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ABSTRACT

We present a pair natural orbital (PNO)-based implementation of CC3 excitation energies, which extends our previously published state-
specific PNO ansatz for the solution of the excited state eigenvalue problem to methods including connected triple excitations. A thorough
analysis of the equations for the excited state triples amplitudes is presented from which we derive a suitable state-specific triple natural
orbital basis for the excited state triples amplitudes, which performs equally well for local and non-local excitations. The accuracy of the
implementation is evaluated using a large and diverse test set. We find that for states with small contributions from double excitations, a TO
approximation to PNO-CC3 yields accurate results with a mean absolute error (MAE) for Tpno = 1077 in the range of 0.02 eV. However, for
states with larger double excitation contributions, the TO approximation is found to yield significantly less accurate results, while the Laplace-
transformed variant of PNO-CC3 shows a uniform accuracy for singly and doubly excited states (MAE and maximum error of 0.01 eV and
0.07 eV for Tpno = 1077, respectively). Finally, we apply PNO-CC3 to the calculation of the first excited state of berenil at a S; minimum
geometry, which is shown to be close to a conical intersection. This calculation in the aug-cc-pVTZ basis set (more than 1300 basis functions)

is the largest calculation ever performed with CC3 on excitation energies.

Published under license by AIP Publishing. https://doi.org/10.1063/5.0012597

I. INTRODUCTION

State-of-the art coupled cluster (CC) models that include con-
nected triple excitations are able to accurately reproduce experimen-
tal results with high accuracy, e.g., for reaction energies often within
the chemical accuracy of ~1 kcal/mol and excitation energies for
one-electron transitions within 0.1 eV. Unfortunately, the applica-
bility of such accurate (triple excitations including) coupled cluster
methods is restricted to rather small molecular systems with canon-
ical implementations due to high computational costs in terms of
floating-point operations (FLOPs), memory, and disk space usage.
For example, the costs for the widely used and highly accurate
approximate triples models as coupled cluster singles and doubles
with perturbative triples, CCSD(T), coupled cluster singles and dou-
bles with perturbative triples for excitation energies, CCSDR(3),

and coupled cluster singles and doubles with approximate iterative
triples scale as O(N7) in terms of FLOPs and as O(N*) in terms
of disk space demands with the system size N. This steep scaling
makes it impossible to apply these methods routinely to molecules
with more than about 20 non-hydrogen atoms with basis sets that
allow to exploit the accuracy of these methods. CC3, which has
been designed for response calculations on excitation energies and
frequency-dependent properties, is, due to its iterative nature and
the larger number of equations that need to be solved for these
properties, restricted to even smaller molecular systems.
Fortunately, during the last few years, a lot of progress has
been made on approaches that avoid the inherently steep scal-
ing of the canonical coupled cluster methods without sacrific-
ing their accuracy. Most of these approaches take advantage of
the local nature of dynamic electron correlation. This locality
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is difficult to exploit if canonical molecular orbitals (MOs) are
used. Therefore, these methods usually employ localized molecu-
lar orbitals (LMOs), which allow to restrict the excitation space to
local correlation domains, and are, hence, called local correlation
methods.

Over the past few decades, many different flavors of local cor-
relation methods have been proposed and shown to be efficient and
accurate. *” One of the most popular and promising local corre-
lation approaches nowadays is based on the representation of the
virtual orbital space by pair natural orbitals (PNOs). It has its roots
in the 1970s when it was introduced by Meyer”® and refined by
him,”” ' Ahlrichs,”** Staemmler,”*** and Kutzelnigg,n and co-
workers. About a decade ago, the PNO approach has been revived
and since then refined” "’ by Neese and co-workers who recog-
nized that the bottleneck of the early PNO-based methods—the
integral transformations to the PNO basis—can be circumvented
using the resolution-of-the-identity (RI) approximation.*"** Within
the PNO approximation, local correlation domains are obtained
by diagonalization of approximate model densities. The eigenval-
ues (occupation numbers) are used to select the most important
orbitals for the description of the electron correlation of a LMO
pair ij. Restriction of the correlation domains to PNOs with eigen-
values above a given threshold Tpno leads to a size of the virtual
spaces, which increases eventually only linearly with the system
size.

Highly efficient, linear scaling, and accurate PNO-based imple-
mentations of single reference methods, such as MP2, CCSD,
and CCSD(T) and their explicitly correlated” **** counter-
parts, as well as of the multireference methods NEVPT2"’ and
CASPT?2"' for ground state (GS) energy calculations have already
been presented by different groups. Most of these implemen-
tations make use of projected atomic orbitals (PAQs)™* " or
orbital specific virtuals (OSVs)*** as an intermediate basis
during the PNO construction in order to achieve a linear cost-
scaling. First-order molecular properties and gradients (geom-
etry optimizations) using PNOs have recently also become
available.”* *

Excitation energies and response properties in a truncated
PNO space are an important next step. However, the descrip-
tion of excited states (ESs) or other non-local optical proper-
ties is a special challenge for local correlation methods since
the excitation process or the response to external fields is often
non-local. The development of PAO-based response methods for
models beyond second order,”** for which an explicit treatment
and storage of doubles amplitudes cannot longer be avoided,
has been given up. This is due to the fact that huge correla-
tion domains that grow with the number of excited states were
needed, which made these approaches rather inefficient.””"* In
addition, methods based on natural orbitals (NOs)* and natu-
ral transition orbitals (NTOs),”” which have recently become an
active field of research, lack yet either general applicability or
efficiency.

A novel route to tackle the excited state problem with local
correlation methods has been recently proposed by Dutta et al.”’
They proposed to solve the ground state CC equations in the PNO
basis and to transform the ground-state amplitudes and other inter-
mediates afterward back to the canonical MO basis to solve the
excited state eigenvalue problem. Combining this approach with
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the similarity-transformed equation of motion CCSD (STEOM-
CCSD) leads to formal O(N°)-scaling costs. More recently, Dutta
et al. presented (ground state) PNO-based implementations of
CCSD ionization potentials‘“\' (IPs) and electron affinities” (EAs),
which are necessary ingredients for lower-scaling variants of
STEOM-CCSD. However, besides the advantage of having a com-
mon PNO basis and, hence, being able to use well-established multi-
state Block-Davidson algorithms for the solution of the excited state
eigenvalue problem, a major disadvantage of this approach is that it
and also its local variants inherit the difficulties of STEOM-CCSD,”’
e.g., the selection of a basis of IP and EA states and difficulties to
generalize the approach to methods with connected triples such as
CCSDR(T), CCSDR(3), " or CC3.”

An alternative route, which also bears the advantage of
being able to use standard multistate solvers that, compared to
single state (i.e., one-state-at-a-time) solvers, are more robust,
has been developed by Peng et al’”” They use state-averaged
PNOs obtained from densities that are derived from approxi-
mate configuration interaction singles with perturbative doubles
[CIS(D)] calculations and averaged over a certain number of
states. The wavefunctions of all excited states are then restricted
to the same local correlation domains obtained from this den-
sity. Even though giving accurate excitation energies, the com-
putational costs increase for this approach, in particular, for
extended systems with several chromophores not only with the size
of individual chromophores but also with the number of states
included.

Hittig and Helmich, in contrast, proposed to use state-specific
PNO:s for the solution of the excited state eigenvalue problem. Here,
a separate PNO basis is constructed for each excited state from
approximate CIS(D) densities. The advantage of this approach is
that the PNO basis adapts itself to the nature of the excited state
and is, hence, as compact as possible for each state. Furthermore, the
demands in computational resources such as FLOPs, memory, and
disk space scale linearly with the size of the chromophore. The state-
specific PNO approach is in our view the most promising local cor-
relation approach for excited state calculations on extended systems,
in particular, if they contain multiple chromophores. It has already
been proven to be efficient and accurate for CcC2,! ADC(Z)—)(;3 and
CCsD.”*

The aim of this paper is to extend the PNO-based CC response
approach to models including connected triples. We use for this
approach, in the current work, the coupled cluster singles and dou-
bles with approximate triples model CC3’*"” together with state-
specific PNOs.”” This is motivated by its simplicity and its thorough
grounding in perturbation theory. We did not consider here per-
turbative triples corrections even though their accuracy is similar
to CC3 since they involve additional computational steps and, with
that, pitfalls when implemented with PNOs. The most important
feature that a model for excitation energies with connected triples
should have is a systematic improvement upon CCSD excitation
energies for singly as well as for doubly excited states. In the follow-
ing, the concept of triples natural orbitals (TNOs) and the selection
scheme for LMO triples will be extended to excited states. After dis-
cussing the formal theory, the accuracy and the efficiency of the
implementation will be evaluated. Finally, we show for a real-life
example how PNO-CC3 extends the possibilities of coupled cluster
response calculations.
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Il. THEORY AND IMPLEMENTATION
A. The CC3 model

In single-reference coupled cluster theory, the wavefunction is
parameterized as

|cC) = e’ |HF), 1)

where |HF) denotes the reference determinant (usually from a
Hartree-Fock calculation) and T = T + T, + --- is the cluster opera-
tor, where T; = 3 s i Ty; A€ the contributions from the ith excitation
class with the excitation operators 7, and amplitudes #,,.

The CC3 model” is an iterative approximation to coupled clus-
ter singles, doubles, and triples (CCSDT), where only the leading
nonvanishing order contributions from the connected triple exci-
tations T3 are kept. However, in contrast to approximate triples
models for ground-state energies, the singles amplitudes in CC3
are treated as zeroth-order parameters due to their special role in
response theory.”” The residuals of the CC3 cluster equations, which
should vanish at the converged solution, are’

Ou = (uile B HE) + ([ T HE) =0, ()
O = (pale” " He" [HF) + (o[ BL TSR 0, ()
O = (sl [F, T3 )/HF) + (s [T, T3] ) = 0. @

(| [H + [H, T>], 7., ]| HF)
A = | (pa|[H + [H, T2 + T3], 70, ]|HF)
(us|[[H, T>), 7, | HF)

The eigenvalues are usually determined by iterative procedures that
require the implementation of linear transformations of a trial vector
R with the Jacobian,

Pui = ZAW;'R"J" (8)

Vi

With the auxiliary operators R; = ¥, Ry, 7, and the one-index trans-

formed Hamiltonian®’ H = [H ,Rl], the linear transformations with
the CC3 Jacobian can be written as

P = (uilH + [H, To] + [H, Ro] + [, Rs ] HE), ©)
p#z = (/,42|H+ [H, Tz + T3] + [H+ [I:I, Tz],RQ] + [H,R3]|HF>, (10)

Pus = (us|[H, T2] + [H, R ] + [F, R ][HF). 11

The triples part of the CC3 eigenvectors, Ey, has to fulfill the
relation’

By = (8 +0) ol ] + [ALEBIHE),  (12)

(r|[FL 7., [ HE)
(o[ + [, To], 7, ] HF)

(us
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The energy is obtained as E = (HF|H|CC). Above, we have intro-
duced H as shorthand notation for the T, -similarity transformed
Hamiltonian” H = exp(—T1)H exp(T).

In the following, we denote with Ay, the orbital energy differ-
ences AZ:: = €i+€j+€ex—€a—€,— €., whereindices 4, j, k . . . denote the
occupied molecular orbitals (MOs) and 4, b, ¢ ... denote the virtual
MOs. For canonical MOs, Eq. (4) can formally be solved as

tuy = Ay, (ps|[H, T2] HE). (5)

This allows us to compute and process, whenever needed, a batch
of triples amplitudes t,, on-the-fly and solve, e.g., the CC3 ampli-
tude equations without storing a full rank-6 triples tensor, which
would limit the applicability of the method by huge storage and
input/output (I/0O) demands. Equation (5) is similar to the equa-
tion of the perturbative triples used in CCSD(T) but employs the
t1-dressed Hamiltonian A and doubles amplitudes (in T) that are
determined iteratively at the CC3 level.

In coupled cluster response theory, excitation energies are
obtained as eigenvalues of the Jacobian A of the ground-state resid-
ual or vector function €,

oy,
oy,

Ay, = (6)

For CC3, the Jacobian obtained from Egs. (2) to (4) is

G [, ] HEF)
(el (L, ) | )

[H,7,,]|HF) (us|[F, 7, ][HF)

where w denotes the eigenvalue (excitation energy). This can be used
to reformulate the eigenvalue problem for the CC3 excitation ener-
gies from a linear eigenvalue problem in the singles, doubles, and
triples space into a non-linear eigenvalue problem in the singles and
doubles space only. The effective Jacobi matrix for the non-linear
problem is

AH,K3AK3 Vi

ZZ: ZAfoij(w)E"j = 22: Z(AWJ + Z )EVJ = wE,. (13)

j=1 v j=1 v K3 A +w

This reformulation allows us to solve the eigenvalue problem with-
out storage of full triples vectors.

The time determining steps of the CC3 Jacobian right trans-
formations scale for canonical implementations as O(N’), which
restricts the applicability of them to small molecular systems. The
aim of this work is to reduce this steep scaling using PNOs and
TNOs, which will be described in Secs. 1 B-11 F.

B. Ground and excited state PNOs

PNOs are linear combinations of virtual molecular orbitals
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@) = Zd;a,, a), (14)

with expansion coefficients dZa that are initially obtained from the
i

eigenvectors of the correlation contribution from a MO pair ij to the
virtual-virtual block of the one-electron density,

> di, Dy =l 8, (15)

“v a;ib;
ab

Here and in the following, PNOs will be denoted by a bar accent and
the pair index will be omitted if it is clear from the context which pair
a PNO belongs to. The eigenvalues n” of the density D” have the
meaning of occupation numbers and correlate with the importance
of a given PNO for the correlation contribution to the wavefunction.
If the occupied orbital space is represented by LMOs, the eigenvalues
decay rapidly with the index d; and with the distance between the
LMOs. Hence, it becomes practical to define a truncation threshold
Tpno and discard PNOs (i.e., truncate the virtual space) with ”g;,
< Tpno. In this way, the accuracy of a calculation can, in principle,
be controlled by a simple truncation threshold.

For the ground state, the PNOs are usually constructed from
approximate MP2 densities,”

DI = S (B0 + @040, (16)
c
with Zg;)(l) = Ztg;)(l) - tg;(l) and the approximate first-order ampli-
tudes
gy __ (ailbj)
AR v - (17)

>
Fii+E1j_€a_€b

where (ai|bj) denote the electron repulsion integrals (ERIs), Fj
denote the diagonal Fock matrix elements in the LMO basis, and
€, denote orbital energies for canonical virtual MOs.

For PNOs of excited states, we use an approximate correlation
contribution to the density,

Dl = S (REDRED + REORED), (18)

which is calculated from CIS(D)-like excited state first-order ampli-
tudes,””

i -b .
RO . (ailbj) (19)
ii+Fijeafe;,+w
and RZL(I) ZRZ’h(l) - RZ;(I)' The excited-state singles-dressed

integrals are computed as

(ailbj) = Z Pl ( AL,Cui + CyaAﬁi)CKhC/\j(#wKA)’ (20)
UvKA
where C denotes the LMO coefficients and /_\ﬁa = - ZiR;CHi and
[\L’i =3, R;C,m are the modified MO coefficients, dressed with
the singles part of the current trial vector R.. The symmetrization
operator PY is defined as P!, f = f + fI'.

If the PNOs would be obtamed from Egs. (16) and (18) without
any further approximations, the computational complexity of the
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PNO construction would increase with the system size as O(N?).
To reduce this scaling, the densities are evaluated in a so-called pre-
PNO basis"* {d;}, which is obtained by merging the orbital specific
virtual®’ (OSV) spaces {d;} and {a;} of the LMOs i and j. In this basis,
the approximate first-order amplitudes are computed with a lower
cost scaling as "’

tlj’(~l) _ (alll‘é’]]) (21)
a;;bj; Fii + F]‘j — 654‘7 - eihy ’
R _ (ailbif) (22)

ﬁvz’u Fii + F]‘j - 6'54‘7 - 6% + w’
where €5, are the eigenvalues of the Fock matrix that is diagonalized
in the pre-PNO basis.

The ground-state OSV's are obtained by diagonalizing the MP2-
like densities [Eq. (16)] for the diagonal pairs. The excited-state
OSVs are obtained from densmes [Eq. (18)] that are calculated from
modified pseudo-amplitudes”

(ailbi) + (ailbj)

R _ 23
ab 2Fi—€a— €+ w (23)
with integrals
(@iltj) = 37 [AAYCuaCu + ALY, CuCy
uvkd
+Ph AL AL CCo | (uvid) (24)

in order to obtain OSVs that are suitable for expanding the one-
index transformed integrals (ai|bj) of LMO pairs.

Furthermore, we pre-screen the LMO pairs based on approxi-
mate pair contributions to the correlation energy. The estimates for

the pair correlation energies el.(jz) for the ground state and wl.(jz) for
the excited state are calculated in the OSV basis {d;} and {i)]} as

O (aiilbij) (25)
G T FtF-e -
RO (aiilbjj) (26)
1" s F,',‘+F]j—€,3i—€g+a)'

a;jbij i

Ground state pairs with esz)
(2)
i

PNO construction, we refer the reader to Refs. 48, 78, and 74.

< %Tpm-r and excited state pairs with

w:”’ < %Tpair are discarded. For a more detailed description of our

C. Triples selection and TNO construction
for the ground state

The construction of a triples-specific basis from approximate
triples amplitudes using similar strategies as for the PNOs is—at
least for approximate triples models such as CCSD(T) and CC3—
not practical since the computational costs for the required ERIs
and their contraction with the doubles amplitudes to approximate
triples amplitudes are high. As an alternative, Riplinger et al."” pro-
posed to restrict the ground state triples amplitudes to LMO triples
ijk, where ij, ik, and jk are significant pairs. Only triples for which
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each of those pairs is part of the ground state pair list are considered
to be important for the triples contribution of the CCSD(T) model.
Furthermore, the triples list is further compressed by only including
triples where at most one pair is a so-called weak pair. Such a weak
pair is not screened out by the MP2 pair correlation estimate but also
not included in the CCSD treatment for which these authors applied
a tighter pair selection threshold. This scheme for the selection of
non-negligible LMO triples is very similar to the one initially pro-
posed by Schiitz'® in the context of PAO-based perturbative triples
corrections.

The triples selection, as described above, can be rationalized
by analyzing the exphc1t expression for the ground state CCSD(T)
triples equations”

o Avk Z;{Zt (ckbd)—zl:tgb(ckﬂj)}, 27)

abc

ik ik ik ijk iki ik kij
wh:re tkhe operator P, acts as P, fo = fo. *+fon + foue T b
+ Zc; df ' Here and in the following, we restrict the discussion to the

spin-free closed-shell case. The multipole expansion of two-electron
integrals

MO MM + MO M)
|(pqlrs)l € ——%—+ 27
MOM® 2O MO 4 MOy
= —+O(R™),
(28)

where indices p, g, r, s denote general MOs, holds for (approxi-
mately) non-overlapping charge-distributions, which in local corre-
lation treatments is a reasonable assumption for weak and distant
pairs.” In Eq. (28), upper indices 0, 1, and 2 denote the monopoles,
dipoles, and quadrupoles of the charge clouds pg and R = [Rpq — Rys|
is the distance between the expansion centers Ryq and Ry of these
charge distributions. The M'"™ denote the absolute values of the
corresponding multipole integrals,

MG =\ S a5 )]

where Y}, are the spherical harmonics of order I with -1 < m < L.

, (29)

The monopole is directly related to the overlap, M, O - —Spg> and

reduces for orthonormal orbitals to Még ) = —0pg.
Applying the multipole expansion to the two terms in Eq. (27)
separately gives

[
d

MOMD  MOMO 2y D) )

ij k bd ck bd
<3 ‘ +
= ad 2 3
7 R R

+ O(R7), (30)

ijk

( ijk t]k)( ik
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MD O (2) 5 ,(0) (1) 5 7(1)
o =y MM MM+ 2M M
. = . ab R2 R3
+ O(R™), (31)

where, on the right-hand side, it was used that, for weak or distant
pairs, the amplitudes ¢!, decay as 1 /RZ with the distance between
the LMOs i and j, as it is apparent from the integrals (ai|bj), which
enter the MP1 amplitude equations and only contain dipole-dipole
interactions in the lowest non- vamshmg order. In Egs. (30)and (31),
R refers to the distance between R, and, respectively, Ryg and RZJ and
R = min(Ry;, R).

These equations suggest that the triples amplitudes would have
rather long-ranging non-negligible contributions since the lead-
ing terms of the multipole expansion of the integrals decay only
as O(R™?). This would imply that only two LMOs of a triple
ijk have to be close to each other, those for which the indices

appear in the amplitude tgb or in a charge distribution with a

common index with the amplitude tfllelE"). However, the third
LMO could be rather far away from both of them as the con-
tribution to the nominator of the triples amplitude would decay
only as 1/R* with the distance between the charge centers in the
ERIL

If both terms in Eq. (27) are combined, the long-range O(R™?)
contributions cancel out each other and the dipole-dipole contri-
bution of the integrals, which decays as O(R™>), becomes the lead-
ing non-vanishing term in the multipole expansion of the triples
amplitudes,

Zt (ck|bd) - Zt (ckllj)

M(I)M(l) MD M

ek bd +2Z|ta,, Mo My +O(R7). (32)

<2Z\t’f

From Eq. (32), it can, thus, be concluded that the three LMOs of
a triple ijk are in the long-range regime coupled by dipole interac-
tions. Hence, for a non-vanishing contribution from a strong pair
ij for which the contractions ¥, 7, ¢,(r)¢a(r) and 3 t;lb(pl(r)gbj(r)
are large, the LMO k must be close to either i or j and, hence, in
addition to the pair ij, one of the pairs ik or jk has to be a strong
pair.

This forms the basis for the pre-screening of LMO triples used
in local correlation methods.'** The PNO-CCSD(T) implementa-
tion,” which we used as a starting point for the current develop-
ments, employed as an estimate for the magnitude of the correlation
energy contribution from a LMO triple ijk,

0.4
yk ) ( ijk 1]k)

Eguess =35

2{ (Egk zjk) 10g erjk + (et]k l]k) 10g ezjk n (ez]k z]k) IOg et]k}

(33)
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with egk = 681 + €68y + €*e* 8,5 calculated from the CCSD
pair energies if all three of the eJ* differ by at least by 10~ '2. If only
two of these products of pair energies differ, the importance of a
triple is estimated from these two products as

ijk
Eguess = 3- 5[ (34)

Triples with EgueSS below a threshold Tyip are discarded. In the
meantime, we have replaced the CCSD pair energies by the esti-
mate for the MP2 correlation energies ei(jz) from Eq. (25) to avoid
artificial differences between spin-orbital and spin-free calculations.
Since Egﬁess is a rather empirical estimate for the size of the triples
energy, the selection threshold T is chosen rather tight, relative to
the TNO selection threshold Trno (vide infra) to not diminish the
accuracy.

For the selected triples ijk, an initial pre-TNO basis {d;j} is con-
structed by merging the ground state OSV sets of the LMOs i, j, and
k. Then, a density for the triple ijk is calculated by averaging the
approximate MP2 pair densities [cf. Eqs. (16) and (17)] for the three
pairs,

ijk.gs _ l ijk, ij /88 @ijsifk ijk, ik ~ik.gs qik,ijk ijk, jk ~jk.gs qikijk
Dy = 3(Saa DI & Sl DRSS+ S DS,
(35)
In the above equation, the pre-TNO/PNO overlap matrix
z]k ij_ 'Jk ij
ZdC(l ca (36)

with the PNO and pre-TNO coefficients d] and d'] was used to
transform the densities from the PNO to the| pre- TNO basis. Similar
as in the PNO construction, the initial TNO coefficients are obtained
from the eigenvectors of this density and only the TNOs for eigen-

values 1137; above a threshold Ttno are kept. Thereafter, the selected

TNOs for a triple ijk are transformed to a semi-canonical basis in
which the Fock matrix is diagonal.

D. Triples selection and TNOs for excited states

To arrive at a reasonable selection of the triples for excited
states, we follow a similar multipole analysis-based strategy as used
in Sec. IT C for the ground-state triples. For simplicity, we assume
that the reference wavefunction fulfills the Brillouin condition so
that the ground state singles ,, vanish in the first-order and can be
ignored for qualitative considerations. Before discussing the ampli-
tude equations, we analyze the multipole expansion of the integrals
dressed with the singles part of the eigenvector E; that appear in the
nominators of the triples equations,

(pqlrs) = Py Y[ El(ptlrs) - Ey(tqlrs) ], (37)

with the understanding that E; is nonzero only if t is an index of an
occupied and p is an index of a virtual MO. A separate multipole
expansion of the two terms in Eq. (37) gives
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M 2
o R R
t
+M1§t2)M,(SO) MO MO +MP M
R3

\;Eﬂprrs)

)+(’)(R_4),
(38)
t Mt(qO) r(so) Mt(ql)Mr(SO) +Mt(q0)Mr(sl)
< zt: |Ep|( &t o
+qu2)Mr(50)+2Mt(;)i\/[r(sl)+qu0)Mr(sz)
R’

‘ZE;(tqm)

)+0(R"“),

(39)
where R and R’ denote the distances between the center of the orbital
product rs and the centers of pt and tq, respectively. The first con-
tribution is non-zero only if g is an occupied MO contributing to
E,,, and the second contribution is non-zero only if p is a virtual
MO contributing to E,,. Long-ranging charge-charge terms arise
for non-local transitions if p is a virtual MO located at or close to
the electron-accepting chromophore and, at the same time, g is an
occupied MO at or close to the electron-donating chromophore. If
the two terms are considered together, the long-ranging O(R™") and
O(R'™") contributions eventually cancel out each other if both dis-
tances are large compared to the distance between the centers of
pt and tq and the dipole-monopole interactions become the lead-
ing non-vanishing terms in the multipole expansion of the dressed
integrals,

MO 3@ O 4 5pr(1) p(1)
(o] < e et M0 e
pq\rs R + B
S MM quz)M,(j’) +2M MY
+ 2 DIl -
+O(R™). (40)

For a long-range charge-transfer (CT) state where the occupied
and virtual natural transition orbitals (NTOs) are located on sepa-
rate chromophores, this will, however, only happen for rather large
distances. )

For the dressed integrals (ai|bj) appearing in the nomina-
tor of excited state doubles amplitudes of transitions dominated
by one-electron excitations, the undressed orbital pair is always
charge free, and hence, O(R*)-decaying dipole-dipole interac-
tions become the lowest non-vanishing order contributions to the
multipole expansion for distances fulfilling the above condition,

) M )szl) ;f,l)M(l) )
|(ailbj)| < 2P, Z|E| 4 +Z|E |——— [+ OR™)
(41)
; MMy ME) M »
~ 2Pab |ﬁia° R + ‘ﬁao” R + O(R )

(42)
In Eq. (42), we assumed, for simplicity, that E, is dominated by
a single pair of virtual |¢") and occupied NTOs |6°) with the
corresponding coefficients aov and fige, ie., Eg & Bagv Pioe.
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For local excitations where occupied and virtual NTOs are close
to each other, only pairs ij contribute that are part of or close to the
same chromophore, and the corresponding PNOs are also close to
this chromophore. However, for charge-transfer excitations where
the occupied and virtual NTOs are spatially separated, two differ-
ent types of pairs ij are significant: those where both LMOs i and
j are close to the occupied NTO. For them, the doubles amplitude
matrices E’, have a rank of 1 (in the following called rank-1 pairs’"),
and one of their PNOs is close to the virtual NTO, while the other is
close to the occupied NTO. For the second class of pairs, one LMO
is close to the occupied NTO, while the other is close to the virtual
NTO. Their doubles amplitude matrices have (for small molecular
systems) a rank that can be as large as the number of virtual orbitals
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(in the following called rank-v pairs’*), and all of their PNOs are
located close to the virtual NTO.

We can now apply this to arrive at a scheme for selecting non-
negligible LMO triples for the excited state eigenvectors. For this, we
start from the (closed-shell) expression for the excited-state triples
amplitudes in the CCSDR(T) model,

e %{ZR(*WDZRM¢W>
Aubc+ I#j
+R, [ (ck|bb) — (cklji)] + Zt (cklbd) — 3 £l (ckllj)

I#j

+ £, [ (ckfbb) — (cklj)]}- (43)

TABLE I. Multipole expansion of the individual contributions to the excited state triples amplitudes. Ry refers to the distance
between the centers lk and bd, R] refers to the distance between ce and bd, R|’ refers to the distance between ck and Id, R,

refers to the distance between mk and Jj, R} refers to the distance between cd and Jj, RY' refers to the distance between ck

and /e, R refers to the distance between ck and bd, and R’

refers to the distance between ck and Jj.

Excited state doubles contributions

(1) 5 (0) (2) 5,(0) (1) (1)
. i (M My, MM, +2M M, -
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MOMO MO MO +2m Dy D
il . il [ [ j [ j —
[ ek |« | = e ) som)

Contributions to tJ (ck|bd)

MO (1) 5 r(0) (0) 5 (1)
, MO MOMO MO M
]dZR (lk|bd) <Z|t |Z|R|( lkR bd + Ik bd R2 Ik bd
1 1
(2) 5 r(0) (1) 3 /(1) (0) 5 1(2)
MM,/ +2M, "M, + M, M _
+ e M sz3 bd k0 | L o(RT)
1
(0) 5 r(0) (1) 5 r(0) (0) 5 (1)
i Me'M Mg "M, 7 + M M
‘Zt’dZR(cdbd) <Z|t |Z|R |( o M b
1 1
(2) 3,1(0) (1) 3,(1) (0) 5, (2)
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1
(1) (1) :
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Contributions to tab(ck|l])
R AR
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The contributions obtained by applying the multipole expan-
sion to the individual contributions to the excited state triples ampli-
tudes are summarized in Table I. According to the previous dis-
cussion for the integrals (pq|rs), it follows that the potentially very
long-ranging contributions (monopole-monopole interactions) to
th[(ckah) — (ckljj)] cancel each other out if the distances R, and
R, as well as R} and R), are large compared to the distance between
the orbitals b and j. This happens on the same length scale on which
the O(R %) contributions become negligible in the nominators for
the ground-state triples amplitudes.

On the other hand, the dipole-monopole contributions from
t! d[(ckad) and %, (ck|lj)] do not cancel, in contrast to the ground
state. However, these rather long-ranging contributions from the
integrals do, for all of these terms, decay with the inverse of
the distance between the occupied or virtual NTO and a LMO,
which is part of a triple ijk. Since the leading term in the multi-
pole expansion of the integrals (ai[bj) that are used for the con-
struction of the excited state PNOs is of this dipole-monopole
type, we conclude that the LMO indices of the ground-state dou-
bles amplitudes and the LMO k appearing in the integrals have
to be connected by an excited state pair relation, i.e., one of the
pair ik and jk has to be a weak and the other one has to be a
strong excited state pair, if ijk should be a significant excited state
triple.

The analysis of the long-ranging contributions from the excited
state doubles amplitudes R”,[(ck|bb) — (ckljj)], which decay with

(’)(R‘z), is more complicated since one has to distinguish for ij
rank-1 or rank-v pairs, and the interchange of the indices ai and bj
(corresponding to the action of P, in the equation for the excited
state PNOs) also leads to different contributions. For example, if
ij refers to a rank-1 pair where i contributes to or is part of the
occupied NTO, the term R, (ck|bb) contains a dipole-monopole
interaction between the orbital products ck and bb (see Fig. 1).
Hence, this dipole-monopole interaction directly refers to the dis-
tance between k and j due to the exponential distance dependence
between the orbitals b and j. On the other hand, j is also only
connected to the occupied NTO via a dipole-monopole interac-
tion (as stated previously when discussing the excited state pairs).
This would imply that the pair kj is neither part of the ground-
state nor part of the excited-state LMO pair list. The ground- and
excited-state pair lists are the truncated estimates that use inte-
grals, which contain dipole-dipole (ground state pairs) and dipole—
monopole interactions between two LMOs or a LMO and the occu-
pied or virtual NTO (excited state pairs), respectively, as most
long ranging contributions. However, if the distance between ck
and bb as well as jj is large compared to the distance between the
orbitals b and j, this long-ranging contribution cancels out against
the dipole-monopole contribution arising from R”, (ck|jj). This
occurs on the same length scale on which in the nominators for the
ground state triples amplitudes, the O(R™*) contributions become
negligible.

The analysis made so far suggests that similar to the ground
state LMO triples, the excited LMO triples ijk also have to be con-
nected to each other by three pair relations, i.e., all three pairs ij,
ik, and jk have to be significant excited state or ground-state pairs.

If the contribution from R’;a(ck\bb) is considered (interchanged
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ij € {Rank-1}

ij € {Rank-V}

FIG. 1. Pictorial representation of the long-ranging contributions th(ck|bb) and

RY, (ckljj) to the excited state triples amplitudes, which only require one pair-
relation but do cancel out each other. The dashed line indicates a rank-v excited
state pair relation, while the dotted line refers to a rank-1 excited state pair
relation. Green circles denote orbitals that are coupled to the occupied NTO
(occ. NTO), and red circles refer to orbitals that are coupled to the virtual NTO
(virt. NTO). Gray circles denote orbitals that are not directly coupled to the
chromophore.

indices ai and bj corresponding to the action of P}, in the equa-
tion for the excited state PNOs), the situation changes significantly
(as depicted in Fig. 2). In this case, the orbital b is close to or
contributes to the virtual NTO and is coupled to the orbital prod-
uct ck via a O(R™?) decaying dipole-monopole interaction. This
implies that jk is a rank-v excited-state pair, but there is no pair
relation between the LMOs i and k since i is coupled to the occu-
pied NTO via a dipole-monopole interaction, while k is coupled to
the virtual NTO via a dipole-monopole interaction. Hence, k can
be rather far from the virtual NTO, and i can be rather far from
the occupied NTO. The important finding here is that there is no
term in the equations for the excited state triples amplitudes, which
would cancel this long-ranging contribution. This implies that for
charge-transfer states, the excited state LMO triples ijk only need
to contain two pair relations. There can be two LMOs that are not
connected to each other by an excited- or ground-state pair rela-
tion. A similar analysis holds for the cases where ij refers to a rank-v
pair.

The selection of the triples for the excited-state amplitudes
has to account for these differences relative to the ground state.
In contrast to the ground-state LMO triples where all three
LMO indices ijk are coupled to each other by pair relations, the
excited-state LMO triples only have to fulfill two pair relations
to give rise to significant contributions. Only for the special case
of local excitations, where the occupied and virtual NTOs are
localized on a common small set of atoms, the three LMOs of
the non-negligible excited-state triples will also be connected by
three pair relations. Hence, the long-ranging contributions of the
term Y., R’ (ck|bd), which in the charge-transfer case do only
involve two pair relations cancel out against the long-ranging
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R (ck]|bb)

ij € {Rank-1}

ij € {Rank-V}
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R}, (ck|jj)
O(R—?)

FIG. 2. Pictorial representation of the long-ranging contributions RJ;u(ck|bb) and Rﬁu(ck[;j) to the excited state triples amplitudes, which only require two pair-relations and
do not cancel out each other. The dashed lines indicate a rank-v excited state pair relation, while the dotted lines refer to a rank-1 excited state pair relation. Green circles
denote orbitals that are coupled to the occupied NTO (occ. NTO), and red circles refer to orbitals that are coupled to the virtual NTO (virt. NTO).

contributions from Y, R”, (ck|lj). An example that demonstrates the
LMO triples selection for charge-transfer and local excitations is
given in Sec. IV D.

From Eq. (43), it follows that the excited state TNO basis has to
span the virtual spaces for the ground state doubles amplitudes t,,,
the excited state doubles amplitudes R,,, and the undressed and R -
dressed ERIs with sufficient accuracy. To achieve this, we construct
the approximate triples density,

6 \"aa® TavpoTpop T Caa a0k Thop

ab 6
ijk, jk ~jk.gs oikiijk ijk, ij ~ijes qijijk
S’ DaipSi, *Saa Do Si

ijk, ik ~ik.es qik,ijk ijk, jk ~ik.es qjk.ijk
+8% DTS + 83 DS ), (44)

Dk _ 1 ( ik i pyigs giliik ik, ik pyikgs gikiik

where D® denotes approximate CIS(D) densities [cf. Egs. (18) and
(19)], evaluated in the excited state PNO basis {4}, and D® are
approximate MP2 densities [cf. Egs. (16) and (17)], evaluated in the
ground state PNO basis {a°}. The selection of the excited state TNOs
for a triple ijk starts from a pre-TNO basis, obtained by merging the
excited state OSVs of the LMOs i, j, and k. Since the excited state
OSVs are constructed such that they form a suitable basis for inte-
grals (ai|bj) and (ai|bj), the pre-TNO basis obtained this way is also
adequate for the ground- and excited-state amplitudes. The excited
state TNOs are then obtained by diagonalizing the triples density
D'* Afterwards, the Fock matrix is diagonalized for each triple in
its selected excited state TNO basis.

E. Evaluation of the excited state triples amplitudes:
TO approximation and Laplace transformation

The evaluation of the triples amplitudes is more difficult in a
localized MO basis than in the canonical basis because the Fock

matrix is no longer diagonal and the amplitudes have now to be
determined as (approximate) solutions of a set of coupled lin-
ear equations. This problem appears already in local variants of
CCSD(T). Several strategies have been proposed to tackle this. In
the so-called TO approximation, the off-diagonal elements in the
occupied/occupied block of the Fock matrix are neglected. It is a
simple and computationally inexpensive approximation that per-
forms well in many cases, but in other cases, it causes relatively
large errors.***®” This makes it desirable to have a possibility to
include the triples correction in a more accurate way to verify the
results obtained with the TO approximation. This led Schiitz'® to the
development of the T1 approximation, which includes the couplings
through Fj; to the first order and corresponds to a modified first iter-
ation of an iterative algorithm, which can also be used to solve for the
local CCSD(T) triples amplitudes. Even though the T1 approxima-
tion, in contrast to the iterative solution, still avoids the I/O of triples
amplitudes, it is computationally far more expensive than the T0
approximation. Furthermore, Guo et al. demonstrated an improved
linear scaling triples correction in their domain-based local PNO
(DLPNO) framework, where a small set of triples is selected for
which the amplitudes are iteratively refined.”

In the context of a PNO-CCSD(F12¥)(T) implementation,
we proposed recently to use a numerical Laplace transformation to
approximate the energy denominator. This is systematically improv-
able (through the number of quadrature grid points) and also
avoids the I/O of triples amplitudes, which even in a local imple-
mentation could be a severe bottleneck. Since the performance of
these approaches have not yet been studied for excitation energies,
we implemented, for the present work, both the TO approxima-
tion [CC3(T0)] and the Laplace transformation (CC3) technique to
investigate their performance for excitation energies.

Within the TO approximation, the excited state triples ampli-
tudes are in the LMO and TNO basis approximated as
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jk, il il tlr'k
- k) Saas tavinSiog (45)
obo

with A% = Fy + Fj + Fy —
the Fock matrix eigenvalues in the excited state TNO basis and the
diagonal Fock matrix elements in the LMO basis, respectively. The
PNO/TNO overlap matrices that are used to transform the virtual
indices of the doubles amplitudes from the PNO to the TNO basis
are defined as

— €, — €z, where €; and F;; denote

”k Vo ZdZﬁ Zh (46)
The latter equations for the excited state triples amplitudes have
been implemented analogously to the (T0) correction for ground
state energies reported in Ref. 46.

The Laplace transform of the energy denominator”’
expressed as

can be

1
€iteE+eE—€— € — €

_ foo e—(e,+ej+€k—ea—eb—ec)xdx (47)
0

nz

~ sze

z

*(é‘i+€j+6‘k*€“*6‘b*€c)12, (48)

where w, denotes the quadrature weights, ¢, denotes the position,
and n, denotes the number of the grid points.”**” The advantage
of the Laplace transformation is that the off-diagonal Fock matrix
elements can also be included without the need of an iterative solu-
tion scheme because the right-hand side of Eq. (48) is factorizable.
After applying the Laplace transformation, the excited state triples
amplitudes can be evaluated as follows in the excited-state TNO
basis:

. Lo IL
R = P S d S ERB ) Y SR sk
z

abe L aa’ ard
diji a'd'

ik, il, l'k,
_ Z(Czkzuj )ZSIJ ihzp ab’ ;,Z z
Ibl

+ Z(c KTb*d) 3 8080y o sk

o a°d° d°d
a
z] ijk, il, z z o) 11 ijk.z
- Z(C k |l] ) Z Saao aObO b } (49)
apo

The grid point dependent LMOs |i*) and TNOs |a°) are generated
using grid point dependent transformation matrices

ZY o e Dt ik, (50)

.“ax]k

= 3 X, 9Ty, (51)
j
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where the matrices Y and X can contain the (unmodified) MO coef-
ficients Cyp or the coefficients for #, or Ry -dressed particle and
hole transformation matrices.”’ The matrix T transforms from the
canonical MO to the LMO basis.

The grid point dependent PNO/TNO overlap matrices are
defined as

th ij,z Zdtfk ~(eat )tz i (52)
b

and transform from the unmodified PNO to the grid point depen-
dent TNO basis. Additionally, the ground- and excited-state doubles
amplitudes with one and two grid point dependent LMO indices are
needed. Amplitudes with one grid point dependent LMO index are,
similar as in the PNO-CCSD(T) implementation, % calculated as

i‘z 1] ijik ik  ik,ij
hT]J+ZTk]ZS RSy (53)

a'a’
k#j a'b’

and amplitudes with two grid point dependent LMO indices are
obtained by applying the above equation to the remaining untrans-

formed LMO index of RZL' The transformation matrix T,-Zj that trans-

forms in Eq. (53) from the unmodified LMO basis to the grid point
dependent LMO basis is given by

= 3 Tyel Ty, (54)
k

F. Solution of the PNO-CC3 ground and excited state
equations

Since the triples contributions to the residual of the ground-
state cluster equations and the contraction of the Jacobian with a
trial vector from the right are similar, we discuss them together with
a focus on the latter case. We only describe the contributions beyond
CCSD and refer the reader for the implementation of the CCSD vec-
tor function and Jacobian transformations in a PNO basis to Refs. 45
and 76.

Table II summarizes the CC3 contributions to the singles and
doubles parts of the transformed vector. It can be seen that the
time-determining O(N7)-scaling steps of the canonical implemen-
tation become, in the local implementation, linear scaling in the
limit that the number of significant LMO pairs and triples grows
only linear with the system size and the number of PNOs and

TNOs per pair and triple becomes size-independent, respectively.
For the terms p] P and p? 0 ' this is a consequence from the use of
TNOs and the restriction of the summations over occupled orbitals
that follows from the sparse triples list {ijk}. For p " the contri-
bution from the ground-state wave function can be restrlcted to
triples jkl, where at least one LMO forms an excited state pair with
i, and the excited-state contribution can be restricted to triples jkl
where at least one LMO forms an excited-state or a ground-state
pair with i. Similar considerations allow us to restrict the sum-
mation over LMOs [ in the equations for the excited state triples
amplitudes.

In the implementation of the triples contribution for PNO-
CC3, we follow a similar strategy as used for PNO-CCSD(T) and
PNO-CCSD where only compact intermediates and integrals are
stored on disk."*”® However, for PNO-CC3, a larger number of

J. Chem. Phys. 153, 034109 (2020); doi: 10.1063/5.0012597
Published under license by AIP Publishing

153, 034109-10


https://scitation.org/journal/jcp

The Journal

of Chemical Physics ARTICLE

scitation.org/journalljcp

TABLE 1. Explicit expressions for the PNO-CC3 contributions to the singles and doubles part of the Jacobian transformed
vector p,, and py, . For ease of notation, the triples and pair indices of PNOs and TNOs are not given explicitly.

Formal scaling

Contribution CC3 PNO-CC3
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T Tl -
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) ) o OWNT) O(N)
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RS R AT T
] O(N7) O(N)
-2 Z P 000 Z SZJ:"I Z/]:ol Z( tjhl(c)lguco - tjcoaoho - tJblZlCu u)(kiUEO)
050 ¢
1 ztkrzk i ijk ijk '\ 1
2SS, T (-
O(N®) ON)

ij, 1]k l]ljk ij ijk _
Zzzsa e a0h° Zo(taﬂl}ﬂzﬂ
¢

c°b° 0 )ka"

different two-electron integrals is needed than for PNO-CCSD(T),
and several of them are dressed with singles amplitudes that change
during the iterations. For instance, the integrals (ck|bd) and (ckllj)
are cubic in t,,, and (ck|bd) and (ck|lj) contain three Ry, -dressed
indices. Therefore, we compute all integrals needed for the CC3
triples contributions in each iteration in an AO-integral-direct
way.

For the solution of the eigenvalue problem with state-specific
PNOs, we use, at the CCSD level, a single-state Davidson algorithm
with Wielandt deflation, as described in detail in Refs. 74 and 76.
In the partitioned formulation, which avoids the storage of triples
amplitudes, CC3 requires the solution of a non-linear eigenvalue
problem of the form A% (W)E(w) = wE(w) where the effective Jacobi
matrix and the trial vectors defined in Egs. (13) and (12) depend
on the excitation energy. For such a non-linear eigenvalue problem,
the standard Wielandt deflation is not applicable. The solution of a
nonlinear eigenvalue problem could be avoided by solving the eigen-
value problem for the full Jacobian in the singles, doubles, and triples
space. This would, however, require that the triples basis vectors and
their linear transformations with A are stored on disk for several
iterations and states. For the singles and doubles amplitudes, this in
a PNO-based implementation is not a problem. However, even in a
local implementation, the storage requirements and the I/O for the
triples amplitudes can become demanding, if not prohibitive. Hence,
in our implementation, we follow a different route for solving the
excited state eigenvalue problem, which is similar to strategies used
in canonical CC3 implementations: For this, we first solve the PNO-
CCSD ground-state equations and eigenvalue problem to obtain
accurate start guesses for the CC3 amplitudes and eigenvectors.
After obtaining the solution of the PNO-CC3 ground-state ampli-
tude equations, we construct for each excited-state a new PNO basis
from the singles parts of the converged PNO-CCSD eigenvectors

and excitation energies. The doubles parts of the PNO-CCSD eigen-
vectors are projected onto the new PNO basis, and the non-linear
PNO-CC3 eigenvalue problem is solved in this basis using a direct
inversion of the iterative subspace (DIIS) algorithm as described
originally for a canonical RI-CC2 implementation.”

Ill. COMPUTATIONAL DETAILS

Our implementation is part of the pnoccsd program** in a
local development version of the TURBOMOLE quantum chemistry
program package.”’ All calculations employ the frozen core approx-
imation with the 1s orbitals of second-row elements excluded from
the post-Hartree-Fock calculations. The Hartree-Fock calculations
have been done with the dscf”* and the canonical CC3 reference
calculations with the ccsdf12 program of TURBOMOLE. For the
benchmark calculations on the Schreiber test set’ and for the cal-
culations on alkene chains, we used the TZVP orbital basis set.”* For
the calculations on berenil, we used the aug-cc-pVDZ and the aug-
cc-pVTZ basis sets.””” If not otherwise noted, the corresponding
optimized auxiliary basis sets have been used””” for the resolution-
of-the-identity (RI) approximation for two-electron integrals in the
post-HF calculations. The geometries of Schreiber’s test set have
been taken from Ref. 93.

For the PNO-CC3 and PNO-CC3(T0) calculations, we used
intrinsic bond orbitals” (IBOs) as the localization scheme for
the occupied orbital space and carried out calculations with PNO
thresholds of log(Tpno) = -6, -7, —8. The OSV, TNO, and
pair thresholds are directly coupled to the PNO threshold as
Tosv =0.1- TpNo, TTNO = TpNo, and Tpair = (0.1 . TpNo)g, respec-
tively. The list of LMO triples for the triple excitation part of the
eigenvectors are, if not otherwise noted, selected based on three pair
relations, as described in Sec. 11 D.
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IV. RESULTS AND DISCUSSION
A. Choice of the Laplace grid

To investigate the dependence of the accuracy on the number
of Laplace grid points, the first three excited states of a subset of
molecules from Schreiber’s test set (ethene, butadiene, cyclopropene,
formaldehyde, acetone, and formamide) have been computed with
different numbers of Laplace grid points (n; = 1, ..., 5) and, for
comparison, with the TO approximation and canonical CC3. For
these calculations, the TZVP orbital basis was used in combination
with the def2-QZVPP auxiliary basis'’’ to minimize the errors aris-
ing from the different use of the RI approximation in canonical and
PNO-based CC3. The deviations have been computed relative to the
canonical CC3 result.

Figure 3 shows the results of the statistical analysis of these
states and molecules based on the mean absolute errors (MAEs)
and maximum errors (MAX). It can be seen that for PNO-CC3, the
errors are already converged with n; = 3 for all investigated PNO
thresholds. This corresponds to a threshold for the convergence of
the Laplace transformation, which is in the range of 1072-3.2- 1072,
For the loose threshold Tpno = 107°, the benefit from the Laplace
transformation is small, irrespective of the number of grid points.
The maximum errors for PNO-CC3 and PNO-CC3(T0) are basically
identical since the errors are dominated for this PNO threshold by
the PNO and TNO approximations. For the remaining PNO thresh-
olds, we find with n; = 3 a decrease in the errors by a factor of up to 4.
For ny, < 3, the errors are larger than for the TO approximation since
in this case the largest error arises from the non-converged Laplace
transformation.

The fact that the MAE for PNO-CC3 is for the loose threshold
Tpno = 107 ¢ lowest with ny = 1 may be explained by a fortunate error
compensation. Figure 3 suggests that for ny < 3, the errors for Trno
=107 are lower than for the tighter PNO thresholds Tpno = 1078
and Tpno = 107°. This is due to the fact that with very few Laplace
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grid points, the deviations from the canonical result are dominated
by the error from the numerical Laplace integrals and not by the
error from the truncation of the virtual spaces. With a larger num-
ber of grid points for the Laplace transformation, we observe the
expected systematic convergence of the results with the PNO thresh-
old until at Tpno = 10~° the deviations are dominated by differences
in the use of the RI approximation in the PNO and the canonical
calculations.

B. Choice of the TNO threshold

To investigate the dependence of the errors in the excitation
energies on the TNO threshold, we performed PNO-CC3 (with
ny = 4) calculations with different combinations of PNO and TNO
thresholds (the same thresholds were used for the ground and
the excited states) and the same set of molecules and states as in
Sec. IV A. Again, the calculations were done in the TZVP orbital
and def2-QZVPP auxiliary basis.

The results are summarized in Fig. 4. The dependence of the
errors on the TNO threshold becomes rather weak once Ttno
S Trno. The reason for this is that the TNO space is already
restricted by the PNO truncation but not vice versa. Figure 4 sug-
gests that the PNO-CC3 results do not significantly improve if the
TNO threshold is chosen tighter than Tpno. This was also observed
by Schmitz and Hittig* for PNO-CCSD(T) ground-state energies.
Hence, we suggest to set Ttno for the ground and excited states to
TpNoO.-

C. Accuracy of PNO-CC3 excitation energies

For benchmarking the accuracy of PNO-CC3 and PNO-
CC3(T0), we chose Schreiber’s test set” that consists of about 150
excited states in 28 molecules. The states of the nucleobases adenine,
thymine, uracil, and cytosine were taken from Ref. 101 since Ref. 93
did not report CC3 values for these molecules. Furthermore, we
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FIG. 3. Mean absolute and maximum errors for PNO-CC3 as a function of the number of Laplace grid points. The dotted lines indicate the PNO-CC3(T0) errors for the

respective PNO-threshold.
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FIG. 4. Mean absolute errors of a subset of Schreiber’s test set as a function of the TNO threshold (left) and as a function of the PNO threshold (right).

excluded the highest excited state of thymine and acetamide, since a
definite assignment of these two states was no possible.

Figure 5 and Table IIT show a statistical analysis of the results
for all states in the test set. For comparison, we included the results
for PNO-CCSD for this test set obtained in Ref. 76. For PNO-CC3,
the MAE and maximum errors over all states show a rapid conver-
gence toward the canonical result. The curves are approximately par-
allel to those for PNO-CCSD, only shifted to slightly larger errors.
The maximum errors are for PNO-CC3 approximately twice as large
as for PNO-CCSD, while for the MAE, the errors are approximately
by a factor of 1.6 larger than for PNO-CCSD. For PNO-CC3(T0),
the deviations from the canonical CC3 results include in addition
to the PNO and TNO truncation errors also the errors from the TO
approximation. The latter limit the convergence to the conical limit,
and thus, PNO-CC3(T0) has significantly larger deviations, which
below Tpno = 1077 approach constant values. This is especially pro-
nounced for states with a significant doubles contribution (%7
< 80%) where the maximum error for PNO-CC3(T0) does not drop
below 0.15 eV. Apparently, for doubly excited states, the errors aris-
ing from the T0 approximation have about the same magnitude as
the PNO and TNO truncation errors at Tpno = 1077, In contrast
to this, the deviations of PNO-CC3(T0) decrease for singly excited
states (% T > 80%) with Tpno = 1078 to a MAE of 0.01 eV and a
maximum error, which is approximately three times larger than for
its Laplace-transformed counterpart. Hence, it performs for singly
excited states significantly better than for doubly excited states. For
the loose threshold Tpno = 107°, the errors of PNO-CC3 and PNO-
CC3(TO0) are very similar, and there is no benefit from going beyond
the TO approximation. PNO-CC3(T0) with Tpno = 107° can, thus,
be used as an economic approach to check for the importance of
the triples contribution. If a higher accuracy is needed, the Laplace
transformation provides a systematic convergence to the canonical
CC3 with decreasing threshold Tpyo.

Figure 6 visualizes the distribution of the errors. This shows
that the PNO results tend to convergence from above to the

canonical values. The PNO and TNO truncation leads on average
to a blue shift in the excitation energies.

D. Charge-transfer excitations

Charge-Transfer (CT) excitations pose a challenge to local cor-
relation methods due to their non-local character. Already in pre-
vious publications’*”® on PNO-CC2 and PNO-CCSD excitation
energies, it has been found that charge-transfer excitations need to
be treated with special care to preserve the accuracy of the PNO
approximation for non-local excitations.

We used the model system C,Hs—C,F, in the cc-pVDZ basis set
to study the performance of PNO-CC3 for CT excitations. Figure 7
shows the errors for the lowest local and CT 7™ excitations. Two
types of results are shown. In one set of calculations, we included,
for the excited states, only LMO triples ijk where the three LMOs
are, similar as for ground state triples, connected by three pair rela-
tions, and a second set of calculations where for the excited state
also the LMO triples ijk with only two pair relations have been
included.

Figure 7 clearly shows the importance of the relaxed constraints
for the triples selection for CT states. While for excitations localized
on either C;Hy or C,F4 both triples selections yield almost identical
results, there are significant differences for both of the CT excita-
tions. If only those triples are included for which all three LMOs ijk
are related by a pair relation (black lines in Fig. 7), the errors for
PNO-CC3 for the loose and moderate PNO truncation thresholds
107° and 1077 are at least 0.15 eV—almost one order of magnitude
larger than the errors observed for local excitations in this model sys-
tem and for the test set in Sec. IV C. If for the excited states also the
triples with only two pair relations are included, the errors for the
CT states decrease to values of similar magnitude as for the local
excitations and a similar convergence pattern. The fact that both
selection schemes for the excited states converge to the same results
at Tpno = 102 is explained by the fact that for this model system and
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FIG. 5. Mean absolute and maximum errors for PNO-CC3 and PNO-CC3(T0) with respect to the canonical method obtained by a statistical analysis over the excited states

included in Schreiber’s test set. Additionally, singly excited states (% T4 > 80%) and
the upper figures.

truncation threshold, no LMO pairs (and, hence, no excited state
LMO triples) are discarded.

E. Computational efficiency of the implementation

1. Scaling of the excited state TNO spaces

To investigate how the number of excited-state TNOs scales
with the chromophore size and how this compares with the num-
ber of ground-state TNOs and ground- and excited-state PNOs
and OSVs, we studied the alkene chains (C,H,+2) and carboxylic
acids (C,H2,+1COOH) in the TZVP basis as model systems. For
both model systems, we studied the first excited singlet state and
used a PNO threshold of 1077. The total number of elements
in the different sets of virtual orbitals is plotted in Fig. 8 as a

states with a significant doubles contribution (% T < 80%) are analyzed separately in

function of the system size. The results for the alkene chains are
shown in Table IV and on the left-hand side of Fig. 8. For larger
systems, the curves behave very similarly for all types of local vir-
tual orbitals and approach, in the asymptotic limit, a linear scaling
with the system size (see Table 1V). The number of TNOs con-
verges slower toward the linear scaling limit than the number of
PNOs and OSVs. In particular, the scaling of the number of excited-
state TNOs converges slower than for the ground-state TNOs, while
the number of ground- and excited-state PNOs and OSVs shows
more similar convergence behaviors. This difference is amplified
if for the excited state also the triples with only two pair rela-
tions between the LMO indices are included because this leads to
alarger number of triples and, hence, to a larger number of TNOs in
total.
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TABLE |IIl. Statistical measures for the errors in PNO-CC3(T0) and PNO-CC3 excitation energies in the TZVP basis. The abbreviations ME, MAE, and MAX stand for mean
error, mean absolute error, and maximum error, respectively, and STD denotes the standard deviation with respect to the ME.

PNO-CC3(T0) PNO-CC3

ME MAE MAX STD ME MAE MAX STD

All states Tpno = 10 0.064 0.065 0.321 0.053 0.055 0.056 0.222 0.039
Tpno = 107 0.022 0.026 0.209 0.031 0.012 0.014 0.070 0.014

Tpno = 107 0.010 0.017 0.177 0.025 <0.001 0.005 0.025 0.007

Singly excited states Tpno = 10°° 0.053 0.055 0.226 0.040 0.049 0.050 0.195 0.033
Tpno = 107 0.015 0.019 0.093 0.021 0.010 0.012 0.070 0.013

Tpno = 107 0.005 0.012 0.052 0.015 —0.001 0.004 0.017 0.005

Doubly excited states Tpno = 10°° 0.138 0.138 0.321 0.072 0.093 0.093 0.222 0.055
Tpno = 107 0.070 0.070 0.209 0.045 0.021 0.023 0.051 0.018

Tpno = 107 0.048 0.050 0.177 0.042 0.002 0.010 0.025 0.012

For the carboxylic acids, the lowest excitation is localized on
the 7-system of the carboxy group. The results for the increase in
the virtual spaces with the length of the alkyl chain are shown in
Fig. 8 (right). While the number of ground-state virtual orbitals
approaches, as for the alkene chains, in the asymptotic limit a
linear scaling, the number of excited-state TNOs and PNOs con-
verges toward a constant number because they are now restricted
to the chromophore region (only LMO triples that fulfill at least one
excited state pair relation are included), which in this case is inde-
pendent of the system size. The excited-state OSVs do not share
this feature since we currently do not select the LMOs contribut-
ing to the excitations and the excited-state OSV spaces include the
ground-state OSVs.

Tono=10"°
Tpno =10""
Tono=10"%

0.05
A[eV]

FIG. 6. Normal distributions of the deviations from the canonical reference results
centered around the ME. The dashed lines indicate the PNO-CC3(T0) results,
while the solid lines denote the PNO-CC3 results.

2. Scaling of the Jacobian right transformation

In Sec. IV E 1, it was shown that the number of excited-
state TNOs scales linearly with the size of the chromophore as it is
required for a linear scaling number of triples amplitudes. To study
how the actual wall-time for the Jacobian right transformation scales
with the system size and how the Laplace transformation for PNO-
CC3 affects the efficiency, we performed calculations on increasingly
large alkene chains in the TZVP basis. A PNO threshold of 1077 was
chosen, and for the PNO-CC3 calculations, three Laplace grid points
(nr = 3) were used. All calculations were done on a machine with two
Intel Xeon Gold 6230 processors (20 cores, 2.1 GHz each), 192 GB
of DDR4 RAM, and two 6 TB HDDs (combined to a RAID-0).
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FIG. 7. Comparison of the errors for charge-transfer compared to local excitations
for the model system C,Hs—C,F4 in the cc-pVDZ basis set. Black lines denote
the results obtained with the excited state triples selection based on three pair
relations, and red lines refer to the results from the excited state triples selection
based on only two pair relations. The red lines for the local z7* excitations are not
visible since they are congruent with the black lines.
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FIG. 8. Increase in the total number of different ground-state (GS) and excited-state (ES) virtual orbitals with respect to the system size. (Left) The results obtained for alkene

chains (CnHn+2). (Right) The results for the carboxylic acids (CnHzn+1 COOH).

For canonical CC3, we were not able to do calculations for
excitation energies for molecules larger than Ci4His. Therefore, we
estimated the wall-time for the next two larger alkene molecules
from the ratio between the wall-time needed for the residual of the
ground-state cluster equations and the Jacobian right transforma-
tion for Ci4H;6 and the wall-time for the ground-state residuals for
CisHis and CigHzo. Linear regression analysis of the timings for
Ci1sHi6 and CigHyo show that for such medium-sized molecules,
the scaling of the canonical implementation with the system size
is approximately O(N*"). Thus, the scaling of canonical CC3
is in this regime not yet fully dominated by the O(N7)-scaling
steps.

For PNO-CC3 and PNO-CC3(T0), the effective cost-scaling
for the Jacobian right transformation is in the range of O(N?)
and, hence, significantly larger systems are accessible. Even for
Cs6Hss, the PNO-CC3 calculation is not much more expensive

TABLE IV. Power laws for the dependence of the number of different ground-state
(GS) and excited-state (ES) virtual orbitals on the system/chromophore size for the
alkene chains obtained from a linear regression analysis (C3,H34—C3gHsg).

Orbital type Scaling

ES TNOs (two pairs) 10506 . A/116
ES TNOs (three pairs) 10852 . A0
GS TNOs 10477 A1
ES PNOs 10*72 . N/O77
GS PNOs 10701 N9
ES OSVs 10742 /0%
GS OSVs 1097 N0

than the canonical CC3 calculation for Ci4Hs. Figure 9 shows
that PNO-CC3 calculations with n; = 3 take approximately three
times longer than PNO-CC3(T0). For both approaches, the first
half-transformation of three-index integrals from the AO to the

Nr. of AO basis functions
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FIG. 9. The total wall-time as a function of the system size obtained from canonical
CC3, PNO-CC3(T0), and PNO-CC3 calculations on alkene chains. For canoni-
cal CC3, the last two points were obtained by considering the fraction between
the wall-time needed for the computation of the ground state vector function Tgg
and the wall-time needed for the Jacobian right transformation Tgs for Cq4Hyg:
% = 1.76. Since, for canonical CC3, the computation of the Jacobian right

GS
transformation for C4sH4g and CqgHpy was not possible, these wall-times were
estimated as Tgg * 1.76 = Tgg.
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TABLE V. Power laws for the computational time of Jacobian right transformations
for canonical CC3, PNO-CC3(T0), and PNO-CC3 obtained from a linear regression
of the curves shown in Fig. 9. For details, see text and Fig. 9.

Method Scaling

Canonical CC3 1072660 . As615
PNO-CC3(T0) 107119 A1
PNO-CC3 10723 . A/L78

TNO basis, which in our current implementation scales asymp-
totically as O(N?), is the most expensive step. For PNO-CC3,
this step has to be repeated for each grid point of the numerical
Laplace transformation. For PNO-CC3(T0), the wall-time needed
to compute these integrals is less dominant compared to the
linear scaling contributions to the Jacobian-transformed vectors,
which explains the differences in the scaling behaviors shown
in Table V.

Even though we have observed an effective scaling of the Jaco-
bian right transformation for PNO-CC3 and PNO-CC3(T0), which
is in the range of O(N?) for the system sizes considered here, it
should be stressed that the underlying PNO-CCSD implementation
formally still scales as O(N?), as described in Ref. 76. This scal-
ing behavior is not seen here because of the large pre-factor for the
triples contribution.

V. LARGE-SCALE APPLICATION: S; IN BERENIL

As a first application for the PNO-CC3 implementation, we
chose the lowest excited singlet state of berenil, an aromatic tri-
azene, at the S; minimum geometry found in Ref. 102 with ADC(2).
The authors of the latter work argued'’”'”” that the experimen-
tally observed ultrafast radiationless decay from S; to Sy is mediated

(a)

W
(b)

~§

(c)
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by a small gap or even a conical intersection close to the S; min-
imum geometry. At the ADC(2) level, the energy of the S; state
falls at its minimum structure below that of the ground state (So),
which at this level is described with MP2. The negative excitation
energy at the ADC(2) level, which is an artifact of shortcomings of
this computational level, was in Ref. 102 interpreted as an indica-
tion for a very small S-S gap or a conical intersection. Because
of the size of this molecule, it was not feasible to check with a
higher-order order method if this interpretation is correct or if
ADC(2) gave a completely wrong result because of a breakdown
of the underlying single-reference second-order perturbation theory
treatment.

With the PNO-CC3 implementation, we have now a reliable
tool at hand to investigate this question. We computed the energy
for the first excited singlet state of berenil at the S; minimum geom-
etry found at the ADC(2) level. For these calculations, we used
the method hierarchy PNO-CC2, PNO-CCSD, and PNO-CC3 and
the basis sets aug-cc-pVDZ (aDZ, 636 functions) and aug-cc-pVTZ
(aTZ, 1357 functions). In addition to vacuum calculations, we also
did calculations where we included solvent effects for an aqueous
solution within the conductor-like screening model (COSMO)'**
and the perturbation theory with self-consistent energy (PTE) reac-
tion field scheme with the frozen solvent approximation for the

excitation process, in the following denoted as PTE-COSMO.'*>'"°
For the vacuum as well as for the PTE-COSMO calculations, we
used the geometry that was optimized in vacuum [see Fig. 10(a)].
Since the excited state of interest has some charge-transfer char-
acter [see the occupied and virtual NTOs depicted in Figs. 10(b)
and 10(c)], we performed PNO-CC3 calculations with triple selec-
tions based on two and three pair relations. The differences in
the excitation energies were less than 0.02 eV in the aDZ basis
and, hence, almost negligible. The small difference is probably
explained by the short-range intramolecular character of the charge-
transfer. This hints to the fact that a triples selection based on only
two pair-relations is only necessary for long-range charge-transfer
states.

FIG. 10. Molecular structure of the S;
minimum geometry of berenil optimized
in vacuum at the ADC(2) level of the-
ory (a) and the occupied (b) and virtual
NTOs (c) obtained from a PNO-CC3/aTZ
calculation in vacuum.
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TABLE VI. Excitation energies for S of berenil at the Sy minimum geometry with and without solvation effects. The diagnostic
T; is defined as 71 = A}—“t where Nyt = 106 is the number of correlated electrons (here, we only give the 7; for the vacuum

calculations). For the COSMO calculations, we used for the dielectric constant e = 80.4 and for the refractive index n = 1.3.
For the PNO-based calculations, we used Tpng = Trno = 10~ 7. The values in parentheses refer to the post-SCF-COSMO
reaction field scheme.'?’

Basis ADC(2) CC2 PNO-CC2 PNO-CCSD PNO-CC3
aug-cc-pVDZ  AE (eV) (vacuum) -0.20 0.29 0.21 0.39 0.25
AE (eV) (water)  0.17(0.16)  0.51 0.49 0.73 0.57
Ti o 0.0037 0.0023 0.0018 0.0019
aug-cc-pVTZ  AE (eV) (vacuum) -0.22 0.28 0.20 0.41 0.16
AE (eV) (water)  0.14(0.14)  0.50 0.47 0.74 0.49
Ti .. 0.0037 0.0023 0.0018 0.0018

As seen from the results collected in Table VI, the excitation
energy for the S; state increases by the inclusion of solvent effects
for all methods and basis sets by ~0.3 eV. The results are very sta-
ble with the basis set. Furthermore, the post-SCF treatment of the
solvent at the COSMO-ADC(2) level of theory basically yields the
same excitation energies as the PTE-COSMO calculations, indicat-
ing that the most important solvent effects are already captured at
the PTE-COSMO level. For PNO-CC2 and PNO-CCSD, the changes
from aDZ to aTZ are with +0.02 eV essentially negligible. The
strongest basis set effect is observed for PNO-CC3 where the exci-
tation energy is decreased by ~0.08 eV from the aDZ to the aTZ
basis.

To obtain an estimate of the errors introduced by the local
approximations, we also performed canonical CC2 calculations.
In solution, the CC2 and PNO-CC2 results are in very good
agreement (deviations of about 0.02 eV-0.03 eV). However, the
PNO errors in vacuum are somewhat larger (up to 0.08 eV).
An explanation might be that the ground state singles ampli-
tudes in vacuum are much more important than the ground
state singles amplitudes in the PTE-COSMO treatment, which
also explains the breakdown of the ADC(2) method in vacuum.
Since we do not account for the ground state singles amplitudes
in our PNO construction, the errors of PNO-based methods also
increase as the importance of the ground state singles amplitudes
increases.

However, our results show that in difference to ADC(2),
the CC models give positive excitation energies, although they
are low: for all models in gas phase and aqueous solution below
1 eV. From CC2 to CCSD, the excitation energy increases by
about 0.2 eV. With the inclusion of triple excitations in PNO-
CC3, they decrease and are almost back to the PNO-CC2 results,
a trend that is often observed for single excitations in organic chro-
mophores. In the aDZ basis, the PNO-CC3 results are in between
the PNO-CC2 and PNO-CCSD values; in the aTZ basis, the PNO-
CC3 calculation predicts in vacuum the smallest So-S; gap of
0.16 eV; in water, the result is almost identical with the PNO-CC2
value.

Generally, the PNO-CC2 and PNO-CC3 results are in strik-
ingly good agreement for both basis set and with and without sol-
vent effects. This indicates that the description of the S; potential
energy surface (PES) in berenil with second-order methods, as done

in Refs. 102 and 103, gives at least a qualitatively correct picture in
so far as at the minimum structure found with ADC(2) the Sy-S;
gap is indeed very small and there might be a conical intersection
close by, in particular, in vacuum. The inclusion of triple excita-
tions does not significantly change the results relative to CC2. The
PNO-CC3 results corroborate the conclusions drawn in Ref. 102.
In addition, the 7;-diagnostics are clearly far below any proposed
threshold, which would indicate the necessity of a multireference
treatment (7; ~ 0.02). However, for accurate excitation energies
in the region of the small So-S; gap, it is important to go beyond
ADC(2) and include the ground-state singles amplitudes. Beyond
CC2, the results are stable and the small gap between S; and Sy
is not caused by an inappropriate account of electron correlation
effects.

The calculation we presented here are, to the best of our
knowledge, by far the largest CC3 calculations for excitation ener-
gies ever performed (more than 1300 basis function in the aTZ
basis).

VI. SUMMARY AND CONCLUSIONS

We presented the first implementation of a local correlation
method for excitation energies with connected triples. To circum-
vent also in the local implementation the storage of triples ampli-
tudes, we employ a Laplace transformation of the energy denomi-
nators for the ground- and the excited-state triples. The PNO-based
implementation of CC3 excitation energies shows an effective scal-
ing of O(N\*) with the system size for the range of molecules (alkene
chains) for which calculations are currently feasible. For PNO-CC3,
the pre-factor is roughly by the number of Laplace grid points larger
than for PNO-CC3(T0). The number of excited-state TNOs scales
linearly with the chromophore size, although the size of excited-state
TNO basis per selected triples is larger than for the ground-state due
to the combination of ground and excited-state intermediates in the
triples amplitudes.

Based on a multipole analysis of the contributions to the
excited-state triples amplitudes, the criteria for the selection of
the LMO triples ijk for local and long-ranging excitations are
derived. For local excitations, the criteria are similar as for the elec-
tronic ground state. For long-ranging, e.g., charge-transfer, exci-
tations relaxed criteria with only two pair relations between the
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LMO indices i, j, and k have to be used. These formal findings
have been verified for local and charge-transfer excitations in the
intermolecular dimer C,H4-C,F, that has been used as a model
system.

Benchmark calculations for a large and diverse test set with
146 singlet excitations showed that PNO-CC3 gives already, with
moderate PNO and TNO thresholds of 10°7-10%, mean absolute
errors of about 0.01 eV, which are much below the intrinsic error
of the CC3 model. For single excitations also, the computationally
cheaper PNO-CC3(T0) method gives relatively accurate results. For
states with significant double excitation contributions, the errors
of the TO approximation are somewhat larger, but still small com-
pared to the intrinsic error of CC3, which for such states are also
larger.

Finally, we applied our PNO-CC3 implementation to the first
excited state of berenil at the S; minimum geometry to check if the
results obtained previously with the second order methods CC2 and
ADC(2) in Refs. 102 and 103 were qualitatively correct. Our calcula-
tions showed that PNO-CC2 and PNO-CC3 excitation energies are
in very good agreement for this system and state. Hence, it can be
concluded that the second-order treatment of this system is justified
and the first excited state of berenil at the S; minimum geometry has
a small So-S; gap, which explains the ultrafast radiationless decay
found in the experiments.

The results presented here pave the way for the routine appli-
cation of coupled cluster models including triple excitations for the
calculation of excitation energies for medium-sized molecules. The
calculations presented here for berenil in the aTZ basis with more
than 1300 basis functions were out of reach, or at least extremely
costly, with the available canonical CC3 implementations.
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