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Derivation of coupled cluster excited states response functions
and multiphoton transition moments between two excited states
as derivatives of variational functionals
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Based on an analysis of the second residues of the coupled cluster ground state response functions,
general expressions are derived for multiphoton transition moments between two excited states and
for excited states response functions. The second residues are rewritten as derivatives of variational
functionals and computational efficient expressions are obtained in accordance witivtieahd

2n+2 rules. For the excited state response functions secular divergent terms are removed by
reformulating the expressions that are identified from the second residues of the ground state
response functions as derivatives of an excited state quasienergy Lagrangian. Explicit expressions
are given for coupled cluster one-, two- and three-photon transition moments between two excited
states and for excited states first-order properties and linear and quadratic response functions.
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I. INTRODUCTION the coupled cluster models CCS, CC2 and CC&#.

Quantum-mechanical calculations of transition moments In Ref. 21 we analyzed the structure of thg first residues
and excited state properties have in the past mainly bee?\,f coupled clustgr response fu.n.ctlons and derived the expres-
performed by carrying out an explicit optimization of the Sions for muiltiphoton transition moments between the
excited state wave functions. This requires often a multicondround state and an excited state. We formulated the multi-
figurational wave function ansatz and, if dynamical electropPhoton transition moments as derivatives of variational tran-
correlation effects need to be considered, demanding multgition moment functionals and used variational perturbation

reference correlation methods must be used. Olsen arfi€ory tozg_bzt‘lain expressions in accord with-21 and 2

Jirgensen demonstrated in their derivation of responsé 2 rules: o
theory for exact and MCSCF wave functidishow poles In the present paper we extend the derivation of Ref. 21

and residues of ground state response functions can be ufR fransition moments between two excited states and to
lized to obtain an alternative approach for excited state calfrequency-dependent excited state properties. These quanti-
culations. Excitation energies were obtained from the pole§€s can be obtained from the second residues of ground state
of the response functions and from the first residues of théesponse functions or equivalently from the first residues of
linear, quadratic and cubic response functions they identifieground to excited state multiphoton transition moments. We
formulas for one-, two- and three-photon transition momentsanalyze the structure of these residues and derive expressions
From the second residues of the quadratic and cubic responf® multiphoton transition moments between two excited
functions expressions were derived for excited states firststates and for excited state response functions.

and second-order propertitedmplementations of this ap- . The expressions id.entified from the residugs have two
proach for SCF and MCSCF wave functions were reported iflisadvantages: They involve unnecessary high-order re-
Refs. 3—6. sponse intermediates and for excited state properties they

In coupled cluster theory, the determination of excitationcontain so-called secular divergencies, terms which become
energies as poles of the ground state response functions hgiggular in the static limit but cancel each other mutually.
been used successfuily® and accurate excitation energies The unnecessary high-order response intermediates can be
have been obtained employing hierarchies of coupled clustéemoved if the multiphoton transition moments are rewritten
models'*~*° Analytic excited state first-order properties and as derivatives of a variational functional. This allows us to
energy gradients based on the response approach to excigpply variational perturbation theory to derive expressions
tion energies have been implemented f.x. for the coupleavhich obey the B+1 and +2 rules. We derive such a
cluster singles and doubl¢€CSD method in the context of variational functional in Sec. IV and exemplify its use in
the equation-of-motion coupled cluster apprddcfiand the  Sec. V by the derivation of expressions for the one- through
theory of second derivatives of excited states with respect tthree-photon transition moments. In Sec. VI we discuss a
general frequency-independent perturbations was derived lghase-isolated perturbation expansion for the excited state
Stanton and Gauss in Ref. 18. Recently an AO integral-direcivave functions in coupled cluster response theory. This al-
implementation has been reported for one- and two-phototernative parametrization of the excited states is used to re-
transition moments and for excited states first-order propemove the secular divergent terms in the excited state re-
ties in the framework of coupled cluster response theory fosponse functions. We devise in Sec. VIl an excited state
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quasienergy Lagrangian which leads to excited state re- 1

sponse functions and response equations which are free of t,(t,e)= > — > . E Xi (w0 )

secular divergent terms and therefore are numerical stable in n=0 M In

the static limit. Explicit expressions are derived for coupled n

cluster excited states linear and quadratic response functions. X Hl €] m(wjm)e*“"im‘. (8
=

Equation (6) becomes a set of response equations for the

Il. MULTIPHOTON TRANSITION MOMENTS IN Fourier components df,(t, ) andt_ﬂ(t,e). For ordern>0
COUPLED CLUSTER RESPONSE THEORY these equations can be written in the form

To introduce the notation and the basic concepts of A—(wi+...+ w,) D1 (w,,...,0,)
coupled cluster response theory a brief review of the deriva- XX
. ; . =—§&1"(wq,...,0p), 9
tion of coupled cluster response functions and multiphoton
transition moments between an excited state and the grourg, .. x

n yeeey A+ +...+ 1
state will be in place. For details of the derivations we refer (@1, 0n) (At (@1 on))

to Refs. 21, 25 and references cited therein. Coupled cluster = —?(1--'Xn(wl,___,wn)' (10)
response functions are most conveniently derived using the
quasienergy Lagrangian:2125-27 where the matri>A is the coupled cluster Jacobian:
. — d 7L
L(t,e)=~7//(t,e)+z t,(te) eﬂ(t,é)—latﬂ(t,e)), A= —= . (11
Iz ot ot
(1) o alene

Explicit expressions for the right hand side vectgfs *n

with the quasienergy defined as = i ) )
and £%1*n have been derived in Appendix A of Ref. 21.

W(t,e)=(HF|H(t,e)exp T(t,e))|HF), (2)  The response functions are obtained as derivatives of the real
part of the time-averaged quasienergy Lagrangian with re-
and spect to the field strengtff262%:30

e,(t,e)=(ulexp —T(t,e))H(t,e)exp(T(t,€))|HF). a ((X1i %20 XD oy

~ ngl + 1 *
The cluster operator is defined &t,e) == ,t,(t,€)7, and - dHoL(tetal (Lo iy _ (12)

t,(t,€) are Lagrangian multipliers. We considexquasi- dex(wy)...den(wn) €(0)=0
periodic time-dependent perturbation, which can be deco
posed into a sum over Fourier components as:

rTLi’he right hand side of Eq12) is explicitly symmetrized
with respect to complex conjugation bft,e). This is nec-
A(t,e)=AO+V(t,e), (4) essary because the coupled cIu$tp:aAsi)eneArgy is defined
by the projection type expressidiiF|H exp(T)|HF) which
without such a symmetrization would give an artificial
imaginary contribution if complex Hermitian operators, as
for example the time-dependent perturbaﬁé(rt €), are in-
whereH*; are time-independent hermitian one-electron op-cluded in the Hamiltonian. In the limit of a complete cluster
erators.V(t,e) is assumed to be Hermitian. Therefore theexpansion this symmetrization becomes, as in exact state re-
field strengths are required to fulfiéi(— w;) = €;(w;)*. The  sponse theory, redundant.
time-evolution is determined by the condition that the time-  The coupled cluster approximation for ground—excited
average of the quasienergy Lagrangian is stationary with restate multiphoton transition moments can be identified from
spect to variations of the cluster amplitudes and the Lagranghe first residues of the response functions. Of particular in-
ian multipliers®®2® terest are the first residues of the even order response func-
tions which determine the absorption cross sections for mul-

V(t,e)=2, Aiej(w))e i, (5
J

S{L(t,€)lr= 06! lim i *to L(t e)dt! = (6) tiphoton transitions. For exact states these residues take the
AT 2t form:
'[O_mc 0
If one expands the cluster amplitudes and the Lagrangian lIm  (@1+...+ @3—=0){(X1; X2, Xon))a,.... 0y,
multipliers in orders of the field strengths @17 Fop o
X X Xq..X
=M™ (@ny e @) MER TN (@2, 0n), (13)
t,e '[Jl Xin( g yee O
(t.€) n§=:o El: 2 (@5 05,) whereM L " w,,...,w,) andM 2 " (w,,... w,) are left
and nghtn photon transition moments between the ground
> H €, wjm)e—iwjmt, 7) state and the excited state With w; we denote the excita-

tion energy from the ground state to stdte
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For exact states, left and right transition moments for thecould be wused as variational “transition moment
same operators and for frequencies of the same absolute valagrangians,” from which expressions for multiphoton tran-
ues but of opposite signs are related by complexsition moments are obtained as derivatives:
conjugatio?® ML " Mwy,..w)* =ML TN~ 0y,

—wp). This symmetry is not retained in coupled cluster re-{| °f}_ = Iim[ept

n(t,€)+t(t,e) A(t,e)—i%”Ef(t,e)

sponse theory. As a consequence of the symmetrization with p—0
respect to complex conjugation in E@.2) the first residues d
of the coupled cluster response functions have to be com- +ept|\7f(t,e)(e(t,e)—i —t(t,e))] , (18)
pared with the explicitly symmetrized expression: dt T
lim w1t . F o= o)X X Xo N en e ) — - d
wl+,,,+wn~>wf( 1 n f)<< 1 2 2n>> 21 2n {LfO}T: |Im(eptEf(t,€)<e(t,€)— i at(t,e)” ] (19)
p—0 T

_ 1K1 Xan . MXE Ko . .
AMoI* (@n s, Mg (@2, 0n) The field- and time-dependent vectgtt,e) and the Jaco-

+MX1"'X”(—w2,...,—wn)* bian A(t,e) are defined as derivatives of the ground state
0t quasienergy and the coupled cluster equations:

XML 20—, wg0)* (14
= /A 2
In Ref. 21 we showed that the first residues of the coupled 7u(ts€) dt,, 7€), (20)
cluster response functions have the structure d
lim (a)l-l—wn—wf)((Xl, XZ""1X2n>>w2 """" @on A(t!e),U-V:d_tVe/I-(tye)' (21)

=X . ; The damping factoe” was introduced to ensure the proper
=3([& T wny 1, @012, 020) B (04) ] convergence of the transition moment functionals when the
K[E (= o) €5 %n(wy w0y, 00)] §um of the exterﬂ?l field frequfenues app.roaches thg excita-
- tion energyws. E'(t,€) and E'(t,e) are field- and time-
+[EFn(—wy,—wy,...,— 0 EN(wf)]* dependent left and right excited state vectors:

X Ef — Xn+1---Xon( — ,— Seeey * , — ~ 1 —
[E (o0t (o monize el B LS 2SS B K- gy ;)
(15) n=o Nt g7 ! "

n

where on the right hand side,=w;—w,...— and . .
9 L= @fT @2 Wn xelot T & (w; )e i, 22)
m=1 ‘m °'m

Wpi1=— Of— Opip...— Wpy. The intermediateE’(— w;)
andEf(w;) are the left and right eigenvectors of the coupled

cluster JacobiarA for the eigenvaluew;. From the last ‘ B o1 N
equation we identified for the left and right coupled clusterE (t’e)_nzo nl 2 2 ETin(0f, 0,000 )
n-photon transition moments between the ground state and h In
an excited staté the expressions: ot i ot
X e ot nl_:[l € (wj )e g, (23

MEE 0y, wg) = 89 K0y .. o) EN(w4),

M'(t,e) are Lagrangian multipliers that impose the coupled
cluster equations as constraints for the cluster amplitudes
t(t,e). From the LagrangiafLf};, the left ground state—
excited state multiphoton transition moments are obtained as:

a"{L
dej(wq)...dey(wp)

W=~ O~ Wy...— Wy, (16

M ;(i'b'xn(wz yeer®p) =Ef( —w) &%y, .. 00),

W= Wf— Wy...— Wy a7

(24)

Xq .. X
Moif ”(wz,...,wn)=<

Equations(16) and (17) provide a simple basis for the deri- 0

vation of closed expressions for the coupled cluster ground-gjmjjarly, the right ground state—excited state transition mo-
excited st.ate transltlon mpments, but are not .eff|C|ent from 3nents are obtained as:

computational point of view, because the right hand side

vectors&X-*Xn and £&1--*n require the solution of response M2 )_< d"{L %+ ) 25
equations up to ordem(- 1) for the Lagrange multipliers feo RO2 O T e (). den(wn) o

and up to orden for the cluster amplitudes These high- o - )

order response vectors can be eliminated if one solves in- 1€ varla(t)tflonal CO?Od't'O”S for the time-averaged
stead for some additional low-order intermediates. In Ref, 2t-adrangiangL™"}r and{L 7} determine the time-evolution
we showed that Eq$16) and (17) can be formulated asth ~ of the variablest(t,e), t(t,e), E'(t,e), E'(t,e), and
derivatives of two time-averaged functionals which, aug-Mf(t,e). By construction, the transition moment functionals
mented with the constraints for the wave function variablesgive for the cluster amplitudes and the ground state Lagrang-
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ian multipliers the same response equations as obtained fro[Q’/fol...xn(wf @110 00) (At (01F ..+ 0p+ 0f) 1)
the ground state quasienergy Lagrangjaf;. For the left " A
and right excited state vectors one obtains in zeroth-order the

eigenvalue equations for the unperturbed left and right ex- . . . . X
cited state vectors, Explicit expressions for the right hand side vectgrst*n,

£ %n gandm™1-*n can be found in Appendices C and D

=—_fxl"‘xn(a)f,wl,...,wn). (32

E'(—w)(A—w;1)=0, (26)  of Ref. 21.
; B From the variational formulation of the transition mo-
(A= wfl)E(w)=0, 27 ments it follows immediately that one can formulate-21
and the higher-order response equations can be cast into thed 2n+2 rules for the response intermediates: The re-
form sponses of the cluster amplitudes and the right eigenvectors
—ix X up to ordern are sufficient to calculate transition moments
EVIn(—op,01,....00) (At (01 + ...+ o~ 0f)1) up to photon number 2+ 1, and from the responses of the
- —?Xl'“xn(—wf LDy sp)s (28) Lagrangian multipliers andM an_d_the left eigenvectors up
to ordern one can calculate transition moments up to photon
(A= (wi+...+ ot w) DEXXn(wf 04, ...,0,) number 2+ 2.
=— %1 Hn(wp,0q,...,0p). (29)

The equations for the excited state vectors obtained from thﬁl ANALYSIS OF THE SECOND RESIDUES OF

transition moment Lagrangian$L "}y and {L°}r are  ~5p|ED CLUSTER RESPONSE FUNCTIONS
equivalent to the equations obtained by expansion of the ef-

fective Schrdinger equations: The expressions for multiphoton transition moments in
d Egs.(16) and(17) were obtained from an analysis of the first
A(t,e)Ef(t,e)=i EEf(t,e), (300  residues of the coupled cluster ground state response func-

tions. From the second residues of the ground state response
_ d _ functions or equivalently from the first residues of the
E'(t,e)A(t,e)=—i gt E'(t,e), (3D ground—excited state transition moments one can derive ex-
pressions for transition moments between two excited states
which can be derived from a generalized Frenkel variatiomand for excited state response functidrighis may be veri-
principle?* The response equations for the transition momentied for exact wave functions starting from the sum-over-
LagrangianM X1--*n multipliers are of the form states expression for multiphoton transition momé&hts:

Xn-*—l Xn
|

Mol w2

o, M RN

Xq...X AL X 2117

MAL 50 (s g ) = PX X0 > > ,
Ocf nt T [oatoton—E ] [oit - E fllwi—E (]

In nn-1

(33

wherew;=—(wy+...+ w,1 1+ w5) and,uj?(k'=<j |X;|k) and Eij=E;—E;. Taking into account the sum over all permutations
of operator/frequency pairs and the summations over all stafeish include the excited states as well as the ground)state
we obtain two contributions to the residue@t, ;— — w;:

Xn

X Xy
i P M

. Xq..X X B5Xq...X
im  (—wpry— @0)MAL " (o, wpsq) = At PX X0y Y
n+ ! 0f n+ oi |n71 [(1)1+...+(A)n,1_E|n71f]...[(1)1_E|1f]

Wn417 T O 1
Bt
N ol _y M1 Mo
— Sippgl PX1 X0 >, L :
IfMOf |El |n21 [(‘)l+"'+wn*l_E|n710]"'[wl_E|10:|
(34)
If i andf are two different states one thus obtains:
. Xq .- Xp — i Xn Xq .- Xp
im  (—op—0)M " oy, .00 01) = MMM (05,0 ,0p). (35

Wp4+177 7 @

When the two excited statesandf are identical, this residue becomes equal to the difference between the excited state and
the ground state response functions:

. Xq...X X
lim (_wnJrl_wf)Moif n+l(w21"'1wn+l):Mor:—fl(<<xl; X2"'Xn>>5;)f2),...,wn_<<xl; X2Xn>>£x?2) ..... o)n)' (36)

Wpt177 7 Of

where we used that the response functions for exact states can be written in a sum-over-states form as:
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Xo X1
PR PPLalPY

Xn
> Fo
""" T T [eatten B il feoite,—Elle—E T

(37)

The analogous residues of the right transition momMﬁ(é'(')'X”*l follow from the symmetry of the transition moments and
the response functions with respect to complex conjugation and inversion of the signs of the frequency arguments:

KK (g0 ) = ML M@y, @) M (39)

fei i—0"

im (+w,1—w)M

wny1— T o;

for i #f and for the diagonal case=f:
lim  (+oni= 0)IMEE e ™ Hwg, o on )= (((Xes X X)L, =((Xe3 X X)) MM (39)

As an example of the use of the above equations, we apply them in the following paragraphs to coupled cluster wave functions,
where we determine the one- and two-photon transition moments between two excited states and the first- and second-order
properties for excited states. Before doing so, we recall that in coupled cluster theory the quasienergy is calculated by
projection(HF||:| exp(T')|HF> and is in general a complex quantity. The response functions are therefore obtained as deriva-
tives of only the real part of the quasienergy which imposes an explicit symmetrization with respect to complex conjugation
and inversion of the signs of the frequencies. The equivalent symmetrization for the rdsiduBs|.(14)] becomes:

im  (—opri—o)l Im (oq2= o)X X2 Xni2)) oy, .0, o]
Wp4 1~ @ Wn4 27 @Of
. Xq1...%X X X Xq1..X
= lim (—wnJrl—wi)%{Moif "y, 0 ) MV (MM D) (ML T (=0, = 00 41)) * | (40

On+17—7 = @
The left and right transition moments for excitations from the ground state to an exciteél atatéhus not related by complex
conjugation and inversion of the frequency signs and it is thus a nontrivial question, if the residues fr¢a5Eaysd(38) will
lead to equivalent expressions for the transition moments between two excited states and3i6)Earsd (39) will lead to the
same expressions for excited state response functions. We will in the following paragraphs show that this is indeed the case
and that the second residue in E40) therefore can be rewritten as:

im  (—opri—o)l IMm (oq2= o)X X2 Xni2)) oy o0, ]

Op+177 7 O Wp 2 Of
= UM IM L N (g, METE2 4 (MOM2)* (ML 0 — g, — ) F (MIED*Y, for i f
X 1 Mxn+1A%/‘xl---xn Mxn+2+ Mxn+2 * Ax,]’//'xl---xn _ _ _ * Mxn+1 * f i=f
2{ 0—i 27 of (01,07,...,0p) f0 ( on) (A7 of (—w1,—wy,...,— @y))*( iHO) }1 or i
(41
|

where we defineA?’//‘é(fl“'X“(—wl,__,,—wn) implicitty ~ The coupled cluster excited state response functions are iden-
through the last equation witlw;=—w,—...—w,. The tified with the expressions:
asymmetry of the Jacobian, Ed.1), and the biorthogonality ((Xy: Xgreoo X >>(f)
of the left and right eigenvectors introduce an asymmetry '~ = <7777/ @200
between the left and right transition moments between two  _//x. - x X ))(0)

B X4 ... X X1 .. X << 1 21 n>>w2 ..... [
excited statesM; ', ""(wy,...,0n) and M1 ""(—wy,...,
—wn)x, Xand between A7 31 *"(wy,w,,...,0,) and +HIAT N w0y, @, 00p)
A7 L= wq,— wy,...,—w,). The transition strengths

of 1 2 y n l J//-Xl...xn _ _ _ *
between two excited states must therefore, as the strengths T 287 of (T @1, m 02, = @) (43

for the ground—excited state transitions, be calculated frofyhe guantitiesh y/-gfl---xn are identified with derivatives of

. . 1
the symmetrized expressiofs? the quasienergy difference between the sthtend the

ground state with respect to the strengths of the external
perturbations.

if
Wo,...,0 .
le"'xn’xn+l"'x2n( 2 ) A. One-photon transition moments between two

—1raa X1 Xn Xng1--Xong _ excited states from the residues of the two-photon
=My (@2, 00) M (=0, m 0n) transition moments
X X .-
(M (g, y0p)) The left form of the two-photon transition moment for a
Xy X . ground state to excited state transition was derived in Ref. 21
X (M (=g, = @p) )} (42 s
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MGZ ((wg) = PAP[ 3GtA(wa)t?(wp) + FAt%(wp) ME_ i =E'(— 0p)(BtA (01— o) + ANE (). (52)
+IFtAB(wa ) +t—B(wB)BtA(wA) The two expressions, Eq§48) and (52), for the transition .
o moment between two excited states obtained from the resi-
+1t8(wg) AN E  (wy), (44)  dues of the left and right two-photon transition moments

differ only in the dummy indices for the excited state and are
thus obviously equivalent. The one-photon transition
strength between two excited states is thus obtained as:

with wp= — w¢— wg . The only terms which do not vanish if
we take the residue ligy _, _, (— wg— w;) are those propor-
B i

tional to the first-order Lagrangian multipliet§(wg). If we
i .21 X X
introduce the coupled cluster reduced resolveb): sx X, z{MlifoilJr(M“_f) (Mn_l) }. (53

The calculation of the transition moments according to
the expression obtained from the residues of the ground-—
excited state two-photon transition moments would require
— = : — ) the solution of first-order response equations for the coupled
t"(wg) =£"R(—wg), and the residues of“(wg) in the  cjyster amplitudes. This can be avoided if one solves instead

1
Ru(@)=[~ (A=) *,,= 2 EJ o= E), (49

the first-order Lagrangian multipliers can be written as

limit wg— — w; are found as: the zeroth-order equations:
; B [ £BEi i — — .
o (C o e)we) S[EE (W) JE (- 0) (A+ 0= 0N (= 0; o) = —E'(~ 0)BE(w;). (59
El(—aw). (46) With the intermediatefN' the transition moments between
Mo @i two excited states can be rewrittenZas:
The residue of the two-photon transition moment thus be- —. A = A
comes ME_ i =N"(—wr,0) A+ E'(— 0 AYE (o). (55
. For i=f one obtains the expression for the difference be-
lim (—wg—w)M4E . :
waL*wi( s~ @))Mo—¢(@s) tween the excited state and the ground state first-order prop-
erties:
=ME_El(— w)(BtYw;— w;) + AYE (o)), (47 _ _
e ! f (A (RO = HNT(— oy o) £+ E'(— o) A'E (@)

and one identifies the one-photon transition moment between .
two excited states as: +(N(— s, w¢) EM)*

M{ (=E'(— o) (Bt(w;— ) + AN E (). (48) +(E"(— w) A"E (w)*}. (56)
The right ground to excited state two-photon transition mo-In accord with the 8+ 1 and 2+ 2 rules, the calculation of
ment was derived in Ref. 21 as: one-photon transition moments between two excited states

. and of excited states first-order properties requires in the for-
M?B o (wg) =E'(— w¢) (BtA(w;— wg)t®(wp) mulation Eqs(55)—(56) only solution of zeroth-order equa-

tions. Using the right hand side vectors for the response
+AMB(wg) +APtA(w(— wp)). 49 o~
(ws) (05~ ws)) 49 equations for the left and right excited state vec#fsand
Its residue is determined in a similar manner as: A (see Appendix A of Ref. 21 Eq. (52 may be expressed
in a form similar to expression$l6) and (17) for the

I —_— . AB - -y
lim (wg—wi)MrZo(ws) ground—excited state transition moments:

WB— Wj

=E'(— 1) (BtA (0= o) + AN E ()M, (50) MP =8~ or.0r~ @) E(w)

where we used that the residues of the first-order cluster =E"(— wp) & (w; , 01— o). (57)
amplitude responses are:

B. Two-photon transition moments between two

lim (0= 0i)t(wg)= M (0g=w)R(wg)e(wp) excited states from the residues of the three-photon

WB— Wj wB— Wj ..
transition moments
=El(—w)MB
E(=wi)Mi,. (51) To find the residues of the coupled cluster left three-
From Eq.(50) one identifies: photon transition moments we start from the expreséton:

o{_f(wB ,wc) PABC{ngtA( wA)tB(wB)tc(wc)+ 1GtAB(wA,wB)tC(wC)+ 1FAtBC(wB,wC)+ 3|FtA C((UA , B ,wc)

+1%( o) [ 3CA(wp)t3(wp) + Bt B(wa, wp) + BAB(wp) ]+ 5P wp , o) [AM+ BtA(wa) I1E (o),

(58)
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and take the residue forwc— —w;. The Resolvent lim (wc— )2 wg,wc)=E®(w;,0g)MS 4. (65
R(—wc) occurs in the first-order multipliers(wc) and in wc—
the second-order multipliers\(w, , wc) andt®(wg,wc).

Using Egs.(51) and (65), the residue of the right three-
For the latter one the residue fai.— — w; becomes: g Eas.(5) (69 g

photon transition matrix element is found as:
lim  (—wc—w)t*Y(ws,wc)

wCc— T W

: ABC
lim (oc—w)Mi g(wp,wc)
wCc— wj

= Mgeig( - C’)i)(BtB((I)B) +AB)R(wi - C’)B) :Ef(_ a)f)(ISAB[ %CtA(wA)tB(wB)+ %BAtB(wB)

= MG E(— i .0p). ®9 +3BtA%(wp ) JE! () + PAYBtA(w) +A%]
Using _Eqs.(46) and_(59) th_e residue of the left three-photon X EB( o, !wB))MiCHO' (66)
transition moment is obtained as:

The expression in parentheses is the right hand side vector

lim (- wc—w)M§EH(wg, 0c) iAB :
&% (wi,wp,wg) for the second-order response equations for

wCcT T O . . . . .
o the right excited state vectors. One identifies in accordance
=Mg_;(PAPE'(— w)[ 3CtA(wa)tB(wp) with Eq. (62);
+3Bt"(wp,0p) + B"t%(wp)] M2 (0) =E'(— 0) E48(w;,0p, wp). (67)

+PAPE®(— w;, wp)[BtA(wa) + AMDE (wf).  (60) Thus, we obtain also for the two-photon transition moments

The term in parentheses is the right hand side Vectopetween two excited states the same expressions from the

FAB(— @, wpwg) for the second-order response equationsreS'dues of the left and the right ground—excited state tran-

for the left excited state vectof.Thus we obtain for the Son moments.

" ) The expression for the difference between the excited
two-photon transition moment between two excited states an : : . .
. : State and ground state linear response functions is obtained
expression which has the same structure as Ei8. and

(16): by takingi =f and applying the appropriate symmetrization:

- . (f)_ . (0)
M2 (0g) = E7%(~ 0y 0. 05)E' (). 6y  (ABN, ~(ABL,

Using the interchange technique E§1) can be rewritten in =3C=PAB(E"(— w()[ 3CtA(wp) + BAIt®(wg) E'(wy)
a form which is analogous to E{L7): _
g qj- +EfB(_wf le)ng(wf ,(UA)

MAB (wg)=E'(— ) ™B(w ,Wp,WR). 62 —
A8 (0p) =E(— ) "By, wp, 0p) (62) AN 000 £y 0n). -

Alternatively, one can reformulaté”®(wg) in a computa- X

tional more efficient form as where wp=— wg. The operatoiIC*“ symmetrizes with re-
o spect to an overall sign inversion of the frequencies of the

M2B (wg) =PAB(E'(— w;)[ 3CtAN () tB(wg) + BAtB(wp)] external fields and simultaneous complex conjugation. Note

— that it does not affect the frequencies associated with the

XE'(0f) + £®8(— w;,0p) E™(wf,0a) excited state.

The first-order responses of the left and right excited
state vectorE™X(— w , wy) andE™X(wy , wy) are obtained as
In the last expression we have eliminated the second-ordesolutions of the response equatiof8) and (29). Because
response of the ground state cluster amplitudes, to obtain ahe excitation energy is subtracted from the diagonal of
expression which is in accordance with a21 rule for the  the Jacobian matrix in these equations, the responses of the
coupled cluster amplitudes and the right excited state vectomxcited state vectors become singular in the static limit,
and a 21+ 2 rule for the Lagrangian multipliers and the left wherewy equals zero. These singularities are physical in the

+INT(— 0, 07) E*8(wa, wg)). (63)

excited state vectors. expressions for the multiphoton transition moments, but are
The coupled cluster right three-photon transition mo-unphysical artifacts in the expressions for the excited state
ment in Ref. 21 was derived as: response functions. These so-called secular divergéfidfes
_ R of the static limit of response functions originate from terms
M£E5(wg ., wc) =E'(— o) (PABY[RCtA(wp) + 3B which cancel mutually and can be removed by mathematical

1 manipulations. Defining the projection operator to the or-
X t(wg)t%(we) + 2 Bt (wp) + A" thogonal complement of stafe
Xt wg,wc)}). (64)
. . . QL= EL(0)E}(—wp)=[1-R'],,, (69
To determine the residue of the expression in &) we
need the residue of the second-order response of the coupléte terms which contain the secular divergencies in(E8§).

cluster amplitudes: can be rewritten as:



9226 J. Chem. Phys., Vol. 109, No. 21, 1 December 1998 C. Hattig and P. Jérgensen

PABE™B(— w(,wg) E™(w,wp) 0=[EX1"m(— w; ,@1,...,0m) + EX1*0( = wj,01,...,0m)
=PAPE(— 0y w)(A— (i + 0g) ) T (wr,0p), X(A+ (01t +on=w)]) ]
(70) XEXmi1Xn( e wmig,....0p). (75)

— pABr(£fB(— ' Ef ~1Ef(— fA ' _
(&7 wg) B (@))wg (B (—w)E(wr.0n) We may further add the eigenvector equationsEband Ef
+E8(— wr,0p) Q' (A—(wi+ wg)1) multiplied by the excited state response vectors of orger

x QA : _

Q& @n)} 7y lim EX1Xn(—w,0q,...,00)(A— wsl) " *
The secular divergencies originate from the first term on the,, +...+ w,— v - o;
right hand side. If the permutation operal:{’/r‘B is applied,
the contributions from this term cancel each other because
wa=—wg. The second term on the right hand side of Eq.
(71) has a finite static limit. Thus, we obtain a form of the lim E(—w)(A-wl)™?!
excited state response function which is numerical stable igi1+...+ o~ oj-o;

the static limit as: XEX1Xn( @y ... ,w5) =0, (77
(AB)),) = ((AB))

X Ef(wf)=0, (76)

where we impose the limes in order to guarantee that the

= 1T “PABEN(— w()[iCtA(wp) + BA] equality still holds, when the sum of the frequencies ap-
5 ; — proaches the excitation energy differenee— ws. Using
Xt (wp)E'(wf) +§7(— 0, 0p) Egs.(75—(77), we can rewrite the expression for the multi-
X Q (A= (w+wg)D) "1 EM(wr, ) photon transition moments between two excited states as
+ %Wff(_wf awf)fAB(wA-wB))- (72) Mixi'f"xn(wb...,wn)
IV. A TRANSITION MOMENT LAGRANGIAN FOR . V- . 1
TRANSITIONS BETWEEN TWO EXCITED STATES = lim pr ”2 mi(n—m)!
w1t to,— - of m=0 ) )

Equations(57), (61) and (62) suggest that in coupled
cluster response theory multiphoton transition moments be-
tween two excited states can be calculated in analogy to Egs.
(16) and(17) as:

X[?X;L---Xm(—wi ,(1)11---:wm)

+EXT XA+ (w1...+ 0= o) 1)]

_ ) XEme+1"'X”(wf,w flaee e @p). (78
M:(i.iuxn(wZ’"'vwn):é:fX]'“.xn(_wflwlv"'!wn)El(wi)l " "
73 Employing the variational conditions for the left excited state
and response vectors, the term braces can be formulated as a
— - derivative:
M;(i'i"xn(wz venwn) =Ef(—w) %1 %00 w1, ... 0p),
(74 ?Xl“'xm(—w W1yenn,@ )+EX1"'Xm(—w- W1,...,Wn)
where w;=w;— 0;— w,...— »,. Equations(73) and (74) e m L Em
obviously hold in first and second order as shown in Sec. lll.  X(A+(w;...Tt oy~ wi)1)
Induction may be used to prove that they also hold for arbi- g
trary order. The details are given in the Appendix. _ ( d™E'(t,e)(A(t, )+ (wy... 0y~ wi)l)}) 79
It remains to prove that the two expressions lead in every dei(wq)...dep(wy) O'

order to the same expressions for excited state—excited state

tran_s ftion moments and excited_state_ response functiqns. T@nce the responses of right excited state vectors are the de-
equivalence of Eqd73) and(74) is verified in the following rivatives of E(t,€) with respect to some field strengths
by demonstrating that both expressions can be rewritten as ' ’

derivatives of the same functional. In Ref. 21 we showed

how the projection formula$l6) and (17) for the ground— EXmet (0, 0myg,.. @)

excited state transition moments can be reformulated as de- d-mEf(t, )

rivatives of variational time-averaged functionals. To derive = d d , (80
a similar functional for the transition moments between two €m+1(@m+a).-den(@n)

excited states, we start from E.3). Without changing the
result forMiXi'f“xn we can add to the right hand side of Eq. Eq. (78) becomes a special case of the binomial formula and
(73) lower-order response equations for the left excited staté/lixj'f”x”(wz,...,wn) can be formulated as derivative of a

vectors, multiplied by right excited state response vectors: functional:
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XX ) — d
MiZi @z, on) 7i(t,€)= lim ePtE'(t,e)(A(t,e)—i—) Ef(t,e). (82
4" N p0 dt
=l g 3 {Iim e”'E(t,€)
€1(w1)...den(wn) | ,_0 Alternatively, one may start from E@74) for the transition
moments between two excited states and add to the right
x| A(t,e)+i i Ef(t,e) ' (81) h_and side_z of Eq(74) lower-order response equations for the
dt . right excited state vectors multiplied by left excited state

=0 response vectors and again the eigenvector equatio@ for

With { }+ we denote time-averaging as in E@). The ex- and E' multiplied by thenth-order excited state response
pression in braces in E(B1) can be interpreted as an excited vectors, Eqs(76) and(77). This leads to the same transition

state—excited state transition moment functional: moment functional:
n o
. 1 dMM™E!(t,€)
M50y ) = lim pX1-Xn ( ’
=t (@2 on) 01+...+ op— 0] of mzzo mi(n—m)! \dem1(wmi1)...dey(wp) 0
d™(A(t,€) — (wf+ wq...+ 0y DE (L, e
X( {( (t,e)—(wst+ om)DE'( )}) 83)
dei(wq)...dey(wy) 0
= l lim e”'E(t,e)| A(t e)—ii Ef(t,e) (84)
dei(wq)...dep(wp) 0 ' ' dt ' . '
0

This proves that the two formulation3) and (74) for the Exl---xn andEfxl---Xn and automatica”y eliminated from the

transition moments between two excited states are indeeglkpressions when then2-1 and s+ 2 rules are applied.

equivalent for arbitrary ordenm. _ From the variational condition for the time-average of
We observe, that the time-average of the functiofal the transition moment Lagrangian,

is variational in the Fourier components of the left and right
excited state vectors, but not in the ground state cluster am- S{LIT(t,€)}r=0, (86)
plitudes. To obtain a Lagrangian which may be required to

be stationary in all its variables we complement with the

. . .~ one obtains per construction for the ground state cluster am-
time-dependent coupled cluster equations as constraints:

plitudes and for the left and right excited state vectors the
same response equations as obtained from the ground state
quasienergy Lagrangian and the ground—excited state transi-
tion moment Lagrangians. The only new response equations

— .d which arise are those for the Lagrangian multiplie—tg.
+NT(te)| e(t,e)— ﬁt(t'e) : (85) They are obtained from the condition tHat '} is stationary
o . ] ) in the cluster amplitudes
From the derivatives ofL'}; one obtains expressions for Because we used a phase-isolated parametrization of the

the left and right transition moments between two excited,opled cluster ground state wave functions, the intermedi-

sta@es which are equivalent to those derived _from the secon‘%est(t,e), Ei(t,e), E'(t,e) andN''(t,€) of the transition
residues of the ground state response functions or from the ! ) .
. ; ; . moment Lagrangian are phase-isolated with respect to the
first residues of the ground—excited state transition moments,

. . . tat i - t ph -factor. Th
The variational formulation through a transition moment La—ground stale quasienergy dependent phase-factor €y are
rangian makes the implementation ofi 21 and T+ 2 not phase-isolated with respect to phase-factors that depend
?ulesg straightforward: Tfle calculation of 1§21)-photon on the quasienergy differences between the ground and the
_straig - . P excited states. Thus, the transition moment Lagrangian does
transition moments requires only the solution of the respons

_ _ = — Hot become a quasienergy Lagrangian ferf. The La-
equations up orden for the variables of, E', E' andN".  grangianL f(t,¢) could be used to derive excited state re-
For the Lagrangian multipliersl'" and either for the left or  sponse functions, but the resulting expressions would as a
for the right excited state vectors also the stronger2  consequence of the incomplete phase-isolation contain the
rule can be applied. The singular terms which during thesame secular divergent terms as the expressions obtained
derivation of the transition moment functional were added tarom the residues. In Sec. VII we will derive an excited state
Mixi'f"xn have no effect for the applicability of the transition quasienergy Lagrangian with a parametrization that is com-
moment Lagrangian, since these terms are proportional tpletely phase-isolated for the excited state and leads there-

Lif(t,e)=lim e'El(t e)(A(t e)—ii) Ef(t,e)
1 1 L dt 1
p—0
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fore to expressions which are numerical stable in the static dZ{Lif}T
- AB _
limit. MAB (wg) =

den(wn)deg(p)) %2

= 'E)AB{E(_ o)) [BtY(wa) +AME™®(wf, 0p)
V. MULTIPHOTON TRANSITION MOMENTS AS = 1A 8 L BAB
DERIVATIVES OF THE TRANSITION MOMENT (—0)[2Ct" (wa)t"(wp) (wg)]
LAGRANGIAN —

X Ef((,z)f)+ le(_ (OF ,(x)f)
The variational transition moment Lagrangian renders it oA 5 AB

possible to derive multiphoton transition moments in a X[2Bt™(wp)t"(wp) + At (wp) 1}, (93
straightforward an_d simple way as derivatives, without theiih wa=w,— w;—wg. Equation(93) is equivalent to the
roundabout way via second residues of the ground state '@xpression in Eq(63), derived in Sec. Ill using the inter-

sponse functions: change rule. Employing thern2+ 1 and 2+ 2 rules one ob-
ngy if tains for the three-photon transition moments between ex-
Xq..X d {L }T . .
Mt (wp,...,00)= (87)  cited states:

\deg(wy)...deg(wn) L)
.

dea(wp)deg(wp)dec(wc) 0

: (99

: : o MBSy we) =
To exemplify the usage of the last equation, we derive in the ' f (g, wc)

following the coupled cluster response theory expressions for n N

one- through three-photon transition moments between two = PABC[EIALIBC L NITALBC 1 IETDtALBLCET
excited states. According to then2 2 rule we need for these —

transition moments the zeroth- and the first-order Lagrangian +E'[3Ct"°+BAPIE™

multipliers N'"(— w; ,w¢) and N'f(— w; ,w¢,w,). From the
stationary condition of L'} in the Fourier components of
the cluster amplitudes we obtain the equations: where we for notational convenience omitted the frequency
_ _ arguments on the right hand side, implying th&t
N'(— o, 0)(A+ (=)= —E(—w)BE (@), (88 —Fi(—u), N'=N'(— w0, t"=t*(w,), etc. and that

+ NI 2CtAtBC+ 3BBtACT], (95)

WA= Wi — Ws— wg— Wc .
and A i f B C

N"A(— o, 0, 0p) (A+ (0f— 0+ wp)1) VI. A REGULARIZED PERTURBATION EXPANSION
— A w008, (89) FOR THE EXCITED STATE VECTORS

The left and right excited state response veckrs - *n

and E™1+*n determined by the variational conditions for
the transition moment Lagrangians, are the coefficient of a
Fourier and perturbation expansion of the time-dependent
=E'(— 0)(CtYwa) +BME"(wy) vectorsE'(t,e) andE(t,€). These vectors provide a param-
eterization of the time-dependent bra and ket wave functions
for the excited staté in the biorthogonal space spanned by
the similarity transformed left projection manifold

with

ﬁifA( — Wi, Wg 1wA)

+EA(— w; ,wA)BEf(wf)-I-E(—wi)
X BEfA(wf ,wA)+Wf(— w;i,w;)(BtN(wp) +AR).

(90) (HF|7 exp(—?(t,e)>eXp(ift%”(t',e)dt'>,
to

From the first derivative of the time-averaged transition mo- ) o
ment functional we get the expression for one-photon trang:md by the single, double, etc. excitations out of the coupled
sion moment. If we apply ther2+1 and h+2 rules, we cluster state,

obtain the one-photon transition moment immediately in the (., , R )
formulation of Eq.(55), 7,/CC(t,€)) =ex —lft 7t e)dt’ |exp(T(t, €))7, |HF).
0

AL (96)
MﬁF(m) The coupled cluster state and the bra states of the left pro-
AT T jection manifold include an oscillating phase-factor depend-
:E(_wi)AAEf(waWf(_wi L) A, (91) ing on the so-called level shift or time-dependent quasien-
ergy 7 (t,e) for the ground state which was defined in Eqg.
which from the residue of the ground—excited state transitiort2). Because this phase-factor is incorporated in the bior-
moments was only found after some algebraic manipulathogonal basis, the vectoB'(t,e) and E'(t,e) are phase-
tions. The two-photon transition moment between two ex-solated with respect to the ground state quasienergy. They
cited states is obtained from the second derivative of thare, however, not phase-isolated with respect to the quasien-
transition moment Lagrangian as: ergy of the excited staté. As discussed in detail by Lang-
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hoff et al.,?® a wave function ansatz which is not completely Inserting the expansion ansatzes for the left and right excited
phase-isolated leads in time-dependent perturbation expastate vectors into Eqg99) and (100, these two equations
sions to so-called secular terms which diverge in the statican be combined to:
limit. These divergencies can be avoided by factoring out the _
quasienergy-dependent phase factor and expanding the wal&( — ) E” (o, w1, ...,0,)
function and the quasienergy separately in orders of the per- -
trbation Strengt,?_ gy separately PE L EDXo(— 0y, ) EN(0y)

For the excited state vectoEd(t, ) andE'(t, ) such an . n-1
ansatz can be realized by isolating the quasienergy difference = — %le"'X”E Ea X~ 0, 01,...,0)
between the ground state and the excited dtate k=1

XEXkr 1 Xn(wp sy wp). (103

The projection of the excited state response vectors onto the
unperturbed reference state are thus dependend variables that
can be expressed in terms of lower-order response vectors.
The independent variables of the expansion in Ef3l) and

(102 are the components of the zeroth-order vecEi(&y;)

where the explicit form ofA 77 (t,€) will be determined and E'(—w;) (restricted by the normalization conditions
below. The vector&'(t,e) and Ef(t,e) can now be param- and the projection of the higher-order response vectors onto
etrized such that secular terms which describe an overathe orthogonal complement of the excited reference dtate
time-dependent phase-factor are excluded. From the biotdsing the projection operat@®' introduced in Eq(69), the
thogonality condition, latter components can be defined by:

Ef(t,e):Ef(t,e)exp( —i ftA?//bf(t’,e)dt’), (97)
to

Ef(t,e)zE’f(t,e)exp( +i ftA?’//bf(t’,e)dt’), (98
to

E'(t,e)E'(t,0) =E'(t,)E"(t,e)=E"(— () EN(wy) =1, B (0 01,00) = QB Mn(wr w1, w),
(99 (104

J‘Elelnxn(_(‘of vwla'--vwn)

“(—wf,wl,...,wn)Qf. (105

o ~ . A. Time-dependent effective Schro ~dinger equations
Ef(—w)Ef(t,e)=E'(t,6)Ef(wy), (100 and variation principles for the phase-isolated
excited state vectors

it follows that a remaining overall phase-factor Ezﬁ(t,e)

must be the inverse of an overall phase-factorﬁﬁ@t,e). —EfXg. X
Requiring in addition to Eq(99) that

forces the overall phase-factorski(t, €) andEf(t,€) to be , . .
equal and thus fixes them to 1. A similar time-independentSChInsertlng the ansat297) and (98) into the effective

. T ralinger equations for the excited state vectors, E3@.
phase-factor for the nonphase-isolated parametrization and : - :

- .. —and (31), leads to effective Schdinger equations for the
for the unperturbed vectors is fixed by the condition

f f R phase-isolated parts:
E'(wf)E'(wf)=1. In the unperturbed limitE'(t,e) and

Ef ime-i - d .
Ef(t,s) must ::onverge to the_ tlme::ndependinft vectors (A(t,€) = A7 (1, )EN(1,€) =i — E'(t, €), (106
E'(— w;) andE'(w;). An expansion oE'(t,e) andE'(t,€) dt
in the field strengths and Fourier components of the external q
pertgrbationV(t,e) which is compatible with Eq(100) is Ef(t,e)(A(t,e)— AP o4(t, €)= —i T Eftt,e). (107
obtained by:
= Projecting Eq(106) onto E(t, ) or Eq.(107) onto Ef(t, €)
Efto=Ewn+> =2 .2 leads to the equation for the quasienergy difference between
n=1 N5 Ty the excited staté and the ground state:
Eijl'“x]’”(wf’wjl""’wj ) = d)\-
] " M//"Of(t,e)=(Ef(t.e>(A(t.e)—i pr Ef(t,e>), (108
—iw; t
Xrﬂl € @))€ I (10D \here we used the normalization condition for the excited
state vectors E(99).
. . 1 Alternatively to the effective Schdinger equations, the
Ef(t,e)=E'(—wq) + > = > D generalized Frenkel variation principte?®
n=1 LT in
_ d
EPiw Xin( — o, @j,...,0; ) 5E( Ef(t,e) A(t,e)—la}Ef(t,e))

Xngl EJ'm(a)jm)e_iwjmt_ (102) +i %(Ef(t,f)(sEEf(t,E))=0, (109)
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can be used to determine the time-evolution of the excited T “
state vectors. In Eq109) the symbols® denotes variations A(t,€)=A+; €j(w;) e " “I[Bti(w)) + A%]
with respect to the independent variables of the excited state

vectors. Inserting the phase-isolated ansatz, . and 1 o+ ot
(98), into Eq. (109 one obtains: +% 7 (@) el we e
- di. . .
5E( Ef(t,e)| A(t,€)— A% os(t, €) —i &}Ef(t,s)) X[ CtNi( @)t (wy) + B K 0, wy)
4 + Bty () + Bt K (w) ]+ ... . (114
g (éf(tafm%f(t:f)_iE:f(t"f)Ef(t’f) For the quasienergy difference’ y(t,e) we make the an-
satz:
t
X 5Ef A%/bf(t’,e)dt’) =0. (110 |
to A%/"Of(t,e):wpungl H,—E ,E
- : 1 n

Using the normalization conditio@9), the phase-isolated

form of the generalized Frenkel principle is obtained as: Ag//-g‘il---xjn(wj @)
1
- di.
5E(Ef t,e)| A(t, —i—}Ef t, ) ! .
(Le)|Alte) =i B (Le) x 1 € (0 )e . (115
m=1 "Mm °m
d . ~
+i E(Ef(t,e) sE'(t,€))=0, (11)  Inserting Eq.(114) and the expansion for the phase-isolated

_ _ _ ) _ excited state vectors, EqEL01) and (102), into Egs.(106)
or, if Eq. (108) for the quasienergy differenc®” (t,€) is  and (107) and expanding it in orders of the field strengths,

inserted, as: one obtains in zeroth order the usual left and right eigenvalue
co d . .y equations forE'(— w¢) andEf(w;). In first order one gets
S"AY or(te) +1 52 (E(t,€) °E (L,€))=0. (112 the response equations:

Because we consider onlyguasijperiodic perturbations (A—(wi+wa)1)E™(wf,wp)

which can be written as a sum over Fourier components as in A A A .

Eq. (5), the time-average of Eq112) is sufficient to deter- == (Bt*(wa) A= A7 5i(wp) B (w4), (116
mine the time-evolution oE'(t,e) andE'(t,€). Due to the g

(quasijperiodic form of Ef(t,e) and E'(t,€) the time-

average of the second term in Ed.12) vanishes and we E™(—w;,wp)(A+(wa— w;)l)

arrive at a variational condition for the time-averaged — A A A

quasienergy difference between the excited stagnd the =—E (- o) (Bt (wp) T A= A7 pi(wp)). (117

ground state: From Eq.(103 we obtain
HAY yi(t,€)}7=0. (13

As in the generalized Frenkel principle for the complete
time-dependent excited state vectors, B9, are the al-  Thus, the first-order responses of the phase-isolated excited
lowed variations® in Egs.(110—(113 restricted by the nor-  state vectors have no component parallel to the unperturbed
malization condition Eq(99) and the phase condition EQ. excited reference state vectoE (- ;) andE'(w;). Mul-
(100. In the next paragraphs we show how thg respons@plying Eq. (116) from the left and Eq(117) from the right
equations for the phase-isolated excited state ve@&lftse)  with the projector to the orthogonal complement of stite
and E'(t,€) can be determined from the effective Schro Q'=1—R', defined in Sec. Ill B, and using th®" com-
dinger equation$106) and(107). Equivalent response equa- mutes with the Jacobian, we obtain:

tions can be obtained from the variational conditigh$1)—

E'A(— wr,00)E'(0) =E(— 0 E™(0f,0a)=0. (118

(113. (A= (0i+ ) DEA(0f,0p)
=—Q(Bt"(wa) +ANE (), (119
B. Response equations for the phase-isolated excited _
state vectors Ews,0p0) (A+(wp— w5)1)
We use the effective Schilinger equations and Egs. :_Ef(_wf)(BtA(wA)+AA)Qf_ (120

(99) and(100) to derive the first- and second-order response

equations for the phase-isolated excited state vectors. THaue to this projection the response equatitikd) and (120

time- and field-dependent Jacobian matit,e) which ap-  are regular in the static limi&,— 0. Projection of the first-
pears in Eqs(106) and(107) can be expanded in the Fourier order response equations onto the excited reference state
components and the strengths of the external fields up teads to an expression for the quasienergy derivative
second order as: AV G(wp):
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AV B(wp)=E(— 0 (Bt (wp) +ANE (wp). (12) (A= (@it o1+ ) D' E1 (05, 01,...)

The second-order response equations for the right and left =—Qfé™ 1 (ws,w4,...), (129
excited state vectors are: .

- LEX (=g, 0q,.. )(A+(— @i+ w+...)1)
(A—(wi+ oa+ wg) DE™B(wf,0a, 0p) r n

—  EfXqa f
“FRB(r wn0p), (122 &M (—wp,01,...)Q", (130
_ while the reference state coefficients are determined by Eg.
EMB(— ws,0p,0g)(A— (0 + wp+ 0g)1) (103. To calculate the right hand side vectors for the
A nth-order response equations the responses of the quasien-
=&~ w1, 04, 08), (123 ergy difference are needed up to order 1. They can be
with obtained either from the expectation value type expression
_ R (108 or from equivalent equations obtained from projecting
£, wp,0g)=PAB{(BtA(wa) +AR— A7 Gi(wp)) the response equations onto the excited reference state. We
~ note, that the A+ 1 and 2+ 2 rules cannot be applied with-
XE"®(wr,wg) + (3CtA(0)tP(wp) out modifications to the calculation of the coefficients

A7 ?®(wp,wg) of the time-dependent quasienergy differ-
ence, because only the time-averdde?” y:(t,€)}+ is sub-
AV 8w, wg)E (w()}, (124  ject to the variational conditiofl13.
Although we used for the phase-isolated and the
nonphase-isolated perturbation expansions different param-
EfAB(wf Jwp,wp)= ISAB{éfB(_wf ,wB)(BtA(wA) etrizations of tﬁe time-dependent excited state vectors, the
o final results forE'(t,e) andEf(t,e) must be the same order
+AA—WR(wp)) +E'(— ws) (3CtA(wp) by order in the perturbation strengths. To compare the two
B 1niAB AB perturbation series, we expand the quasienergy-dependent
Xt (wg) + 3Bt (wa, wp) + B (ws)) phase-factor which has been factored off in the phase-
—Ef (= w) A B 1 _ 12 isolated expansion. Doing so, we get for the right excited
(—wr) of (0a,@8)} (125 state vectors:

+3Bt"B(wp , wg) + BAB(wg) ) E'(wf)

and

From the projection onto the orthogonal complement ofe
obtain regular equations for the part of the second-order re-

f —_f —iwst =X
sponse vectors which are orthogonal to the reference state. E(te)=E(wpe ™ +§j: fj(wj)( EVi(wr, )

(A= (0t oat wg) D EB(wr,0p, 0p) A X))
+E'(wy) O T Je-itortopty
= _Qf’éfAB(wf va!wB)1 (126) w]
= 131
LEM(— o wp,w8) (A~ (01 + 0pt+ 0p)]) (130
s AB . If we compare the last equation with the nonphase-isolated
==& (~wr,0a,0B)Q". (127)  perturbation expansion for the right excited state vectors we
The reference state coefficients of the second-order excitdd'd in first order:
state response vectors are obtained from (E§3): A%/-Af(wA)
Ziag f E™wr,0a) = E™(0,0p) +Ef(0f) ———.
E (_wfva1wB)E (U)f)
(132

—E'(— w)E"™B(w;, 0,4, . L .
(-0 B (05, 0p,08) For the left excited state vectors one finds in a similar man-

=~ HE™(— wr,0n) E™(wr,wp) ner.

+E®(— o, wg)EM (0 ,04)). (129 E'(t,e)=E'(—wpe*ior
Projection of the second-order response equations onto the -
excited reference staté gives equations from which the +2 €j(w))| E Xi(—wf,wj)
second-order quasienergy” 5f(wa,wg) could be calcu- '
lated once the second-order excited state response vectors are o A%/'éf'(wj) .
known. —Ef(—wy) — e Hwjmety (133

j

The procedure used to solve for the second-order re-
sponse vectors can be generalized to higher orders: In geand
eral the component of thath-order response vectors or-
thogonal to the excited reference state are determined fromy, A —
the nth-order response equations projected onto orthogong (Top o) =EN(—or,00) "B (~ o)
complement of staté: (139

A %/éf( ®p)
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Of course, the same relations can be derived from a compari- d
son of the respective response equations for the phasa—<0(t e)|A(t,e)— | (t,€))
isolated and the nonphase-isolated perturbation expansions. €

From the results of Ref. 21 and from the examples de-

rived in Sec. Il it is evident that the first and second residues dt<0(t )Niciad dej(w)) 0(t, €)

of the ground state response functions and thus the expres- R

sions for multiphoton transition moments are more closely dH(t,e)

related to the irregular nonphase-isolated perturbation expan- =(0(t, )] dej(wy) 0(t,€)). (138

sion. For excited state response functions the singularities

from the left and from the right excited state vectors canceln the parametrizatio97)—(102 the time-average of the
mutually. In this case it is evidently computationally advan-second term of the left hand side of E37) vanishes. This
tageous to use the regularized phase-isolated perturbation s&n be used to rewrite the derivatives of the time-averaged
ries in order to avoid numerical instabilities for small or zeroquasienergy differencfA 774¢(t, €) } 1 as:

frequencies. dAZ o (t,€)}t
del(wl) .. .dEn( wn)

VII. RESPONSE FUNCTIONS FOR EXCITED STATES _ d"t d
AS DERIVATIVES OF A QUASIENERGY " dex(w,)...des(w,) |de(wy)
DIFFERENCE LAGRANGIAN
- d|.
Similar to the ground state response functions, the dif- x| E'(t,e)| At,e)—i gt Ef(taf))
ference between the ground state and the excited state re-
sponse functions can be calculated as derivative of the real o
part of the time-averaged quasienergy difference: dt E' (t, 6) €1(wq) Ete) T' (139
((XeiXas o X)) o = ((Xai X e X))o, :[ dnt ( =) SO g1y 6))]
G L . dey(wy)...dep(wp) " deg(wq) o
dMZAZ o1(t,€) + 307 os(t, €)™ b1 (140
“\ T d d d ' (139
€1(wq)deyx(wy)...dep(wp) 0 g1
with w;=—w,...—w,. The expressions for the excited _[dfz(wz)---dfn(‘”n)
state response functions obtained from the derivative of the
uasienergy difference are equivalent to those obtained from i t| =f dA(te)
q nergy > €q _ ; X lim e”'| E'(t,e€) d E'(t,e) . (141
the derivatives of the transition moment functioral'(t, €). p—0 €1(wy) .

This conjecture can be proven as follows: From the general-

ized Frenkel variation principles for ttempleteand for the  In Eq. (141) the limes was imposed because divergent secu-

phase-isolatecexcited state vectors, Eq§109 and (111), lar terms appear in the nonphase-isolated excited state vec-

we obtain the two equations: tors. In the parametrizatio22)—(23) for the complete ex-
cited state vectors the time-average of the second term of the

d d left hand side of Eq(136) vanishes and thus one obtains,
de (@) (E (Le) Alt,e)—i g E (t, 6)) that the derivatives of the time-averaged quasienergy differ-
e ence{A 7 u(t,€)}1 are equal to the derivatives of the time-
d d averaged transition moment functiodaf ' (t,e)}1 given in
_ f f l T
Tt (E (€ G (o (t’6)> Eq. (82):
= dA(t,e) dAZ s(t, €))7
=E'(t, E'(t,e), 136
( 6)dej(wj) (t.€) (130 e (wy).. den(wn)
n
9 [Eite) A 9l :[d )d den(wn)
dej(w)) (Le) Alte)—I g Bt e) €1(wy)...dep(wn
d
d (. ~ t
el T f x lim e’ Ef(t,e)| At, e)—|—}E(t e))} , (142
+i at (E (t,e) de (@) E (t,e)) 0 )
- t, Af
=Ef(t,6) dA(t,e) = Ef (t,€), (137 _ dn{f/—~ (t,f)}T (143
dej(w)) dey(wy)...dey(wn)

which resemble the time-dependent Hellmann—Feynmaiihe last equation proves that expressions for excited state
theorem for exact statég>28 response functions derived from the derivatives of the
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guasienergy d!ffere_nce i_q E@135 are formally equivalent ﬁfA(wA):Ef(_wf)(CtA(wA)+ BNE (wy)
to the expressions identified from the second residues of the
ground state response functions. +EM(— ws,0a)BE (wf) +EN(— wy)
As shown in the last section, the time-average of ~ _
A% o(t,€) is stationary in the Fourier components of the XBE™(w¢,wp) + N (Bth(wp) +AR), (148

left and right excited state vectors. To obtain a quasienergyhe secular terms, present in E¢89) and (90), are elimi-
difference Lagrangian in which the time-average can be repateq.

quired to be stationary in all its independent variables, we  gince all zeroth-order intermediates in the phase-isolated
must add toA 77 o¢(t, €) the constraints for the ground state parametrization are identical to the zeroth-order intermedi-
cluster amplitudes, multiplied by excited state Lagrangiargtes in the nonphase-isolated parametrization, we get from
multipliers (cf. Eq. (85)): the excited state quasienergy difference Lagrangian exactly
_ d the same expression for first-order properties as we identified
AL'(t,e)=A7 ps(t,€) +N'(t,€)| e(t,e) —i &T(t,e))- from the residues in Eq56). For the difference between the
(144) excited state and the ground state linear response functions
we obtain from the second derivative AL f(t,e):

The variational condition for the time-average®k f(t,e), ;
(AB) )~ (AB)Y

S{AL(t,e)}1=0, (149

= ~ _ 1A+ wpABs T B B\EfA

gives per construction foE'(t,e) andE(t,e) the same re- =3CT“PAYE! (= 0() (Bt*(wg) + A")EM(wf, wp)
sponse equations as the generalized Frenkel variational prin- =%, LA B AB f
ciple, Eq.(111), or the effective Schidinger equation$106) TE (= o) (GC1 @) wp) + BT (0p)) B (@)
and (107 used in Sec. VI. For the cluster amplitudgs, €)
the same response equations are obtained as from the ground . _ _
state quasienergy Lagrangian. For the excited states LAVith wa=—wg. The first term on the right hand side of Eq.
grangian multipliers Eq(145) leads to response equations (149 can be rewritten as:
which are formally equivalent to those obtained from thet B B\ fA

. . . - Bt +A°)E ,
transition moment Lagrangian for the Fourier components of (7@ (B (we) T ATE (wr, wp)

+N(1BtA(wp)tB(wg) + AAtB(wg))}, (149

Nff(t,€), but all secular divergent terms are eliminated from = ¢'8(— w;,wg) Q' (A— (wi+ wx)1) "1Q EM(w;, ).
the right hand side vectors. No difference appears in zeroth- (150
order,
. _ Thus, Eq.(149 is equivalent to Eq(72), obtained in Sec. lll
N'/A=—E'(~ w)BE (wy), (146 after eliminating “by hand” the secular divergent terms. Us-
but in the first-order equations, ing the 7n+1 and 2_1+2 rules we ggt for the d|fference
B between the quadratic response functions for the excited state
NAwa) (A+ wpal)=—A"A(w,), (1470 f and the ground state:
|
(AB,CY ) o = ((AB,C)) , =3CT “PABYEE (— w) Dt (wa)tP(wp)t(wc) E' (1) + E'(— 09 (3CtA(0a)t*(wg)

+ BAtB(wB))EfC(Wf ywc)+ éfc( —wt,0c) GCtAY (W) tB(wg) + BAtB(wg))E'(wy)
+E'(— wr,0c) (Bt (wp) + AME® (0, wg) +N'(wc) (3BtA(wa)t%(wg)
+AMB(wp)) + NF(ACHA(wp) tB(wp)tS(we) + 3B tB(wp)t(we)) —E'(— wy)

X(BtA(wp) + AME (1) (E'(— 01,00 E®( 0y, wg))}- (150)

From the derivatives of the excited state quasienergy difties, the calculation of the ground state response function and
ference Lagrangian one obtains the differences between thbe solution for ground state Lagrangian multipliers can be
excited state and the ground state response functions. To gatoided using a Lagrangian for the excited state quasienergy,
the complete excited state response functions the grourice., a Lagrangian consisting of the sum of the quasienergy
state response functions are also needed and the respectiliéference and the ground state quasienergy and the con-
response equations for the ground state Lagrangian multiplstraints for the ground state cluster amplitudes multiplied by
ers must be solved. If one is only interested in the excited.agrangian multipliers. A time-independent Lagrangian of
state response properties but not in the ground state propethis form has recently been proposed by Christiaretea 2°
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for calculation of static excited state properties and geometritained as derivatives. These expressions are formally equiva-
cal derivatives. A Lagrangian for the excited state quasienlent to those obtained from the residues of the ground state
ergy applicable for the calculation of frequency-dependentesponse functions, but contain no secular divergencies. Us-

excited state properties is obtained by: ing the excited state quasienergy Lagrangian, we derived the
working expressions for the coupled cluster excited state lin-
Lf(t,e)=L(t,e) +AL'(t,€) ear and quadratic response functions. Based on the equations
. - - derived in Secs. VI and VIl we have implemented the
=(HF[H(t,e)exp(T(t,e))[HF) +E'(t,e)A(t,€) coupled cluster excited state linear response function for the
5 o d coupled cluster models CCS, CC2 and CCSD. Details of the
XEf(t,e)+ti(t,e)| e(t,e)—i at(t,e) . (152 implementation and numerical examples will be reported in a

forthcoming publicatiorf> From the excited state linear re-
The essential difference of this approach and the quasienergponse function one obtains f.x. dynamic polarizabilities for
difference Lagrangian derived in the foregoing paragraphs isxcited states; the key quantity in the description and under-
that the ground state Lagrangian multipliers and the multipli-standing of the Stark effect, solvatochromatic shifts of exci-
ers for the excited state quasienergy difference Lagrangiatation energies and of electrochromic properties.
are combined to one set of Lagrangian multipliers:

tite)=t(t,e)+N'(te). (153 ACKNOWLEDGMENTS

We note that in the static limit the quasienergy becomes
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VIIl. CONCLUSIONS APPENDIX: PROOF OF EQUATIONS (73) AND (74)

We have analyzed the structure of the second residues of To prove that Eqs(73) and(74) hold for arbitrary order
the ground state response functions and the first residues vfe analyze the general structure of the residues of the
the left and the right multiphoton transition moments for coupled cluster ground—excited state transition moments. We
ground to excited state transitions as obtained in coupledtart from Eq.(16) for the left transition moments. To find
cluster response theory and compared them with the exprethe first residues of the right hand side vectors
sions obtained in exact state response theory. All three typegt-*n+1(w, ,...,0,) for the limit w,,;— —w;, we first
of residues give in coupled cluster response theory equivanote that the resolverR(— w,,) enters in this vector via
Ient. results for multiphoton_ transition moments betwe_'en tWahe first-order multipliers*n+1(w,, ), either by the direct
excited states and for excited states response functions. We v utions oftXn+ 1w, 1) t0 €L X 1wy ,....0p4 1) OF
showed that the coupled cluster expressionsrfgghoton . . g — .
transition moments between two excited states can be writtel directly t?y .the_():(ont)r:bu?(ons ot"n*3(wn+y) o h.|gher-
as the projections of the right hand side vectors for thePrder multipliers tn=2% (w1, 0k, i ) With m
nth-order response equations for one of the excited statesn.?! Thus the residue ofe*t*n1(w;,...,w,.1) for
onto the zeroth-order vector for the other state. We utilized,, ;— — w; can be obtained by
this formulation to derive a variational transition moment R S ) )
Lagrangian from which computational efficient expressiondd) SKIPPINg in &72"n+1(wy,...,0n.4) all terms in which
in accordance with 8+ 1 and &+ 2 rules can be obtained the operator-frequency paiKf..1,wn+1) does not occur
as derivatives. in a response of the lagrange multiplig¢rsand

For excited state response functions the expression®) substituting the responses of the Lagrange multipliers by
identified from the residues of the ground state response their residues:
functions contain secular divergencies; i.e., unphysical terms
which diverge in the static limit and which cancel mutually. = %X
The appearance of the secular terms is related to an implicit "™ | A(_ W41~ O) U0 B 0 g, 0k 000k
phase factor in the excited state vectors which depends ot
the quasienergy difference between the excited state and the = Mi)(nﬁlﬁxkl---ka(_wi D s k), (A1)
ground state. We demonstrated that the secular divergencies - ' "
can be removed by choosing a completely phase-isolated pag, o e \ector®*e,- Xk, are defined through the last
rametrization for the excited state vectors and devised a La- .

. i i .—_equation.

grangian for the quasienergy difference between the excited o
state and the ground state, from which numerical stable exf we do so with the expression for thg1-*n vectors de-
pressions for the excited state response functions can be obived in Appendix A of Ref. 21 we find:
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lim (=@ q— o) &0 Xnr (A2)

On+17 7 @

A 1 _ n—1 _ n-2 1 _
:Mé(rrrilpxl...xn (n_1)| RIXZ...XnAXJ__}_i:E]- Il(n_|)| R'Xl---XiBtXi+l---Xn+ izl I,(n_|_1)| RIXZ...XiJrlBXltXiJrZ...Xn
1 n-1i-1 1 _
+ — . . . . RIXl"'XthXj+l"'XitXi+l"'Xn
2= = M= PDHn=i)!
gnotizii-t 1
= BIX 1 Xyt Xkt 1o X Xi 41 Xip X g - X
e A& KGR i PR, (A3)
:Méglﬁxl...xn. (A4)

For notational convenience we have suppressed in the last In a similar manner the residue of the right hand side
equation the frequency arguments of the response amplitudesctors for the cluster amplitude response equations
and the vectorsRX1-*n. The vectors R¥qXk(—w;, &1 7n+1 are found as

wy.,-..,wy ) are the solution to a set of response equations: %o X
! m im  (—wpe— @) @y, 001 1)

PIX ... X On+177 7 @
Rk, km(—wi,wkl,...,wkm) '

_ = XX wy,... 0 ML (A10)
=—(MFH 7T lim (—wp— o) | e
@n+17 O] where %1% gre the right hand side vectors for the re-
XR(— @pi1— @k....— @) sponse equations for the right excited state vectors, derived
! m in Ref. 21. Introducing this result into E¢38) we obtain
X?“”Xkl”'ka(wnﬂ,wkl,---,wkm), (A5) immediately Eq(74):
. Xq1..X
= - R(wi—wkl...—wkm)?rxkl"'ka(—wi ,wkl,...,wkm). Mfii n((’-)Zv---awn)
| (A9) =M™ lim (wne1— 0)EN(— o)
In Eqg. (46) we showed that the residues of the first-order 417 O]
response Lagrgnge mu@plieré:(wc) fgr_wc—>—wi be- X £ XK1 (] g 0 01, (A11)
come the left eigenvectdt'(— w;), multiplied by the tran-
. C .. . —_ .
sition momentMg_; . Similarly, the residue of the second- =EN(—w) X1 *n( 0 ,01,07,...,0p). (A12)

order response Lagrange multiplie@c(wB,wC) was
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; : ; DX, ...X '
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