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A pair natural orbital implementation of the coupled cluster model CC2

for excitation energies

Benjamin Helmich® and Christof Hattig®
Lehrstuhl fiir Theoretische Chemie, Ruhr-Universitdt Bochum, 44801 Bochum, Germany

(Received 20 June 2013; accepted 8 August 2013; published online 30 August 2013)

We demonstrate how to extend the pair natural orbital (PNO) methodology for excited states, pre-
sented in a previous work for the perturbative doubles correction to configuration interaction singles
(CIS(D)), to iterative coupled cluster methods such as the approximate singles and doubles model
CC2. The original O(NV?) scaling of the PNO construction is reduced by using orbital-specific virtu-
als (OSVs) as an intermediate step without spoiling the initial accuracy of the PNO method. Further-
more, a slower error convergence for charge-transfer states is analyzed and resolved by a numerical
Laplace transformation during the PNO construction, so that an equally accurate treatment of local
and charge-transfer excitations is achieved. With state-specific truncated PNO expansions, the eigen-
value problem is solved by combining the Davidson algorithm with deflation to project out roots that
have already been determined and an automated refresh with a generation of new PNOs to achieve
self-consistency of the PNO space. For a large test set, we found that truncation errors for PNO-
CC2 excitation energies are only slightly larger than for PNO-CIS(D). The computational efficiency
of PNO-CC2 is demonstrated for a large organic dye, where a reduction of the doubles space by a
factor of more than 1000 is obtained compared to the canonical calculation. A compression of the
doubles space by a factor 30 is achieved by a unified OSV space only. Moreover, calculations with
the still preliminary PNO-CC2 implementation on a series of glycine oligomers revealed an early
break even point with a canonical RI-CC2 implementation between 100 and 300 basis functions.

© 2013 AIP Publishing LLC. [http://dx.doi.org/10.1063/1.4819071]

. INTRODUCTION

Nowadays, an unbiased and sometimes even a qualita-
tively correct description of electronic excitations in large
systems is still a challenging task for quantum chemistry.
Indeed, arbitrary accuracy can be achieved with coupled clus-
ter (CC) methods when orders in the perturbation are sub-
sequently introduced through approximate CC models like
in the hierarchy CCS (singles), CC2,! CcCSD (singles and
doubles), CC3,>3 ... up to arbitrary order.* However, appli-
cation of higher-order CC response methods for excitation
energies is still restricted to small molecules when standard
computer hardware is used and calculations should not take
more than a couple of days. For medium-sized systems with
up to 1000 basis functions, the treatment of excited states
with wave function based methods that are correct through
second-order in perturbation give a decent description for sin-
gle excitations out of a closed-shell ground state. For pro-
nounced multi-reference cases, the complete active space per-
turbation theory through second-order’ (CASPT2) accounts
for both static and dynamic correlation. However, its applica-
tion is limited to systems where only a few electrons are in-
cluded in the active space due to the factorial scaling. Also,
a simultaneous description of valence and Rydberg excita-
tions is often problematic with CASPT2. Excited states of
extended systems with more than 1000 basis functions can
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routinely be treated with time-dependent density functional
theory (TDDFT) within the framework of response theory.®’
In general, density functional theory (DFT) lacks systematic
improvability. In particular, TDDFT has with current standard
functionals problems to accurately describe doubly excited
states, Rydberg states, and charge-transfer (CT) excitations in
extended systems.®

To extend the applicability of wave function based meth-
ods towards larger systems, versatile approximations have
been introduced to reduce the computational costs. These ap-
proximate methods aim at an efficient, but still accurate, treat-
ment of electron correlation and have in common that they ex-
ploit the locality of electron correlation in some sense, which,
in principle, leads to linear scaling of all computational and
storage resources with the system size. For the evaluation of
the ground state correlation energy, approved strategies are
based on, e.g., integral screening in the atomic orbital (AO)
basis”!? and incremental schemes.'""!> The latter approach
was recently extended to the calculation of excitation ener-
gies, as well.'3

A much more eminent compression of the number of
wave function parameters is accomplished by the introduc-
tion of pair-specific virtual orbitals. Prominent examples are
the domain-based local approach, which was initially pro-
posed by Pulay and Saebg'* !> and was later extensively ap-
plied to second-order Mgller—Plesset perturbation theory!®
(MP2) and CC methods for the ground state!” 18 as well as
excited states'~?! by Werner and Schiitz and their co-worker,
respectively.

© 2013 AIP Publishing LLC
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Already in they 1970s, pair natural orbitals (PNOs) have
been introduced to reduce the number of double excitations in
correlated wave function calculations.?”>> Despite their ini-
tial popularity, PNOs have fallen into oblivion for decades
because the additional integral transformations into a pair-
specific virtual basis emerged as a severe computational and
storage bottleneck. Recently, it was demonstrated by Neese
et al. for the coupled electron pair approximation (CEPA)?
and CCSD?’ that the original limitations of the PNO ap-
proach can with today’s computer hardware be circumvented
by the resolution-of-the-identity (RI) approximation for two-
electron integrals.”®2° Moreover, Tew et al’*3' and Hittig
et al 3> showed how to use truncated PNO expansions for both
the virtual and complementary auxiliary orbital space in ex-
plicitly correlated MP2 and MP3 calculations.

In the domain-based local approach, a set of pre-
determined projected atomic orbitals (PAOs) are generated by
orthogonalizing the AOs against the occupied orbital space
expressed in localized molecular orbitals (LMOs). Local or-
bital domains contain PAOs of a subset of atoms that lie in
the spatial vicinity of a particular LMO and are then uni-
fied to pair domains if the two LMOs are spatially close to
each other. Since the pair domains are determined without in-
specting the electronic structure, they can be constructed effi-
ciently. However, they exhibit a limited error control and the
accuracy strongly depends on the appropriateness of the do-
main choices.

These problems can be avoided®® with the recently in-
troduced orbital-specific virtual (OSV) orbitals,>* which are
obtained either by a singular value decomposition of dou-
bles amplitudes for diagonal pairs®** or by minimization of the
Hylleras functional.®> For PNOs, a pair-specific virtual orbital
space is generated right in the beginning by diagonalization
of the pair contribution to the virtual-virtual block of the one-
electron density matrix constructed from a first-order guess
for the doubles amplitudes, which will be referred to as pair
density. Compared to the OSV approximation, this results in a
much more compact virtual space for non-diagonal pairs be-
cause redundancies from a unification of two orbital spaces
are avoided. Optimization of a truncated virtual space rather
on a pair-level (PNOs) than on an orbital-level (OSVs) ne-
cessitates additional computational efforts, which can be re-
duced significantly by using PAOs*® or OSVs*>%7 intermedi-
ately during the PNO construction.

In a previous work,*® we showed for the perturbative
doubles correction®® (D) to configuration interaction singles,
CIS(D), that truncated PNO expansions can be easily applied
to the treatment of excited states. Similar to the ground state,
the excited state doubles amplitudes are expanded in their own
truncated PNO bases, which are obtained from the analysis of
a first-order guess for the doubles amplitudes. Using separate
PNO expansions for the ground state and excited state dou-
bles leads to a beneficial error compensation for the total PNO
truncation error for CIS(D), which is always less than the sep-
arate errors in the ground state and excited state contributions
to CIS(D). Additionally, we could show that for excited states
the scaling of the number of PNOs in truncated expansions
of the doubles with the system size is at worst linear like for
the ground state, but even sub-linear if the electronic tran-
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sition is restricted to sub-units of the molecule. This effect
is promising for the application of PNOs to excited states of
large molecules where often large parts of the molecule are
not involved in the electronic transition.

In the current work, we present a first implementation of
the non-perturbative CC2 model for excitation energies that
is based on PNOs. We focus on three main issues: First, we
discuss how to reduce the costs for the excited state PNO
construction by adapting the hybrid OSV-PNO approach of
Ref. 32 to excited states. This requires a modification of the
OSYV construction, which is discussed in Sec. III. Second, we
show that the slower convergence of the PNO truncation er-
rors for charge-transfer excitations in comparison to local ex-
citations, which was observed in our previous work,?® can
be removed. The third and main aspect of the current work
is the solution of the eigenvalue problem for excitation ener-
gies in state-specific PNO bases, which is an important pre-
requisite to extend the PNO and other local approaches for
excited states beyond second-order methods for single exci-
tation dominated transitions. In Sec. VIII, we present some
numerical examples to validate the PNO implementation and
demonstrate its efficiency.

Il. ITERATIVE SECOND-ORDER METHODS

Several second-order methods for excited states can be
derived from the approximate coupled cluster model' CC2.
With the dressed Hamiltonian

A = exp(— T1) H exp(T), (1)

which is similarity transformed by the exponential of the sin-
gle excitation cluster operator T, the coupled cluster equa-
tions for CC2 can be written as

Qu, = (wi|H + [H, T,]|HF) = 0, 2)

Qu, = (2| H + [F, T,]|HF) = 0. 3)

These cluster equations with the vector function €2,, deter-
mine the amplitudes ¢, and ¢#,,, which appear either in H or
in the double excitation cluster operator 7, = s> o Ty - The
ground state energy is obtained as

E = (HF|H + [H, T>]|HF). 4)

Since the doubles equations are approximated to be correct
through first order only, the CC2 energy is correct up to sec-
ond order.

Within the framework of response theory, electronic exci-
tation energies are obtained as the eigenvalues of the Jacobian
matrix A. For CC2, the Jacobian exhibits the following form:

ACC2 895(:2
TS

_<<m|[ﬂ, 7 1 +1H. 7,1, TIHF) (|14, rU2]|HF>>
(uallH, v, ]IHF) SumnBy )
)

where A,, =¢&,+¢, —& —¢; with canonical orbital
energies ¢,. The Jacobian of the quasi-degenerate
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second-order perturbation correction to single excitation
configuration interaction,** CIS(D.), can be obtained
from A®“? by omitting the similarity transformation of the
Hamiltonian with the 7, amplitudes and the Jacobian of the
algebraic diagrammatic construction through second order,*!
ADC(2), by symmetrizing the CIS(D4,) Jacobian,*?

AADC(Z) — %(ACIS(DQO) 4 ACIS(DN)T). (6)

This symmetrization affects only the T,-dependent con-
tribution to the singles-singles block of the Jacobian
{1 |[[I:I, T>]1, 7, 1|HF), so that both, CIS(Dy,) and ADC(2),
can be implemented through simple modification of the CC2
Jacobian. Therefore, we discuss only the implementation of
CC2 in the following.

Since only a few of the lowest excited states have practi-
cal relevance, it is common practice to compute the eigenval-
ues of the Jacobian with iterative methods, which necessitate
the evaluation of matrix vector products,

Ou; = A;L[v/ b\)j? (7)

where the Jacobian is transformed with trial vectors b, for
the right eigenvectors.

In conventional CC2 implementations, the most time-
consuming steps scale as O(N) with the system size \. The
cost, though not the scaling, of a conventional CC2 calcu-
lation can be significantly reduced by using the RI approx-
imation in combination with an on-the-fly generation of the
integrals.*> When similarity transformed integrals (pq|rs) are
computed, the singles 7, can be absorbed into the transfor-
mation matrices* from the AO to the molecular orbital (MO)
basis

(pqlrs) = AL, A}, AL NS (aBlyd), (8)
A? =C(1-1t]), ©)
A" =C1+ty), (10)

where Greek letters denote AOs and C contains the canonical
MO coefficients. The auxiliary matrix t; is defined as®

0 0
b= ({tai} 0)' (n

Likewise, one-index transformed integrals (ai|bj), which are
dressed with the singles part of the trial vectors b,;, can
be computed using the modified transformation matrices
[\ga = _Cai bai and Agi = Caa bai

Hi

(ailbj) = P,

a

J(AL AL+ AL AB)AD, AL (aBlys).  (12)

The operator ﬁ;i symmetrizes a function f,; ,; in the in-
dex pairs (ai) and (b)), i.e, P!} = fuipj + foj.ai- For no-
tational convenience, we will denote in the following two-
electron integrals with two occupied and two virtual indices as
K} = (ai|bj), K}, = (ailbj), and K} = (ailbj).

Within the RI approximation, the two-electron integrals
are rewritten as

(pqlrs)="Y_ B BE, (13)
0
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where @ is an auxiliary basis function for the RI
approximation** and

BS = AL A} (aBIP)IV™ ' 1pg (14)

with Vpo = (P|Q). Similarly, the barred integrals are ap-
proximated by

K., =P Y BSB2 (15)
0
with

Bqu = ([\gaA’;}l. + AL, AL ) @BIPIV 1 po. (16)

lll. HYBRID OSV-PNO APPROACH
FOR EXCITED STATES

Truncated PNO expansions scale linearly with the sys-
tem size as it was previously demonstrated for electronic
ground®>»?% and excited states.>® However, the computation
of PNOs from pair densities in a canonical virtual basis is still
an O(N?)-scaling step, which would limit the applicability of
PNO methods to medium-sized molecules. As it was recently
demonstrated by Krause and Werner®’ and Hiittig et al.,’? the
scaling of the PNO construction can be reduced by one order
when pair densities are built in a unified OSV basis. Follow-
ing this strategy, the PNO construction can be further acceler-
ated by calculating the OSVs via an iterative diagonalization
procedure as proposed by Schmitz et al.*’” Combining the it-
erative diagonalization with a local version of the RI approxi-
mation for two-electron integrals results in a PNO implemen-
tation with O(N?)-scaling costs.

The introduction of a set of ground state OSVs a
(GS-0OSVs) for each LMO i leads to a local approximation
for the three-index intermediates B 3 that enter the exchange
integrals in the numerator of the amplitudes

i Kb

= . 17
ab Fii—8a+Fjj—8}, ( )

In the last equation, F; are the diagonal elements of the Fock
matrix in the LMO basis. This approximation is sufficiently
accurate for ground states if the OSVs are obtained from the
eigenvectors of the doubles amplitudes for the diagonal pairs
téib. However, excited state OSVs (ES-OSVs) for a LMO i
must be suitable to approximate both B 3 and B aQ[., which en-
ter the barred exchange integrals K} in the numerator of the
first-order excited state amplitudes,
Ko

, (18)
Fii_'5‘a+Fjj_8h+w

ij _
bab -

where  is an approximate excitation energy. Constructing
the ES-OSVs from the amplitudes for the diagonal pairs b’/
in Eq. (18) analogously to GS-OSVs will not lead to a rea-
sonable approximation for all off-diagonal pairs. If a LMO i
is not involved in the excitation process, the amplitudes bi"b
are negligible and lead to very few OSVs a; with significant
occupation numbers. For off-diagonal pairs where the second
LMO j is involved in the excitation process, such OSVs g;



084114-4 B. Helmich and C. Hattig

are not suitable to approximate B an in KZ, because, then, K;’b
vanishes. A more appropriate set of ES-OSVs is obtained by
diagonalizing modified amplitudes

A0 B0 | RO RO
Bai Bbi +Bai Bbi
2Fi+w—g,—¢p

ni __
ab —

19)

which are also positive semi-definite, similar to the ground-
state first-order amplitudes for diagonal pairs. The choice in
Eq. (19) is not unique. We also investigated a higher-order sin-
gular value decomposition*®*> (HOSVD) of four amplitude-
like matrices computed from the integrals Bg E,g, Ba% 35,
BaQi Blg, and B’aQi BbQi. This leads, however, only to a slightly
improved accuracy compared to the diagonalization of b;.
Therefore, we decided to determine OSVs for excited states
from the modified amplitudes in Eq. (19), which has slightly
lower computational costs. From a conceptional point of view,
this procedure is similar to that used in the domain-based lo-
cal methods for exited states, which was initially proposed by
Korona and Werner.!® In their approach, orbital domains are
chosen as union of ground state LMOs and excited orbital do-
mains obtained from the analysis of a guess for the singles
part of the excitation vector.

An initial (excited state) pre-PNO basis for a pair ij is
then constructed by merging the ES-OSVs for the LMOs i
and /.32 This pre-PNO basis is, however, only constructed if
a spin-opposite scaled (SOS) like estimate for the pair con-
tribution to the excited state doubles contribution w,, to the
CIS(D) excitation energy in the direct OSV approximation,**

Sij )2
sos ij _ Cos (Kﬁﬁj)

“" 4 0+ Fi+ Fj — Fag — Fy,

77T

, (20)

is above a pair threshold T;-. If;’ ;. are the barred inte-
i0j

grals in the direct OSV approximation and Fj; the di-
agonal elements of the virtual-virtual block of the Fock
matrix in the OSV basis of LMO i. After constructing
a pre-PNO basis, a truncated PNO basis is obtained by
a procedure outlined in Ref. 38 from the eigenvectors
of pair densities DV = (2b" — b"/T)'b"/ 4 (2b"/ — bi/1)b'/T
computed from first-order excited state amplitudes (cmp.
Eq. (18)), b;i/,;[/, in the pre-PNO basis @;;, b;; for pair .

IV. IMPLEMENTATION OF PNO-CC2

Doubles amplitudes expanded in a limited number of
PNOs as well as exchange type integrals with two occu-
pied and two PNO indices K7 scale linearly with the sys-
tem size and can be efficiently computed and stored on disk.
In the present implementation, the construction of the OSV
basis still scales as O(N*) because of the diagonalization of
doubles amplitudes for diagonal pairs in a full virtual basis.
Currently, we also accept cubically and quartically scaling
steps for intermediates that can be computed in close anal-
ogy to the RI-CC2 implementation described in Ref. 43. We
note, however, that with the techniques proposed in Ref. 47
the scaling can be further reduced to O(N?), which will be
subject of future work.

J. Chem. Phys. 139, 084114 (2013)

TABLE I. Explicit expressions and formal cost-scaling in the canonical RI-
CC2 and the PNO-CC2 implementation for the Jacobian transformed vectors

0 H 1 JG ij _ _E F :
Oai =0, +0,; +0, +o0,7 and Tab = Oaisj + it A tilde on top of a

four-index term denotes X'/, = 2X". — X/
ab ab ba

Scaling

Step RI-CC2  PNO-CC2
Eji = Fji + Ay ¢ N?
Ea = Fap —dj L K7 d)) N’ N*
0% = Eup byi + baj Eji N?
Fia = dj; R d) by, N N?
o, = di Bk i+ kR wooow
B2, = BZdy, - N?
78, = BLBS, VoW
7= dirg, -
i = B2y, N?
Th = (FEAL, +20070 — Al ba BEIV-1p0 N?
Ua’;l = _ya%éi% Nt
08 = ALl [y (Plap) N3
sy = Pan e O3 — FueSic b5357) N N

sy = Kap = Py B2 B Yo~

Intermediates for the contraction of the Jacobian with a
trial vector from the right are compiled in Table I. Explicit
expressions for intermediates of the vector function and Ja-
cobian transformed trial vectors are similar by construction.*?
Therefore, we limit a more detailed discussion to the compu-
tation of the Jacobian transformed trial vectors. In the cur-
rent implementation of PNO-CC2, the computation of the
global intermediates Ej;, with Q% = F/’;i(P|oz;3), and E,
scales with O(A?) and O(N*), respectively, due to construc-
tion of a similarity transformed Fock matrix. For second-order
methods with no singles amplitudes, i.e., CIS(D), CIS(Do),
and ADC(2), the global intermediates Ej; and E,;, can be eval-
uated with linear and cubic scaling, respectively.*® But, the
computation of these global intermediates is done only once
and has a small pre-factor. Their contraction with the singles
trial vectors to 0(% (cmp. Table I) scales cubically and has a
very small pre-factor.

In the current implementation, the three-index integrals
in the PNO basis B2 are still computed by transforming B2
from the canonical virtual to the PNO basis. The initial com-
putation of BE in the canonical basis is a O(N*) step and cur-
rently dominates the costs together with the transformation of
Y from the PNO to the canonical virtual basis and the con-
struction of I_‘f;, which are cubically and quartically scaling
steps with sizeable pre-factors.

In contrast to this, the contractions and transformations
that are already done fully in the PNO basis like the con-
traction of the integral intermediates B and B to exchange
integrals K7 and the contraction of doubles amplitudes with
three-index integrals to the ¥ intermediate in the PNO ba-
sis are performed with a quadratic cost-scaling. They are
the dominant O(N?)-scaling steps in the canonical RI-CC2
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calculation, but contribute in the (preliminary) PNO imple-
mentation only a small fraction to the overall timings.

V. CHARGE-TRANSFER EXCITATIONS

In our previous work,*® we observed that, compared to
locally excited (LE) states, CT states exhibit PNO truncation
errors that are slightly more pronounced and converge slower
with decreasing Tpno. However, the convergence is also for
CT states as rapid as for LE states when for the construction of
the truncated PNO basis the excited state doubles amplitudes
are evaluated either in the canonical MO basis or with LMOs
and a numerical Laplace transformation of the orbital energy

denominators,>?-!
.o o] Y
1 1
bas= /0 dt Y Xir Yau Koj) X Vi @1

i'aj'b

~ P, (Z Bg,xfi,yga) S aoxvs|. @
[0)4 i'a J'b

X = Ty et T, @

1 = dfheem e, o4

where w, and ¢, are the Laplace weights and exponents, re-
spectively, T}; is the transformation matrix between LMOs and

canonical MOs, and d;ja are the pre-PNO coefficients in the
canonical MO basis a. Both approaches avoid the neglect of
off-diagonal Fock matrix elements, which we will refer to as
diagonal approximation.

The diagonal approximation, which is unproblematic for
the construction of PNOs for ground and LE states, is the ma-
jor source of error for CT states. For a better understanding of
its origin, we analyzed the contribution from the excited state
doubles amplitudes w,; in the PNO basis to the doubles cor-
rection (D) in CIS(D). As a simple model system, we choose
a complex of ethylene and tetrafluoroethylene separated by
12 a.u.>? As shown in Fig. 1, the HOMOs and LUMOs of
the two monomers correspond to the most dominant nat-
ural transition orbitals’>>* (NTOs) for the transitions that
we analyzed. For the excitations within (LE) and between
the monomers (CT), the truncation error of w,.s is shown
for different PNO truncation thresholds in Fig. 2. For both
CT states, the truncation error of w,s; converges slowly and
remains larger than 0.001 eV, even when tight thresholds
(—log(Tpno) = 9, 10) are employed. In contrast to this, the
two LE states converge smoothly with Tpno. Applying the nu-
merical Laplace transformation reduces the truncation errors
of both LE and CT excited states, for the latter by two to three
orders of magnitude for —log(Tpno) = 8, .. ., 10.

This behavior is a consequence of a different convergence
of the natural occupation numbers n;/ for the CT excitations.
The pairs that contribute significantly to w,s can be divided
into two groups. One contains pairs where both LMOs are
in the spatial vicinity of the occupied NTO. The other group
contains pairs where one LMO is close to the occupied NTO

J. Chem. Phys. 139, 084114 (2013)

virt. NTOs

LUMO+1

LUMO

CT
LE LE

occ. NTOs

HOMO-1 HOMO

\_

FIG. 1. The most significant occupied and virtual natural transition orbital
(NTO) involved in the local (HOMO — LUMO, HOMO-1 — LUMO+1)
and CT excitations (HOMO — LUMO-+1, HOMO-1 — LUMO) of a
CyH4 — CoF4 complex.

and the other close to the virtual NTO. The convergence of
n? is shown in Fig. 3 for one selected pair of each group.
Pairs where both LMOs are spatially close to the occupied
NTO have a few occupation numbers that are much larger
than the remaining ones. For these pairs, the large difference
between the most dominant and the less dominant occupation
numbers can be explained qualitatively by a rank analysis of
the dressed integrals K in the numerator of the doubles am-
plitudes. For distinct singly excited CT states, the electronic
transition can be qualitatively described by a single pair of
NTOs,

bai ~ /Baa" ﬁia", (25)

with a singular value close to one. Applying this rank-one
approximation of the excited state singles amplitudes to K,
leads to rank-V>° and rank-one terms

Ky, 2P {Bige(ac’|bj) — Bas(0°i|bj)}. (26)
The rank-V terms P’ Bi,+(ac’|bj) contribute to K.} if one
of the LMOs is close to the occupied NTO o9, i.e., if Biqo
or ;50 is non-negligible, and the other is close to the virtual
NTO o? so that (ao”|bj) or (ai|bo”) is non-vanishing. The
rank-one terms contribute to K/ if at least one of the LMOs
is close to the occupied NTO o so that the integrals (o °i|bj)



084114-6 B. Helmich and C. Hattig

0.1
0.01
0.001
>
()
£
3
3
<
0.0001
1e-05
C,Hy - CoH, ——
CoHy - CoFy —w—
1e-06 : ‘
6 7 8 9 10
-log(Tpno)

FIG. 2. PNO truncation errors of the excited state part to the doubles correc-
tion w,s in CIS(D)/cc-pVDZ calculations for HOMO-LUMO local and CT
excitations with different PNO truncation thresholds Tpno in a CoHy—CFy
complex separated by 12 a.u. Numerical Laplace integration was used for the
PNO construction of either no (black), according to Eq. (30) selected (red),
or all pairs (blue).

or (ai|o?j) are non-vanishing. For LE states, both the rank-V
and the rank-one terms are non-negligible for the same pairs.
However, for CT states 0 and ¢'” are spatially separated from
each other and the rank-V contributions become negligible
for pairs where both i and j are close to the occupied MO.
For these, one obtains K} with at most two dominant singu-
lar values and pair densities with very few dominant eigen-
values. Thus, decreasing the PNO threshold mainly increases
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FIG. 3. Natural occupation numbers ni—{ for selected pairs of the CoHy
— C,F4 HOMO-LUMO CT excitation. For one pair, both LMOs are close to
the occupied NTO (red); for another pair, one LMO is close to the occupied
and another LMO is close to the virtual NTO (blue).
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the number of PNOs for those pairs that contribute with
rank-V terms while the number of PNOs of pairs that con-
tribute only with rank-one terms remains essentially un-
changed. As a consequence of this, the errors introduced at
the level of the PNO construction by the diagonal approxi-
mation decrease only slowly for such pairs and dominate the
PNO truncation error. Thus, just for pairs that contribute only
through rank-one terms it is necessary to employ the numeri-
cal Laplace transformation to compute the pair contribution to
the excited state doubles amplitudes in the LMO basis during
the PNO construction without the diagonal approximation.
For second-order methods, the construction of the am-
plitudes during the PNO construction is one of the most
time-consuming steps and its costs increase linearly with the
number of Laplace quadrature points. It is, therefore, im-
portant to pre-select pairs where the diagonal approximation
is replaced by the numerical Laplace transformation. These
“Laplace pairs” are identified when the OSVs are merged to
the pre-PNO basis. Here, it can be exploited that for distinct

CT states both If{% and b;j 5, have very few dominant singular

values 7./,

bzl;, = Vai¢ chj Viies @n
if both LMOs are in the vicinity of the occupied NTO. Within
the direct OSV approximation for the amplitudes b;j 5 Wecan
estimate with negligible costs the contribution of individual
OSVs to the energy estimate S%Swg}, which is used to pre-

select pairs for the PNO construction (see Sec. III)

RY = Uye R Vi, (28)

SOS il = (14 8;jc05) K 7. (29)

Fig. 4 shows the convergence of SOSyid for the two se-
lected pairs of Fig. 3. If two OSVs are sufficient to recover
at least az,,% of S%wg; and, at the same time, 5wy} is
larger than Ti,p, the amplitudes for this pair are evaluated
through the numerical Laplace transformation, Eq. (21), in the

subsequent PNO construction step. Test calculations revealed
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FIG. 4. Convergence of SOS w’ejs with the number of OSVs for selected pairs
of the CoHy — CoF4 HOMO-LUMO CT excitation. For one pair, both
LMOs are close to the occupied NTO (red); and for another pair, one LMO

is close to the occupied and another LMO is close to the virtual NTO (blue).
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TABLEII. Percentage of “Laplace pairs” used in the excited state PNO con-
struction for the HOMO-LUMO LE and CT transitions in a C;H4—C,F4 com-
plex separated by 12 a.u. The excitation energy calculation was performed
with the PNO-CIS(D)/cc-pVDZ model and different PNO truncation thresh-
olds Tpno.

—log(TpNo) C2H4 — C2H4 C2F4 — C2F4 C2F4 — C2H4 C2H4 — C2F4

6 0.00 0.00 34.24 42.50

7 0.00 0.00 57.49 30.43

8 0.38 0.38 53.08 17.32

9 1.69 1.67 57.77 17.22

10 4.33 1.67 63.67 35.19
that @z, = 99 and T, = 100 - Tpyo is a reasonable
choice.

For the determination of the parameters w, and ¢, for the
Laplace transformation, the energy shift w in the orbital de-
nominator in Eq. (23) can have a non-negligible influence on
the number of quadrature points that are needed to achieve a
given accuracy. Particularly, this occurs for excitation ener-
gies of CT states computed with CIS(D). Here, wcs often ap-
proaches the HOMO-LUMO gap. For efficiency reasons, we
use for each state its own quadrature grid, which is optimized
with the current estimate for the corresponding excitation en-
ergy to obtain a sufficient accuracy already with just a few
quadrature points.

The accuracy of the numerical Laplace transformation
is controlled by the mean squared error functional®® «/ FLap,
which is an approximate upper bound for the Laplace error
in excitation energies. The error introduced by the numeri-
cal quadrature should not exceed the PNO truncation error,
which can be roughly estimated by /Tpno from the results of
a benchmark set as shown below in Sec. VIII. To account for
the fact that the numerical Laplace transformation is only ap-
plied to a set of selected pairs /1, the threshold that controls
the accuracy of the numerical quadrature is set to

- y e wéi
VP N ————+/TpNO- (30)

SOS )kl
ZkleILu,, Wes

With this automated selection of the pairs k/ € I 4, and v/ F LaP
during the PNOs construction, we re-calculated the PNO trun-
cation error for the C;Hy — C,F4 complex (see Fig. 2). For
the LE states (C,H4y — C,Hy and C,F4 — C,F4), not more
than 5% of the pairs were selected as shown in Table II. Con-
versely, for the CT states (C,F4 — C,H4 and CoHy — CoFy),
15%—-65% of the pairs were selected. The convergence of
the total PNO truncation error in the CIS(D)/cc-pVDZ exci-
tation energies for the four HOMO-LUMO excitations with
the Laplace transformation applied to selected pairs during
the ES-PNO construction is shown in Fig. 5. For all four
states, we obtained truncation errors that are comparable
to the mean absolute errors found previously for a bench-
mark set of organic chromophores with predominantly local
excitations.*®

J. Chem. Phys. 139, 084114 (2013)
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FIG. 5. PNO truncation errors of the total CIS(D)/cc-pVDZ excitation en-
ergy |Aw| for HOMO-LUMO local and CT excitations with different PNO
truncation thresholds Tpno in a C;H4—CyF4 complex separated by 12 a.u.
Numerical Laplace transformation was used for the PNO construction of
selected pairs according to Eq. (30).

VI. SOLUTION OF THE EIGENVALUE PROBLEM
WITH STATE-SPECIFIC PNO BASES

In CC response theory, the electronic excitation ener-
gies are the eigenvalues of the Jacobian A. For most appli-
cations, only a few of the lowest eigenpairs of A are of in-
terest. Typically, these eigenpairs are determined iteratively
with a Davidson-like algorithm.’’ The initial step of a stan-
dard Davidson algorithm is the computation of the reduced
space Jacobian A% = (bX)IAbL = bK . oK, where K, L, ...
enumerate the basis vectors b. Then, the eigenvalue problem
is solved in the reduced space AU = o/U. The eigenval-
ues o of A’ converge to the eigenvalues of A if the re-
duced space is successively expanded with new trial vectors
bX. With the eigenvalues ' and right eigenvectors U/ of A™?,
we can compute for selected states f the right eigenvectors
Rf =bU/ and their residual vectors p/ = cU — w/Rf in
the full space. The latter are used to terminate the algorithm
if the residual norms ||o/|| are smaller than a convergence
threshold. Moreover, the residual vectors are used to update
the reduced space after they have been pre-conditioned and
orthonormalized onto the previous trial vectors.

The introduction of truncated PNO expansions for the
doubles trial vectors necessitates modifications of the stan-
dard Davidson procedure. First of all, the excited state
PNOs depend on the physical character of the excited
state. For single-excitation dominated transitions, they de-
pend in particular on the eigenvalues and singles part of the
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eigenvectors, which are not known before the eigenproblem
is solved. A solution to this problem is to construct new
PNOs from the current eigenvalue w and singles eigenvec-
tor R,,, and to restart the Davidson procedure. The new dou-
bles eigenvector R, is obtained right after re-constructing the
PNOs by solving (A,,, — ®)R,, = —A,,, R,,. For single-
excitation dominated transitions, a criterion for the construc-
tion of new PNOs can be deduced from the overlap R® - R
of the initial R© and the current eigenvector R. If 1 — |[R© .
R| becomes much larger than the residual norm ||p||, the er-
ror from an inappropriate PNO space is usually more severe
than the reduced space incompleteness error of the Davidson
algorithm, which is then restarted. Thus, we use as criterion
for the generation of new PNOs the condition 1 — |R©® . R|
> Bl|pl|. Test calculations revealed that the best performance
is roughly obtained with 8 = 10. The construction of new
PNOs is, however, suppressed if the remaining error ap-
proaches the PNO truncation error, so that no further im-
provement can be expected from a new PNO construction.
We estimate the PNO truncation error for excitation energies
by +/Tevo-

A further complication emanates from the state-specific
PNO expansions of the doubles part of the eigenvectors if
several states are optimized simultaneously in a multi-state
algorithm. Computing off-diagonal elements of the reduced
space Jacobian A’ by a multi-state procedure requires, with-
out introducing any further approximation, the A,,,, block
to be projected from the left and right onto different PNO
bases. This leads to a quadratic scaling of the Jacobian
right-transformations with the number of exited states, which
would be inefficient.

A quadratic scaling could be avoided, if one would treat
all states in a joint PNO basis. However, such a joint PNO
basis depends rather on the number of selected states than on
their individual character of excitation and increases as we in-
crease the number of states that are simultaneously optimized.
Especially, for large molecules, where electrons are excited
from and into different chromophores of the molecule, it is
expected that a merged PNO space increases drastically with
the number of excited states and counteracts the compactness
of state-specific PNO spaces.

For second-order methods for single-excitation domi-
nated transitions, an alternative strategy, which also avoids
the quadratic scaling, is to partition the eigenvalue equation
and determine the eigenvalues of an effective Jacobian in the
singles space only.”! This is possible if a truncation is only
applied to the doubles space. By following this strategy, the
singles trial vectors are employed to compute the effective Ja-
cobian in the reduced space. Moreover, the doubles trial vec-
tors are part of the effective Jacobian itself and need to be
determined in each iteration of the Davidson procedure ei-
ther by solving a linear system of equations or by numeri-
cal Laplace transformation.”! This strategy, however, cannot
be extended efficiently to higher-order methods like CCSD
or methods that describe also doubly excited states correctly
through first order like the extended ADC(2) method.*!

An approach that avoids this problem is to calculate the
eigenpairs of the Jacobian one after the other with a single-
state method. Such algorithms are suited for local methods,
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which employ state-specific local bases, but will usually re-
quire more iterations to optimize several states. Furthermore,
degenerate states and complex roots can be a problem. Since
the Davidson algorithm for a single state converges to the low-
est eigenvalue in the subspace that can be visited by the trial
vectors, the eigenvectors for the lower roots must be projected
out to achieve convergence to higher roots, e.g., by using a
rank-k modified Jacobian

k—1
A =A+pu) RO 31
f

The rank-k modified Jacobian A is constructed from the orig-
inal Jacobian A, a shift parameter u, and the converged left 24
and right eigenvectors R/ of the previously determined roots.
This technique is often called deflation®® and goes back to
the work of Hotelling® and Wielandt.®" Deflation, as shown
in Eq. (31), preserves all eigenvalues and eigenvectors of the
un-deflated Jacobian apart from the previously determined
k — 1 eigenpairs for which the eigenvalues are shifted by u,
but requires for the latter eigenpairs both left and right eigen-
vectors. For vertical excitation energies, where only the eigen-
values are required, it is sufficient to deflate A by R/(R/)T,
which preserves only the eigenvalues but does not require the
left eigenvectors.

In the present PNO implementation, we assign each state
its own PNO basis. In principle, this is problematic because
we do not know the eigenvectors R/ of the previously opti-
mized states f'in the PNO basis of state k. To circumvent this
problem in our PNO implementation, the Jacobian is deflated
by eigenvectors that are projected from their own onto the
current PNO basis 8% R'S* with the overlap S* between the
PNO bases for the states f and k. This projection preserves
the eigenvalues within the limits that result from the trun-
cated PNO expansions. The accuracy of the excitation ener-
gies is still controlled by the PNO threshold. To ensure that
the Davidson algorithm does not converge to a previously de-
termined eigenvalue again, the shift parameter p has to be suf-
ficiently large. We set w to 1.5 times the CIS excitation energy
for the highest eigenvalue that is optimized by the eigenvalue
solver.

VIl. COMPUTATIONAL DETAILS

The PNO approach for iterative second-order methods
described in Secs. II-VI was implemented in a development
version of the TURBOMOLE program package.®' PNOs for
ground as well as excited states with natural occupation num-
bers n; that are larger than a user-defined PNO threshold
Trno are selected for the calculation. Additionally, pairs ij are
excluded from the ground and excited state PNO construction
if the SOS estimate for the pair energy %S¢y, or SPwy},
respectively, are smaller than a user-defined pair threshold
T pair- As in our previous study on PNO-CIS(D),*® we set both
thresholds to the same value in all calculations. Indeed, this
leads to larger costs for the PNO construction. But, it ensures
that the pair threshold does not affect the final results. To guar-
antee that the errors from the OSV approximation are negli-
gible compared to the PNO truncation error, the threshold for
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the OSV selection has been set to 0.1 Tpno. New PNOs for
the Davidson procedure were only constructed if the overlap
criterion 1 — |R® . R| was above +/Tpno. For the current
test calculations, we have conservatively set 8 = 1. Since,
compared to other localization schemes, the Pipek-Mezey®?
procedure applied to the occupied MO space yields the most
compact PNO spaces for excited states,® we chose this local-
ization procedure in all our calculations. For iterative second-
order methods, the CIS excitation energies and singles eigen-
vectors were initially employed for the ES-PNO construction
and as singles trial vectors for the Davidson procedure.

The Hartree-Fock calculations have been performed with
the dscf module,?® DFT calculations with the ridft module,®*
and CIS(D) as well as CC2 calculations with the ricc2
module®® of the TURBOMOLE program package® using
the TZVP,%® TZVP and def2-TZVPP,%”-%® cc-pVDZ and cc-
pVTZ,% and aug-cc-pVTZ® orbital basis sets. For all DFT
and correlated wave function calculations, we made use of
the RI approximation for two-electron integrals using auxil-
iary basis sets from Refs. 46, 67, 68, 71, and 72, which are
optimized for the corresponding orbital basis sets. Further-
more, all core electrons have been kept frozen, i.e., 152 for C,
N, and O atoms and 15?2s%2p° for S and CI atoms.

The structures for the benchmark set developed
by Schreiber et al. and for 2,4-dichloro-6-[p-(N,N-
diethylamino)biphenylyl]-1,3,5-triazine (DBQ) were taken
from the supplementary material of Refs. 73 and 74. The
structure of the phenothiazine-isoalloxazine-pyrene triad was
kindly provided by the authors of Ref. 20. The structures
of C,Hy, CoF4, and terrylenediimide75 were optimized at
the DFT/B3LYP level with the def2-TZVP basis set. After
separate geometry optimizations, C,H, and C,F; were
stacked on top of each other with a distance of 12 a.u. The
structures obtained from geometry optimizations as well
as the structures of the glycine chains with standardized
parameters for internal coordinates are provided in the
supplementary material.”®

ViIl. RESULTS AND DISCUSSION

A. Accuracy of the eigenvalue solver
with state-specific PNOs

Similar to our previous study on PNO-CIS(D), we inves-
tigated the PNO truncation errors for the CC2 model by com-
puting excitation energies of 28 organic molecules that are
part of the benchmark set from Ref. 73. For the 142 singlet
excited states described in Ref. 77, we included all states for
the TZVP basis, however, excluded the two highest excited
states of both naphthalene and pyrazine computed with the
aug-cc-pVTZ basis set. For these highly excited states, the
PNO truncation errors are for —log(Tpno) = 6, 7 of the same
order as the energy differences between the highest states so
that no definite assignment was possible.

Figs. 6 and 7 show for these two test sets the mean abso-
lute errors (MAE) and the maximum errors (MAX) of both
the iterative PNO-CC2 and the non-iterative PNO-CIS(D)
method®® for —log(Tpno) = 6, ..., 9. The results for PNO-
CIS(D) are taken from Ref. 38 and are obtained for a subset

J. Chem. Phys. 139, 084114 (2013)

0.1

0.01

Aw in eV

0.001 E MAX CC2 —A—
MAX CIS(D) -/
MAE CC2 —@—
MAE CIS(D) -~
0.0001 :
6 7 8 9

-log(TpNo)

FIG. 6. Convergence of the truncation errors Aw for PNO-CIS(D)/TZVP
and PNO-CC2/TZVP. For details of the test, set see text. MAX is the maxi-
mum and MAE the mean absolute error.

of the benchmark set of Schreiber et al.”> In Ref. 38, only
those states were included where the CIS eigenvectors have
a substantial overlap with the eigenvector from CC2 so that
a comparison with the latter method was possible. Figs. 6
and 7 demonstrate how MAX and MAE for PNO-CC2 and
PNO-CIS(D) decrease with Tpno. Both statistical measures
are very similar for the iterative PNO-CC2 and non-iterative
PNO-CIS(D) method. This is also the case if for PNO-CC2
the statistical measures are calculated for the same subset of
states like for PNO-CIS(D). Thus, compared to the perturba-
tive PNO-CIS(D) method, the additional errors due to only
incomplete self-consistency of the excited state PNOs and the
projection error in the deflation of the Jacobian are minor.
Overall, the accuracy of the PNO approach as proposed for
non-iterative PNO-CIS(D) transfers to iterative second-order
methods.

B. Performance of the PNO implementation

In a previous publication, Hittig et al.*> proposed a hy-
brid OSV-PNO approach for MP2 and MP3 and their ex-
plicitly correlated F12 variants. It was concluded that relat-
ing the OSV truncation threshold to the PNO threshold by
Tosy = 0.1Tpno increases the truncation errors only
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MAE CIS(D) ()
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FIG. 7. Convergence of the truncation errors Aw for PNO-CIS(D)/aug-cc-
pVTZ and PNO-CC2/aug-cc-pVTZ. For details of the test, set see text. MAX
is the maximum and MAE the mean absolute error.
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FIG. 8. Total truncation errors (solid line) for the hybrid OSV-PNO approach
and OSV truncation errors (dashed line) of w,g in CIS(D)/def2-TZVPP cal-
culations for S| (7 — 7*), S4 (n — 7*), and Sg (CT) of DBQ.

insignificantly so that the accuracy of the PNO calculation
is still fully determined by the PNO threshold. In the current
work, we examined if this transfers to excitation energy cal-
culations. In Fig. 8, the additional error from the OSV ap-
proximation is compared to the total truncation error for w,
with the hybrid OSV-PNO approach foran — n*,an — 7%,
and a CT excitation in DBQ. Independent from the character
of the excitation, the additional errors introduced by the OSV
approximation are with Togy = 0.1 Tpno more than one order
of magnitude smaller than the PNO truncation error. Thus,
like for the ground state energy, Tosyv = 0.1 Tpno is also for
excitation energies sufficient to keep the OSV truncation error
negligible.

For the present O(N*)-scaling PNO-CC2 as well as for
the O(N?)-scaling RI-CC2 implementation, we investigated
the costs as function of the number of AO basis functions N
for linear glycine chains (gly),« for k =0, 1, 2, 3, 4 with the
cc-pVDZ and the aug-cc-pVTZ basis sets. The timings for an
evaluation of the CC vector function and a Jacobian transfor-
mation are shown in Fig. 9 for the cc-pVDZ and in Fig. 10 for
the aug-cc-pVTZ basis set. If only these costs are considered,

Number of AOs
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FIG. 9. Timings for the computation of the CC vector function €2, and the
Jacobian transformation o, for the lowest excited state of glycine chains
(gly),x withk=0,1, ..., 4 with RI-CC2 and PNO-CC2 (Tpno = 107%) in
the cc-pVDZ basis set.
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FIG. 10. Timings for the computation of the CC vector function €2, and
the Jacobian transformation o, for the lowest excited state of glycine chains
(gly),x withk =0, 1, ..., 3 with RI-CC2 and PNO-CC2 (Tpno = 107%) in
the aug-cc-pVTZ basis set.

the preliminary PNO-CC2 implementation is already faster
than RI-CC2 for (gly)4 with the cc-pVDZ and for (gly), with
the aug-cc-pVTZ basis set. We note, however, that the approx-
imate self-consistent determination of the PNOs together with
the single-state Davidson algorithm leads to a larger num-
ber of iterations for converging the excitation energies. In the
canonical RI-CC2 implementation, the Jacobian transforma-
tions are more time-consuming than the computation of the
vector function due to the additional computational overhead
for the computation of K} in comparison to K} . The Ja-
cobian transformations in the PNO implementation is, in con-
trast to this, less costly than the evaluation of the vectors func-
tion because the PNO expansions for the excited states is more
compact than for the ground state. For the computation of the
Jacobian transformations, the effective cost-scaling estimated
from the timings for the largest peptides in Fig. 10 is N>
(N*? in RI-CC2) for the cc-pVDZ and N*? (N> in RI-CC2)
for the aug-cc-pVTZ basis set. For the Jacobian transforma-
tion in PNO-CC2, more than 96% of the time is spend for
the computation of the intermediates that are needed for the
079 and o* terms, which have in the current implementation
still cubic and quartic cost-scalings with sizeable pre-factors.
For the largest peptides computed in the respective basis set,
the timings for the Jacobian transformations are already with
the preliminary PNO-CC2 implementation nevertheless even
a factor of 5 smaller than with the quartically scaling LT-SOS-
CC2 implementation presented in Ref. 56.

In our previous study on PNO expansions for excited
states, we compared the convergence of the truncation er-
rors of a LE (S5 in CIS(D), S4 in CIS) and a CT state (S; in
CIS(D), S7 in CIS) in the phenothiazine-isoalloxazine-pyrene
triad. For the CT state, the excited state contribution w,s to
the (D) doubles correction showed a considerable slower con-
vergence with the PNO threshold than for the LE state. This
problem has now been resolved with the Laplace transforma-
tion to improve the PNOs for excited states as demonstrated
in Fig. 11. Without applying the Laplace transformation, the
truncation errors for the LE and CT state differ significantly,
up to one order of magnitude for Tpno = 107!°. Replacing the
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FIG. 11. PNO truncation errors of w.s in CIS(D)/cc-pVDZ calculations for
S1 (CT) and S5 (LE) of the triad (see text) with different PNO truncation
thresholds Tpno. Numerical Laplace transformation was used for the PNO
construction of no (black), according to Eq. (30) selected (red), or all pairs
(blue).

diagonal approximation for all pairs by the Laplace transfor-
mation yields almost identical truncation errors for both the
LE and CT state. If “Laplace pairs” are selected according to
Eq. (30), we still obtain a significant error reduction for w,
of the CT state. This results in very similar PNO truncation
errors for the total CIS(D) excitation energy of the LE and CT
state (see Fig. 12).

We investigated furthermore the performance of the
PNO-CC2 method for a typical application: a large or-
ganic molecule with a ground-state electronic structure that
can be qualitatively described by a single configuration.
We computed the lowest vertical excitation energies of
terrylenediimide,” which is a fluorescent dye with high ex-
tinction coefficients and quantum yields. For the ground state
and the five lowest excited states, we listed in Table III the av-
erage number of OSVs per LMO and the relative dimension of
the pre-PNO as well as of the PNO doubles space compared
to the full doubles space. The number of OSVs is for all ex-
cited states approx. 20% larger than for the ground state. This
correlates with the relative dimension of the pre-PNO doubles
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FIG. 12. Absolute PNO truncation errors |Aw| of CIS(D)/cc-pVDZ for S
(CT) and S5 (LE) of the triad (see text) with different PNO truncation thresh-
olds Tpno. Numerical Laplace transformation was used for the PNO con-
struction of selected pairs as described in Eq. (30).
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TABLE III. Average number of selected OSVs per LMO Nosy (Tosv
= 107?) and relative size of both the pre-PNO (Tosy = 10~%) and PNO
doubles space (Tpno = 1078) for the PNO-CC2/cc-pVDZ calculation on ter-
rylenediimide (156 active occupied and 906 canonical virtual orbitals).

Dimension relative to
full space in %

State w (in eV) Nosv Pre-PNO PNO
So - 80 3.1 0.082
S1 2.17 95 3.9 0.051
So 3.38 97 4.1 0.051
S3 3.19 96 3.9 0.050
S4 3.44 93 34 0.045
Ss 3.58 94 3.6 0.046

spaces, which are for the excited states 10%—-30% larger than
for the ground state. Enlarged OSV spaces for excited states
are expected because the excited state OSVs must be suitable
to approximate f)’an. and Bfl. and not only 33 like the ground
state OSVs. The excited state PNO spaces for the doubles
are, however, approximately 40% smaller than for the ground
states. From the discussion of Sec. V, it is clear that only
pairs with at least one LMO involved in the electronic tran-
sition have sizeable exchange integrals K} and contribute to
the excited state PNO expansion. For a PNO-CC2/cc-pVDZ
(Tpyno = 1073) calculation for terrylenediimide with 156 cor-
related electrons and 1126 basis functions, the doubles space
for ground and excited states is compressed by more than a
factor of 1000. The OSV approximation alone without sub-
sequent PNO selection would, in contrast to this, reduce the
doubles space only by a factor of 230.

IX. CONCLUSION

We presented a PNO implementation for non-
perturbative excited state second-order methods. The
extension of the hybrid OSV-PNO ansatz proposed recently
for ground state PNOs has been generalized to the excited
state PNOs with only minor modifications in the OSV
generation. The accuracy of the initial PNO method is
retained and exclusively controlled by the PNO truncation
threshold. This paves the way for a quadratically scaling PNO
implementation which employs an iterative determination
of OSVs and a local RI approximation as described for
PNO-MP2 in Ref. 47.

Furthermore, we analyzed and resolved the slower con-
vergence of the PNO truncation error for charge-transfer ex-
cited states. For these states, a considerable number of pairs
have only few PNOs with significant energy contributions.
For these pairs, the PNOs are more sensitive to the neglect
of the off-diagonal elements in the Fock matrix during their
construction. A numerical Laplace transformation of the or-
bital energy denominators for selected pairs during the ex-
cited state PNO construction of charge-transfer states resolves
this problem and leads to a similar accuracy for CT and local
excitations.

The eigenvalue problem with state-specific truncated
PNO expansions can be solved by combining the Davidson
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algorithm with deflation to project out roots that have already
been determined and an automated refresh with a generation
of new PNOs to achieve an approximate self-consistency of
the PNO space. The procedure has been validated for PNO-
CC2 by applying it to a test set that contains more than 140
excited states in 28 organic molecules. The truncation errors
of PNO-CC?2 are only slightly larger than for the perturbative
CIS(D) method.

The computational efficiency of the approach is demon-
strated for the terrylenediimide molecule and a series of
glycine oligomers. Even with a conservative PNO threshold
of 1078, we obtained a reduction of the doubles space com-
pared to a canonical calculation by a factor of 1000 for ter-
rylenediimide. This compression is even more pronounced
for excited states than for the ground state and typically
a factor of 30 higher than in an OSV calculation without
subsequent PNO construction. Already in the current pre-
liminary implementation, we have shown for the glycine
oligomers that the approach has an early break even point with
a canonical RI-CC2 implementation between 100 and 300
basis functions and outperforms quartically scaling Laplace-
transformed SOS-CC2, even though the same-spin exchange
correlation contribution is fully included. These results en-
courage further developments that cover, first, the reduction
of the scaling to O(N?) to enable calculations with up to
10 000 basis functions and, second, the extension of the ex-
cited state PNO methodology to higher-order methods like ex-
tended ADC(2)-x or CCSD.
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