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At the example of the extended algebraic-diagrammatic construction through second order, ADC(2)-x, we
study the performance of a pair natural orbital (PNO) expansion for the description of partially or dom-
inantly doubly excited states within a response theory framework. We find that with the presence of
dominantly doubly excited states in the ADC(2)-x spectra the PNO truncation errors are between a factor
of two and five larger than for strict second-order methods, where such excitations are only described in a
zeroth-order approximation, but that otherwise the rate of convergence with the PNO selection threshold
is similar.

Furthermore, we analyze the reason for the red shift of excitation energies in ADC(2)-x and trace it back
to an unbalanced account of electron correlation effects in the ground and the excited state by the term
added in the extended method to describe double excitations correct through first order. The balance can
be restored by including the contributions from one additional commutator which accounts in lowest
order for the coupling between double excitations in the ground and the excited state. A perturbative cor-
rection to ADC(2) which includes both correction terms for doubly excited configurations gives excitation
energies close to results from CCSD with, however, much lower computational expenses.

The truncated pair natural orbital expansion for the ground and excited state doubles amplitudes opens
a route to reduce the steep OðN 6Þ cost-scaling of the extended ADC(2) and other higher-order response
methods without significant degradation of their accuracy or a priori restriction of the double excitation
manifold. Already our proof-of-principles implementation exhibits a cost-scaling between OðN 3Þ and
OðN 4Þ, which can be further reduced with a stringent use of integral screening and local density fitting
to a quadratic cost-scaling.

� 2014 Elsevier B.V. All rights reserved.
1. Introduction

The advances made during the last two decades in response
theory have promoted this approach from niche methods that
were used only by a few specialized researchers to the most widely
used tools used today for quantum chemical calculations of elec-
tronic spectra and structures and properties of excited states. The
main trigger for these developments is that response theory allows
to describe electronically excited states without requiring explic-
itly a multi-reference framework as long as the electronic ground
state is suitable for a single-reference description. This opened a
route to apply density functional theory (DFT) and efficient corre-
lated single-reference wavefunction methods for the computation
of excitation energies and spectra. Important for this progress have
not only been the reduced computational costs which allowed
applications on larger systems, but also the reduced complexity
of the calculations, which permits to use these methods almost
as black box, and of the implementations. The latter facilitated
the development of a broad set of functionalities as e.g. analytic
derivatives [1–6], cross sections for two-photon and other nonlin-
ear spectroscopies [7–12], or non-adiabatic coupling constants
[13–15].

At the DFT level modern response theory can nowadays be
applied to systems with several hundreds of atoms. But also sec-
ond-order correlated wavefunction methods as e.g. configuration
interaction singles (CIS) with a perturbative doubles correction
[16], CIS(D), the algebraic-diagrammatic construction through
second order [17] (ADC(2)), and the approximate coupled cluster
singles and doubles model [18] CC2 can be applied to systems
with hundred and more atoms with modern integral- and
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amplitude-direct implementations [19–23] which make use of tech-
niques like the resolution-of-the-identity or density-fitting approx-
imation for two-electron integrals and local truncations of doubles
amplitudes based on expansions in projected atomic orbitals or
(generalized) pair natural orbitals.

A remaining obstacle of these response methods is that they
either describe doubly excited states not at all so that they are
completely missing in the spectrum, as e.g. in TDDFT and CIS(D),
or only to zeroth order in the fluctuation potential as in CC2 and
the related strict ADC(2) method, which is also denoted as
ADC(2)-s, or CIS with quasi-degenerate second-order perturbation
corrections [24], CIS(D1). The neglect or simplified treatment of
double excitations leads also for excited states with only a partial
double excitation character, as they are frequently met beyond
the lowest HOMO–LUMO transitions, to undesirably large errors.

Higher-order response methods, which describe also doubly ex-
cited states correct through first or second order in the fluctuation
potential as e.g. CCSD or CC3, are already for medium-sized mole-
cules rather costly because of the steep scaling of their operation
counts with the system size N as OðN 6Þ and OðN 7Þ. Attempts to
reduce the steep scaling for response methods beyond CC2, e.g.
for CCSD, by combining them with a local truncation of the double
excitation manifold based on a projected atomic orbital (PAO)
based representation [25,26] have been discontinued. A hurdle
for the development of local response methods for electronic exci-
tations with a reduced cost-scaling is that these methods describe
the physical electronic excitation process itself, which is often non-
local, and correlation effects in the excited state by a single set of
parameters. This is a qualitative difference between the response
theory approach and state-specific methods like multi-reference
configuration interaction or perturbation theory, which construct
initially a first-order wavefunction for the excited state and then
describe with a separate set of parameters the local dynamic corre-
lation effects. In response theory methods the double excitation
amplitudes have—because of the combined description of correla-
tion and physical excitation—often large non-local contributions.
For PAO based local correlation methods the decision of including
or excluding orbitals in the expansion of the double excitation
manifold for a given pair of occupied orbitals i, j is taken at the level
of atomic subsets and the non-local contributions that describe the
physical excitation process make it difficult to achieve then a com-
petitive computational efficiency without compromising on the
accuracy for excitation energies.

A new perspective on this issue came recently into reach with
the revival of pair natural orbital (PNO) based local correlation
methods [27–29]. They differ in two aspects from PAO based meth-
ods which are very important for the combination with response
theory: First of all, the construction of the PNOs from an initial
approximate first-order guess for the doubles amplitudes allows
to adapt and tune the PNOs to the physical processes that have
to be described and, secondly, the decision of including PNOs for
the double excitation manifold of a pair i, j is done on the level
of individual orbitals. This approach, which was originally only
developed for ground-state correlation energies, has recently been
generalized [22,23] for the description of single excitation domi-
nated transitions within a response theory framework with the
second-order wavefunction methods CIS(D), ADC(2), and CC2.
With generalized state-specific PNOs the doubles amplitudes for
the excited state are described as compactly as the ground state
amplitudes. Already with a first proof-of-principles implementa-
tion we achieved a reduction of the cost-scaling with the system
size N to a range that is intermediate between OðN 3Þ and OðN 4Þ
with an early break even point of PNO-CC2 with the efficient RI-
CC2 implementation.

The aim of the current work is to investigate the performance of
truncated PNO expansions for the doubles amplitudes in response
calculations with wavefunctions methods beyond CC2 and to ana-
lyze in particular the perspectives and challenges of this approach
for excited states with a non-negligible or even predominant dou-
ble excitation character. As guinea pig method for this investiga-
tion we have chosen the extended version of the algebraic-
diagrammatic construction through second order ADC(2)-x. It
was developed by Trofimov and Schirmer [30] as extension to
ADC(2) which for excitation energies of doubly excited states is
correct through first order in the fluctuation potential. ADC(2)-x
was recently advocated by Starcke et al. [31] for the description
of the low-lying doubly excited states in long polyene chains and
by Knippenberg et al. [32] for polyacenes and their radical cations,
which have also low-lying states with large doubly excited
contributions.

In the following section we summarize the theory for ADC(2)-x
in a pair natural orbital basis and the procedure for the construc-
tion and selection of the pair natural orbitals for excited states.
The computational details for the validation of the computational
performance of PNO-ADC(2)-x and its comparison to a canonical
implementation and as well as for benchmark calculations with a
standard test set for singlet excitations are specified in Section 3.
The results of these calculations are presented and discussed in
Sections 4 and 5. In Section 6 we analyze the origin of a large sys-
tematic red shift in the ADC(2)-x excitation energies and devise a
perturbative doubles correction to ADC(2)-s which includes an addi-
tional coupling term for a more balanced account of correlation
effects in the excited and the ground state. This perturbative doubles
correction gives excitation energies close to the results from CCSD
response theory, but has much lower computational costs. Finally,
we conclude the article in Section 7 with a brief summary.

2. ADC(2)-x in a pair natural orbital basis

The ADC(2)-x excitation energies are obtained as eigenvalues of
the secular matrix [30]:

MADCð2Þ�x ¼
bSl1m1 hl1j½H þ ½H; T2�; sm1 �jHFi hl1j½H; sm2 �jHFi

hl2j½H; sm1 �jHFi hl2j½H; sm2 �jHFi

 !
;

ð1Þ

where bSlm is a symmetrization operator defined by bSlmflm ¼
1
2 ðflm þ f �mlÞ and T2 are the first-order ground state doubles ampli-
tudes. We assume an orthonormal operator and projection manifold
for the single (l1) and double (l2) excitation spaces with
hlijmji ¼ dli ;mj

and jmji ¼ smi
jHFi and hlij ¼ hHFjsyli

. The secular ma-

trix MADCð2Þ�x is then hermitian and, in contrast to the Jacobi matrix,
which is used in coupled cluster response theory, its eigenvalues are
guaranteed to be real. With real orbitals (which we assume in the
following) the left and right eigenvectors are identical, otherwise
they are the complex conjugate of each other.

For an iterative (‘‘direct’’) diagonalization without storage of the
secular matrix we need to implement linear transformations of a
trial vector b with M. With the auxiliary operators b̂i ¼

P
li

bli
sli

,
the result vector of such a transformation can be expressed as

rl1
¼ hl1j½H; b̂1 þ b̂2�jHFi þ 1

2
hHFjsyl1

½½H; T2�; b̂1�

þ b̂y1½½H; T2�; sl1
�jHFi; ð2Þ

rl2
¼ hl2j½H; b̂1 þ b̂2�jHFi: ð3Þ

In the pair natural orbital implementation T2 is expanded in ground
state PNOs and b2 and r2 in a state-specific excited state PNO basis
(vide infra) for the virtual space, while a localized molecular orbital
(LMO) basis is used for the occupied space. In such a basis the



B. Helmich, C. Hättig / Computational and Theoretical Chemistry 1040–1041 (2014) 35–44 37
number of significant doubles amplitudes grows for the ground
state (i.e. T2) only linearly with the system size and for excited
states (i.e. b2 and r2) only linearly with the size of the chromo-
phore(s) on which the excitation takes place, as demonstrated in
our previous work [22].

To decrease the cost-scaling of the PNO construction, orbital
specific virtual orbitals (OSVs) [33] were employed to build PNOs
in a truncated virtual basis [23,34,35]. For the ground state, the
coefficients Lb~ci

for the OSVs ~ci of an occupied LMO i are obtained
from an eigenvalue decomposition of the pair contributions to
the one-electron density matrix, from the diagonal pairs ii.

Dii
ab ¼ 4tii

ac tii
bc ¼ La~ci

n~ci
Lb~ci

: ð4Þ

Here and in the following, we use the convention that i, j, . . .refer to
(active) occupied LMOs and a, b, . . .to virtual canonical molecular
orbitals. The densities are computed from approximate doubles
amplitudes obtained as

tii
ab �

Kii
ab

2 Fii � ea � eb
; ð5Þ

where Kii
ab are electron repulsion integrals (ERIs), ea and eb canonical

orbital energies, and Fii diagonal Fock matrix elements. The four-in-
dex ERIs are calculated using the resolution-of-the-identity (RI) or
density-fitting (DF) approximation with a Coulomb metric, [36,37]

Kii
ab ¼

X
Q

BQ ;aiBQ ;bi; ð6Þ

BQ ;ai ¼
X

P

½V�1=2�QPðPjaiÞ; ð7Þ

where ðQ jaiÞ are three-index and VPQ ¼ ðPjQÞ two-index electron
repulsion integrals and P, Q auxiliary basis functions. For a given
LMO i all those OSVs are discarded for which the occupation num-
bers n~ci

are below a pre-defined threshold TOSV (see Section 3 for
details).

For excited states the approximate MP1 doubles amplitudes tii
ab

in Eq. (4) are replaced by amplitudes [23]

b0iiab ¼
Kii

ab þ BQaiBQbi

2 Fii þx� ea � eb
; ð8Þ

BQ ;ai ¼
X
lmP

½V�1=2�QPðPjlmÞ �Kp
laCmi þ Cla

�Kh
mi

� �
; ð9Þ

with the MO coefficients Cap and the transformation matrices
�Kp

aa ¼ �Cai bai and �Kh
ai ¼ Caa bai. The parameter x is a current

approximation to the excitation energy.
Once the OSV coefficients La~ai

are available for all LMOs the
three-index integrals are transformed into the OSV basis and fur-
ther contracted to four-index ERIs in the direct OSV approximation
[33] Kij

~ai
~bj

for the ground state and to

Kij
~ai

~bj
¼ bPij

~ai
~bj

BQ~aiiBQ~bjj
; ð10Þ

for excited states with bPij
abf ij

ab ¼ f ij
ab þ f ji

ba. With these two-electron
integrals Kij

~ai
~bj

and Kij
~ai

~bj
we estimate the second-order pair contribu-

tion to the correlation energy eij;ð2Þ and excited state doubles correc-
tion xij;ð2Þ

es by an approximation which is inspired by the scaled
opposite spin methods [35,38,39]:

eij;ð2Þ � cOS

2

X
~ai

~bj

ðKij
~ai

~bj
Þ

2

Fii � F~ai~ai
þ Fjj � F~bj

~bj

; ð11Þ

xij;ð2Þ
es � cOS

4

X
~ai

~bj

ðKij
~ai

~bj
Þ

2

Fii � F~ai~ai
þ Fjj � F~bj

~bj
þx

: ð12Þ

As in SOS-ADC(2) and SOS-CC2 [40] we set the scaling factor to the
standard value for SOS-MP2 [38] cOS ¼ 1:3. The energy estimates in
Eq. (11) and (12) are used to discard pairs with eij;ð2Þ or xij;ð2Þ
es that are

smaller than a pair threshold Tpair (see Section 3 for details). Only for
selected pairs with energy estimates above Tpair the OSV sets ~ai and
~bj are merged to an orthonormal and quasi-canonical pre-PNO basis
~aij, where F~aij ;

~bij
¼ d~aij ;

~bij
e~aij

to simplify the computation of tij
~a~b

in Eq.
(13) below. To obtain the final PNOs, we compute for each selected
pair ij approximate double excitation amplitudes in the pre-PNO
basis as

tij
~a~b
¼

Kij
~a~b

Fii þ Fjj � e~aij
� e~bij

; ð13Þ

and diagonalize the corresponding pair contribution to the corre-
lated density:

Dij
~a~b
¼ 2 tij

~a~ctij
~b~c
þ tij

~a~ctij
~b~c

� �
¼ dij

~a�cnij
�c dij

~b�c
: ð14Þ

Again, the eigenvectors dij
~a�c with occupation numbers nij

�c below a
selection threshold TPNO are discarded. The remaining PNOs �aij are
then transformed into a quasi-canonical form with F�aij ;

�bij
¼ d�aij ;

�bij
e�aij

as described e.g. by Neese et al. [28].
For excited states the PNOs are generated in a similar way but

with the approximate MP2 amplitudes tij
~a~b

in Eq. (14) replaced by
approximated CIS(D)-like amplitudes in the pre-PNO basis:

bij
~a~b
�

Kij
~a~b

xþ Fii þ Fjj � e~aij
� e~bij

: ð15Þ

The current approximation for single excitation amplitudes and the
excitation energy x enter in the ERIs Kij

~a~b
and the denominator of Eq.

(15), respectively.
A special situation arises for charge-transfer (CT) excitations.

For these states an important class of pairs has only very few PNOs
with, however, large contributions to the excited state correlation
energy xð2Þes . This makes the PNO construction sensitive to the er-
rors in the amplitudes which are caused by neglecting the off-diag-
onal elements of the Fock matrix in the LMO basis Fij in Eq. (15)
(cmp. Ref. [23]). These pairs are automatically recognized by a cri-
terion described in Ref. 23 and the off-diagonal Fock matrix ele-
ments are included through a numerical Laplace transformation
[41,42] of the denominator of Eq. (15), which can formally be writ-
ten as

bij
~a~b
� bPij

~a~b

X
Qz

wz

X
i0a

BQai0X
z
ii0Y

z
~aa

 ! X
j0b

BQbj0X
z
jj0Y

z
~bb

0@ 1A; ð16Þ

XðzÞ
ii0
¼ Tij e�ðejþx

4 Þ tz Tij; ð17Þ

Y ðzÞ~aa ¼ dij
a~aeðea�x

4Þtz ; ð18Þ

where wz and tz are the Laplace weights and exponents, respec-
tively, and Tij the transformation matrix between LMOs and canon-
ical occupied MOs. The numerical quadrature is performed every
time excited state PNOs are constructed. The accuracy of the
numerical quadrature is coupled to the threshold TPNO (for further
details we refer to Ref. 23). By performing a numerical Laplace
transformation for selected pairs, a balanced accuracy with respect
to PNO truncation is achieved for both local and CT excitations.

We note that the cost-scaling for building PNOs can be reduced
by employing local subsets of the auxiliary basis functions. Further
advances in the efficiency of the PNO construction involve either
iterative diagonalization of the densities in Eq. (4) or the introduc-
tion of PAOs and truncated pair lists into the OSV and PNO con-
struction, respectively [43,44].

In a previous work [23] we have reported the implementation
of the linear transformations and the solution of the eigenvalue
problem in a state-specific PNO basis for the CC2 model. As
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described in Ref. 23, we obtained thereby also an implementation
of the strict ADC(2)-s method by replacing the CC2 ground state
amplitudes by the first-order amplitudes and hHFjsyl1

½½H; T2�;
b1�jHFi by the symmetrized second term in Eq. (2) which required
only minor modifications.

For the PNO implementation of the extended ADC(2)-x method,
which is able to describe double excitations correct through first
order in the fluctuation potential, we combined the PNO-ADC(2)-
s code from Ref. 23 with routines developed originally to compute
the MP2 residual hl2j½H � F; T2�jHFi for PNO-MP3(F12) [35]. To
evaluate instead of the MP2 residual the contributions to the linear
transformed trail vectors rl2

¼ hl2j½H � F; b2�jHFi, that appear in
ADC(2)-x in addition to the terms that are already present in
ADC(2), we essentially had to replace T2 and the ground state PNOs
by the doubles parts of the trial vectors and the corresponding
state-specific excited state PNOs, respectively. In the spin-orbital
formulation the resulting expressions are:

rij
�aij

�bij
¼ bP�aij

�bij
bPij

X
k�cjk

Kik
�aij�cjk
� Jik

�aij�cjk

� �
bkj

�ckj
�bkj

Skj;ij
�bkj

�bij
þ
X

�cij>
�dij

K
�cij

�dij

�aij
�bij

bij
�cij

�dij

þ
X
k>l

X
�akl

Sij;kl
�aij�akl

X
�bkl

Sij;kl
�bij

�bkl
Kij

klb
kl
�akl

�bkl
: ð19Þ

In the last equation �aij denote excited state PNOs for a pair ij, Jik
�aij�cjk

are the Coulomb integrals ðikj�aij�cjkÞ, and Sij;kl
�aij�akl
¼ h�aijj�akli are overlap

integrals in the excited state PNO basis. Note that only pairs ij con-
tribute to this expansion where both LMOs are located at or close to
the chromophore(s) that contribute to the excitation and that the
number of PNOs for a given pair becomes already for medium-sized
molecules independent from system size and decreases with the
distance between the centers of i and j. This leads for localized exci-
tations in large molecular systems to a number of elements in bij

�aij
�bij

and rij
�aij

�bij
which increases only sub-linearly with the system size.

Consequently, also the operation count for the contractions in Eq.
(19) will scale sub-linearly for such excitations. For excitations
which are delocalized over the whole system the number of ele-
ments in the doubles part of the trial and result vectors grows lin-
early with the system size as shown in Ref. [22]. In our current
proof-of-principles implementation we still accept a cubic cost-
scaling [35] for the integrals in Eq. (19) and quartic scaling costs
[23] for some contributions to r1.

3. Computational details

The PNO-ADC(2)-x method described in the previous section
has been implemented in a development version of the TURBO-
MOLE program package [45]. As in our previous work [22,23], we
used the same threshold TPNO for the selection of ground and ex-
cited state PNOs. The pair selection threshold has for the calcula-
tions reported below been set conservatively to Tpair ¼ TPNO and
the threshold for discarding OSVs to TOSV ¼ 0:1TPNO as described
in Ref. [23,35].

For the occupied orbital space we used Pipek-Mezey [46] local-
ized molecular orbitals, which usually lead to the most compact
PNO space for excited states [22]. CIS excitation energies and sin-
gles eigenvectors were used as initial guess for the excited state
PNO construction. The CIS singles eigenvectors and corresponding
CIS(D) doubles amplitudes were taken as start vectors for the
Davidson procedure. Excited state PNOs were reconstructed with
the current singles parts of the eigenvectors and the current exci-
tation energies when 1� jE0 � Ej > max b � kqk;

ffiffiffiffiffiffiffiffiffiffi
TPNO
p� �

, where q is
the current residual of the eigenvalue equation and E the current
solution and E0 the initial guess for the eigenvector. We chose
b ¼ 10 for the PNO-ADC(2)-x calculations to reduce to number of
PNO re-constructions. They involve the re-computation of three-
index and two-electron integrals in the new excited state PNO
basis and are the most time-determining steps in the excitation en-
ergy computation.

Hartree–Fock calculations were carried out with the dscf pro-
gram and canonical reference calculations with the methods
ADC(2)-s, ADC(2)-x, CC2, and CCSD with the ricc2 program of the
TURBOMOLE package [47]. For this purpose, the iterative ADC(2)-x
and the perturbative ADC(2)-(x) and ADC(2)-(d) methods were
implemented in the ricc2 module of a development version of
the TURBOMOLE program package. For all excitation energies of
states that are part of the benchmark set of the Thiel group
[48,49], we employed the TZVP orbital basis set [50] and the corre-
sponding optimized auxiliary basis set [51]. Excitation energies of
polyenes were computed with the def2-TZVP basis set [51]. For all
second row elements we froze the 1s2 core electrons.

For evaluating the additional errors introduced by the truncated
PNO expansion in PNO-ADC(2)-x and the performance of the
underlying ADC(2)-x method itself we used a large test set taken
from the work of Schreiber et al. [48] which consists of 102 singlet
excitations in 28 medium-sized organic molecules including conju-
gated hydrocarbons, aldehydes, amides, and a variety aromatic
heterocycles. The structures of this benchmark set were taken from
the Supplementary material of Ref. [48]. Tests for the computa-
tional performance of the PNO implementation were done on a ser-
ies of conjugated polyenes. Their structures are specified in the
Supplementary material of Ref. [22].
4. Performance of the PNO implementation of ADC(2)-x

An important question for the performance of PNO-based meth-
ods is the convergence of the results with the truncation threshold
for the PNO expansion, TPNO. For practical applications it should be
chosen tight enough so that the PNO implementation has essen-
tially the same accuracy (w.r.t. to the full configuration interaction
limit) as conventional implementations. On the other hand, the
computational savings that can be realized with a PNO-based
implementation decrease soon with the tightness of TPNO. Thus,
one would like to avoid thresholds that are tighter than necessary.

We investigated the convergence of the PNO-ADC(2)-x results
for vertical excitation energies for the test set developed by Schre-
iber et al. [48], which contains a large variety of different excita-
tions in organic dyes including pp�; np�, Rydberg, and mixed
valence-Rydberg excitations. This test set also includes a number
of transitions which are dominated by double excitations or are
of mixed singly and doubly excited character. The results from this
convergence study are compiled in Fig. 1, where we included for
comparison the results for the PNO implementations of CIS(D)
and CC2. (Results for ADC(2)-s are not shown because they are very
similar to those for CC2.) The mean and maximum absolute errors
in the excitation energies for PNO-ADC(2)-x are in the range of
thresholds which is of interest for applications,
10�6 P TPNO P 10�9, between a factor of 2–5 larger than for the
strict second-order methods. This increase of the PNO truncation
error is surprisingly low considering that the generation of the
PNOs and their iterative improvement only uses the single excita-
tion part of the eigenvectors, which gives it only a limited flexibil-
ity to respond to large double excitation contributions in an
excited state. In fact, we observe the largest truncation errors often
not for those states with a large double excitation contribution but
for single excitation dominated states which are energetically close
to a double excitation in the same irreducible representation of the
molecular point group.

An additional feature which contributes to the increased trun-
cation errors for PNO-ADC(2)-x is that the fortunate cancellation
of errors from the PNO truncation of the eigenvectors against those
introduced by the PNO truncation of the ground state doubles
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Fig. 1. Convergence of the truncation errors Dx for PNO-CIS(D)/TZVP, PNO-CC2/
TZVP, and PNO-ADC(2)-x/TZVP. For details of the test set see text. MAX is the
maximum and MAE the mean absolute error.
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amplitudes (cmp. discussion in Refs. [22,23]) happens for ADC(2)-x
not to the same extent as for CIS(D), ADC(2), and CC2 because the
double excitation part of the eigenvectors is treated at a higher le-
vel than the ground state amplitudes (vide infra). Thus, it might be
the case that for higher-order methods beyond ADC(2)-x, which
treat excited and ground state amplitudes on the same footing,
the PNO truncation errors are again smaller than for PNO-
ADC(2)-x. Taking this into account, it is very encouraging that a
threshold of 10�7 is still sufficient to converge the PNO-ADC(2)-x
excitation energies reliably within 0.1 eV, which is much below
the inherent errors of ADC(2)-x, and will also be sufficient for a fu-
ture PNO implementation of CCSD and related methods. Only for
methods which include connected triple excitations and have
smaller inherent errors, as e.g. CCSDR(3) and CC3, an improved
convergence with TPNO and thus with the size of the PNO expansion
would be desirable.

To demonstrate the computational performance of the PNO
implementation of ADC(2)-x, we compare in Fig. 2 the wall time
for PNO-ADC(2)-x with that for canonical ADC(2)-x calculations
for a series of polyenes CnHn+2 in the all-trans configurations with
a threshold of TPNO ¼ 10�8. As mentioned in Section 2, our current
implementation of PNO-ADC(2)-x still contains for the PNO con-
struction and the generation and transformation of the required
3-index integrals some steps with cubic and quartic cost-scalings.
The most expensive of these steps is the generation of the integrals
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Fig. 2. Timings for a single transformation with the secular matrix M in canonical
ADC(2)-x and PNO-ADC(2)-x with TPNO ¼ 10�8 on conjugated polyene chains
CnHnþ2.
for hl2j½H � F; s2�jHFi. This can, however, be done before the itera-
tive solution of the eigenvalue problem because the compact PNO
representation makes it feasible to precompute and store these
integrals. We thus see for the linear transformations with the sec-
ular matrix M for small systems a quartic cost-scaling which de-
creases in the intermediate region between 300 and 1200 basis
function to an almost quadratic scaling before the steps with cubic
and quartic cost scaling become time determining. The canonical
implementation has a much higher prefactor. In the regime /600
basis functions its costs are dominated by the evaluation of the
4-index integrals in the AO basis ðlmjjkÞ and their contraction with
the doubles amplitudes in the contravariant AO basisP

ljtij
ljðlmjjkÞ. These steps have operation counts that would for-

mally scale with N4 and O2N4, but can be reduced with the usual
Schwarz screening [52] to a quadratic scaling for the AO integral
evaluation and a quartic scaling for the contraction. The curve in
Fig. 2 reflects the intermediate scaling of the costs in the regime
of less than 600 AO basis functions. For larger systems the compu-
tational time will for the canonical implementation be dominated
by the ring term contribution to hl2j½H � F; s2�jHFi, which exhibits
also in the ricc2 code the well-known cost-scaling with O3V3. Cal-
culations with canonical implementations of ADC(2)-x become,
similar as for CCSD and related methods, for systems with more
than 20 atoms soon intractable if point group symmetry cannot
be used to reduce the prefactor. Because of the steep cost scaling,
also a parallelization would help little to extent the applicability
of these methods. The PNO implementation clearly paves the
way for excitation energy calculations with such higher-order
methods on larger systems. Already with our preliminary imple-
mentation the PNO-ADC(2)-x calculation for C32H34 is faster than
the canonical calculation on C8H10 which is four times smaller.
The calculations on the largest system, C48H50 with 98 atoms and
1788 basis functions, is for the canonical implementation already
out of reach without parallelization.
5. Comparison of ADC(2)-x with ADC(2)-s and the CC methods
CCSD and CC3

Although ADC(2)-x has been advocated and applied in several
studies [31,32,53]—in particular to molecules with non-negligible
double excitation contributions in low-lying excited states—the
method has never been benchmarked for a broader test set in com-
parison to accurate reference data obtained in the same basis set.
For the test set developed by Schreiber et al. vertical excitation
energies obtained with the approximate coupled cluster singles,
doubles, and triples method CC3 and multi-state complete active
space perturbation theory through second order, MS-CASPT2, in
the TZVP basis and for the same structures used in the current
work are available from Ref. [48]. From the canonical reference cal-
culations done for the comparison in the previous section we have
for the 102 singlet excitations in this test set also the correspond-
ing ADC(2)-x results available. Fig. 3 shows a comparison of the
deviations from the CC3 reference values for the extended and
the strict ADC(2) methods, two perturbative modifications of
ADC(2)-x (vide infra), and CCSD. By comparing with results from
higher level calculations obtained with the same basis set and at
the same geometry, we ensure that the deviations are exclusively
caused by the electronic structure method. As concluded by Sil-
va-Junior et al. [54], CC3 is currently the most reliable benchmark
method applicable for this large test set apart for states with single
excitation weights of less than 80% where the MS-CASPT2 results
might be more accurate. But even in the latter case the differences
between the CC3 and MS-CASPT2 values are usually small
compared to the deviations of the methods studied here. Anyway,
Table 1 summarizes in addition to the mean errors, standard
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Fig. 3. Comparison of the deviations of 102 singlet excitation energies (in eV)
computed in the TZVP basis set from the CC3 reference values taken from Ref. [48].
The center of the Gaussian distributions indicates the mean error and their width
the standard deviation.
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deviations, mean absolute and maximum errors relative to CC3
also the respective results of the analysis with the MS-CASPT2 val-
ues as reference. The results show clearly that ADC(2)-x does in
general not improve excitation energies relative to the results ob-
tained with the strict second-order model ADC(2)-s. In fact,
ADC(2)-x provides from all methods included in this comparison
overall the least accurate results, which are not only significantly
red shifted by on average 0.91 eV relative to CC3 (and 0.73 eV rel-
ative to CASPT2), but has with 0.96 and 0.82 eV also the largest
standard deviations. From the methods included in this test the
strict second-order model ADC(2)-s agrees best with the CC3 refer-
ence, even better than the formally more complete CCSD model.
This is connected to the close relation between ADC(2) and the
approximate singles and doubles method CC2 which gives in gen-
eral very similar excitation energies and was already found in Refs.
[48,49] to agree for organic molecules with single reference ground
states better with CC3 than CCSD. It is most surprising that the dif-
ference in accuracy, in particular in the mean absolute errors and
the standard deviations, between ADC(2)-x and ADC(2)-s is so
much larger than between ADC(2)-s and CCSD irrespectively
whether we compare with the CC3 or the CASPT2 reference values.

6. Origin of the red shift of ADC(2)-x excitation energies

That the inclusion of the first-order matrix elements in the 2p–
2h block of the secular matrix for ADC(2)-x leads to a substantial
red shift of all excitation energies has been observed before by
other authors [30,56,57]. Already Trofimov and Schirmer noted this
trend when they proposed [30] this approximation in 1995 as an
extension of ADC(2) which describes doubly excited states correct
through first order in the fluctuation potential. Usually, this red
shift is attributed to an overestimation of the influence of dou-
bly-excited states [31,57]. Consequently, Krauter et al. studied re-
cently how the accuracy and the computational performance of
ADC(2)-x can be enhanced by an empirical down-scaling of the
Table 1
Mean errors (MEs), mean absolute errors (MAEs), standard deviation (SD), and
maximum errors (MAX) of 102 vertical singlet excitation energies in eV with several
ADC and CC methods compared to CC3 and, in parenthesis, the corresponding values
for the comparison with MS-CASPT2. For details see supplementary material [55].

Method ME MAE SD MAX

CCSD +0.29 (+0.47) 0.29 (0.48) 0.38 (0.57) 1.28 (1.62)
ADC(2)-x +0.91 (�0.73) 0.92 (0.75) 0.96 (0.82) 1.75 (1.71)
ADC(2) +0.09 (+0.27) 0.17 (0.31) 0.27 (0.41) 1.00 (1.30)
ADC(2)-(D) +0.26 (+0.44) 0.29 (0.46) 0.38 (0.56) 1.24 (1.68)
ADC(2)-(x) �0.39 (�0.21) 0.41 (0.28) 0.44 (0.34) 0.73 (0.77)
doubles contribution, which was inspired by the scaled opposite
spin (SOS) variants of MP2 [38], CIS(D) [39], and ADC(2)-s [40].
But the empirical scaling led only to a limited improvement of
the accuracy of ADC(2)-x and the SOS approximation has in addi-
tion the disadvantage that it entirely neglects certain classes of
doubly excited configuration state functions, which is problematic
for a method that aims at the description of doubly excited states.

The hierarchies of algebraic-diagrammatic construction and
coupled cluster response methods for excitation energies share a
common first-order model for single excitations: ADC(1) and cou-
pled cluster singles (CCS) are both for excitation energies (although
not for other properties) equivalent to configuration interaction
singles (CIS), with the secular matrix given by

Mð1Þ
l1 ;m1

¼ hl1jH � EHFjm1i ¼ hl1j½H; sm1 �jHFi ¼ Að1Þl1 ;m1
: ð20Þ

The CIS (or ADC(1) or CCS) eigenvectors and excitation energies are
usually used as zeroth-order approximation, Eð0Þ and xð0Þ, for a per-
turbation expansion [16] of the exact eigenvectors and excitation
energies. Within both approaches the first-order correlation correc-
tion to the eigenvectors is given by

Eð1Þl2
¼ � Að0Þ �xð0Þ1

� ��1

l2m2

Að1Þm2j1
Eð0Þj1

; ð21Þ

where the zeroth-order secular matrix (or Jacobian) contains the
matrix elements over the Fock operator Að0Þlm ¼Mð0Þ

lm ¼ hlj½F; sm�jHFi
and the first-order coupling elements between the p–h and 2p–2h
spaces are given by Að1Þl2m1

¼Mð1Þ
l2m1
¼ hl2j½H; sm1 �jHFi. Again, these

matrix elements are identical for the algebraic-diagrammatic con-
struction and for coupled cluster response theory. For both ap-
proaches the second-order correlation correction to the excitation
energy is identical with the perturbative doubles correction to con-
figuration interaction singles, CIS(D), introduced by Head-Gordon
et al. [16],

xð2Þ ¼ Eð0Þyl1
Að1Þl1m2

Eð1Þm2
þ Að2Þl1m1

Eð0Þm1

� �
; ð22Þ

because the second-order contributions to the p–h blocks in ADC
and CC response theory are related [58] by
Mð2Þ

l1m1
¼ 1

2 Að2Þl1m1
þ Að2Þm1l1

� �
. But the corresponding iterative second-

order methods for single excitations, ADC(2) and CIS(D1), are differ-
ent because the Jacobi matrix for CIS(D1) is, similar as for CC2 and
higher-order CC methods, not hermitian. An analysis [59] of the two
contributions to the second-order correction for single excitation
energies reveals that the first term in Eq. (22),

xð2Þes ¼ hE
ð0Þy
1 j½H; E

ð1Þ
2 �jHFi; ð23Þ

which depends on the double excitation part of the eigenvector, ac-
counts for correlation effects in the excited state, which lower the
excitation energies, while the second term in Eq. (22)

xð2Þgs ¼ hE
ð0Þy
1 j½½H; T

ð1Þ
2 �; E

ð0Þ
1 �jHFi ð24Þ

accounts for correlation effects in the ground state, which increase
the excitation energies. Since the two contributions are usually of
similar magnitude, often in the order of 0.3–3 eV, the net effect of
xð2Þ ¼ xð2Þes þxð2Þgs depends crucially on the balance of the two
contributions.

The first-order contribution to the 2p–2h block of the secular
matrix, which is added in the extended ADC(2) approximation,
introduces for singly excited states a third-order correction

xð3Þes ¼ hE
ð1Þy
2 j½H � F; Eð1Þ2 �jHFi; ð25Þ

which accounts for similar correlation effects in the excited state as
the related third-order Møller–Plesset (MP3) correction

EMP3 ¼ hTð1Þy2 j½H � F; Tð1Þ2 �jHFi ð26Þ
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does for the ground state energy. Consequently, the contribution
xð3Þes usually lowers the excitation energies. The red shift can be sig-
nificant even for single excitation dominated transitions and with-
out that large changes in the eigenvectors would be required. This
is clearly seen when the direct contribution from this term is eval-
uated with the ADC(2)-s eigenvectors as perturbative ‘‘double exci-
tation correction’’, ADC(2)-(x), to the strict second order ADC(2)
excitation energies:

xðxÞes ¼ hE
ADCð2Þy
2 j½H � F; EADCð2Þ

2 �jHFi ð27Þ
xADCð2Þ�ðxÞ ¼ xADCð2Þ�s þxðxÞes ð28Þ

In the iterative ADC(2)-x model the red shift is enhanced because of
the variational optimization of the eigenvectors and the accuracy
deteriorates even more so that the absolute accuracy of the
ADC(2)-x excitation energies is, at least for the test set from Schre-
iber et al. [48,49], not much better than for CIS excitation energies.

Similar as xð2Þes also xð3Þes is accompanied by a corresponding
term which accounts for related correlation effects in the ground
state wavefunction. It appears in the coupling between the p–h
and the 2p–2h blocks, i.e. within the ADC approach in Mð2Þ

l1m2
and

Mð2Þ
l2m1

and in coupled cluster response theory in Að2Þl2m1
. Since the

derivation of the third-order contribution within ADC is rather
lengthy [60], we only motivate the missing coupling term by com-
parison with CC response theory. The usual approach taken in CC
response theory is to start from the cluster equations of a ground
state model which includes all required terms and to derive from
them by differentiation with respect to the cluster amplitudes
the corresponding Jacobian. Since we aim for an approximation
which is correct through second order for single excitations and
correct through first order for double excitations, we can start from
LCCSD- or CEPA(0)-like equations where we keep similar as in the
derivation of CC2 and CC3, all nonlinear terms that arise from the
singles amplitudes since they play a crucial role in response theory.
With the short-hand notation eH ¼ expð�T1ÞH expðT1Þwe can write
them as:

0 ¼ hl1jeH þ ½eH; T2�jHFi; ð29Þ
0 ¼ hl2jeH þ ½eH; T2�jHFi: ð30Þ

This leads to the Jacobi matrix:

hl1j½eH; sm1 � þ ½½eH; T2�; sm1 �jHFi hl1j½eH; sm2 �jHFi
hl2j½eH; sm1 � þ ½½eH; T2�; sm1 �jHFi hl2j½eH; sm2 �jHFi

 !
: ð31Þ

If we now skip the contributions from the ground state singles
amplitudes T1, which in second order do not contribute to the exci-
tation energies of both singly and doubly excited states, we arrive at
a Jacobi matrix

hl1j½H; sm1 � þ ½½H; T2�; sm1 �jHFi hl1j½H; sm2 �jHFi
hl2j½H; sm1 � þ ½½H; T2�; sm1 �jHFi hl2j½H; sm2 �jHFi

� �
; ð32Þ

which differs from the secular matrix of ADC(2)-x only in two
aspects:

� The second-order contribution to the diagonal p–h block
Að2Þl1m1

¼ hl1j½½H; T2�; sm1 �jHFi is not symmetrized.
� The 2p–2h/p–h coupling block contains the additional second-

order matrix elements Að2Þl2m1
¼ hl2j½½H; T2�; sm1 �jHFi which

account for the influence of additional correlation effects in
the ground state wavefunction on the excitation energies that
we seek for. It has its origin in the contributions of
hl2j½eH; T2�jHFi to the cluster equations as does the commutator
hl2j½H � F; sm2 �jHFi which is added in ADC(2)-x.

In the hermitian secular matrix of the full ADC(3) method the
contributions from Að2Þl2m1

appear with a pre-factor of 1
2 in Mð2Þ

l2m1
and again with a pre-factor of 1
2 in adjoint form in Mð2Þ

l1m2
. ADC(3)

also includes some other third-order terms to achieve a perturba-
tion theoretical consistency through third order for dominantly
singly excited states. We aim here, however, for a simple extension
of ADC(2) which describes double excitations correct through first
order and retains in difference to ADC(2)-x at least approximately
the second order accuracy of ADC(2)-s for single excitations. In
cases where single and double excitations are important and
should be considered as zero-order parameters, the coupling
blocks Að2Þl2m1

and Að2Þl1m2
contribute already in second-order to the

excitation energies. ADC(2)-x, which neglects these matrix
elements, is then also for single excitations similar as CIS only con-
sistent through first-order in the fluctuation potential, while a
method which includes in addition these terms will be still
formally consistent through second-order for single excitations,
similar as ADC(3) and CCSD.

To demonstrate the effect of the above discussed coupling
terms, we evaluate them again as perturbative correction to the
strict ADC(2) method—an approximation which we denote in the
following as ADC(2)-(D):

xðDÞgs ¼ hE
ADCð2Þy
2 j½½H; Tð1Þ2 �; E

ADCð2Þ
1 �jHFi ð33Þ

xADCð2Þ�ðDÞ ¼ xADCð2Þ�s þxðxÞes þxðDÞgs ð34Þ

The correction term xðDÞgs can be computed with techniques devel-
oped for CCSD response calculations, e.g. using the formulation
described in Ref. [61]. The costs scale as for xðxÞes in a canonical
implementation with the sixth power of the system size. But if eval-
uated for several states the pre-factor for xðDÞgs is smaller than for
xðxÞes because one can partially exploit pre-contracted matrix ele-
ments for ½H; Tð1Þ2 � as state-independent intermediates. In a PNO-
oriented framework xðDÞgs can be implemented with a mixture of
the techniques described recently by the Neese group [29,44] for
LPNO-CCSD and by ourself for PNO-MP3-F12 [35].

As the results in Fig. 3 clearly demonstrate, the contribution
form ½H; T2� to the 2p–2h/1p–1h coupling term increases the exci-
tation energies. Similar as for the strict second-order methods,
the contributions from the ground and the excited state double
excitations often cancel each other to a large extent. But in most
cases, xðDÞgs is larger than xðxÞes so that the net effect is a slight blue
shift relative to ADC(2)-s. The perturbative ADC(2)-(D) results are
surprisingly close to those from the CCSD method. In Fig. 3 the
curves for CCSD and ADC(2)-(D), which represent the mean error
and the standard deviation of the errors, are almost on top of each
other. A typical example is naphthalene for which we collected the
results in Table 2. A graphical overview of the excitation energies is
shown in Fig. 4. For all of the ten lowest excitations included in the
test set the ADC(2)-(D) results are within 0.15 eV of the excitation
energies obtained with CCSD, even if the individual contributions
from xðxÞes and xðDÞgs are larger than 0.8 eV as for the 3 1Ag and 3
1B3u states. The excitation energies obtained with the iterative
ADC(2)-x method are in all cases too low. The red shift relative
to the CC3 reference results increases with the contribution of dou-
ble excitations to the transition, %E2, but is for all excited states of
naphthalene relatively large, between 0.57 eV for 2 1B1g with 8.7
%E2 and 1.44 eV for 3 1B3u with 46.3 %E2. The large variations in
the red shift leads to a wrong ordering of excited states even if they
are not nearly degenerate. In naphthalene ADC(2)-x predicts the 3
1Ag state below the 2 1B2u and 2 1B1g states, while all other meth-
ods, including CASPT2, predict it above these states. We must thus
conclude that the results obtained with the iterative ADC(2)-x
method are not only red shifted but that also the magnitude of
the red shifts depends strongly on the character of the excited state
so that—at least for closed-shell molecules—its predictive capabil-
ity (measured by the STD of the errors in Table 1) is not better than
for CIS.



Table 2
Vertical excitation energies x in eV and percentage of doubles %E2 in excited state amplitudes computed with several ADC and CC methods for the lowest singlet states in
naphthalene with the TZVP basis set.

State CASPT2 CC3 CC2 CCSD ADC(2)-x ADC(2)-s ADC(2)-(D) ADC(2)-(x)

x x %E2 x %E2 x %E2 x %E2 x %E2 x x

1 1B3u 4.24 4.27 14.8 4.45 8.5 4.41 9.5 3.45 18.0 4.46 10.4 4.54 3.96

1 1B2u 4.77 5.03 9.4 4.96 6.9 5.21 5.8 4.33 11.6 4.94 9.2 5.14 4.59

2 1Ag 5.87 5.98 17.8 6.22 8.6 6.23 10.3 4.94 35.6 6.23 10.8 6.32 5.69

1 1B1g 5.99 6.07 20.4 6.21 9.3 6.53 8.7 5.08 26.7 6.23 12.1 6.46 5.74

2 1B3u 6.06 6.33 9.3 6.25 7.0 6.55 6.2 5.59 11.7 6.23 9.6 6.53 5.86

2 1B2u 6.33 6.57 9.5 6.57 6.7 6.77 6.2 5.92 11.3 6.55 9.0 6.77 6.19

2 1B1g 6.47 6.79 8.7 6.82 6.0 6.98 6.3 6.22 10.3 6.80 7.8 6.92 6.43

3 1Ag 6.67 6.90 30.0 7.34 11.5 7.77 13.2 5.67 41.4 7.38 15.6 7.65 6.77

3 1B2u 7.74 8.44 12.1 8.46 7.2 8.77 6.6 7.70 15.8 8.46 9.5 8.66 8.03

3 1B3u 8.17 8.12 46.3 8.85 12.8 9.03 16.1 6.68 51.1 8.89 14.8 9.00 8.14
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Fig. 4. A comparison of the results for the 10 lowest vertical excitations in
naphthalene.
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From the methods studied here, the perturbative ADC(2)-(x)
model gives for the states with the largest double excitation contri-
butions (3 1Ag and 3 1B3u) results that are closest to the CC3 and
CASPT2 reference values. But similar as the iterative ADC(2)-x
model it gives for single excitation dominated transitions (1 1B2u,
2 1B3u, 2 1B2u, 2 1B1g) unbalanced red shifted results. The ADC(2)-
(D) results exhibit on average a blue shift compared to the CC3 ref-
erence values, which is largest for the two states with the largest
double excitation weights 3 1Ag and 3 1B3u. The origin for this is
that triple excitations are needed to describe correctly the first-
order correlation correction of eigenvectors for excited states with
a large double excitation contribution:

Eð1Þli
¼ �

X
i¼1;2;3

Að0Þ �xð0Þ1
� ��1

limi

Að1Þmij2
Eð0Þj2

ð35Þ

The terms that result from Eð1Þl3
are the most important contribution

for excitation energies of doubly excited states beyond CCSD and, in
fact, the only contribution included in the CCSDR(T) perturbative
correction [62], which approximates CC3 usually well.

That the ADC(2)-(D) results are consistently close to the CCSD
values indicates that at this level the effects from the solution of
the eigenvalue problem (instead of a perturbative correction) and
the additional higher-order singles and doubles terms, in which
the two methods differ, are small compared to the triples
corrections.

The conclusion from these results is thus that for molecules
with single-reference closed-shell ground states only such ab initio
wavefunction methods will be able to improve the results for ver-
tical excitation energies systematically upon those obtained with
CC2 or ADC(2)-s which account for connected triple excitations
either in a single-reference scheme, as CCSDR(T), CCSDR(3), or
CC3 do, or in a multi-reference setup. The inclusion of higher-order
contributions in the diagonal and off-diagonal 2p–2h and 1p–1h
blocks of the secular or Jacobi matrix as in ADC(2)-(x), ADC(2)-
(D), and CCSD provides only a qualitative description of double
excitations, which can be used to study certain trends but not to
obtain quantitative results.

A slight further improvement can be obtained by mimicking the
missing (excitation energy lowering) contribution from Eð1Þl3

by an
empirical down-scaling of the xðDÞgs correction term: Optimization
of the weight for xðDÞgs by minimization of the MAE relative to
CC3 results in a prefactor of � 2=3 and a MAE of 0.16 eV. The small-
est MAE relative to CASPT2 (0.21 eV) is obtained with a weight of
� 1=3. This shows the limitations of such a procedure. Our recom-
mendation is to use a weight of 1/2 (with a MAE of 0.18 eV relative
to CC3 and 0.23 eV relative to CASPT2) with�0:5xðDÞgs as an estimate
for the remaining uncertainty.
7. Summary and conclusions

The results presented in Section 4 for the extended second-or-
der ADC method ADC(2)-x demonstrate that the truncated pair
natural orbital expansion with state-specific PNOs opens a new
perspective to implement response methods beyond ADC(2)-s
and CC2 with a reduced cost-scaling. Already with our initial
implementation we obtain for the linear transformations with
the secular matrix a reduction of the computational costs by a fac-
tor of 10–30 for medium sized molecules. Because of the reduced
scaling the savings increase further with increasing system size.
For the largest calculations reported here the wall time for the lin-
ear transformations with the secular matrix are already shorter
than for canonical calculations on four times smaller systems. This
makes these methods already applicable to four times larger
systems.

The inclusion of the first-order coupling between doubles
Að1Þl2m2

¼ hl2j½H � F; m2�jHFi leads—despite much larger contributions
from double excitations to the eigenvectors and the excitation
energies—only to a modest increase of the PNO truncation errors
by a factor of 2–5. A truncation threshold of 10�7 is still sufficient
to converge the excitation energies securely within 0.1 eV. With a
threshold of 10�8 the maximum errors are already below 0.03 eV,
which would even be sufficient for methods that include con-
nected triple excitations as e.g. CCSDR(3) and CC3. But at this level
excitation energies would probably be sufficiently accurate if only
the CCSD eigenvalue problem is solved with a large PNO basis ob-
tained with such a tight threshold. A more compact PNO basis for



B. Helmich, C. Hättig / Computational and Theoretical Chemistry 1040–1041 (2014) 35–44 43
the CCSDR(3) or CC3 calculation could then be generated from the
CCSD eigenvectors.

Despite promising results reported recently in the literature
[31,32] for the extended second-order model ADC(2)-x, the com-
parison with accurate CC3 and CASPT2 results for a large test set
of 102 singlet excitations in organic molecules reveals an unbal-
anced description of correlation effects by the method. The mean
errors and the standard deviations are much larger than for strict
second-order methods as ADC(2)-s and CC2, almost in the same
ball park as CIS. Even for states with large contributions from dou-
bly excited configurations, which are only poorly described by
ADC(2)-s or CC2, the excitation energies are not improved with
ADC(2)-x; the errors have just the opposite sign. An analysis pre-
sented in Section 6 shows that the reason for the large underesti-
mation of the excitation energies in ADC(2)-x are the missing
second-order coupling elements between the 1p–1h and 2p–2h
spaces, which account for correlation effects in the ground state.
Inclusion of these matrix elements reestablishes the balance be-
tween ground and excited state correlation effects. As a result we
could devise a perturbative double excitation correction for
ADC(2)-s which gives excitation energies close to those of the CCSD
model, but has, because of its perturbative nature, already with a
canonical implementation much lower computational costs. The
size of these corrections is an indicator for the importance of dou-
ble excitations for excitation energies. To improve the results for
excitation energies systematically upon those obtained with
ADC(2) and CC2 requires, however, the inclusion of connected tri-
ples since the leading-order triples correction to the excitation
energies is of the same order of magnitude as the errors of the sec-
ond-order methods ADC(2) and CC2 and can hardly be mimicked
by an empirical scaling of contributions from the single or double
excitation amplitudes. This is a challenge for the development of
wavefunction methods for excited states that surpass these sec-
ond-order methods systematically in accuracy but are still applica-
ble to large molecules with 50–100 or more atoms.

We could devise two perturbative corrections to ADC(2), de-
noted ADC(2)-(x) and ADC(2)-(D), which provide in most cases
lower and upper bounds for the excitation energies and approxi-
mate the CC3 and CASPT2 reference results better than CCSD and
ADC(2)-x, while they are about an order of magnitude cheaper
than the latter two methods. The size of the (x) and (D) perturba-
tive corrections is a more robust indicator for the remaining errors
of the ADC(2) and CC2 methods than the usual weight of the dou-
bles in the eigenvectors.

The development of a fully PNO-based implementation of CCSD
and approximate triples methods for excitation energies will be
subject of forthcoming work in our group.
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