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ABSTRACT
A preliminary implementation of a gradient for MP2 based on the pair natural orbital approximation
(PNO–MP2) is presented. The accuracy of the PNO approximation for geometries is investigated by
comparing bond lengths and bond angles of the PNO–MP2 structures with results from canonical
MP2. Special emphasis is puton theoptimisationofweaklyboundcomplexes, suchasdifferently sized
water clusters. It is found that the error introduced by the PNO approximation is already formoderate
PNO thresholds negligible compared to the inherent error ofMP2. However, too loose PNO thresholds
lead to convergence difficulties in geometry optimisations. This is observed in particular for floppy
groups as, for example, methyl groups with low rotational barriers. Compared to optimisations with
canonical MP2, the convergence thresholds have to be mainly energy and less coordinate based to
comply with the slight roughness of the potential energy surface which is introduced by the PNO
selection.

1. Introduction

One of the major challenges of modern quantum chem-
istry is to find highly accurate and systematically improv-
able methods for the calculation of energies, geometries
and properties, which are applicable to large molecu-
lar systems. This is due to the fact that well-established
canonical methods, which are known to be very pre-
cise, show a steep scaling of the computational costs with
the system size N . Hence, canonical post-Hartree–Fock
(HF) wave function methods are restricted to small- or
medium-sized systems.

Fortunately, new approaches to reduce the cost-scaling
of wave function methods came up during the past
decade. Most methods that aim at a reduced scaling are
based on the fact that the dynamical electron correla-
tion is a short-range effect. Thesemethods are called local
correlationmethods.Many local correlationmethods aim

CONTACT Marius S. Frank Marius.Frank@rub.de

to achieve a truncation of the virtual space, while per-
forming the calculation on the whole molecule. There
exist different schemes for the truncation of the vir-
tual space. The maybe most popular and refined one
was originally developed by Saebø and Pulay [1–6] and
later extended and implemented by Werner and co-
workers [7–11]. According to the ideas of Saebø and
Pulay, the virtual orbital space is spanned by projected
atomic orbitals (PAOs), which differ from the AOs only
from orthogonalisation tails introduced by the projec-
tion onto the virtual space. Using this approach, Schütz
and Werner succeeded in implementing linear scaling
local versions of MP2 [7,8], CCSD [9–14] and CCSD(T)
[13–17]. Although thesemethods have a low cost-scaling,
a major drawback is that the local domains need to be
specified prior to a calculation, what results in a lim-
ited error control. Furthermore, the local domains soon
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become very large for highly accurate calculations, which
then diminishes the computational savings obtained by
the PAO approach.

Pair natural orbital (PNO)methods, which were origi-
nally pioneered in the 1970s by Meyer [18–21], Ahlrichs,
Kutzelnigg, Staemmler and co-workers [22–24], can be
used to circumvent this issue, but they are also compu-
tationally more demanding. Recognising that the most
severe bottleneck of these methods (the integral transfor-
mations) can be avoided by the use of the resolution-of-
the-identity (RI) approximation [25,26] ledNeese and co-
workers to the revival of the PNO approach [27–32] for
closed-shell as well as for high-spin open-shell molecules.
PNOs, in contrast to PAOs, are pair specific and lead
to a very compact representation of the virtual space.
Typically, 30–40 PNOs per pair are on average sufficient
[33]. Another advantage of PNOs is that they are con-
structed from an (approximate) correlated wave function
and thereby they adapt themselves automatically to the
specific requirements of the molecular system. The error
of a PNO calculation can be controlled systematically by
adjusting one single threshold, TPNO, which truncates the
PNO expansion.

A compromise between PAOs andPNOs has been pro-
posed by Yang and co-workers [33]. They introduced
orbital-specific virtuals (OSVs), which are not pair-
specific, but orbital-specific virtual orbitals. The com-
putational costs of the construction and integral trans-
formation of OSVs lie in between those of the PAOs
and PNOs. Yang et al. have successfully applied the OSV
approach to the MP2 and CCSD [33] methods and were
able to carry out calculations with up to 2334 basis func-
tions at the CCSD level.

Hättig and co-workers as well as Werner and co-
workers combined the compactness of the PNO approach
with the lower integral transformation costs of OSVs
within a hybrid OSV–PNO–MP2 approach [34,35]. They
first construct OSVs and subsequently generate the PNOs
in the already truncated space spanned by the OSVs,
which results in a O(N 4)-scaling of the PNO con-
struction. The scaling of this hybrid method could
further be reduced to O(N 3) by replacing the time-
determining step – the construction of the OSVs through
a full diagonalisation of the doubles amplitude matri-
ces – by an iterative block Davidson algorithm [36].
These methods have successfully been applied to PNO
excited-state calculations with the approximate coupled
cluster singles and doubles model CC2 [37] and the
extended algebraic-diagrammatic construction through
second order ADC(2)-x [38], and the explicitly corre-
lated methods MP2-F12 [34,39,40], MP3-F12 [34] and
CCSD[F12] [41].

Furthermore, Neese and co-workers reported near-
linear scaling implementations of CCSD [32] and

CCSD(T) [42]. This was achieved by combining the PAO
and PNO approaches: the PNOs are expanded in PAOs,
which belong to pair-specific domains. These domain-
based local PNO (DLPNO) approaches have been applied
to calculations with more than 8800 basis functions. Sim-
ilar techniques (combination of PAOs, OSVs and PNOs)
led Werner and co-workers to the development of (par-
allel) algorithms, which show a linear scaling in the
molecular size and a near-inverse scaling in the num-
ber of processors, for MP2 [43] and MP2-F12 [44]. More
recently, Neese and co-workers introduced the concept
of sparse maps, which is based on the sparse representa-
tion of tensors [45]. Using this formalism, they succeeded
in the implementation of a linear scaling algorithm for
DLPNO–CCSD(T), which could be applied to calcula-
tions with more than 20,000 basis functions and 1000
atoms [46].

Due to the fact that PNOs produce smooth potential
energy surfaces [29], the next natural step is to investi-
gate how well PNOs perform in geometry optimisations.
This is the aim of the present work. The following text
is structured as follows: after a brief review of the con-
ventional MP2 Lagrangian and the PNO theory in Sec-
tion 2, the implementation of the PNO–MP2 gradient is
presented. In Section 4, we apply the PNO–MP2 gradient
to Baker’s test set for geometry optimisations. The errors
in the PNO–MP2 geometries relative to the canonical
geometries are investigated based on a statistical analysis
for the bond lengths and angles. Section 5 deals with the
optimisation of different water clusters in order to investi-
gate the accuracy of PNO–MP2 in the description ofweak
intermolecular interactions. Finally, in Section 6, the per-
formance of the implementation is investigated, and in
Section 7, the findings are summarised and an outlook
on future work is given.

2. Theory and implementation

2.1. The conventional RI–MP2 gradient

ForMP2, the (orbital-relaxed) Lagrange function is given
by

LMP2 = 〈HF|H + [H,T2]|HF〉
+

∑
μ2

t̄μ2〈μ2|H + [F,T2]|HF〉 +
∑
μ0

κ̄μ0Fμ0,

(1)

where the operators F andH denote the Fock and Hamil-
ton operators and T2 = ∑

μ2
tμ2τμ2 the cluster operator.

The index μ2 runs over double replacements. In this
work, we assume closed-shell systems and use the spin-
free operators [47] τ aibj = EaiEbj and t̄ i jab = 4t i jab − 2t jiab.
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Here and in the following, we use the convention that
indices a, b, c, … denote active virtual molecular orbitals
(MOs) and i, j, k, … active occupied MOs (in the frozen
core approximation). General MOs will be labelled with
p, q, r, … and atomic orbitals (AOs) with μ, ν, κ , ….
To denote the complete, i.e. active + inactive, virtual and
occupied MO subspace we use, respectively, the capital
letters A, B and I, J. The HF reference determinant |HF〉
is parametrised as

|HF〉 = exp

(∑
μ0

κμ0 (Eμ0 − E†
μ0

)

)
|HF0〉, (2)

where |HF0〉 is chosen such that the orbital rotation
parameters κμ0 vanish for the unperturbed system. The
first term in Equation (1) corresponds to the total MP2
energy. The second term accounts for the MP2 ampli-
tude equations, while the last term includes a sum over
the Fock matrix elements which are required to vanish.
The index range ofμ0 depends on the constraints applied
to the Fock operator. Here, we use a non-canonical con-
dition and only require that the Fock matrix is block-
diagonal in the occupied/virtual and active/inactive sub-
blocks.

After some rearrangements the RI–MP2 Lagrangian
can be written as

LMP2 = 1
2

∑
pq

DSCF
pq hpq +

∑
pq

(
1
2
DSCF

pq + DMP2
pq + κ̄pq

)
Fpq

+ 1
2

∑
aib j

dnsepaib j (ai|b j)RI (3)

with the SCF and the unrelaxed MP2 one-particle densi-
ties, DSCF

pq and DMP2
pq , the non-separable part of the two-

electron density dnsepaib j and the one-electron (core) Hamil-
tonian matrix hpq. Explicit expressions for the densities
can be found, e.g. in Ref. [48]. The two-electron repulsion
integrals (ai|bj)RI are evaluated within the RI approxima-
tion:

(ai|b j)RI =
∑
Q

CQbj(Q|ai), (4)

with

CQbj =
∑
P

(P|b j) [
V−1]

PQ , (5)

and the Coulomb metric

VPQ = (P|Q). (6)

Here, and in the following, capital indices P, Q, R, …
denote auxiliary basis functions and (Q|ai) and (P|Q) are
three- and two-index electron repulsion integrals.

2.2. Pair natural orbitals

PNOs are defined as linear combination of virtual
orbitals

|ā〉 =
∑
a

|a〉di jaā, (7)

with the expansion coefficient di jaā chosen such that they
diagonalise the contribution Di j

ab of the pair ij to an one-
electron density matrix [49]∑

ab

di jaāD
i j
abd

i j
bb̄

= δāb̄n
i j
ā . (8)

For Di j
ab, we choose the MP2 density which is given by

Di j
ab = 2

∑
c

(
ui jact

i j
bc + ui jcat

i j
cb

)
, (9)

with

ui jab = 2t i jab − t i jba. (10)

The PNO coefficients are obtained by diagonalising Di j
ab

in a quasi-canonical pair-specific basis {ãi j}, which is
obtained by merging and orthonormalising the OSV sets
of i and j: first, the OSV coefficients diiaãi (which are equal
to the PNO coefficients of a diagonal pair) are determined
by solving the OSV eigenvalue problem∑

b

Dii
abd

ii
bãi = nãid

ii
aãi (11)

iteratively. For details, we refer to Ref. [36]. After building
the aforementioned quasi-canonical pair-specific basis,
the PNO coefficients are obtained by solving the PNO
equations in this basis:∑

ãi j b̃i j

di jãi j āi jD
i j
ãi j b̃i j

di j
b̃i j b̄i j

= δāi j b̄i j n
i j
āi j (12)

The approximate amplitudes are then calculated as

t i j
ãi j b̃i j

= (ãi ji|b̃i j j)
Fii − εãi j + Fj j − εb̃i j

, (13)

where Fii are the diagonal elements of the (non-diagonal)
Fock matrix in the localised molecular orbital (LMO)
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basis and εãi j the eigenvalues of the Fock matrix (diag-
onalised) in the unified OSV space. The eigenvalues ni jā
of Di j

ab are the natural occupation numbers. When sorted
in descending order, these natural occupation numbers
decrease rapidly to zero if i and j are LMOs.

2.3. Lagrangemultipliers for localised orbitals

... The localisation constraint
In a truncated PNO basis or if LMO pairs are neglected,
the wave function is no longer invariant under rota-
tions among the occupied MOs. To account for this, the
Lagrangian in Equation (3) needs to be augmented with
a localisation constraint. In the current work for Forster-
Boys [50] localisation, we get

⎛⎝ d
dλkl

∑
i, j

(
〈ĩ|�r|ĩ〉 − 〈 j̃|�r| j̃〉

)2

⎞⎠
λ=0

= 0. (14)

The perturbed LMOs φ̃i are obtained from the unper-
turbed LMOs φi by the unitary transformation

φ̃i = exp

⎛⎝∑
i< j

λi j
(
Ei j − Eji

)⎞⎠ φi. (15)

The antisymmetric matrix λ describes the change of the
localisation coefficients with respect to an external per-
turbation, similar to the matrix κ, which describes the
change of the MO coefficients with respect to the pertur-
bation (vide infra). Evaluation of Equation (14) yields

0 = (〈i|�r|i〉 − 〈 j|�r| j〉)〈 j|�r|i〉 = Bi j. (16)

Thus, the Lagrangian becomes

LMP2 = 1
2

∑
pq

DSCF
pq hpq +

∑
pq

(
1
2
DSCF

pq + DMP2
pq + κ̄pq

)
Fpq

+ 1
2

∑
aib j

dnsepaib j (ai|b j)RI +
∑
i< j

λ̄i jBi j. (17)

In principle, additional constraints that take the selection
of the PNOs into account would have to be considered.
In the current work, we neglect these constraints since
their effect on the gradient and the final geometries can
be expected to be of similar size as the noise due to the
geometry dependence of the PNO selection.

Furthermore, it should at this point be mentioned that
we do not take the gradient of the pair correction (evalu-
ated in the OSV basis {ãi})

Ei j = cOS(1 + δi j)
∑
ãib̃ j

2Ki j
ãib̃ j

Ki j
ãib̃ j

Fii − Fãiãi + Fj j − Fb̃ jb̃ j

(18)

with Ki j
ãib̃ j

= (ãii|b̃ j j) and the diagonal elements of the
(non-diagonal) Fock matrix evaluated in the OSV basis
into account in our preliminary implementation. For the
calculation of energies, the above equation is used to
screen the pair list and subsequently these estimated pair
correlation energies of discarded pairs are added to the
total energy. For further details, it is referred to Refs.
[34,36].

... The coupled–perturbed Hartree–Fock and
localisation equations
Now that a suitable Lagrangian has been set up, the
Lagrange multipliers can be determined. The matrix
κ̄, whose only non-vanishing blocks are the vir-
tual/occupied and inactive/active blocks, is then obtained
by solving the so-called Z-vector equations [51]. For the
virtual/occupied block, they can be written as

∑
BJ

κ̄BJ

(
δJIFBA − δBAFIJ + 1

2
ABJAI

)
= −ηκ

AI, (19)

with the Z-CPHF matrix Apqrs = 4(pq|rs)RI − (pr|sq)RI −
(ps|rq)RI, which also is evaluated using the RI approxima-
tion (see Section 2.4 for details), and the right-hand side
(RHS) vector

ηκ
AI = LIA − L

′′
AI + MAI + 1

2

∑
pq

(
DMP2

pq + κ̄OO
pq

)
ApqIA.

(20)

The intermediate MAI stems from the differentiation of
the localisation constraint and has non-vanishing ele-
ments only if I is an active occupied orbital:

Mqi =
∑

w=xyz

∑
l

λ̄il

[
〈i|rw|q〉〈l|rw|i〉

+ 1
2
(〈i|rw|i〉 − 〈l|rw|l〉)〈l|rw|q〉

]
. (21)

The intermediates LIA and L′′
AI , which contain contrac-

tions with the non-separable part of the two-electron
density (i.e. the doubles amplitudes), are evaluated in the
PNO basis as follows:
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L
′′
aq =

∑
μ

Cμq
∑
i j

∑
ā

di jaā
∑
P

(μi|P)

i j
P,āi, (22)

Liq =
∑

ν

Cνq
∑
j

∑
Pμ

(μν|P)
∑
ā

Ci j
μā


i j
P,āi, (23)

with



i j
P,āi =

∑
b̄ j

t i j
āb̄
Ci j
P,b̄ j

, (24)

Ci j
P,b̄ j

=
∑

μ

CP,μ, jC
i j
μb̄

, (25)

and the coefficients Ci j
μb̄

= ∑
b Cμbd

i j
bb̄
, which transform

from the AO to the PNO space of pair ij.
Furthermore, the unrelaxed MP2 density also needs

to be evaluated from the amplitudes in the PNO basis.
For the virtual/virtual block, this can be done straight-
forwardly as

DMP2
ab = 2

∑
i j

∑
āb̄

di jaād
i j
bb̄

∑
c̄

ui jāc̄t
i j
b̄c̄
. (26)

For the occupied/occupied block, additional transforma-
tions with PNO overlap matrices appear:

DMP2
i j = −2

∑
kā jkb̄ jk

u jk
ā jkb̄ jk

∑
c̄ik

Sik, jk
c̄ikb̄ jk

∑
d̄ik

Sik, jk
d̄ikā jk

t ikd̄ikc̄ik . (27)

The overlap of PNOs belonging to different pairs ik and
jk is defined as

Sik, jk
āb̄

=
∑
c

dikcād
jk
cb̄

. (28)

The matrix κ̄OO
pq in Equation (20) contains the inactive-

occupied/active-occupied block of κ̄. These Lagrange
multipliers are determined by∑

K

(
κ̄KJFKI − κ̄IKFJK

) = −(LIJ + MIJ ) (29)

The Lagrange multipliers λ̄i j are determined by the con-
dition that the Lagrangian has to be stationary with
respect to variations of the localisation parameters λij.
This leads to the coupled–perturbed localisation (Z-CPL)
equations [52]:(

1 − P̂kl
) ∑

w=xyz

∑
i

λ̄ki

[
〈k|rw|l〉〈i|rw|k〉

+ 1
2
(〈k|rw|k〉 − 〈i|rw|i〉)〈i|rw|l〉

]
= −θkl (30)

with the usual permutation operator P̂kl fkl = flk and the
RHS vector

θkl = (1 − P̂kl )
∑
i

(
DMP2

il Fik + 1
2
Llk

)
(31)

Since the Lagrange multipliers κ̄ do not contribute to the
Z-CPL equations, the latter equations can be solved prior
to the Z-CPHF equations.

2.4. The PNO–MP2 gradient

Now, that the Lagrange multipliers have been deter-
mined, the gradient can be evaluated in the AO basis as
follows:(
dLMP2

dx

)
x=0

=
∑
μν

Deff
μνh

[x]
μν −

∑
μν

Feff
μν S

[x]
μν

+
∑
Qμν

�Q,μν (Q|μν)[x]

+
∑
PQ

γPQ(P|Q)[x] +
∑
Q′μν

�SCF
Q′,μν (Q

′|μν)[x]

+
∑
P′Q′

γ SCF
P′Q′ (P′|Q′)[x]

+
∑

w∈{xyz}

∑
μν

D(w)
μν 〈μ|rw|ν〉[x] (32)

where P, Q denote auxiliary basis functions for the cor-
relation part and P′, Q′ auxiliary basis functions for the
RI–JK approximation [53] used in the HF part.

The effective Fock matrix Feff
μν , also known as energy-

weighted density matrix, is defined as

Feff
μν =

∑
pq

CμpCνq
∑
u

Deff
puFqu

+ 1
2

∑
Iq

CμICνq
∑
rs

(
DMP2

rs + κ̄rs
)
ArsIq

+ 1
2

∑
pq

CμpCνq

(
Lpq + L

′′
pq

)
+

∑
I j

CμICν jMI j

(33)

with the usual relaxed one-electron density Deff
μν =

DSCF
μν + DMP2

μν + κ̄μν . The three- and two-index two-
particle densities for the correlation part are defined as
[54]

γPQ =
∑
iμ

CP,μi
Q,μi, (34)

�Q,μν =
∑
i


Q,μiCνi.
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Table . Definition of the three- and two-index two-electron den-
sities�SCF

Q,μν and γ SCF
PQ for the SCF part of the gradient.

�SCF
Q,μν

=
(
DMP2

μν
+ κ̄

μν

)
iSCFQ + 2

∑
I 
̃

SCF
Q,νICμI

γ SCF
PQ = ∑

μI 

SCF
P,μICQ,μI


̃SCF
Q,νI = C

νI i
ef f
Q − ∑

μ

(
1
2D

SCF
μν

+ DMP2
μν

+ κ̄
μν

)
CQ,μI


SCF
Q,μI = 2C

μI

(
ief fQ − iSCFQ

)
− ∑

ν

(
1
2D

SCF
νμ

+ DMP2
νμ

+ κ̄
νμ

)
CQ,νI

iSCFQ = ∑
μν

DSCF
μν

CQ,μν
= ∑

μI CQ,μICμI
ief fQ = ∑

μν
Def f

μν
CQ,μν

= iSCFQ + ∑
P jMP2

P

[
V−1]

PQ + ∑
IAμ

C
μAκ̄AICQ,μI

jMP2
Q = ∑

μν
(μν|Q)

∑
pq CμpCνqD̃

MP2
pq

Table . Geometry convergence thresholds used
for theRI– andPNO–MPgeometry optimisations.

RI–MP PNO–MP

T
�E × − × −

TRMS(G) × − × −

TMaxG × − × −

TRMSD × − × −

TMaxD × − × −

The definition of the three- and two-electron densities
(�SCF

Q,μν and γ SCF
PQ ) for the SCF part are summarised in

Table 1. The last term in Equation (32) is the contri-
bution from the localisation constraint with the density
D(w)

μν , which is defined as

D(w)
μν =

∑
kl

CμkCνl λ̄kl[〈k|rw|k〉 + 〈l|rw|k〉]. (35)

This term is a direct consequence of the use of Boys
localisation (in the localisation constraint). Since it only
involves contractions with sparse one-electron integrals,
the computational costs are insignificant compared to the
overall costs for computing the gradient.

3. Computational details

The PNO–MP2 gradient has been implemented in a
development version of the TURBOMOLE quantum
chemistry program package [55,56]. The SCF calcula-
tions have been done with the ridft [53,57–60] and refer-
enceMP2 calculations with the ricc2 [48,61,62] program.
For the geometry optimisations, the optimiser statpt,
which is part of TURBOMOLE, was used. During the
geometry optimisations, five convergence criteria have
been tested: the energy change (T�E); the root-mean-
square displacement of the atoms (TRMSD); themaximum
displacement of the atoms (TMaxD); the RMS of the gradi-
ent (TRMSG) and the maximum component of the gradi-
ent (TMaxG). Table 2 summarises the different thresholds
for PNO– and RI–MP2 geometry optimisations.

The thresholds for the displacements were increased
for PNO–MP2 geometry optimisations compared to the

Table . Themolecules included in the Baker test set for geom-
etry optimisations and the individual bonds with the corre-
sponding labels considered for the calculationof thedeviations
shown in Figure .

Molecule Bond Label Molecule

Dimethylpentane C–C  Water
Naphthalene C=C  Ammonia
Acetylene C� C  Ethane
Allene C=C  Ethanol
Benzidine C–C  Methylamine
,,-Trisilacyclohexane Si–C  Benzene
Disilyl ether Si–O  Acetone
ACANIL N–CO  Benzaldehyde
Caffeine N–CO  ,-Difluorobenzene
Histidine N=C  ,,-Trifluorobenzene
-Hydroxybicyclopentane C–O  Neopentane
Menthone C=O  Furan
Mesityl oxide C=O  ACHTAR
Difluropyrazine O–C  Pterin
,-Difluoronaphthalene C–F 
Hydrosulphane S–O 

defaults. This accounts for the fact that the PNO approx-
imation and the neglect of the PNO equations as con-
straint in the Lagrangian hinder such tight convergence
of the geometry as it is default for the statpt program (see
also Section 4.1 for details).

The actual (PNO-)MP2 geometry optimisations have
been carried out using the def2-SVP [63,64], def2-
TZVPP [64], def2-QZVPP [64,65 ], aug-cc-pVTZ and
aug-cc-pVQZ [66–68] orbital basis sets and the corre-
sponding auxiliary basis sets for RI-MP2 [69,70] and RI-
JK [53,60]. Furthermore, the frozen core approximation
has been used in all calculations.

4. Results

4.1. Application of PNO–MP2 to Baker’s test set for
geometry optimisations

For the investigation of the convergence behaviour and
the accuracy of PNO–MP2 geometries in a broad variety
of bonding situations, we use Baker’s test set for geometry
optimisations [71]. Themolecules included in this test set
are listed in Table 3.

The errors introduced by the PNO approximation are
investigated as function of the PNO threshold (TPNO =
10−6 …10−9) and the basis set size (def2-SVP, def2-
TZVPP, def2-QZVPP). As statisticalmeasures, we use the
mean error �̄, mean absolute error �̄abs, maximum error
�max and the standard deviation σ .

For these statistical measures of the errors in bond
lengths and angles, each covalent bond (angle) in all
molecules has been considered: first, the statistical
measures have been calculated for each molecule and,
subsequently, thesemolecule-specific statistical data have
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then been used to obtain the statistical data over the
whole test set.

... Bond lengths
Before considering the statisticalmeasures, which are cal-
culated over the whole test set, it is interesting to inves-
tigate how the errors introduced by the PNO approxi-
mation behave for different bonding situations. For this
purpose, characteristic bonds in a subset of molecules
have been selected (see Table 3). The errors of PNO–MP2
in these bond lengths in the def2-QZVPP basis set are
shown in Figure 1.

From this figure, it is obvious that the errors usually
decrease with decreasing PNO thresholds. But this obser-
vation does not hold for all cases. For example, the error
in the C=Cbond in allene slightly increases fromTPNO =
10−6 to TPNO = 10−8 and only decreases by further low-
ering the PNO threshold. A similar behaviour can be
seen for the error in the C � C bond in acetylene. Here,
the error significantly increases by about 0.45 pm going
from TPNO = 10−6 to TPNO = 10−7. This non-monotonic
behaviour is a result of the superposition of errors with
different sign. But compared to the MP2 intrinsic errors
(typical and maximum errors of 0.46 and 1.70 pm for
the first-row elements [47,72] (in the cc-pCVQZ basis)
and 0.71 and 3.49 pm (in the cc-pCVQZ basis) for the

Table . Statistical measures of errors in bond lengths (pm).

TPNO def-SVP def-TZVPP def-QZVPP

− �̄ −. . .
�̄abs . . .
�̄max . . .
σ . . .

− �̄ |�̄| < 0.01 −. .
�̄abs . . .
�̄max . . .
σ <. . .

− �̄ |�̄| < 0.01 |�̄| < 0.01 .
�̄abs <. . .
�̄max . . .
σ <. . .

− �̄ |�̄| < 0.01 |�̄| < 0.01 .
�̄abs <. . .
�̄max . . .
σ <. <. .

second-row elements [73], respectively), this effect is
small.

The statistical measures are shown in Figure 2 and
Table 4. From the mean errors, it can be seen that there is
no systematic trend concerning overestimation or under-
estimation of bond lengths with respect to RI–MP2 in
the small def2-SVP basis, while in the larger triple-ζ and
quadruple-ζ basis sets, the PNO results tend to overes-
timate bond lengths, as it is expected as a consequence
of the partial neglect of dynamic correlation. The mean
absolute andmaximum errors, in contrast, systematically

Figure . Errors in individual bonds in the def-QZVPP basis set. The numbers on the x-axis refer to the numbering of molecules/bonds in
Table .
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Figure . Graphical visualisation of the statistical measures obtained for the errors in bond lengths.

decrease for tighter PNO thresholds. Already for TPNO =
10−6, both of these measures are below the respec-
tive MP2 intrinsic errors observed by Helgaker and
co-workers [47] for the first-row elements (with one
exception for the maximum error with TPNO = 10−6 in
def2-TZVPP). In addition, the mean absolute and max-
imum errors increase in most cases with the size of
the basis set. This is reasonable, since the virtual space
increases with the basis set size. This then leads to a
more truncated virtual space if the same PNO threshold
is applied for a calculation in a larger basis set. But com-
pared to the MP2 intrinsic errors, this effect is small.

To better understand the origin of the relatively large
maximum error of 2.26 pm with TPNO = 10−6 in the
def2-TZVPP basis, we analysed the structure of benzi-
dine where this error occurs. The problematic bond is the
C–C bond that connects the two phenyl rings. A com-
petition between steric repulsion and dispersion interac-
tions leads at the MP2 level to a dihedral angle between
the phenyl rings of around 142° and a bond length of
147 pm (see also Table 5). With TPNO = 10−6 and the
def2-TZVPP basis, the truncation of the virtual space

Table . Comparison of the RI–MP and the PNO–MP C–C bond
length and the dihedral angle between the two phenyl groups in
benzidine.

Dihedral angle (°) C–C bond length (pm)

def-TZVPP def-QZVPP def-TZVPP def-QZVPP

TPNO = − . . . .
TPNO = − . . . .
TPNO = − . . . .
TPNO = − . . . .
RI–MP . . . .

apparently is too harsh to capture the dispersion inter-
action accurately enough and the geometry optimisation
converges to an almost perpendicular structure.

The normal distributions shown in Figure 3 give a nice
overview of the observations made so far. While being
rather narrow and minimally displaced in the def2-SVP
basis set for all PNO thresholds studied, they are broader
for the larger basis sets. The curves become more sharply
peaked with decreasing PNO thresholds, indicating the
expected convergence towards the canonical results.
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Figure . Normal distributions of the PNO errors (in bond lengths) in different basis sets.

Furthermore, it is important to mention at this point
that even though the statistical measures for TPNO =
10−6 and TPNO = 10−7 overall look promising (even for
TPNO = 10−6 about 99.9% of the errors lie within the
MP2 error bar), for a few molecules and basis set sets;
however, the optimisations did not convergence within
the thresholds defined in Table 2. This was the case for
pterin (TPNO = 10−6) and caffeine (TPNO = 10−6 and
TPNO = 10−7) in all basis sets. Additionally, disilyl ether
could not be converged for TPNO = 10−6 in def2-TZVPP
and for TPNO = 10−7 in def2-QZVPP and ACANIL01
could not be converged for TPNO = 10−6 in def2-QZVPP.
Caffeine, ACANIL01 and disilyl ether are rather floppy
molecules (especially due to the methyl groups) with
many local minima on a flat potential energy surface. For
these molecules, the rotation of the methyl groups pre-
vents the energy or the gradient from convergence: after
an initial decrease of the energy, the optimisation starts to
oscillate. Similar observations have been made for pterin.
It is, however, unclear whether this is a problem of the
PNO approximation itself or of the neglect of the PNO

Table . Statistical measures of errors in bond angles (°).

TPNO def-SVP def-TZVPP def-QZVPP

− �̄abs . . .
�̄max . . .
σ . . .

− �̄abs . . .
�̄max . . .
σ . . .

− �̄abs . . .
�̄max . . .
σ . . .

− �̄abs . . .
�̄max . . .
σ . . .

equations as constraints in the Lagrangian in the current
preliminary implementation.

... Bond angles
Statistical measures for the errors in bond angles are
given in Figure 4 and Table 6. They have been evalu-
ated in a similar way as the bond lengths before. For the
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Figure . Graphical visualisation of the statistical measures obtained for the errors in bond angles.

angles we present, however, no results for the mean error,
since the errors in individual angles tend to cancel each
other, as, for example, for the three bond angles at a sp2

hybridised central atom. All in all, the curves show a sim-
ilar behaviour as the ones for the bond lengths. Again, the
mean absolute errors are below the MP2 intrinsic errors
(0.19° for first-row elements [47,72] and 0.12° for second-
row elements [73]) in every case. The maximum error
at TPNO = 10−6 and TPNO = 10−9 in the def2-QZVPP
basis both occur in the Si–O–Si bond of disilyl ether. The
large error at TPNO = 10−6 and the significant decrease
at TPNO = 10−9 suggest that somewhat tighter thresholds
should be used for molecules containing second-row ele-
ments, even though the errors in the bond lengths are
small.

4.2. The structure of water clusters

One of the key areas, whereMP2 or related double-hybrid
DFT functionals are applied, are geometry optimisations
ofmolecular clusters and complexes, with geometries that

are vastly determined by weak interactions, as e.g. hydro-
gen bonding. To investigate the accuracy of PNO–MP2
on such intermolecular complexes, different water hex-
amers and octamers have been optimised.

The error between canonical and PNO–MP2 in the
nearest-neighbour O–O distances has been used as a
measure for the description of hydrogen bonds, since
these are also commonly usedmeasures to describe water
complexes in the literature [74–76] (see Table 7). Fur-
thermore, the errors in H–O–H, O–H���O and H���O–
H(���O) have been been analysed (see Table 8) to obtain
a more complete overview of the similarity of the struc-
tures. The same statistical measures as described above
have been used. But in this case, the statistical measures
have been evaluated by averaging only over the errors at
each water cluster to obtain a more complete overview of
the similarity of the structures.

As a general trend, it can be seen from Tables 7 and 8
that the errors in the aug-cc-pVQZbasis set are somewhat
larger than those in the aug-cc-pVTZ basis for the same
PNO threshold. Similar to the observations made for
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Table . Statistical measures for the errors in the nearest-neighbour O–O distances (pm) in different water clus-
ters. The errors were obtained by comparing the results for canonical and PNO–MP results without counterpoise
correction.

aug-cc-pVTZ aug-cc-pVQZ

(HO) (HO) (HO) (HO)

TPNO Prism Cage Book Dd S Prism Cage Book Dd S

− �̄ . . . . . . . –a . –b

�̄abs . . . . . . . –a . –b

�̄max . . . . . . . –a . –b

σ . . . . . . . –a . –b

− �̄ − . − . . . . . . . . .
�̄abs . . . . . . . . . .
�̄max . . . . . . . . . .
σ . . . . . . . . . .

− �̄ . − . − . . |�̄| < 0.01 − . − . − . − . − .
�̄abs . . . . . . . . . .
�̄max . . . . . . . . . .
σ . . . . . . . . . .

− �̄ . . . . . − . − . − . − . − .
�̄abs . . . . . . . . . .
�̄max . . . . . . . . . .
σ . . . . . . . . . .

MPc �̄ − . − . − . − . − . − . − . − . − . − .
�̄abs . . . . . . . . . .
�̄max . . . . . . . . . .
σ . . . . . . . . . .

aNo reasonable geometry found.
bNo convergence achieved.
cRefers to the deviations between MP and CP-corrected MP structures.

Baker’s test set, we observe that for tight PNO thresholds,
i.e. TPNO = 10−8 and TPNO = 10−9, the O–O distances
converge in the quadruple-zeta basis set from below.

Furthermore, it was found that the influence of basis
set superposition error (BSSE) on PNO–MP2 and canon-
ical MP2 geometries is similar for practically relevant

PNO thresholds (see below). Similar observations can
be made by comparing the counterpoise-corrected (CP-
corrected) [77] and uncorrected MP2 and PNO–MP2
binding energies (Table 9). Hence, only the errors refer-
ring to the uncorrected results will be discussed in the fol-
lowing.

Table . Statistical measures for the errors in intermolecular and intramolecular bond
angles of different water clusters. All possible H–O–H, O–H���O and H���O–H(���O)
angles (°) have been included in the analysis to give a more complete overview over the
similarities of the structures.

aug-cc-pVTZ aug-cc-pVQZ

(HO) (HO) (HO) (HO)

TPNO Prism Cage Book Dd S Prism Cage Book Dd S

− �̄abs . . . . . . . –a . –b

�̄max . . . . . . . –a . –b

− �̄abs . . . . . . . . . .
�̄max . . . . . . . . . .

− �̄abs . . . . . . . . . .
�̄max . . . . . . . . . .

− �̄abs . . . . . . . . . .
�̄max . . . . . . . . . .

MPc �̄abs . . . . . . . . . .
�̄max . . . . . . . . . .

aNo reasonable geometry found.
bNo convergence achieved.
cRefers to the deviations between MP and CP-corrected MP structures.



12 M. S. FRANK ET AL.

Figure . Comparison of the performance of canonical RI-MP and PNO-MP on glyn chains (n = , , , , ) in the cc-pVTZ basis set.
The PNO-MP calculation has been carried out using a PNO threshold of TPNO = −. For this comparison the time for the solution of he
Z-CPHF equations has not been considered.

Concerning the accuracy, Tables 7 and 8 clearly show
that PNO thresholds as loose as TPNO = 10−6 do lead
to unacceptable errors in geometries in almost all water
clusters. This can be rationalised by the fact that the dis-
persion effect from weak pairs contributes substantially
to hydrogen bonds. Apparently, the weak pairs needed
for the description of hydrogen bonds are discarded at
loose PNO thresholds which leads to the overestimation
of intermolecular distances. Tightening the PNO thresh-
old to 10−7 already yields a significant improvement for
all water clusters and basis sets. The mean absolute errors
inO–Odistances fall below2pm.TheMP2 intrinsic error
also was found to be in the range of 2 pm for water clus-
ters up to water hexamers. These errors were determined
by comparing CCSD(T) toMP2 geometries [78]. Further
lowering the PNO threshold does not lead to a significant
decrease of errors in neighbour O–O distances.

The bond angles, however, still improve further with
lower PNO thresholds of 10−8 or 10−9 when large basis
sets are used. While in the aug-cc-pVTZ basis, the
results for the bond angles change only little between
TPNO = 10−7 and TPNO = 10−8, this is not yet the case
in the aug-cc-pVQZ basis set. Especially for the water
octamers, where the mean absolute error is still 3.4°–
3.8° with TPNO = 10−7. With a PNO threshold of 10−8,
the mean absolute errors drop below 0.7°. The maximum

errors also decrease significantly, especially for the water
octamers.

Since the maximum errors all occur in O–H���O and
H���O–H(���O) angles, which are, compared to covalent
bond angles, rather loose degrees of freedom, the accu-
racy achieved with TPNO = 10−7 might already be suffi-
cient. This might in particular be the case for the binding
energies where the differences between MP2 and PNO–
MP2 are already with TPNO = 10−7 in all cases below
1 kcal/mol per hydrogen bond.

4.3. Performance of the implementation

To investigate the performance of the implementation,
calculations on increasingly large glycine chains have
been done. The wall times for the computation of the cor-
relation contributions to the one- and two-particle densi-
ties are shown for canonical RI–MP2 and PNO–MP2 in
Figure 5. At this point it should also be mentioned that
the local RI approximation, which we do not yet exploit
in our preliminary implementation, will lead to a further
reduction of the scaling.

From Figure 5, it can be seen that canonical RI–
MP2 and PNO–MP2 show a reasonably early break even
point at approximately 1060 basis functions. The asymp-
totic scaling of canonical MP2 is in the order of O(N 5)
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Table . Comparison of the PNO–MP and MP binding ener-
gies for different water clusters with andwithout CP-correction.
The binding energies have been calculated at geometries opti-
mised with the respective method/PNO threshold given in the
second column.

aug-cc-pVTZ aug-cc-pVQZ

Eint ECPint Eint ECPint

(HO) (Prism) TPNO = − −. −. −. −.
TPNO = − −. −. −. −.
TPNO = − −. −. −. −.
TPNO = − −. −. −. −.

MP −. −. −. −.
(HO) (Cage) TPNO = − −. −. −. −.

TPNO = − −. −. −. −.
TPNO = − −. −. −. −.
TPNO = − −. −. −. −.

MP −. −. −. −.
(HO) (Book) TPNO = − −. −. -a -a

TPNO = − −. −. −. −.
TPNO = − −. −. −. −.
TPNO = − −. −. −. −.

MP −. −. −. −.
(HO) (Dd) TPNO = − −. −. −. −.

TPNO = − −. −. −. −.
TPNO = − −. −. −. −.
TPNO = − −. −. −. −.

MP −. −. −. −.
(HO) (S) TPNO = − −. −. -b -b

TPNO = − −. −. −. −.
TPNO = − −. −. −. −.
TPNO = − −. −. −. −.

MP −. −. −. −.

aNo reasonable geometry found.
bNo convergence achieved.

(the effective scaling obtained from a linear regression
between 706 and 2650 basis functions is in the order of
O(N 4.7)). The scaling of our PNO–MP2 implementa-
tion, in contrast, is only in the order of O(N 3.2). Since
our iterative PNO construction also shows a very similar
scaling behaviour, this suggests that no additional bottle-
neck is introduced when computing the correlation con-
tribution to the gradient.

Concerning the dependence of the efficiency on the
PNO threshold, it should be noted that the computational
costs increase quadratically with the number of PNOs per
pair and linearly with the number of pairs.

5. Conclusions

We presented an implementation of the PNO–MP2 gra-
dient. The equations have been derived by augmenting
the canonical RI–MP2 Lagrangian with the localisation
constraint and restricting the doubles amplitudes to the
PNO space. A statistical analysis of the errors relative to
canonical RI–MP2 demonstrates that the errors intro-
duced by the PNO approximation are negligible with
respect to the intrinsic error of theMP2method. Geome-
try optimisations for water clusters of different size show

that the errors are larger for weakly bound systems. Since
also the intrinsic error ofMP2 is larger for intermolecular
distances and effects such as the BSSE increase the uncer-
tainty, it can be stated that also here PNO thresholds of
10−7–10−8 are sufficient to obtain accurate geometries.

The convergence may be improved in the future by
including the PNO andOSV equations as additional con-
straints in the Lagrangian. Furthermore, the correction
for neglected pairs and PNOs have not been considered in
the preliminary implementation reported here. Whether
these points will enhance the efficiency ormerely increase
the computational costs is subject of ongoing work.
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