T given in
Eq. ~82!:

dn$DW 0 f~ t,e!%T

de1~v1!...den~vn!

5H dn

de1~v1!...den~vn!

3 lim
r→0

ertS Ēf~ t,e!FA~ t,e!2 i
d

dtGEf~ t,e! D J
T

, ~142!

5
dn$T f f~ t,e!%T

de1~v1!...den~vn!
. ~143!

The last equation proves that expressions for excited s
response functions derived from the derivatives of
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quasienergy difference in Eq.~135! are formally equivalent
to the expressions identified from the second residues of
ground state response functions.

As shown in the last section, the time-average
DW 0 f(t,e) is stationary in the Fourier components of t
left and right excited state vectors. To obtain a quasiene
difference Lagrangian in which the time-average can be
quired to be stationary in all its independent variables,
must add toDW 0 f(t,e) the constraints for the ground sta
cluster amplitudes, multiplied by excited state Lagrang
multipliers ~cf. Eq. ~85!!:

DL f~ t,e!5DW 0 f~ t,e!1N! f~ t,e!S e~ t,e!2 i
d

dt
T~ t,e! D .

~144!

The variational condition for the time-average ofDL f(t,e),

d$DL f~ t,e!%T50, ~145!

gives per construction forE! f(t,e) and Ẽf(t,e) the same re-
sponse equations as the generalized Frenkel variational
ciple, Eq.~111!, or the effective Schro¨dinger equations~106!
and ~107! used in Sec. VI. For the cluster amplitudest(t,e)
the same response equations are obtained as from the gr
state quasienergy Lagrangian. For the excited states
grangian multipliers Eq.~145! leads to response equation
which are formally equivalent to those obtained from t
transition moment Lagrangian for the Fourier components
N̄f f(t,e), but all secular divergent terms are eliminated fro
the right hand side vectors. No difference appears in zer
order,

N! fA52Ēf~2v f !BEf~v f !, ~146!

but in the first-order equations,

N! f A~vA!~A1vA1!52n! f A~vA!, ~147!
di
t
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e
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in-
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f

h-

n! f A~vA!5Ēf~2v f !~CtA~vA!1BA!Ef~v f !

1E! f A~2v f ,vA!BEf~v f !1Ēf~2v f !

3BẼf A~v f ,vA!1N! f~BtA~vA!1AA!, ~148!

the secular terms, present in Eqs.~89! and ~90!, are elimi-
nated.

Since all zeroth-order intermediates in the phase-isola
parametrization are identical to the zeroth-order interme
ates in the nonphase-isolated parametrization, we get f
the excited state quasienergy difference Lagrangian exa
the same expression for first-order properties as we ident
from the residues in Eq.~56!. For the difference between th
excited state and the ground state linear response func
we obtain from the second derivative ofDL f(t,e):

^^A;B&&vB

~ f !2^^A;B&&vB

~0!

5 1
2Ĉ

6vP̂AB$Ēf~2v f !~BtB~vB!1AB!Ẽf A~v f ,vA!

1Ēf~2v f !~
1
2CtA~vA!tB~vB!1BAtB~vB!!Ef~v f !

1N! f~ 1
2BtA~vA!tB~vB!1AAtB~vB!!%, ~149!

with vA52vB . The first term on the right hand side of E
~149! can be rewritten as:

Ēf~2v f !~BtB~vB!1AB!Ẽf A~v f ,vA!

5 j̄ f B~2v f ,vB!Qf~A2~v f1vA!1!21Qfj f A~v f ,vA!.

~150!

Thus, Eq.~149! is equivalent to Eq.~72!, obtained in Sec. III
after eliminating ‘‘by hand’’ the secular divergent terms. U
ing the 2n11 and 2n12 rules we get for the difference
between the quadratic response functions for the excited s
f and the ground state:
^^A;B,C&&vB ,vC

~ f ! 2^^A;B,C&&vB ,vC

~0! 5 1
2Ĉ

6vP̂ABC$ 1
6Ē

f~2v f !DtA~vA!tB~vB!tC~vC!Ef~v f !1Ēf~2v f !~
1
2CtA~vA!tB~vB!

1BAtB~vB!!Ẽf C~v f ,vC!1E! f C~2v f ,vC!~ 1
2CtA~vA!tB~vB!1BAtB~vB!!Ef~v f !

1E! f C~2v f ,vC!~BtA~vA!1AA!Ẽf B~v f ,vB!1N! f C~vC!~ 1
2BtA~vA!tB~vB!

1AAtB~vB!!1N! f~ 1
6CtA~vA!tB~vB!tC~vC!1 1

2B
AtB~vB!tC~vC!!2Ēf~2v f !

3~BtA~vA!1AA!Ef~v f !~E! f C~2v f ,vC!Ẽf B~v f ,vB!!%. ~151!
and
be
rgy,
rgy

con-
by
of
From the derivatives of the excited state quasienergy
ference Lagrangian one obtains the differences between
excited state and the ground state response functions. T
the complete excited state response functions the gro
state response functions are also needed and the respe
response equations for the ground state Lagrangian mult
ers must be solved. If one is only interested in the exci
state response properties but not in the ground state pro
f-
he
get
nd
tive
li-
d
er-

ties, the calculation of the ground state response function
the solution for ground state Lagrangian multipliers can
avoided using a Lagrangian for the excited state quasiene
i.e., a Lagrangian consisting of the sum of the quasiene
difference and the ground state quasienergy and the
straints for the ground state cluster amplitudes multiplied
Lagrangian multipliers. A time-independent Lagrangian
this form has recently been proposed by Christiansenet al.25
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for calculation of static excited state properties and geome
cal derivatives. A Lagrangian for the excited state quasi
ergy applicable for the calculation of frequency-depend
excited state properties is obtained by:

L f~ t,e!5L~ t,e!1DL f~ t,e!

5^HFuĤ~ t,e!exp~ T̂~ t,e!!uHF&1E! f~ t,e!A~ t,e!

3Ẽf~ t,e!1 t̄ f~ t,e!S e~ t,e!2 i
d

dt
t~ t,e! D . ~152!

The essential difference of this approach and the quasien
difference Lagrangian derived in the foregoing paragraph
that the ground state Lagrangian multipliers and the multi
ers for the excited state quasienergy difference Lagran
are combined to one set of Lagrangian multipliers:

t̄ f~ t,e!5 t̄ ~ t,e!1N! f~ t,e!. ~153!

We note that in the static limit the quasienergy becom
identical to the time-independent energy. The calculation
excited states~higher-order! properties as derivatives of th
Lagrangians~144! or ~152! becomes then equivalent to ca
culate them as derivatives of the time-independent energ
the excited state, where, however, the molecular orbitals
not allowed to relax in the external fields.

VIII. CONCLUSIONS

We have analyzed the structure of the second residue
the ground state response functions and the first residue
the left and the right multiphoton transition moments f
ground to excited state transitions as obtained in coup
cluster response theory and compared them with the exp
sions obtained in exact state response theory. All three ty
of residues give in coupled cluster response theory equ
lent results for multiphoton transition moments between t
excited states and for excited states response functions
showed that the coupled cluster expressions forn-photon
transition moments between two excited states can be wr
as the projections of the right hand side vectors for
nth-order response equations for one of the excited st
onto the zeroth-order vector for the other state. We utiliz
this formulation to derive a variational transition mome
Lagrangian from which computational efficient expressio
in accordance with 2n11 and 2n12 rules can be obtaine
as derivatives.

For excited state response functions the express
identified from the residues of the ground state respo
functions contain secular divergencies; i.e., unphysical te
which diverge in the static limit and which cancel mutual
The appearance of the secular terms is related to an imp
phase factor in the excited state vectors which depend
the quasienergy difference between the excited state and
ground state. We demonstrated that the secular divergen
can be removed by choosing a completely phase-isolated
rametrization for the excited state vectors and devised a
grangian for the quasienergy difference between the exc
state and the ground state, from which numerical stable
pressions for the excited state response functions can be
ri-
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tained as derivatives. These expressions are formally equ
lent to those obtained from the residues of the ground s
response functions, but contain no secular divergencies.
ing the excited state quasienergy Lagrangian, we derived
working expressions for the coupled cluster excited state
ear and quadratic response functions. Based on the equa
derived in Secs. VI and VII we have implemented t
coupled cluster excited state linear response function for
coupled cluster models CCS, CC2 and CCSD. Details of
implementation and numerical examples will be reported i
forthcoming publication.33 From the excited state linear re
sponse function one obtains f.x. dynamic polarizabilities
excited states; the key quantity in the description and und
standing of the Stark effect, solvatochromatic shifts of ex
tation energies and of electrochromic properties.
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APPENDIX: PROOF OF EQUATIONS „73… AND „74…

To prove that Eqs.~73! and~74! hold for arbitrary order
we analyze the general structure of the residues of
coupled cluster ground–excited state transition moments.
start from Eq.~16! for the left transition moments. To find
the first residues of the right hand side vecto
j̄X1 ...Xn11(v1 ,...,vn) for the limit vn11→2v i , we first
note that the resolventR(2vn11) enters in this vector via
the first-order multiplierst̄ Xn11(vn11), either by the direct
contributions oft̄ Xn11(vn11) to j̄X1 ...Xn11(v1 ,...,vn11) or
indirectly by the contributions oft̄ Xn11(vn11) to higher-
order multipliers t̄ Xn11Xk1

...Xkm(vn11 ,vk1
,...,vkm

) with m

,n.21 Thus the residue ofj̄X1 ...Xn11(v1 ,...,vn11) for
vn11→2v i can be obtained by

~1! skipping in j̄X1 ...Xn11(v1 ,...,vn11) all terms in which
the operator-frequency pair (Xn11 ,vn11) does not occur
in a response of the lagrange multiplierst̄ , and

~2! substituting the responses of the Lagrange multipliers
their residues:

lim
vn11→2v i

~2vn112v i ! t̄ Xn11Xk1
...Xkm~vn11 ,vk1

,...,vkm
!

5M0← i
Xn11R̄iXk1

...Xkm~2v i ,vk1
,...,vkm

!, ~A1!

where the vectorsR̄iXk1
...Xkm are defined through the las

equation.

If we do so with the expression for thej̄X1 ...Xn vectors de-
rived in Appendix A of Ref. 21 we find:
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lim
vn11→2v i

~2vn112v i !j̄
X1 ...XnXn11 ~A2!

5M0← i
Xn11P̂X1 ...XnH 1

~n21!!
R̄iX2 ...XnAX11 (

i 51

n21
1

i ! ~n2 i !!
R̄iX1 ...XiBtXi 11 ...Xn1 (

i 51

n22
1

i ! ~n2 i 21!!
R̄iX2 ...Xi 11BX1tXi 12 ...Xn

1
1

2 (
i 52

n21

(
j 51

i 21
1

j ! ~ i 2 j !! ~n2 i !!
R̄iX1 ...XjCtXj 11 ...XitXi 11 ...Xn

1
1

6 (
i 53

n21

(
j 52

i 21

(
k51

j 21
1

k! ~ j 2k!! ~ i 2 j !! ~n2 i !!
R̄iX1 ...XkDtXk11 ...Xj tXj 11 ...XitXi 11 ...XnJ , ~A3!

5M0← i
Xn11r̄ iX1 ...Xn. ~A4!
la
tu

n

e

-

te
,

ide
ons

e-
ived

p-
lf-

s.

s.

.

tt.
For notational convenience we have suppressed in the
equation the frequency arguments of the response ampli
and the vectorsR̄iX1 ...Xn. The vectors R̄iXk1

...Xkm(2v i ,
vk1

,...,vkm
) are the solution to a set of response equatio

R̄iXk1
...Xkm~2v i ,vk1

,...,vkm
!

52~M0← i
Xn11!21 lim

vn11→2v i

~2vn112v i !

3R~2vn112vk1
...2vkm

!

3 j̄Xn11Xk1
...Xkm~vn11 ,vk1

,...,vkm
!, ~A5!

52R~v i2vk1
...2vkm

! r̄ iXk1
...Xkm~2v i ,vk1

,...,vkm
!.

~A6!

In Eq. ~46! we showed that the residues of the first-ord
response Lagrange multiplierst̄ C(vC) for vC→2v i be-
come the left eigenvectorĒi(2v i), multiplied by the tran-
sition momentM0← i

C . Similarly, the residue of the second
order response Lagrange multiplierst̄ BC(vB ,vC) was
shown to be equal to the first-order responseĒiB(2v i ,vB)
of the left excited state vector, multiplied byM0← i

C . Thus, in
zeroth and in first order the vectorsR̄iX1 ...Xn are equal to the
left excited state vectorsĒiX1 ...Xn. If we compare Eq.~A3!
with the expression for the right hand side for the left exci
state response equations given in Appendix C of Ref. 21
follows by induction for arbitrary ordern that R̄iX1 ...Xn

5ĒiX1 ...Xn and r̄ iX1 ...Xn5 j̄ iX1 ...Xn. From this result, Eq.~73!
follows straightforwardly:

Mi← f
X1 ...Xn~v2 ,...,vn!

5~M0← i
Xn11!21 lim

vn11→2v i

~2vn112v i !

3M0← f
X1 ...XnXn11~v2 ,...,vn ,vn11!, ~A7!

5~M0← i
Xn11!21 lim

vn11→2v i

~2vn112v i !

3 j̄X1 ...XnXn11~v1 ,v2 ,...,vn ,vn11!Ef~v f !, ~A8!

5 j̄ iX1 ...Xn~2v i ,v1 ,v2 ,...,vn!Ef~v f !. ~A9!
st
de

s:

r

d
it

In a similar manner the residue of the right hand s
vectors for the cluster amplitude response equati
jX1 ...Xn11 are found as

lim
vn11→2v i

~2vn112v i !j
X1 ...Xn11~v1 ,...,vn11!

5j iX1 ...Xn~v i ,v1 ,...,vn!Mi←0
Xn11, ~A10!

where j iX1 ...Xn are the right hand side vectors for the r
sponse equations for the right excited state vectors, der
in Ref. 21. Introducing this result into Eq.~38! we obtain
immediately Eq.~74!:

M f← i
X1 ...Xn~v2 ,...,vn!

5~Mi←0
Xn11!21 lim

vn11→v i

~vn112v i !Ē
f~2v f !

3jX1 ...XnXn11~v1 ,v2 ,...,vn ,vn11!, ~A11!

5Ēf~2v f !j
iX1 ...Xn~v i ,v1 ,v2 ,...,vn!. ~A12!
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