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Local explicitly correlated second- and third-order Mgaller—Plesset
perturbation theory with pair natural orbitals
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2School of Chemistry, University of Bristol, Bristol BS8 ITS, United Kingdom

(Received 5 April 2012; accepted 7 May 2012; published online 24 May 2012)

We present an algorithm for computing explicitly correlated second- and third-order Mgller—Plesset
energies near the basis set limit for large molecules with a cost that scales formally as A/* with
system size . This is achieved through a hybrid approach where locality is exploited first through
orbital specific virtuals (OSVs) and subsequently through pair natural orbitals (PNOs) and integrals
are approximated using density fitting. Our method combines the low orbital transformation costs of
the OSVs with the compactness of the PNO representation of the doubles amplitude vector. The N
scaling does not rely upon the a priori definition of domains, enforced truncation of pair lists, or even
screening and the energies converge smoothly to the canonical values with decreasing occupation
number thresholds, used in the selection of the PNO basis. For MP2.5 intermolecular interaction
energies, we find that 99% of benchmark basis set limit correlation energy contributions are recovered
using an aug-cc-pVTZ basis and that on average only 50 PNOs are required to correlate the significant

orbital pairs. © 2012 American Institute of Physics. [http://dx.doi.org/10.1063/1.4719981]

. INTRODUCTION

The pursuit of algorithms for computing electronic ener-
gies to high accuracy for sizeable molecular systems remains
a central strand of research in modern chemical physics.
While density functional theory is today routinely applied to
systems with hundreds of atoms, progress towards reducing
errors in the approximate energy functionals has been slow.
Many wave function methods, canonical coupled-cluster ap-
proaches in particular, are reliably accurate, but suffer from a
steep scaling of computer resources with system size, which
limits their application to relatively small systems.! The steep
scaling, however, is an artefact of the canonical representa-
tion of the wave function and Hamiltonian matrix elements
and can be greatly reduced by adopting alternative represen-
tations that permit exploitation of the short-range nature of the
inter-electron repulsion.

Typically, the orbitals of the Hartree—Fock (HF) refer-
ence wave function are localised through orbital rotations,”™
so that correlation between electrons in spatially distant or-
bitals becomes vanishingly small and can be neglected. Fur-
thermore, a local basis for the virtual orbitals is selected in
which the correlating cluster functions are represented using
only the virtuals spatially close to the occupied orbitals. With
these ingredients, it is possible to compute correlation ener-
gies with a cost that scales linearly with system size.>°

Several methods involving different choices for the vir-
tual orbitals and different algorithms for determining the clus-
ter functions have been proposed. Schiitz and Werner have
championed an ansatz originally developed by Saebg and
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Pulay,®” which uses non-orthogonal projected atomic orbitals
(PAOs) as virtuals, combined with a priori selection of atom
domains for each local orbital.®!° Since the domains are pre-
determined, the correlation treatment is highly efficient, but
these methods have only a limited error control since the accu-
racy is limited by the appropriateness of the domain choices.
The PAO approach has been combined!!~!* with F12 explic-
itly correlated methodologies,'>~!* which greatly reduce the
computational cost for a given accuracy by removing the ne-
cessity for large AO basis sets with functions of high / quan-
tum number. Other approaches which exploit the locality of
dynamic correlation include the natural linearly scaling meth-
ods of Flock et al.,”*?! the divide-expand-consolidate ap-
proach of Jgrgensen and co-workers,?>?? the incremental ap-
proaches of Stoll**?> and Friedrich and Dolg,?6-?® and the
cluster-in-molecule method of Li et al.,?° which all involve
partitioning the molecule into a set of smaller coupled local
systems. These approaches parallelise readily, but involve a
high level of redundancy.

Recently, Neese and co-workers’*32  have revived
Meyer’s pair natural orbital (PNO) approach,*® where the ba-
sis of non-orthogonal virtuals are selected adaptively based on
model amplitudes. The PNO representation is near optimally
compact for pair theories, but has the drawback that integrals
must be transformed to different virtual orbitals for every oc-
cupied orbital pair. Nevertheless we believe that the potential
for efficient low-scaling PNO-based correlation treatments is
high. In Ref. 34 we presented a PNO-MP2-F12 method that
returns 99% of basis set limit correlation energy using only 20
virtuals on average to correlate each significant orbital pair.
Two of us have also shown that a PNO-based approach for
excited states is accurate and balanced and that the truncation
error with respect to the canonical result can be controlled
through a single parameter.®

© 2012 American Institute of Physics
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Yang et al.*® have forwarded tensor factorisation as a
powerful unifying framework within which to examine alter-
native representations of the wave function and Hamiltonian
matrix elements. In pair theories, such as second- and third-
order Mgller—Plesset perturbation theory (MP2 and MP3),
one of the key objects is the matrix of doubles amplitudes
t, 4 ,, for the first-order wave function

(W) = T5HF), ey
Z l] ab (2)
i>j,a>b

We use the convention that i, j, ... are localised spin-orbitals
occupied in the (unrestricted) Hartree—-Fock determinant
|HF), a, b, ... are canonical virtual spin-orbitals, and af‘f’ is
the second quantisation double excitation operator. Yang et al.
observed that Pulay and Saebg’s PAO (Ref. 7) and Meyer’s
PNO (Ref. 33) representations are two choices for tensor fac-
torisation of the doubles amplitudes. This led them to a third
factorisation, orbital specific virtuals (OSVs), which is inter-
mediate between the PAO and PNO representations,

toy = Z Ly Ly PAO, S

oy =Y 11, LAL, oSV, )
WiV

top= > I, LiLy PNO. ®)
MijVij

The matrices LY, L, and L4 are the transformation co-
efficients between the molecular orbitals @ and the PAOs wu,
OSVs u;, and PNOs p;;, respectively. The auxiliary orbitals
for PAOs, OSVs, and PNOs are defined such that they are lo-
calised near an atom, a localised occupied orbital, or a pair of
localised occupied orbitals, respectively. Since electron corre-
lation is short-range, the number of non-negligible auxiliary
indices is in a localised description independent of system size
and each of the three tensor factorisations is compact.

We note, however, that the above factorisation for PAOs
is only representative in the limit of no truncation of the PAO
space. In practice, localisation is enforced by setting 7}, to
zero unless u and v belong to a predefined domain of PAOs
for the pair ij. With this restriction the PAO factorisation ac-
tually becomes that of Eq. (5), where u;; are now the subset
of PAOs p used for pair ij.

Yang et al. considered two choices for OSV representa-
tion. The first is the direct factorisation of Eq. (4), which is
readily extended to triple and higher excitations. The second
uses Eq. (5) but where the L4 are non-redundant sets of or-
bitals formed from the union of L% and L%". Yang et al. found
this second choice more robust to truncation of the OSV vec-
tors in MP2 theory, and Kurashige et al.*” have recently pre-
sented a procedure for optimising the OSVs.

In practice, therefore, the PNO, PAO, and (non-direct)
OSV methods all utilise the same tensor factorisation. The
difference between the methods lies only in the way the aux-
iliary orbitals are determined. For PNOs, p;; are selected that

J. Chem. Phys. 136, 204105 (2012)

are close to optimal in that they give the most compact rep-
resentation of each first-order pair function for a given target
accuracy (vide infra). The OSV representation is much less
compact, since the OSVs are optimal only for the diagonal
pairs ii. The doubles spaces 1,7,,, are therefore approximately
the same size for every pair #j, rather than adapting to the im-
portance of the individual pairs. The PAO representation is the
least compact, since the PAOs are defined a priori and do not
adapt to the complexity encoded in the Hamiltonian matrix
elements. Conversely, the overhead in constructing and trans-
forming to the p;; is much larger for PNOs than for OSVs than
for PAOs. In PAO methods, integrals must be transformed
only once, using L. For OSVs, a new set of integrals is re-
quired for each occupied orbital, since they depend on L/,
whereas in PNO methods the integrals must be transformed
for every pair using L," .

In this work, we introduce a hybrid OSV-PNO approach
where the canonical virtuals are first contracted into an OSV
basis, which is then subsequently contracted into a PNO basis.
In this way the low orbital transformation costs of the OSV
approach are paired with the compactness of the PNO dou-
bles vectors, combining the advantages of the two approaches.
Furthermore, this scheme retains the attractive feature that
(with an appropriate selection of thresholds) the truncation
error is controlled through a single parameter. We report a hy-
brid OSV-PNO method for evaluating RI-MP2 and RI-MP3
energies that scales as the fourth power of system size, with-
out invoking domains, screening or local density fitting ap-
proximations. We detail the extension of this scheme to the
explicitly correlated RI-MP2-F12 and RI-MP3(F12) methods,
demonstrating the same scaling behaviour and a very early
break-even point compared to a canonical calculation. We
show that basis set errors in interaction energies computed
at the MP2.5(F12) level of theory are, with an average of less
than 40 PNOs per significant pair, already below 0.1 kcal/mol.

This paper is organised as follows: MP3(F12) theory is
presented in Sec. II. Our choice of OSV and PNO definitions
for the virtual and auxiliary orbital spaces are presented in
Secs. [l and IV, respectively. Our hybrid OSV-PNO approach
is explained first for MP2 and MP3 in Sec. V and then for
MP2-F12 and MP3(F12) in Sec. VI. Numerical data from test
calculations, including truncation errors, timings, and scaling
behaviours are presented in Sec. VII. We summarise and com-
ment on future perspectives in the final section (Sec. VIII).

Il. MP3(F12) THEORY

In explicitly correlated methods the first-order wave
function is parameterised as

|y = (T, + T)|HF), (©6)

= D el @

i>j,a>b

= 3 Y el ®

i>j x>y a>p
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where
180 ) F0)lx). ©)

Q1, is the strong orthogonality projector, f(ri»)
= —% exp(—yrz) the correlation factor’®3° and S'xy
permutes the spatial components of the spin-orbitals x and y
in the determinant |xy),***! which are chosen to be the active
occupied orbitals. For notational convenience the geminals
|w,,) are in second quantisation expanded in a formally
complete one-electron basis denoted by indices «, B, ... with
expansion coefficients waﬂ = (af|wyy). O is approximated
with the aid of a complementary auxiliary (CA) orbital basis
in two ways*?

20n=1-0,0, -

|wxy> = QlZ(% +

ViV, — 0,V) — V0, (10)

BQ12 = ‘71‘72/+V1‘72/+‘71/V2/, (11
where O and V project onto the set of occupied and virtual
HF spin-orbitals, respectively. V' projects onto the space of
CA orbitals and V” = V 4+ V' onto the full set of virtuals,
that is, the HF virtuals and the CA orbitals.

The second- and third-order Mgller—Plesset energy cor-
rections are given by, respectively,

Enpa-pi2 = min Lypari2, (12)
with the Hylleraas functional

Lyvp2ri2 = Z Z t;];;(

SIE, 1>+ 1]+ 2(A — F)HF)

i>j a>b
+ ) Y A IIE, Ty + Tyl 4+ 2(A — F)|HF)
i>j x>y
(13)
and
EvpsFi2 = Z ZIU (u |[H F, Ty + Ty ]|HF)
i>j a>b

I AUIH = F, 1o+ Ty]HF). (14)

+ D il

i>j x>y

In these equations t;’b are the first-order double excitation

amplitudes obtained by minimizing Lypyri2 and cyy = 85
— 8,16; when the fixed amplitude (rational generator) (Ref. 40)
approach is adopted. MP3-F12, like CCSD-F12, is an
expensive and inefficient method. We therefore intro-
duce the MP3(F12) approximation, which by analogy to
CCSD(F12),* neglects contributions quadratic in the gemi-
nals and higher than second order in the electron fluctuation
potential:

Enmpiri2) = Z Z IU

i>j a>b

+ N AUIA - FLBIHF)  (15)

i>j x>j

YA — F, T, + T>]/HF)

=D Dt GIH - F.h+ 2B HF).  (16)

i>j a>b
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CCSD(F12) is an excellent approximation to CCSD-F12 due
to a reliable near cancellation of the neglected third-order
ring and ladder diagrams.** This same cancellation applies
to MP3(F12), which is expected to be an equally excellent
approximation to MP3-F12. We also note that the recently
introduced approximations*® CCSD(F12*) and CCSD[F12]
are identical to CCSD(F12) up to third order so that all
three approximate Lagrangians lead to the same MP3(F12)
expressions.

Adopting the notation introduced in Ref. 45 for the ex-
plicitly correlated contributions, the MP3(F12) energy is

Ewmpari2) = Z le] UU

4+ Wo + 2U, +2V1)

i>j a>b

(I7)

with the conventional and F12 intermediates:
Uab —Pabsz thllcktcb’ (18)

kc
kj
Uy, =Pa By Zg;‘kr e (19)
ij d 1]
Vay = it 20)
c>d
ij i d 1] KL ij Kc”
Vb =Vap — Zg;brcd Z 8ab TkL — Z 8ab "Kuw
c>d K>L Kc"
(21)
ij ¢kl
W, = Z 8itlab (22)
k>l

Above, f’a;, and 13, ; are antisymmetrisation operators
defined by P, Xps = X,g — Xgp and gl = (pqllrs)
are antlsymmetrlsed electron  repulsion integrals.

qlf(rlz)llj and v}, = (ablrp' fri)lij) with
|l]) ( + 2 S,,)|¢,(1)¢,(2)) The indices ¢’ denote the
auxihary orbltals used to span the complementary virtual
subspace in the projector V' and with ¢’ we indicate orbitals
from the union of the virtual (¢) and the complementary
virtual (¢’) space. Capital letters K, L are used to denote all
(i.e., frozen and active) occupied orbitals. In the MP3(F12)
energy terms, B le has been used in the evaluation of ¢/ and
40\, for V. For the MP2-F12 energy expressions we refer
the reader to the extensive literature, !’ 18:46-48

lll. OSVs AND V-PNOs
A. Standard V-PNOs and OSVs

Our previous work followed Meyer, where we defined
the set of virtual PNOs (V-PNOs) a;; for an occupied pair ij
as eigenvectors of a pseudo density D, If no F12 terms are
included in the wave function parameterisation, then in the
spin-orbital formalism

ab - Z t[ltétllvjc’ (23)
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204105-4 Hattig, Tew, and Helmich

where the amplitudes t;i are approximate first-order
amplitudes

1 =— ab . (24)
“ gat+é&p — Fii — Fjj

F; are diagonal Fock matrix elements and ¢, are the orbital
eigenvalues of the canonical virtual spin-orbitals. This differs
from Meyer’s definition in that we have dropped the normal-
isation factor. Even for strongly multireference cases where
the amplitudes are large, the normalisation has a negligible ef-
fect on the calculation. Without the normalisation, the eigen-
values of D/ are the singular values of the amplitudes and
this seems a more natural choice. The set of PNOs 4;; used to
correlate an orbital pair ij are selected to be the eigenvectors
of D/ with eigenvalues larger than a chosen threshold.

We define OSVs a; for orbital i as the eigenvectors of a
pseudo density D/

Dy, = Z i (25)
. K[i
= ——a (26)
&4+ &p —2F;

with the exchange integral Kéjb = (ij|ab) and g;jb = K;jb
- K ;{1 The OSVs for i are identical to the V-PNOs for the
diagonal pair ii in a spin-free formulation. In a spin-orbital
formulation, they have no well-founded physical meaning and
should be understood merely as an auxiliary quantity for gen-
erating a localised orbital specific virtual basis.

B. V-PNOs and OSVs in F12 Theory

For explicitly correlated methods, a modified definition
of V-PNOs is needed. We previously defined a pseudo pair
difference density from difference amplitudes

D, = Z dildy!, 27)

dly = 11, = Tl (28)
The difference amplitudes are required because we are inter-
ested in finding a compact representation for the part of t”
that is not already captured by the geminal basis. In fact, in-
serting 17 = d', + r' into the MP2-F12 Hylleraas functional
and solving for dajb leads to a refined definition of the differ-
ence amplitudes

ij
Cab
gat+ep — Fii — Fjj

d” t” ;’b - , (29)
where Cub is  the matrix element (ab|(F,
+ Fz) ng f (r12)|z j). This additional coupling term is
zero under the extended Brillouin condition. The refined
difference amplitudes lead to a further reduction in the
number of PNOs required for a given accuracy of the pair
correlation functions. We adopted this refined method in the
present work. For a thorough discussion of PNOs for F12
methods, the dependence of the results on the exponent and

J. Chem. Phys. 136, 204105 (2012)

length-scale parameter y in the correlation factor and an
evaluation of the truncation thresholds for the pair-specific
virtual and auxiliary basis sets we refer to Refs. 34 and 49.

We define OSVs for orbital i as the eigenvectors of a
pseudo density D'

D, = Zd” djy.. (30)

ii
Cah

di =gl — _ 31
ab = lab rab eyt &, — 2F (€2Y
riy, = 5ab| f(ri)lii), 32)

Ch, = $ab|(Fi + F2)® Qua f(ri)lii). (33)

IV. OSXs AND X-PNOs

Transforming the virtual orbitals to OSVs or PNOs en-
sures that the number of correlating orbitals for each pair
is independent of system size. In explicitly correlated meth-
ods, the working equations involve auxiliary orbitals, arising
from the RI insertions implicit in the approximation of the
strong orthogonality projector. OSXs are orbital specific aux-
iliary orbitals and X-PNOs are pair specific auxiliary orbitals.
Transforming to the OSX or X-PNO basis is necessary to en-
sure that the number of auxiliary orbitals in the working equa-
tions is independent of system size.

Several choices of X-PNOs are possible and these have
been the subject of a recent article,*” which concludes that
the best choices for approximating the strong orthogonality
operator in PNO theory are

A = =

AQij =1-0,0,—VV, — O_1Vz” - V{’O_z, G4

BOi = ViVy + V[V + V[V, (35)
where

0 =Y |1Kij)(Kil, (36)

Ié,‘j
0 =Y 1K) (Kyl, (37)

K
V=" la)a,l, (38)
vV = Z \a;)(a;;]. (39)

a,f/
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204105-5 Hattig, Tew, and Helmich

A. X-PNOs

The X-PNOs are defined by the pseudo pair densities that
they diagonalise

z . 5ij _Z ijooij
Kij . DKL_ rKMrLM, (40)
M
7. - i _2 : ij i
K,‘j . DKL = FgerVrens (41)
o
_ N ij o ij
aj; Dyl =D T (42)

Cij

The orbitals a;; span the union of the CA orbitals a’ and the
set of V-PNOs that are discarded from the space of orbitals
used to correlate pair ij. In Ref. 49 we demonstrated that the
occupation number threshold Tx pno for the X-PNOs can be
related straightforwardly to that of the V-PNOs, denoted by
Tpno, such that the error incurred by truncating the auxiliary
basis is at least an order of magnitude smaller than the error
incurred by truncating the virtual basis, even for energy differ-
ences. Specifically, —log,, Tx.pno = 5.5 — 0.51og; Tpno for
K;; and K;; and —log,( Tx-pno = 0.5 — log, Tpno for a;.

B. OSXs

The OSXs are likewise defined by the pseudo pair densi-
ties that they diagonalise

o . Nl _ i i

K;: Dy, = E Tem Iy 43)
M

G . Rii i i

K;: Dy, = E TRl Lprs (44)
Iz

a; : Dl = E Foen e (45)
g

where p” runs over the whole unified HF and CA orbital ba-
sis. Some comments are required regarding the above defini-
tions. The OSXs should provide accurate approximations to
the integrals ry; , rg ., and r,,. Taking first ri/; as an exam-
ple, diagonalising D', for each i ensures that each discarded
integral rZ I3 in the OSX basis is smaller than a given thresh-
old, which By Schwartz’s inequality ensures that each dis-
carded integral in (K; L ;| f(r12)|ij) is smaller than the thresh-
old. To accurately represent r;, we additionally require that
(KL|f(r12)|ji) is well represented, which can be achieved by
merging the OSXs K; and K ;.

Consider now the integral ry,. If one diagonalised
> i rit.,, this would only ensure that the integrals
rii ., are well represented. For an accurate description of
(Kc" |[f(r12)]i]), Schwartz’s inequality dictates that we require
an accurate representation of both r¥ ;. and r’, . This is why
D, is defined using p”, which is the union of K and ¢’

J. Chem. Phys. 136, 204105 (2012)

V. OSV-PNO-MP3 THEORY
A. OSVs as pre-PNOs

To perform a PNO calculation one must first construct the
pair-specific natural orbitals from approximate double excita-
tion amplitudes 7., through a singular value decomposition or
the diagonalisation of (pseudo) pair densities. It is common
practice to preselect the set of non-negligible pairs ij based
on pair energy estimates, also from 7}. Most of the recently
reported implementations>”3%-39 use for these initial steps ap-
proximate RI-MP2 amplitudes, where off-diagonal Fock ma-
trix elements Fj; are neglected. Without a priori truncation of
the pair list, the virtual space, or the auxiliary density-fitting
basis, the computational costs for the calculation of the ampli-
tudes and pair energy estimates scale as O(0?V?Ny). Subse-
quent diagonalisation of the densities for the selected non-
negligible pairs scales as O(N,V?). O, V, Ny, and N, are
the numbers of occupied, virtual, and auxiliary orbitals and
the number of non-negligible pairs, respectively. Even though
(canonical) RI-MP2 calculations are today possible on rather
large molecules, the steep scaling currently limits routine ap-
plications of PNO-based methods to systems not much larger
than about hundred atoms.

An evident possibility to reduce the computational costs
for the construction of PNOs, without digressing from the
strategy to determine pair-specific optimised virtual spaces
from approximate doubles amplitudes, is to adopt a hybrid
OSV-PNO approach. In an initial step the OSVs are deter-
mined as eigenvectors of the pseudo densities for diagonal
pairs:

Dl Ly = ng LY, (46)

where i is a localised occupied and a, b are canonical vir-
tual orbitals and D'’ is given in Eq. (25). The integrals
K!*, required for D'}, are evaluated using the resolution-of-
the-identity (RI) or density-fitting (DF) approximation from
three-index intermediates:

Kl =" Bo.uiBoui (47)
0
Boai =Y [V 1op(Qlai), (48)
P

where (Q|ai) are three-index and Vpy = (P|Q) are two-index
electron repulsion integrals (ERIs), and P, Q are density-
fitting auxiliary functions. With this, the computation of the
OSVs displays an O(O N?) scaling without integral screen-
ing or local restrictions of the DF auxiliary basis. The number
of OSVs for an orbital i with eigenvalues nz below a given
threshold Togy is independent of the system size.

Once the OSVs have been obtained for all occupied or-
bitals, the intermediates By ,; can be transformed to the OSV
basis of the respective occupied orbital i and combined to the
exchange integrals K;j 5. with O(N?) costs. These integrals
are well suited to evaluate the Coulomb contribution to the
pair correlation energy of pair ij, but less appropriate for the
exchange correlation contribution. We can, however, ex-
ploit that the Coulomb contribution, which is the only
contribution kept in the scaled opposite spin (SOS) variant
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204105-6 Hattig, Tew, and Helmich

of MP2, is closely correlated with the total pair contribution
to the second-order correlation energy and calculate a corre-
lation energy importance diagnostic for each pair as

(K ;]b, )

Faa + Fjj — Fyp,

est _ €08
et

aib;

(49)

We find that with cpg = 1.5 these estimates agree typically
within a factor of 2 with pair energy estimates obtained as
suggested, e.g., in Ref. 30 from the approximate RI-MP2
amplitudes (without OSV truncation) and used in our initial
PNO-MP2-F12 implementation.>*

Pairs with eie;t below a certain threshold T}, can at this
point be discarded and the number of pairs retained scales lin-
early with system size. If Ty, is set such that only pairs are
discarded which cannot have PNOs with eigenvalues above
Tpno this truncation does not affect the final results. For
the remaining pairs ij, PNOs can be formed using the OSVs
for orbitals i and j. First, the OSV spaces for orbitals i and j are
unified and transformed to an orthonormal and quasicanoni-
cal pre-PNO basis a;; with F; 5 =8; 5 €. In this basis,
the exchange integrals, guess amplitudes, pair densities, and
PNO coefficients are all evaluated in the same way as for the
original PNO approaches in the full canonical virtual basis:

3 KV, — K.
L dijbij i dij (50)
-~ - b
@by Fii —ea; + Fjj — &,
ij _ ij ij
Dp, = Z a0 (1)
Cij
- aj
Z Da” =ng, Ly (52)

In the regime of a linearly scaling number of non- negligible
pairs ij, the costs for the evaluation of the integrals K ;o scale

quadratically with system size. The cost of building ajnd diag-
onalising the pseudo pair densities scales linearly with system
size and also the exchange integrals in the PNO basis can be
obtained from those in the pre-PNO basis with this scaling.

In summary, the above algorithm scales only with the
fourth power of system size for the construction of the PNO
basis and the exchange integrals needed to solve the equa-
tions for the first-order amplitudes. This is the same scaling
as for the OSV-MP2 algorithms reported by Yang et al.,’
but as pointed out in the introduction, the PNO basis gives
a very substantial reduction of the number of doubles ampli-
tudes which have to be stored and processed. This reduces the
costs in particular for MP3 and higher order methods.

B. Local MP3 with pair natural orbitals

The expressions for the PNO-MP3 energy correction and
the PNO analogues of the intermediates U ab, and W
defined in Egs. (18), (20), and (22) are obtamed by prOJect-
ing the doubles amplitudes onto the virtual PNO subspace for
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every pair ij. With this, we obtain for the PNO-MP3 energy:
Epnonps = Y O 10 (UL + VI + W) (53)
i>j a>b
To make the presentation of the implementation simpler,
we introduce the shorthand notation J), = (ia|jb) and K;jb

= (ij|ab). Note that these integrals are not antisymmetrised.
With this notation we can write the intermediates as:

ik ki ki l]
a l] Z a’lclk Jalrcjk) ch Sbk (54)

kcjk
ij _ ad ij
ab — Z 8aplcar (55)
c>d
ij,kl Z ljkl ij kl
Z Z S“t/”k/ bijbu 8, ab* (56)
k>l an h“

For notational convenience we have dropped the pair index
on the PNO orbitals when it is identical with the pair index
of the amplitudes or the intermediate. S7-* are PNO overlap
matrices defined as

lj ki ZLa”Lb” (57)

az,bu

Our implementation relies upon the resolution-of-the-identity
(RI) or density-fitting (DF) approximation for the two-
electron integrals. To evaluate U we start with the compu-
tation of the three-index ERIs (Q|uk) = Y ,(Q|uv)C,x and
(Qlik) =Y, (Q|uk)C,;, where i, v are atomic orbitals (AOs)
and Q are the density-fitting auxiliary functions. These steps
have quartic or lower cost scalings with low prefactors and
contribute little to the overall timing. From these three-index
integrals we form in a second step the Coulomb and exchange
matrices:

JE =" (oI PV 1p0(Qlik), (58)
opP
KK = (il PV 1po(Q|vk). (59)

QP

In a loop over the non-negligible triples of occupied orbitals,
the Coulomb and exchange matrices are transformed from the
AO to the PNO basis, contracted with the amphtudes and then
transformed using the overlap matrices S; k. ’b’ _into the PNO
basis of the target pair ij. For large molecufesl the number of
occupied orbitals k interacting with a given pair ij becomes
independent of the system size and the cost scaling for the
intermediate U becomes then quadratic.

To evaluate V7 we compute the ERIs in a loop over the
non-negligible pairs ij. In a first step we evaluate the partially
transformed three-index ERIs (Q_| ua;;) =y, (Qluv)C Vi
from which we then calculate (Q|b;;a;;). In a next step the
three-index intermediates are transformed with V! and com-
bined to four-index electron repulsion integrals, which are
then contracted with the first-order amplitudes. Transform-
ing in the first half-transformation only the significant three-
index integrals not discarded by the Schwartz screening leads
for this and the following transformation steps to a cubic cost
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scaling. The prefactors are, however, rather large and increase
rapidly with the number of PNOs kept per pair. To reduce the
costs further, we use for the evaluation of the intermediate
V a pair-specific truncation of the density-fitting basis, sim-
1lar to that used in domain-based local correlation methods’
and in the LPNO-CEPA implementation reported in Ref. 30,
but with a threshold which is determined for each pair such
that the errors are insignificant within a user-specified error
tolerance. N

Finally, the intermediate WZ) is evaluated in a manner
similar to that described in Ref. 30. For large molecules the
number of pairs kI with non-negligible overlap matrix ele-
ments S¥ X with a given pair ij becomes independent of the
system size. The computation of the overlap matrix elements
SU-K and the integrals g;) scale quadratically and the subse-

quent contractions to form W;J; linearly with system size.

VI. OSV-PNO-MP3(F12) THEORY
A. OSXs as pre-X-PNOs

In the same way that OSVs can be used as pre-V-PNOs,
OSXs can be used as pre-X-PNOs. Taking the X-PNOs a; ;as
an example, first the set of OSXs a” are computed by diago-
nalising D”;,b, in Eq. (45). This step scales as O(O N> Ny) at
worst and the number of OSXs a;” with eigenvalues above a
given tolerance is independent of system size. For every non-
negligible pair ij a set of orthonormal orbitals a; ; are formed

from the union of LZ’” and Li{,. Then, finally, the X-PNOs are
computed as the eigenvectors of

M (60
Cij
Without the pre-X-PNOs, this step scaled as O(N,V N Ny)
and O(N,N?). Using the OSXs as pre-X-PNOs reduces this
to a cubically scaling step. While the overall scaling with sys-
tem size for the cost of construction of the X-PNOs is O(N4)
with or without pre-PNOs, the prefactor is much smaller when
pre-X-PNOs are used and the O(N*) scaling is seen already
for much smaller system sizes.

B. Local MP3(F12) with pair natural orbitals

The expressions for the PNO analogues of u o, and VZ?
in Egs. (19)and (21) are obtained by projecting the doubles
amplitudes onto the virtual PNO subspace for every pair ij
and also projecting the indices K, L, and ¢’ or ¢” onto the
X-PNOs:

kj kj.ij
- r; - 87 61
ab Z a,,c,k a,jc],‘) ci.]-bk_,' bijbi;’ ( )
T ad ij REij ke ij
VaE = Vap ZgaBrzﬂ Z 8ab TRf 8ab ke
e>d K>L K&
(62)

Comparing Egs. (61)and (62) with Eqs. (54)and (55), it is
obvious that the F12 intermediates / and V can be evalu-
ated using similar computational strategies to their conven-
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tional counterparts. However, several additional integrals are
required to evaluate V and Y. All integrals over f(r,) are com-
puted at the same time as the MP2-F12 energy and are stored
on disk in their PNO representation. The integrals (Q|K; i)
required for gfgL are obtained together with (Q|K; ;djj) from
the partially transformed three-index ERIs (Q|ua;;) which
are used to construct V. The final contribution is computed

as
bka =2 (Qlua) Y ri, Cue. (63)
w o

Ke" ij o _
ng; TRer =

&

N

AT 5 D IV 1po(QIKija@p).  (64)
Q0

>
<NI

P

First the intermediate A/ , 1s computed where the F12 inte-
grals act as an orbital transformatlon This is then transformed
with V! and combined with the electron repulsion integrals.
As for its conventional counterpart, we use also for V' a pair-
specific truncation of the density-fitting basis.

The costs for the individual steps in the computation of
the V and U/ intermediates scale as for their conventional
counterparts at worst cubically with the system size. Since
the CABS orbitals ¢’ are expanded in the union of the usual
AO and the auxiliary AO basis set and because of the larger
number of contributions to V, the prefactors are larger than
for the conventional intermediates. But this is also the case in
canonical implementations.

Vil. RESULTS AND DISCUSSION

A. Performance of the hybrid OSV-PNO approach
for MP2 and MP3

To test the performance of the OSV-PNO approach in
terms of accuracy and computational time, we carried out a
series of MP2 calculations on (glycine), polypeptides with
the RI-MP2, PNO-MP2, and OSV-PNO-MP2 methods. The
OSV-PNO- and PNO-MP?2 calculations have been performed
using the PNO code described above and in Refs. 34, 35, and
49, which is part of a development version of the TURBO-
MOLE package.’' The HF-SCF and RI-MP2 calculations were
performed using the dscf (Ref. 52) and ricc2 programs’® from
the TURBOMOLE V6.3 release.”* All MP2 calculations use the
optimised DF auxiliary basis sets reported in Ref. 55.

Fig. 1 shows a comparison of the PNO and combined
OSV-PNO truncation errors in the MP2 correlation energy
for glycine chains with 2, 4, and 8 units with the aug-cc-
pVTZ (Refs. 56 and 57) basis set. For these calculations we
have set the threshold for truncating the OSV space (Tosy)
to the same value as the PNO truncation threshold (Tpno) to
make the additional truncation error visible. Nevertheless, the
results of the OSV-PNO-MP2 calculations are close to the
PNO-MP2 results and the truncation errors vary little with
the system size. For both approaches the relative errors in
the MP2 energy converge with the same rate to zero, with
the remaining error roughly proportional to the square root of
Tpno- However, we prefer to consider the OSVs merely as a
numerical tool for accelerating the PNO calculation than an

Downloaded 24 May 2012 to 134.147.252.238. Redistribution subject to AIP license or copyright; see http://jcp.aip.org/about/rights_and_permissions



204105-8 Hattig, Tew, and Helmich

-
o

" OSV-PNO (gly), ——

108 OSV-PNO (gly), ——

OSV-PNO (gly)g

PNO (gly), —=— |
——
——

PNO (gly)4
PNO (gly)g

10°°

©
o

% Error in MP2 Correlation Energy

0.01

15 20 30 40 50 75 100
Number of PNOs per Pair

FIG. 1. Comparison of the truncation errors in the PNO and the OSV-PNO
hybrid scheme for the MP2/aug-cc-pVTZ correlation energies of glycine
chains with 2, 4, and 8 units with truncation thresholds between 107° and
1010,

additional degree of freedom for approximating the wave-
function expansion. The errors introduced by the OSV trun-
cation should thus be at least an order of magnitude smaller
than the PNO truncation errors. The results for the (glycine),
dipeptide, listed in Table I, show that this criterion is safely
met with Tosy = 0.1 Tpno. If Tosv = Tpno 1S chosen, the
truncation errors for loose Tpno are 10%—15% greater than
we would like. In Table I we have also listed the percentage
of the double excitation amplitudes kept for this example af-
ter OSV and after PNO truncation. For this molecule and basis
set, the PNO truncation reduces the dimension of the double
excitation space by a factor of 5-15 compared to its dimen-
sion after OSV truncation. This underlines the compactness
of the PNO representation compared to OSVs.

Fig. 2 shows a comparison of the computational time for
OSV-PNO-MP2 calculations on the glycine oligomers with
the aug-cc-pVTZ basis and the truncation thresholds set to
10~ with timings from canonical RI-MP2 calculations with
the ricc2 program. This graph demonstrates the quartic scal-
ing of the computational costs for OSV-PNO-MP2. Already
with the present (still preliminary) implementation the break-
even point with canonical RI-MP2 calculations is at about
1000 basis functions, where the calculations still take less

TABLE I. Truncation errors (Ayne in mH/atom) for the MP2/aug-cc-pVTZ
correlation energy of (glycine), for the PNO and hybrid OSV-PNO meth-
ods, with PNO thresholds between 107% and 107!°. OSV-PNO-MP2 re-
sults are tabulated for initial OSV truncation with Tosy = Tpno and with
Tosv = 0.17pNo, for PNO-MP?2 there is no initial OSV truncation. %Tosv
and %Tpno are, respectively, the percentages of double excitation amplitudes
kept after the OSV and the PNO truncation of the virtual space.

TOSV = TPNO TOSV =0.1 TPNO PNO-MP2
TPNO Atrunc %TOSV AIrunc %TOSV Atrunc %TPNO
10-© 2.5 1.5 22 3.5 2.1 0.1
1077 0.77 3.7 0.69 7.6 0.68 0.3
10-8 0.26 7.8 0.24 15.4 0.24 1.0
107° 0.084 15.5 0.078 30.2 0.077 2.6
1010 0.023 30.2 0.022 50.2 0.022 6.0
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FIG. 2. Comparison of the wall clock time (in hours on an Intel Xeon E5430
2.66 GHz CPU) for canonical RI-MP2 and local OSV/PNO-MP2 calculations
with the OSV and PNO truncation thresholds set to 108 for glycine chains
with 2, 4, 8, and 16 units and the aug-cc-pVTZ basis sets.

than half an hour. Thus, calculations on systems of a size stud-
ied routinely with MP2 theory can already benefit from the
computational savings. We also note that up to (glycine);¢ the
OSV-PNO-MP?2 calculations are faster than the HF-SCF cal-
culations, which were performed using TURBOMOLE’s dscf
program and started from an extended Hiickel theory (EHT)
guess for the molecular orbitals.

Fig. 3 shows a similar summary of results from bench-
mark calculations with OSV-PNO-MP3 on the glycine
polypeptides. The canonical MP3 calculations have been car-
ried out with the CCSD implementation in the ricc2 program,
discarding all fourth- and higher order terms. The PNO trun-
cation errors have been determined by comparing with a test
implementation which uses the density-fitting approximation
for all ERIs. The truncation errors converge with a decreas-
ing threshold Tpno smoothly towards zero, just as they do for
OSV-PNO-MP2. From the three contributions to the MP3 en-
ergy correction in Eq. (53) only the “ring diagram” contribu-
tion from the U intermediate is negative and the “ladder dia-
gram” contributions from W and V are positive. They cancel
to a large extend so that the sign of the total third-order correc-
tion depends on the balance between ring and ladder diagram
contributions. Due to the presence of the fourfold external in-
tegrals g;'i in the intermediate V, its contribution converges
slowest with the one-electron basis set and also with the PNO
truncation threshold. As a consequence, the overall truncation
error in the third-order energy correction is typically about an
order of magnitude smaller than the truncation error of the
second-order energy and has the opposite sign. Due to this
partial cancellation, the errors in the total PNO-MP3 correla-
tion energy are slightly smaller than in Epno.mp2-

Not unexpectedly, we find for OSV-PNO-MP3 a much
earlier break-even point of the computational time with the
canonical implementation: in the cc-pVDZ basis’®>” with
Tpno = 1078 the break-even point is met for the dipeptide.
For the aug-cc-pVTZ basis and the same threshold, the calcu-
lation for the glycine monomer already shows a small speed
up. The wall time for the OSV-PNO-MP3 calculations scales
in this series as O(N?) with the system size, while for the
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FIG. 3. Performance of the OSV-PNO-MP3 implementation. (Left) Convergence of the total MP3 correlation energy with the PNO truncation threshold for
glycine chains with 1—4 units in the basis sets cc-pVDZ () and aug-cc-pVTZ (M). Results are shown for PNO truncation thresholds —log;, 7pno = 6, 7, 8,
9, and 10 and OSV truncation threshold set to 0.1 x Tpno. (Right) Comparison of the wall clock time (in hours) for canonical MP3 and local OSV-PNO-MP3
calculations with the OSV and PNO truncation thresholds set to, respectively, 102 and 108 for glycine chains in the basis sets cc-pVDZ (open symbols, [J

and o) and aug-cc-pVTZ (filled symbols, B and @).

canonical calculations we find a scaling with O(N*?) with,
however, a smaller prefactor.

B. Performance of PNO-MP2-F12 and PNO-MP3(F12)

The explicitly correlated variants of MP2 and PNO-
MP2 require the computation of several additional two-
electron integrals beyond those of standard MP2 theory. In
the canonical*® as well as in the PNO implementation these
integrals are evaluated with the DF approximation from two-
and three-index integrals, so that the final assembly of the
four-index integrals in the MO basis has a small prefactor. In
Table II we have listed some results for MP2-FI12 and
MP3(F12) calculations on the glycine polypeptides with the
aug-cc-pVDZ (Refs. 56 and 57) basis. We used for these cal-
culations the optimised CA basis from Ref. 58 with an ex-
ponent of 1.0 for the Slater-type correlation factor and the
aug-cc-pwCVTZ density-fitting basis.”® Up to the tetrapep-
tide, the timings for MP2-F12 scale effectively as N3
with the number of correlated electrons and from the tetra-

to the octapeptide with N*32, This demonstrates the extent
to which the O(N*) and lower scaling steps dominate the
costs. For the OSV-PNO implementation of MP2-F12 we find
in this regime effectively a scaling with A3, The compu-
tational savings compared to the canonical implementation
are more pronounced in MP2-F12 due to the large prefac-
tor for the integral evaluation. Although the reduction in ef-
fective scaling with the OSV-PNO implementation is less for
MP2-F12 than for MP2, it has a very early onset: Already
for the glycine monomer the OSV-PNO calculation is with
Teno = 1078 slightly faster than the canonical MP2-F12 cal-
culation and for the tetrapeptide, which was the break-even
point for MP2/aug-cc-pVTZ, we obtain for MP2-F12 a speed
up of 1.7 and for the octapeptide already a speed up of 2.9.
The findings for MP3(F12) are similar. The OSV-PNO calcu-
lation on the glycine molecule with Tpyo = 1078 is slightly
faster than the canonical calculation and one obtains already
for medium-sized systems a significant speed-up. For the
tetrapeptide (31 atoms, 517 basis functions) PNO-MP3(F12)
is already more than three times faster than the canonical
implementation.

TABLE II. Performance of the OSV-PNO implementation for MP2-F12 and MP3(F12) for glycine polypeptides. #.,, and tpno are the wall clock timings
for the canonical and OSV-PNO calculations (in min) on Intel Xeon E5430 2.66 GHz (MP2-F12) and Intel Xeon X5670 2.93 GHz (MP3(F12)), % is the
percentage of correlation energy lost in the OSV-PNO calculation, O, and O, are the number of frozen and active occupied, V is the number of virtual, and
CABS is the number of complementary auxiliary orbitals. PNO is the average number of standard virtual PNOs per pair and OPNO-1 and OPNO-2 are the
average number of OPNOs for, respectively, the O O and O V" projectors. CAPNO-B is the average number of CA-PNOs for # Qij.

MP2-F12 MP3(F12)
No.of
glycines  Tpno  Ocore Ogqer OPNO-1  OPNO-2 \'% PNO CABS CAPNO-B  Nyuir %err tean tpNO  Yoerr tean tPNO
1 1078 5 15 15.2 17.6 140  38.5 455 51.4 120 0.05 5.6 5.5 0.05 9.9 8.8
2 1078 9 26 16.6 21.1 244 305 797 39.2 351 0.06 44.1 352 0.05 1269 80.7
4 103 17 48 11.8 16.4 452 5.1 1481 4.6 1135 2.21 550 231 1.89 2928 346
4 1076 ” ” 13.4 18.0 ” 8.8 ” 8.7 ” 0.67 ” 262 0.54 ” 465
4 1077 ” ” 15.0 19.4 ” 13.8 ” 15.1 ” 0.21 ” 310 0.16 ” 808
4 10-8 ” ” 16.9 21.3 ” 23.1 ” 28.2 ” 0.07 ” 323 0.05 ” 871
4 1079 ” ” 20.1 24.8 ” 40.7 ” 54.0 ” 0.02 ” 391
8 1078 33 92 16.1 20.1 868 18.8 2849 22.2 3058 0.07 11519 3977
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Compared to their conventional counterparts, the explic-
itly correlated PNO calculations need for a given trunca-
tion threshold Tpno significantly less PNOs and, moreover,
they exhibit a smaller truncation error. For example, for the
tetrapeptide (glycine), in the aug-cc-pVDZ basis OSV-PNO-
MP2 uses for Tpno = 107 on average 34.4 PNOs (almost
50% more than the F12 method) but has still a truncation er-
ror of 0.04%, twice as large as the F12 method. Therefore, the
geminal contribution corrects for a large part of the contribu-
tion from the discarded PNOs. At the MP3 level, the smaller
number of PNOs in the explicitly correlated variant also re-
duces the memory and disk space demands for the integrals
g% which scale with the fourth power of the number of PNOs
per pair.

In Table II we listed the average number of V-PNOs, O-
PNOs, and CA-PNOs per pair. With increasing lengths of the
glycine chain the average number of CA-PNOs a; ; for the

projector B Q,- j» which is used for the intermediate Z/l;]b de-
creases most rapidly. For the glycine monomer the ratio V-
PNOs:CA-PNOs is about 1:1.34, but the octapeptide ratio has
decreased to 1:1.18, despite the fact that the CA-PNOs are
truncated with a slightly tighter threshold (10~%°) than the
V-PNOs (107%). This reflects the more short-range character

of the integrals r./, compared to the cluster amplitudes tZ,.

The average number of K;; and K;; O-PNOs per pair used in
the projector A Qi i, however, decreases in this regime of sys-
tem sizes and with a truncation threshold of 10~ somewhat
slower than the number of V-PNOs.

To elucidate the relative OSV and PNO truncation er-
rors for the virtual and auxiliary orbitals, we have per-
formed OSV-PNO-MP2-F12 and PNO-MP2-F12 calculations
on the ethylenedioxy-tetrathiafulvalene (EDO-TTF) molecule
in the aug-cc-pVDZ basis. EDO-TTF has the same num-
ber of atoms as the glycine dipeptide and has previously
been used to benchmark the MP2-F12 method.*® We used
for these calculations the optimised CA basis from Ref. 58
with an exponent of 1.0 for the Slater-type correlation fac-
tor. In Table IIT we report the overall truncation error, com-
pared to the canonical result for Tpno = 10°%, 1077, and
10~% and for Tosv = Tpno, Tosv = 0.1 Tpno, and no OSV
truncation (i.e., the PNO-MP2-F12 method). The default val-
ues of Tx.pno Were selected, where Tx pno are related to

TABLEIII. Truncation errors (in mH/atom) for the MP2-F12/aug-cc-pVDZ
correlation energy of EDO-TTF for the PNO and hybrid OSV-PNO meth-
ods, with PNO thresholds between 10~¢ and 10~8. For OSV-PNO-MP2-F12
values, OSV truncation thresholds Tosy = Tpno and Tosy = 0.1 Tpno are
tabulated (for PNO-MP2-F12 there is no initial OSV truncation). % Tosv and
%TpNo are, respectively, the percentages of double excitation amplitudes kept
after the OSV and the PNO truncation of the virtual space. The basis set limit
valence correlation energy is —2.758(2) and the basis set error for the canon-
ical MP2-F12/aug-cc-pVDZ value is 3.15 mH/atom.

Tosv = Tpno Tosv = 0.1 Tpno PNO-MP2
TPNO Atmnc % TOSV A trunc % TOSV A trunc % TPNO
10-¢ 1.76 0.9 1.27 2.6 1.09 0.1
1077 0.61 2.9 0.44 6.9 0.39 0.4
10-8 0.19 6.9 0.14 15.2 0.13 1.2
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TABLE IV. Truncation errors (@H/atom) due to truncation of the X-PNO
and X-OSV spaces in OSV-PNO-MP2-F12 calculations on EDO-TTF in an
aug-cc-pVDZ basis. Ny is the number of X-OSVs (or X-PNOs for Togy = 0)
that survive truncation. EDO-TTF has 67 occupied orbitals and 1447 virtual
orbitals (HF plus CABS).

K,'j Kij é;j

TpNnO Tosv Atrunc Nx Atrunc Ny Atrune Nx
10-° TX-PNO —6.26 34 —4.23 46 30.2 130
0.1 Tx-pno -3.93 46 —4.21 59 15.7 210

0 —3.86 15 —4.21 21 9.8 10

1077 Tx-PNO -231 38 —-193 52 7.6 210
0.1 Tx-pno —1.69 52 —-1.92 61 2.9 319

0 —1.68 17 —1.92 23 1.7 20

10-8 TX-PNO —0.83 45 —0.61 57 14 318
0.1 Tx-pno -0.73 56 —0.60 63 04 465

0 —-0.72 20 —0.60 27 0.3 43

Tpno in the manner prescribed in Ref. 49. For these tests we
set Tosx = Tx-pNnoO-

From Table III we see that setting Tosy = 0.1 Tpno en-
sures that the additional truncation error due to the use of
OSVs as pre-PNOs is less than 20% of the overall truncation
error. Although this is slightly larger than we would like, it is
acceptably small. The percentage of double excitation ampli-
tudes kept after OSV and after PNO truncation, also reported
in Table III, confirms that PNO truncation reduces the dimen-
sion of the OSV double excitation space by a factor of 5-15,
just as for the OSV-PNO-MP2 calculations without the gemi-
nal basis (Table I).

In Table IV we report contributions to the overall trun-
cation error arising from truncation of the OSX and X-PNO
basis sets. These were computed as the difference between
a calculation with all OSVs, OSXs, V-PNOs, and X-PNOs
truncated and a similar calculation where only the orbital
space under investigation was not truncated. The values of
Tx.pno are related to that of Tpno in the standard way and
for the evaluation of the CA truncation errors, the hybrid ap-
proximation was employed.*’-%° We see that for the O-PNOs,
Tosx = 0.1 Tx_pno 1s more than sufficient to ensure that the
OSX truncation error is an order of magnitude smaller than
the X-PNO truncation error, which itself is more than an or-
der of magnitude smaller than the V-PNO truncation error. For
the CA-PNOs of the 8 le projector, this choice leads to ap-
proximately equal OSX and CA-PNO truncation errors. Since
this combined error is still an order of magnitude smaller
than the V-PNO truncation error and since the costs are sen-
sitive to the dimension of the orbital-specific complemen-
tary auxiliary (OS-CA) basis, we are satisfied with the choice
Tosx = 0.1 Tx.pno for all auxiliary orbitals.

C. Performance of PNO-MP2.5(F12) for intermolecular
interactions

A typical application of Mgller-Plesset perturbation the-
ory is the computation of the interaction energies of weakly
bound complexes. Pitoridk et al®' found recently that the
half and half interpolation between MP2 and MP3, denoted
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MP2.5,

Emp2s = Ewp2 + 3 Enps (65)
is for weak intermolecular interactions in many cases a very
close approximation to CCSD(T). For the S66 data set? it
has a root mean square error (RMSD) with respect to the
CCSD(T) reference below 0.2 kcal/mol. In particular, MP2.5
gives a well-balanced description of hydrogen-bonded and
m-stacked interactions. Weak intermolecular interactions are
on the other hand very sensitive to imbalances in the elec-
tronic structure calculations for the complex and the isolated
monomers and are thus a stringent test for approximate meth-
ods, such as PNO theory. The S22 set® was recently also em-
ployed by Liakos et al.%* to test the LPNO-CEPA/1 method
for intermolecular interactions. They could show that LPNO-
CEPA/1 with modest PNO truncation thresholds achieves an
RMSD of 0.24 kcal/mol if combined with an MP2 complete
basis set estimate.

The question we want to address is how the PNO trunca-
tion errors for the intermolecular binding energies compare to
the total deviation from the basis set limit, to identify recom-
mendable combinations with a good accuracy/cost ratio. To
get highly accurate reference values with known very small
basis set errors we employed the MP3(F12) method imple-
mented in the TURBOMOLE package and computed, for the
12 smallest complexes (structures 1-3, 5, 6, 8-10, 12, 51, 59,
and 60) of the S66 data set,%? interaction energies close to the
basis set limit using the aug-cc-pwCV5Z% basis for C, N, O,
and the aug-cc-pV5Z°° for H. As CA basis we used the aug-
cc-pwCV5Z (C, N, O) and aug-cc-pV5Z (H) density-fitting
basis sets from Ref. 59 and for density-fitting in the Fock
matrix evaluation the aug-cc-pV5Z basis from Ref. 66. For
the density-fitting of all remaining integrals used in the MP2-
F12 and MP3(F12) correlation treatments we used the MP2-
optimised aug-cc-pV6Z density-fitting basis>® which has been
augmented by a set of steep 4s3p5d2flg functions for C, N,
0, and 4s3p4d2flg for H. The 1s? core of the non-hydrogen
atoms has been frozen in all correlated calculations and an
exponent of 1.4 was used for the Slater-type geminals. The
counterpoise correction, which might be used as diagnostic
for the remaining basis set errors was in these calculations for
all 12 dimers below 0.0025 kcal/mol for interaction energies
between —1.64 and —7.6 kcal/mol.

J. Chem. Phys. 136, 204105 (2012)
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FIG. 4. Remaining PNO truncation and basis set errors in kcal/mol for PNO-
MP2.5 and PNO-MP2.5(F12) calculations with the aug-cc-pVnZ basis sets
with n = D (A), T (o), Q (O), and 5 (v). (Filled symbols used for the F12
results.) The PNO calculations have been carried out for —log;, Tpno = 5,
5.5,6,6.5,7,75, 8,9, and 10. For MP2.5 calculations with the aug-cc-
pVQZ basis the last point (Tpno = 107'0) has been skipped and with the
aug-cc-pV5Z basis the last two points were obtained with Tpno = 10783,
Grey horizontal lines indicate the results for the full canonical MP2.5 and
MP2.5(F12) calculations.

Fig. 4 summarises the results of the PNO-MP2.5 and
PNO-MP2.5(F12) calculations for the 12 smallest weakly
bound complexes of the S66 test set with the correlation-
consistent aug-cc-pVnZ basis sets. We find that, just as in
our previous work on PNO-MP2-F12 total and reaction ener-
gies, curves obtained with different cardinal numbers are for
loose PNO thresholds almost on top of each other. The curves
deviate at the point where the smaller basis set is exhausted
and the respective curve flattens out, tending to the untrun-
cated limit of this basis. Beyond these points, tighter PNO
thresholds do not give significant improvements in the accu-
racy, but solely increase the costs. Without the geminal ba-
sis functions, the cross-over point for the aug-cc-pVDZ basis
and aug-cc-pVTZ basis sets are, respectively, at Tpno &~ 1077
or ~26 PNOs/pair, and Tpno & 1078 or 2267 PNOs/pair. For
the aug-cc-pVQZ basis the accuracy increases significantly up
to Tpno A~ 107°. Again, using tighter thresholds will solely
increase the computational costs but not give significantly
higher accuracy. To elucidate the relation between computa-
tional costs, Tpno, and basis set quality, we list in Table V
for the methylamine (CH3NH;) dimer the wall clock time

TABLE V. PNO-MP3 and PNO-MP3(F12) calculations on the CH3NH, dimer. Dependence of the wall clock time (f,4; in min) and accuracy on the PNO
threshold, Tpno, and the one-electron basis set. %c, is the percentage of the correlation contribution to the counterpoise-corrected binding energy obtained,

where 100% refers to estimated basis set limit.

PNO-MP3 PNO-MP3(F12)

aug-cc-pVDZ aug-cc-pVTZ aug-cc-pvVQZ aug-cc-pV5Z aug-cc-pVDZ aug-cc-pVTZ aug-cc-pvVQZ
- log Tpno twall Yocorr twall Yocorr Twall Yocorr Twall %ocorr Twall %ocorr twall %ocorr twall %ocorr
5 0.8 48.8 5.6 59.4 52 61.8 174 60.9 14 77.1 56 74.6 266 78.6
6 1.0 73.5 6.5 85.7 90 88.5 184 88.9 16 92.9 63 94.9 320 95.5
7 1.3 712 9.5 91.0 188 94.5 400 95.4 17 94.4 72 97.1 368 97.6
8 2.6 78.7 15.7 93.1 313 96.9 750 97.9 19 95.9 84 98.7 465 99.2
9 4.8 79.1 425 93.7 418 97.6 23 96.3 115 99.3 701 99.7
10 9.4 79.3 135. 93.9 31 96.5 204 99.5 877 99.9

Downloaded 24 May 2012 to 134.147.252.238. Redistribution subject to AIP license or copyright; see http://jcp.aip.org/about/rights_and_permissions



204105-12  Héttig, Tew, and Helmich

TABLE VI. MP2.5(F12)/aug-cc-pVTZ binding energies (in kcal/mol) for
the uracil dimer in a w-stacked geometry. The truncation threshold for the
PNO-MP3(F12) calculation was set to 1078,

AEcp-corr. twaii (h) Cores PNO OPNO-1 OPNO-2 CAPNO-B

Canonical ~ —9.4 486 12 862 58 58 1480
PNO, 1078 —93 80.9 1 37 16 15 47

and the percentage of the correlation contribution to the bind-
ing energy for the aug-cc-pVnZ basis sets and PNO thresh-
olds between 107> and 10~!'°. These results also show that
it is not worth using large basis sets with loose thresholds,
since the larger number of AOs greatly increases the compu-
tational costs for the integral evaluation, which even with the
density-fitting approximation scale as O(M?) with the size of
the atomic basis sets M. The present results suggest that, for
weak intermolecular interactions, it is not meaningful to use
PNO truncation thresholds >107° for aug-cc-pVTZ or > 10’
for aug-cc-pVQZ. The aug-cc-pV5Z basis surpasses the aug-
cc-pVQZ basis in accuracy only for Tpno < 10787,

The explicitly correlated variants start to outperform the
non-F12 methods for weak intermolecular interactions for tar-
get accuracies £94%, which is with PNO-MP2.5(F12) al-
ready reached in the aug-cc-pVDZ basis with Tpno = 1077,
With Tpno = 1078 (on average only ~35 PNOs per pair) the
PNO-MP2.5(F12)/aug-cc-pVDZ results are about as accurate
as PNO-MP2.5/aug-cc-pVQZ calculations with tight thresh-
olds, which are an order of magnitude more costly. The re-
sults in the aug-cc-pVTZ basis, with the same threshold and
on average 50 PNOs per pair, surpass the accuracy of the con-
ventional aug-cc-pV5Z calculations. With Tpno = 107!9 and
on average 115 and 164 PNOs per pair, the PNO-MP2.5(F12)
calculations in aug-cc-pVTZ and aug-cc-pVQZ reach an ac-
curacy that cannot be obtained by non-F12 calculations with
standard basis sets. The results in Table V also show that us-
ing the aug-cc-pVTZ basis in the explicitly correlated calcu-
lations is only worthwhile with Tpno < 1077 and that for aug-
cc-pVQZ the threshold should not be higher than 10~°.

As an example for the performance of the present, still
preliminary, implementation of PNO-MP3(F12) for weak in-
termolecular complexes Table VI lists the results for the uracil
C4H4N,0O;, dimer in the 7 -stacked structure from the S66 test
set in the aug-cc-pVTZ basis (920 basis and 1480 CABS func-
tions). The canonical calculation, run on 12 CPU cores, took
almost 49 h. With the PNO implementation and Tpno = 10°8
the calculation could be completed in 80.9 h, on a single
core. The error in the binding energy due to the PNO trun-
cation is ~0.1 kcal/mol or 1%. Based on the benchmark re-
sults for the 12 smallest dimers from the S66 test set we ex-
pect the remaining basis set error to be of the same order of
magnitude.

Vill. SUMMARY AND CONCLUSIONS

The recently conceived OSV and the revived PNO ap-
proaches share the common goal of exploiting localisation to
arrive at low scaling computational electronic structure meth-
ods without invoking a priori assumptions of the extent of

J. Chem. Phys. 136, 204105 (2012)

locality in a molecule, such that the error with respect to an
analogous canonical calculation can be controlled through a
single, user specified parameter. Both of these localisation ap-
proaches combine well with F12 explicitly correlated meth-
ods, which dramatically reduce the number of necessary AO
basis functions per atom required for a given basis set incom-
pleteness error. In both approaches the local truncated ba-
sis sets are determined by analysing an approximate wave-
function so that they automatically adapt to the physics of
the target wavefunction, which is an important feature for
response methods where often state- or perturbation-specific
non-local polarisation and charge-transfer effects need to be
described.®

The OSV and PNO representations of the doubles am-
plitudes in pair theories have complementary characteristics.
In OSV methods, the correlating orbitals are specific to each
occupied orbital, whereas in PNO methods they are specific
to each occupied pair. In OSV methods, therefore, the cost
of building the OSV vectors and transforming integrals into
this basis is much smaller than the corresponding costs in
PNO methods. Conversely, the space of doubles amplitudes
required for a given target accuracy in PNO methods is an or-
der of magnitude smaller than in OSV methods, and the cost
of the contractions of amplitudes and integrals is therefore
substantially reduced.

We have presented a hybrid OSV-PNO approach for com-
puting MP2 and MP3 energies and their explicitly correlated
counterparts MP2-F12 and MP3(F12), that combines the ad-
vantages of the two representations. First, OSVs and pair en-
ergy estimates are constructed at a cost that scales as O(N™)
with system size A/. Subsequently PNOs for pair ij are con-
structed from the basis of unified OSVs for i and j. For the
F12 variants, we ensure that contractions over the auxiliary
orbitals in the F12 RI approximation are low scaling by defin-
ing OSXs and X-PNOs for these auxiliary orbital spaces in
an analogous manner to the OSVs and PNOs for the virtual
orbitals.

The relationship between the X-PNO and PNO trunca-
tion thresholds that ensures that errors in the F12 RI are an
order of magnitude smaller than the basis set truncation error
have been established previously.*” We find that setting the
occupation number threshold for the OSV and OSX vectors
one order of magnitude smaller than the PNO and X-PNO
truncation thresholds, respectively, ensures that the overall
truncation error is determined solely by the PNO threshold
and that the energy converges smoothly to the canonical re-
sult as this threshold is reduced.

With the hybrid OSV-PNO approach MP2 and MP3 can
be implemented with a computational cost that scales at most
with O(N*) and outperform the canonical implementations
of RI-MP2 and MP3 even with conservatively tight trunca-
tion thresholds. For the (glycine)¢ polypeptide an OSV-PNO-
MP2 calculation with a threshold of 1078 in the aug-cc-pVTZ
basis with 4140 basis functions takes 37 CPU hours (on In-
tel Xeon E5430 2.66 GHz) and is still much faster than the
underlying HF-SCF calculation. The PNO truncation error is
only <0.5%, i.e., more than an order of magnitude smaller
than the basis set incompleteness error for the aug-cc-pVTZ
basis.

Downloaded 24 May 2012 to 134.147.252.238. Redistribution subject to AIP license or copyright; see http://jcp.aip.org/about/rights_and_permissions



204105-13  Héttig, Tew, and Helmich

The combination with the explicitly correlated F12 meth-
ods not only dramatically enhances the convergence with the
one-electron basis set but also the convergence to the untrun-
cated limit with increasing number of PNOs. Altogether, this
greatly reduces the number of PNOs and the computational
costs for achieving a given target accuracy. For weak inter-
molecular interactions the PNO-F12 methods recover with the
aug-cc-pVDZ basis and a truncation threshold of 10~® more
95% of the basis set limit correlation contribution to the bind-
ing energy. With non-F12 methods the costs for achieving this
accuracy are about an order of magnitude higher.

Interestingly, Krause and Werner have very recently
used a simulated approach to compare the PAO, OSV, and
PNO methods for CCSD and CCSD-F12x,% and have also
reached the conclusion that a hybrid OSV-PNO scheme is an
excellent way forward.

Our present implementation is still preliminary. It only
partially makes use of local density-fitting and uses OSVs
currently only for the construction of the PNOs, not yet to
reduce the computational effort for building the integrals for
the U, V, W intermediates. Even so, we see early break-even
points with the canonical implementations in the TURBO-
MOLE package.*#%33 For MP3 and its F12 variant the gen-
eration of the integrals for the intermediates U and V (and for
F12 in addition ¢/ and V) are the time-determining step. For
both we expect that the costs can be considerably reduced by
computing the PNO integrals from intermediates in the OSV
basis. This could also reduce the storage and I/O demands for
the integrals, which is another severe bottleneck of the PNO
methods beyond MP2 if a high accuracy is desired. This bot-
tleneck is particularly severe for non-F12 methods which re-
quire a larger number of PNOs.

Based on the results for weak intermolecular interactions
presented in Sec. VII C, we make the following recommenda-
tions regarding basis sets and truncation thresholds:

50

e aug-cc-pVDZ without F12 and Tpno = 1077 for quali-
tative calculations recovering ~77% of the correlation
contribution;

e aug-cc-pVTZ without F12 and Tpno = 1077 for a
semi-quantitative accuracy of ~90% for the correla-
tion contribution;

e aug-cc-pVDZ with F12 and Tpno = 1078 for an accu-
racy of ~95%;

e aug-cc-pVTZ with F12 and Tpno = 107710710 for
good quantitative and up to benchmark accuracies of
97% —99.5% of the basis set limit.

Using the non-F12 methods with tighter truncation
thresholds or basis sets larger than aug-cc-pVTZ or the F12
methods with looser thresholds reduces the accuracy:cost ra-
tios. With the F12 methods the aug-cc-pVQZ basis is only
needed for very high accuracies.

PNO-MP3(F12) calculations with Tpxo = 1078 can al-
ready with the present implementation be performed on
systems with 20-30 atoms within a few days CPU time.
F12 explicitly correlated PNO methods thus open a route
for accurate calculations on larger intermolecular complexes
than possible with canonical implementations. Future exten-
sions to PNO-CEPA(F12%) or PNO-CCSD(F12%*), currently

J. Chem. Phys. 136, 204105 (2012)

in progress in our laboratories, will further expand the ap-
plicability of the approach to reactions energies and other
properties for larger systems. The combination of PNOs with
OSVs and the possibility to transform between the two rep-
resentations introduce a flexibility for the implementation of
PNO methods which can diminish some bottlenecks of the
current implementations. OSVs are also a natural choice for
representing single excitations and might also facilitate an
efficient implementation of triple excitations in a PNO-like
framework.
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