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Gauge invariant coupled cluster response theory
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We introduce a time-dependent coupled cluster based Lagrangian that includes orbital rotation. This
Lagrangian is shown to give gauge invariant response properties for one-electron operators in the
limit of a complete one-electron basis. The pole structure of the linear response function is
compatible with that of the exact response function and the notorious problem of unphysical
second-order poles in the Brueckner coupled cluster response theory is not present in this model.
The total energy of the model is identical to the coupled cluster model using optimized orbitals
recently revived by Sherrillet al. @J. Chem. Phys.109, 4171 ~1998!#. The model provides a
straightforward approach for calculating magnetic response properties in a gauge invariant manner
using coupled cluster type wave functions. ©1999 American Institute of Physics.
@S0021-9606~99!31317-9#
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I. INTRODUCTION

In the last two decades response theory based on cou
cluster wave functions have been developed and im
mented in computer programs by several resea
groups.1–10 State of the art calculations on large molecu
are carried out routinely using integral direct implemen
tions and these methods have proven powerful in calcula
properties like excitation energies, transition moments, e
tric polarizabilities, and hyperpolarizabilities. Due to th
success, we find it highly desirable to evaluate magnetic
sponse properties using the coupled cluster response me
~CCLR!.4,11

Severe difficulties are encountered in this process,
CCLR and the related equation of motion coupled clus
methods ~EOM-CC!6 all suffer from lack of gauge
invariance.11 This has the implication that some magne
properties, such as length gauge rotational strengths, Ve
constants, and many others, cannot be straightforwardly
culated in a gauge origin invariant manner. Even in the lim
of a complete one-electron basis set, the gauge origin de
dence of these properties will remain present. Only in
limit where CCLR is equivalent to full configuration intera
tion ~FCI! it will be possible to obtain gauge origin invarian
properties. Therefore a practice has evolved where calc
tions are carried out for molecules that fulfill gauge orig
invariance due to a particular point group symmetry.12,13

From a theoretical point of view this situation is unsatisfa
tory, as an inclusion of the nuclear motion in the descript
might again introduce a dependence on the gauge origin
our opinion, the only satisfactory solution will be to chan
the basic CCLR model.

The situation is different for static magnetic properti
derivable from derivatives of the total energy. In this ca
gauge origin invariant properties, e.g., magnetic shield
tensors and magnetizabilities, can be calculated straigh
wardly using London’s gauge invariant orbitals. Such imp
8310021-9606/99/110(17)/8318/10/$15.00
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mentations are available for manyab initio models and are
today considered standard tools in quantum chemistry,
e.g., Ref. 14 for a review and further references. The requ
ments needed in order to obtain gauge origin invariance
static and dynamic magnetic properties are clearly differe
Gauge origin invariance of the total energy does not im
the same for dynamic properties. In general, gauge or
invariance of dynamic magnetic properties will requi
gauge invariance for one-electron operators in the limit o
complete basis. This is equivalent to requiring Ehrenfes
theorem satisfied for one-electron operators, such that ifA is
a one-electron operator then the following identity

d

dt
^A&5 i ^@H,A#&1 K ]A

]t L , ~1!

must hold for the time-dependent average value within
model. It is well known that for the random phase appro
mation ~RPA!15 and the multiconfigurational random pha
approximation ~MCRPA!16 these relations hold and thu
gauge invariance is fulfilled. In the CCLR model this is n
the case11,17,18and the subject of this paper is to ameliora
the model in a way that gauge invariance is obtained.

The CCLR model is based on a nonlinear configurat
interaction~CI! parametrization and only includes excitatio
operators with respect to the reference state; thus the or
de-excitation part of Eq.~1! is only satisfied to the extent tha
the CI part spans these de-excitations. In general this
only be fulfilled in the FCI limit and explicit treatment of th
de-excitations is needed for an incomplete wave functi
The most obvious choice is to consider the so-cal
Brueckner-type wave functions. These wave functions
parametrized in terms of a unitary orbital rotation part an
coupled cluster part. To be more explicit, we write the pha
isolated wave function as

uC&5exp~k!exp~T!uR&, ~2!
8 © 1999 American Institute of Physics
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wherek is the anti-Hermitian orbital rotation generator,T is
the cluster operator including doubles and higher-order e
tations, anduR& is a reference state. The question is then h
these parameters should be determined, as a complete v
tional determination is out of the question. The most wid
used approach is the projection approach by Chiles
Dykstra19 and Handyet al.,20 where all parameters are dete
mined by projection of the Schro¨dinger equation. This pro
cedure is normally denoted Brueckner coupled clus
doubles~BCCD! or Brueckner doubles~BD! if only double
excitations are included in the cluster operator. In anot
approach, suggested by Purvis and Bartlett21 and later inves-
tigated further by Scuseria and Schaefer,22 the orbital part of
the wave function is determined variationally and t
coupled cluster part is determined by projection. If t
coupled cluster operator is truncated after double excitat
the model is denoted optimized doubles~OD!23 or as we
prefer optimized coupled cluster doubles~OCCD!. Recently,
Sherrill et al.23 showed that BCCD and OCCD give ver
similar equilibrium structures and harmonic vibrational fr
quencies. Based on these observations the authors conc
that the main advantages in using the optimized orbital p
cedure are due to the computational simplifications that a
in the calculation of analytical derivatives and the treatm
of inactive orbitals. These aspects are discussed in deta
Sherrill et al.23 and we refer to this paper for details an
references.

Considering dynamic response properties, the differe
between the two models becomes much more pronoun
and severe. The Brueckner coupled cluster model~BCC! has
been shown by Kochet al.24 and Aiga et al.25 to give un-
physical second-order poles in the linear response funct
Such a pole structure implies an incorrect description of d
persion and makes it impossible to define transition m
ments. For these reasons the BCC response function
never implemented and the question of gauge invariance
not analyzed. However, the optimized coupled cluster~OCC!
response function does not suffer from these artifacts.
time-dependent Lagrangian, defined in this paper, is sh
to give the correct pole structure in the linear response fu
tion. Furthermore, analogously to the RPA and MCRPA
proaches, the OCC model is gauge invariant for one-elec
operators in the limit of a complete basis set.

This paper has been organized as follows. In Sec. II
define the time-dependent model Lagrangian and sh
gauge invariance of the model, and in Sec. III we explici
treat time-independent theory. Then, in Sec. IV, follows
perturbation theoretical derivation of the linear respon
function including an analysis of the eigenvalue problem t
determines the poles~excitation energies! of the linear re-
sponse function. Our final remarks and conclusions are g
in Sec. V.

II. THE MODEL LAGRANGIAN

As reviewed in a recent publication,26 the time-
dependent variational principle27–29can be formulated analo
gously to Hamilton’s principle of stationary action30 by re-
placing the classical Lagrangian with a quantum mechan
functional. Expressing the quantum mechanical Lagrangia29
i-
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L(l) in terms of a set of complex time-dependent variab
l(t), the fundamental equations for determining these
rameters become the Euler–Lagrange equations,30

]L

]lm

2
d

dt S ]L

]l̇m
D 50, ~3!

where the dot denotes the time-derivative,l̇5dl/dt. We
shall here write the quantum mechanical model Lagrang
as

L~ t,t* , t̄, t̄* ,k,k* !5 1
2~Q~ t, t̄,k,k* !1Q~ t, t̄,k,k* !* !, ~4!

where

Q5^Ru~11V̄!V21S H2 i
d

dtDVuR&. ~5!

The quantum mechanical operatorH is the time-
dependent Hamiltonian anduR& is the time- and parameter
independent normalized closed-shell reference determin
The nonunitary wave operatorV is composed of a unitary
operator generating orbital rotations parametrized byk,k*
and a nonunitary coupled cluster operator parametrized bt.
Thus the wave operator may be written as

V5exp~k!exp~T!, ~6!

where the orbital rotation and cluster operators are given

k52k†5(
m1

~km1
tm1

2km1
* tm1

† !, ~7!

T5(
m

tmtm , m.m1 . ~8!

The set$tm1
% contains single excitation operators with r

spect to the reference state, and$tm% is composed of double
excitations, triple excitations, and so forth. The operatorV̄
reads

V̄5(
m

t̄ mtm
† , ~9!

where t̄ m is the Lagrangian multiplier corresponding to th
mth excitation. Introducing the notationum1&5tm1

uR& and
um&5tmuR&, we shall assume the following biorthonormali
relations

^m1un1&5dm1n1
, ^mun&5dmn , ~10!

^m1un&50, ^m1uR&50, ^muR&50, ~11!

such that the normalization is

^FuC&51, ~12!

where we have used the short-hand notation

uC&5VuR&, ~13!

^Fu5^Ru~11V̄!V21. ~14!

We note that for an untruncated cluster operatorT, the state
uC& is merely a reparametrization of the FCI wave functio
Furthermore, while the parametrization ofuC& is identical to
the one used in Refs. 24 and 25 in a formulation of BC
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response theory, the Lagrangian of the present work
these references differ as we donot introduce multipliers
corresponding to the single excitations and de-excitations
rather determine the orbitals by optimization through
Euler–Lagrange equations. The average value of a gen
non-Hermitian operatorA is then given by26

^A&5 1
2~^FuAuC&1^FuA†uC&* !. ~15!

Turning now to the Euler–Lagrange equations for t
parameters of the model, we introduce the notation

q̃m1
5

]V

]km1

V215
] exp~k!

]km1

exp~2k!, ~16!

q̃m5
]V

]tm
V215exp~k!tm exp~2k!, ~17!

where we have used that excitation operators comm
among themselves. Using the operator identity

]~V21V̇!

]l
5V21F d

dt S ]V

]l
V21D GV, ~18!

wherel is an element in one of the three parameter sets u
which the wave operator depends~i.e., t, k, and k* !, we
obtain

^muV21S H2 i
d

dtD uC&50, ~19!

d

dt
^Fuq̃muC&5 i ^Fu@H,q̃m#uC&1^Fuq8 muC&, ~20!

d

dt
^q̃m1

&5 i ^@H,q̃m1
#&1^q8 m1

&, ~21!

from the Euler–Lagrange equations fort̄, t, andk, respec-
tively. The equations for the complex conjugated parame
( t̄* , t* , and k* ! are obtained by complex conjugation
Eqs.~19!, ~20!, and~21! as the Lagrangian is real. Equatio
~19! is recognized as a projected Schro¨dinger equation for
uC&, and is equivalent to the standard equation obtained
CCLR. Equation~20! is an Ehrenfest-type equation for th
operators defined in Eq.~17!, although not with respect to
the average value defined in Eq.~15!. This is contrary to Eq.
~21! where the complex conjugated equation is obtained
replacing the operator by the adjoint operator, i.e.,

d

dt
^q̃m1

† &5 i ^@H,q̃m1

† #&1^q8 m1

† &, ~22!

and this is due to the form of the average value in Eq.~15!
satisfying^A&* 5^A†&. Equation~22! is indeed the equation
obtained forkm1

* as may be verified on noting the relation

q̃m1

† 52
]V

]km1
*

V2152
] exp~k!

]km1
*

exp~2k!. ~23!

The special form displayed by Eq.~19! is due toL being
linear in t̄ and independent oftP. While in ordinary time-
dependent coupled cluster theory26 the projected Schro¨dinger
equations may be solved for the cluster amplitudest fol-
d
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lowed by a determination of the multiplierst̄ from the
Ehrenfest-type Eq.~20! for $q̃m%, the present model require
that all three ~six! sets of equations are solved simult
neously fort, t̄, andk ~and their complex conjugated!. In-
terestingly, we note that Eq.~19! may in fact be obtained
from Eq. ~20! if we replace the operatorq̃m by the de-
excitation type operator of the form

p̃ m
† 5uC&^muV21. ~24!

Thus all parameters in the model are determined fr
Ehrenfest-type equations and when the operator manifold
come complete, as in the FCI case, the Schro¨dinger equation
is reproduced.

So far we have implicitly assumed that the only non
dundant orbital rotations are those between occupied and
tual orbitals. In order to verify this assumption, we now i
clude the redundant occupied–occupied and virtual–virt
orbital rotations written in terms of the anti-Hermitian oper
tor kR. The redundant and nonredundant parts of the orb
rotations may be factorized as31 exp(k)exp(kR), and the ‘‘re-
dundant’’ wave operator can therefore be written in the fo

VR5exp~k!exp~kR!exp~T!5exp~k!exp~T8!exp~kR!,
~25!

where T85exp(kR)Texp(2kR). Introducing also V̄8

5exp(kR)V̄ exp(2kR), we find

^Ru~11V̄!exp~2T!exp~2kR!exp~2k!

5^Ruexp~2kR!~11V̄8!exp~2T8!exp~2k!, ~26!

and as the reference state is invariant with respect to
redundant rotations it follows that the occupied–occup
and virtual–virtual orbital rotations are indeed redundant
T8 and V̄8 are excitations and de-excitations,tm and tm

† ,
respectively. It must be stressed that these consideration
independent of the truncation level of the cluster opera
Also, it should be stressed that if orbitals are frozen such
the set of occupied orbitals is split into inactive occupied a
active occupied orbitals, then rotations between the inac
and active blocks are nonredundant and must be explic
included. Of course, this must also be done if a set of virt
orbitals are frozen.

Let us next consider the time-dependent average valu
a Hermitian one-electron operatorA. According to Eq.~15!
we have

^A&5Rê FuAuC&. ~27!

Since A can be written in terms of the excitation and d
excitation operators$tm1

% and $tm1

† %, and the generators o

occupied–occupied and virtual–virtual orbital rotations th
are spanned byT and V̄, it immediately follows from Eqs.
~21! and ~22! that ^A& satisfies Eq.~1!. Thus, we may con-
clude that the model Lagrangian of Eq.~4! yields gauge in-
variant one-electron properties in analogy with the RPA a
MCRPA approaches.
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III. THE STATIC LIMIT

We briefly discuss the static Lagrangian as this clea
illustrates the computational requirements needed in de
mining the zeroth-order wave function. Suppose that
Hamiltonian is time-independent,H5H0 . The Lagrangian,
Eq. ~4!, still has the same form but theQ-functional now
reduces to

Q05^Ruexp~2k!H0 exp~k!exp~T!uR&

1(
m

t̄ m^muexp~2T!exp~2k!H0 exp~k!exp~T!uR&,

~28!

where the parameters are time-independent, and w
^Ru exp(2T)5^Ru has been used. In the static limit th
Euler–Lagrange equations become standard stationarity
ditions for L0 with respect to the parameterst, t* , t̄, t̄* , k,
andk* . We shall find it convenient to express the optimiz
conditions at the point in parameter space wherek5k*
50, t5t(0), t* 5t(0)* , t̄5 t̄ (0), and t̄* 5 t̄ (0)* , i.e., we as-
sume that all operators and integrals refer to the optimi
orbital basis. By straightforward differentiation we then o
tain the equations

]L0

] t̄ m

5 1
2^muexp~2T~0!!H0uC~0!&50, ~29!

]L0

]tm
5 1

2^F
~0!u@H0 ,tm#uC~0!&50, ~30!

]L0

]km1

5^@H0 ,tm1
#&050, ~31!

where uC (0)&5exp(T(0))uR& and ^F (0)u5^Ru1Sm t̄ m
(0)

3^mu exp(2T(0)), and where the average value^•&0 is sim-
ply the static limit of Eq.~15!,

^A&05 1
2~^F

~0!uAuC~0!&1^F~0!uA†uC~0!&* !. ~32!

As the Lagrangian is real, the equations for the comp
conjugated parameters are obtained from Eqs.~29!–~31! by
complex conjugation. Equations~29!–~31! are merely the
static limits of Eqs.~19!–~21!, and we observe that Eq.~31!
and its complex conjugated are generalized Brillouin con
tions for the orbital rotation operators~excitations as well as
de-excitations!. As usual, we note that ifH0 is a real operator
we may consider only real orbital rotations and Eq.~31! can
be combined with its complex conjugate to yield the statio
arity condition

^@H0 ,tm1
2tm1

† #&050. ~33!

This equation corresponds to writing the orbital rotation o
erator ask5Sm1

km1
(tm1

2tm1

† ) with all km1
real.

Once the variables have been determined, the energy
be calculated as

E5Rê RuH0 exp~T~0!!uR&, ~34!

whereas the appropriate expression away from converg
reads
y
r-
e

re

n-

d
-

x

i-

-

-

an

ce

E5 1
2~Q01Q0* !. ~35!

Thus the parameterst, t* , t̄, t̄* , k, andk* should be deter-
mined simultaneously although the final energy is indep
dent of the multiplierst̄. In principle, one might be able to
determine the energy without solving for the multipliers, b
as pointed out by Sherrillet al.23 the convergence is the
rather slow and simultaneous solution of the equations
recommended. Due to the variational nature of the Lagra
ian, the time-independent Hellmann–Feynman theorem ta
the form

]L0

]e
5Rê F~0!u

]H0

]e
uC~0!&, ~36!

and standard variational perturbation techniques~see for ex-
ample Ref. 32! may now be employed to calculate stat
properties from higher-order derivatives of the Lagrangia

Before moving on to the derivation of the dynamic line
response function, we briefly return to the discussion of
dundant orbital rotations in Sec. II and explicitly verify th
occupied–occupied and virtual–virtual orbital rotations a
indeed redundant. In order to prove invariance with resp
to orbital rotations among occupied orbitals, we consider
~31! ~or, equivalently, its complex conjugate! with the exci-
tation ~de-excitation! operator replaced byEi j 5aia

† aj a

1aib
† aj b , wherei and j refer to occupied orbitals anda and

b are the spin projections. Using the identity

Ei j 5exp~T~0!!exp~2T~0!!Ei j exp~T~0!!exp~2T~0!!

5exp~T~0!!Ei j exp~2T~0!!1@Ei j ,T~0!#, ~37!

we readily obtain

^F~0!u@H0 ,Ei j #uC~0!&

5^F~0!u@H0 ,@Ei j ,T~0!##uC~0!&

2(
m

t̄ m
~0!^muEi j exp~2T~0!!H0 exp~T~0!!uR&50,

~38!

implying ^@H0 ,Ei j #&050. This follows from the fact that
@Ei j ,T(0)# can be expressed in terms of the set$tm% and
^muEi j can be expressed in terms of the set$^nu%, and from
the cluster amplitude and multiplier Eqs.~29! and~30!. Thus,
the total energy is stationary under occupied–occupied
bital rotations. Similar arguments can be invoked to ver
stationarity of the energy under virtual–virtual orbital rot
tions.

IV. TIME-DEPENDENT PERTURBATION THEORY

Consider the case where the Hamiltonian is explici
time-dependent, i.e.,

H5H01aV~ t !, ~39!

where the time-independent strength parametera is real, and
the static limit outlined in the previous section is implicit
included as the special casea50. This strength paramete
will be used for a time-dependent perturbation expansion
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the Euler–Lagrange equations. The explicitly tim
dependent Hermitian perturbation operator is represente
the Fourier transform

V~ t !5E
2`

`

V~v!exp~2 ivt !dv, ~40!

whereV(v)†5V(2v), and where the convergence facto
have been suppressed. It follows from Eqs.~4! and ~5! that
the Lagrangian may be written in the form

L5H2 iF, ~41!

where

H5H~l,t !5 1
2~^FuHuC&1^FuHuC&* !, ~42!

F5F~l,l̇!5
1

2 S ^Fu
d

dt
uC&2^Fu

d

dt
uC&* D . ~43!

Here l compactly denotes the six independent parame
sets $t,t* , t̄, t̄* ,k,k* %, and we note that explicit time
dependence only occurs through the Hamiltonian inH. We
also note thatF is linear in l̇. The Euler–Lagrange equa
tions can now be written as

]H
]lm

2 i
]F
]lm

1 i(
n

]2F

]l̇m]ln

l̇n50, ~44!

wherelm is used to denote a component in any of the
sets of parameters; the notation should not be confused
that used for the cluster amplitudes and multipliers.

We now solve this system of equations perturbationa
in the external perturbation parametera, and Taylor expan-
sion of Eq. ~44! in a about a50 ~the static limit! gives,
through first-order, the following equations:

]H
]ln

50, ~45!

(
n

]2H
]lm]ln

ln
~1!2 i(

n
S ]2F

]lm]l̇n

2
]2F

]l̇m]ln
D l̇n

~1!

52
]2H

]lm]a
, ~46!

where it has been used that the parameters are all t
independent in the static limit, and
-
as

rs

x
ith

y

e-

lm
~1!5

]ln

]a
. ~47!

All derivatives must be evaluated at the expansion poina
50. Equation~45! is identical to the static Eqs.~29!–~31!
rewritten in a compact notation, and Eq.~46! determines the
parameter response through first-order in the time-depen
perturbation. Introducing Fourier transforms similar to E
~40! for the time-dependent parameters in Eq.~46!, we ob-
tain a 636 block matrix equation for the Fourier compo
nents of the parameters. However, it will prove itself conv
nient later to include the equations for the first-order orb
rotation parameters twice such that the matrix equation ta
an 838 block form. This can easily be done if we compe
sate by multiplying every entry in the matrices and in t
perturbation vector~the right-hand side! not referring tokm1

or km1
* by 2. The resulting set of first-order response eq

tions then appears as

F S A C G* D†

B A† D* F*

F D AT BT

DT G CT A*
D

2vS S 0 Q G

D S† 2GT 0

0 G† 2ST 2DT

2G* 2Q* 0 2S*
D G S l̃~1!~v!

l̄~1!~2v!*

l̄~1!~v!

l̃~1!~2v!*
D

52S V̄~v!

Ṽ~2v!*

Ṽ~v!

V̄~2v!*
D , ~48!

where a superscriptT denotes transposition. As the subm
trices are written in a 232 block form ~see below!, this
matrix equation is on the requested 838 block form. It must
be stressed that this matrix equation contains the exact s
equations as the original 636 block problem. Calculation of
the second derivatives ofH at a50 shows that the block
matrices of the nonsymmetric OCC Jacobian are given b
A5S ^muexp~2T~0!!@H0 ,tn#uC~0!& 1
2^muexp~2T~0!!@H0 ,tn1

#uC~0!&

2 1
2^F

~0!u@@H0 ,tm1

† #,tn#uC~0!& 2^@@H0 ,tm1

† #,tn1
#&0

D , ~49!

B5S 0 2 1
2^F

~0!u@@H0 ,tn1

† #,tm#uC~0!&*

2 1
2^F

~0!u@@H0 ,tm1

† #,tn#uC~0!& 0
D , ~50!

C5S 0 1
2^muexp~2T~0!!@H0 ,tn1

#uC~0!&

1
2^nuexp~2T~0!!@H0 ,tm1

#uC~0!&* 0
D , ~51!
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D5S 0 1
2^F

~0!u@@H0 ,tm#,tn1
#uC~0!&

2 1
2^nuexp~2T~0!!@H0 ,tm1

† #uC~0!&* 0
D , ~52!

F5S ^F~0!u@@H0 ,tm#,tn#uC~0!& 1
2^F

~0!u@@H0 ,tm#,tn1
#uC~0!&

1
2^F

~0!u@@H0 ,tm1
#,tn#uC~0!& ^@@H0 ,tm1

#,tn1
#&0

D , ~53!

G5S 0 2 1
2^muexp~2T~0!!@H0 ,tn1

† #uC~0!&*

2 1
2^nuexp~2T~0!!@H0 ,tm1

† #uC~0!&* ^@@H0 ,tm1
#,tn1

#&0
D . ~54!

Note the symmetriesB†5B, C†5C, FT5F, andGT5G. Similarly, calculation of the second derivatives of theF-functional
leads to the definition of the blocks of the OCC metric as

S5S dmn 0

1
2^F

~0!u@tm1

† ,tn#uC~0!& ^@tm1

† ,tn1
#&0

D , ~55!

D5S 0 1
2^F

~0!u@tn1

† ,tm#uC~0!&*

1
2^F

~0!u@tm1

† ,tn#uC~0!& 0
D , ~56!

G5S 0 2 1
2^muexp~2T~0!!tn1

† uC~0!&

0 0
D , ~57!

Q5S 0 2 1
2^muexp~2T~0!!tn1

† uC~0!&

1
2^nuexp~2T~0!!tm1

† uC~0!& 0
D , ~58!
-

co
th

c
by

on
ex-

e-
atic
pa-

ge

pa-

at
where D†5D and QT52Q. In these definitions the sub
scriptsm ~andm1! andn ~andn1! are used to indicate the row
and column indices, respectively. This ordering of the Ja
bian and metric matrices implies that the components of
response and perturbation vectors are defined as

l̃~1!~v!5S tn
~1!~v!

kn1

~1!~v!D , ~59!

l̄~1!~v!5S t̄ n
~1!~v!

kn1

~1!~2v!* D , ~60!

V̄~v!5S 2
]^V~v!&

] t̄ m

S ]^V~2v!&

]km1

D * D , ~61!

Ṽ~v!5S 2
]^V~v!&

]tm

]^V~v!&
]km1

D , ~62!

where, as discussed above, entries in the perturbation ve
not referring to orbital rotation parameters are multiplied
two, and where the derivatives are evaluated ata50.

If the matrix J2vS, whereJ is the Jacobian andS the
metric, is nonsingular then the coupled response Eqs.~48!
-
e

tor

can easily be formally solved. Assuming that this soluti
has been obtained, we may straightforwardly derive an
pression for the dynamic linear response function33,34 within
the OCC model. Suppose that, in addition to the tim
dependent perturbation, the Hamiltonian contains a st
perturbation related to the real time-independent strength
rametere, i.e.,

H5H01aV~ t !1eW, ~63!

whereW5W† is time-independent. As the Euler–Lagran
equations are satisfied forL, the average value ofW can be
calculated according to26

^W&~ t !5
]L

]e
5

]H
]e

, ~64!

evaluated ate50. Taylor expansion of]L/]e abouta50
gives

]L

]e
5

]H
]e

1
a

2 E
2`

`

~W̃TW̄†W̄TW̃†!S l̃~1!~v!

l̄~1!~2v!*

l̄~1!~v!

l̃~1!~2v!*
D

3exp~2 ivt !dv1¯ , ~65!

where we have introduced the Fourier transforms of the
rameters and used a form suitable for the 838 block Eq.
~48!. The derivatives of the right-hand side are evaluated
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e5a50. The vectorsW̄ andW̃ are defined in Eqs.~61! and
~62!, respectively, withv50. Using the formal expansion,

^W&~ t !5^W&01aE
2`

`

^^W,V~v!&&vexp~2 ivt !dt1¯ ,

~66!

we identify ^W&05]H/]eue5a50 as the time-independen
average value ofW also given in Eq.~36!, and the linear
response function is identified as

^^W,V~v!&&v5 1
2~W̃TW̄†W̄TW̃T!S l̃~1!~v!

l̄~1!~2v!*

l̄~1!~v!

l̃~1!~2v!*
D . ~67!

It is immediately clear from this expression and Eq.~48! that
the poles of the linear response function occur at the eig
values of the Jacobian over the metric provided, of cou
they exist. Furthermore, if these eigenvalues are real, t
may be interpreted as the excitation energies of the sys
We therefore proceed to the formal analysis of the O
eigenvalue problem.

A. The OCC eigenvalue problem

Let XR , X̄R , YR , andȲR denote the submatrices of th
matrix having as columns the right eigenvectors of the Ja
bian ~assuming they exist! over the metric. That is,

S A C G* D†

B A† D* F*

F D AT BT

DT G CT A*
D S XR

X̄R

YR

ȲR

D
n

5S S 0 Q G

D S† 2GT 0

0 G† 2ST 2DT

2G* 2Q* 0 2S*
D S XR

X̄R

YR

ȲR

D
n

vn , ~68!

wherevn denotes the eigenvalue corresponding to thenth
column. We shall assume that all eigenvalues are real. L
wise, the corresponding left eigenvalue equation reads

S XL

X̄L

YL

ȲL

DT

n

S A C G* D†

B A† D* F*

F D AT BT

DT G CT A*
D

5vnS XL

X̄L

YL

ȲL

DT

n

S S 0 Q G

D S† 2GT 0

0 G† 2ST 2DT

2G* 2Q* 0 2S*
D , ~69!

such that the left and right eigenvectors constitute an or
normal system over the metric, i.e.,
n-
e,
ey
m.

o-

e-

o-

~XL
TX̄L

TYL
TȲL

T!mS S 0 Q G

D S† 2GT 0

0 G† 2ST 2DT

2G* 2Q* 0 2S*
D

3S XR

X̄R

YR

ȲR

D
n

5dmn . ~70!

In analogy with RPA33,35 and MCRPA,35 it is now readily
verified that the right and left eigenvalue equations both d
play a paired structure, and collecting the eigenvalues in
diagonal matrixL we can write the following equations:

S A C G* D†

B A† D* F*

F D AT BT

DT G CT A*
D S XR ȲR* X̄L* YL

X̄R YR* XL* ȲL

YR X̄R* ȲL* XL

ȲR XR* YL* X̄L

D
5S S 0 Q G

D S† 2GT 0

0 G† 2ST 2DT

2G* 2Q* 0 2S*
D

3S XR ȲR* X̄L* YL

X̄R YR* XL* ȲL

YR X̄R* ȲL* XL

ȲR XR* YL* X̄L

D
3S L 0 0 0

0 2L 0 0

0 0 L 0

0 0 0 2L

D , ~71!

S XL
T X̄L

T YL
T ȲL

T

ȲL
† YL

† X̄L
† XL

†

X̄R
† XR

† ȲR
† YR

†

YR
T ȲR

T XR
T X̄R

T

D S A C G* D†

B A† D* F*

F D AT BT

DT G CT A*
D

5S L 0 0 0

0 2L 0 0

0 0 L 0

0 0 0 2L

D S XL
T X̄L

T YL
T ȲL

T

ȲL
† YL

† X̄L
† XL

†

X̄R
† XR

† ȲR
† YR

†

YR
T ȲR

T XR
T X̄R

T

D
3S S 0 Q G

D S† 2GT 0

0 G† 2ST 2DT

2G* 2Q* 0 2S*
D , ~72!

such that the OCC normalization condition
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S XL
T X̄L

T YL
T ȲL

T

ȲL
† YL

† X̄L
† XL

†

X̄R
† XR

† ȲR
† YR

†

YR
T ȲR

T XR
T X̄R

T

D S S 0 Q G

D S† 2GT 0

0 G† 2ST 2DT

2G* 2Q* 0 2S*
D

3S XR ȲR* X̄L* YL

X̄R YR* XL* ȲL

YR X̄R* ȲL* XL

ȲR XR* YL* X̄L

D 5S 1 0 0 0

0 21 0 0

0 0 1 0

0 0 0 21
D , ~73!

is satisfied. Here1 is the unit matrix. Equations~71!–~73!
can be verified using only Eqs.~68!–~70! along with the
symmetries of the sub-blocks of the Jacobian and metric
trices.

We thus observe that positive and negative eigenva
occur twice and that the four corresponding eigenvectors
related in a simple way. It can therefore be concluded t
the OCC eigenvalue equation yields the correct numbe
poles in the linear response function, also in the FCI lim
~untruncated cluster operator!. This conclusion may of
course also be reached from the 636 block eigenvalue prob
lem but the ‘‘doubly’’ paired structure is most easily realiz
in the 838 block form above. Although the assumption
real eigenvalues cannot be rigorously justified, we exp
that it is fulfilled in most practical cases. In the followin
section we apply the eigenvectors and eigenvalues just
tained to derive the spectral representation of the OCC lin
response function.

B. Spectral representation of the linear response
function

In order to obtain an expression for (J2vS)21, we now
subtractvS times the right eigenvector-matrix from bot
sides of Eq.~71!. Multiplying them from left with the left
eigenvector-matrix, and assuming that both right and
eigenvector-matrices are nonsingular, we readily obtain
expression

~J2vS!215S XR ȲR* X̄L* YL

X̄R YR* XL* ȲL

YR X̄R* ȲL* XL

ȲR XR* YL* X̄L

D
3S L2v1 0 0 0

0 L1v1 0 0

0 0 L2v1 0

0 0 0 L1v1
D21

3S XL
T X̄L

T YL
T ȲL

T

ȲL
† YL

† X̄L
† XL

†

X̄R
† XR

† ȲR
† YR

†

YR
T ȲR

T XR
T X̄R

T

D . ~74!
a-

es
re
at
of
t

ct

b-
ar

ft
e

Using this expression to formally solve Eq.~48! for the first-
order parameter response and inserting this result into
~67!, we obtain the spectral representation of the OCC lin
response function as

^^W,V~v!&&v5
1

2 (
n

SW R
nV L

n~v!1V R
n~2v!*W L

n*

v2vn

2
W R

n*V L
n~2v!* 1V R

n~v!W L
n

v1vn
D , ~75!

where

V R
n~v!5Ṽ~v!TXR

n1V̄~2v!†X̄R
n1V̄~v!TYR

n1Ṽ~2v!†ȲR
n ,

~76!

V L
n~v!5Ṽ~v!TYL

n1V̄~2v!†ȲL
n1V̄~v!TXL

n1Ṽ~2v!†X̄L
n ,

~77!

andW R,L
n is defined analogously~with v50!. The super-

scriptn in the right-hand sides of Eqs.~76! and~77! denotes
the nth column of the matrix. It is now trivial to verify the
conjugation propertŷ ^W,V(v)&&v* 5^^W,V(2v)&&2v for
the linear response function of Eq.~75!. Evidently, the linear
response contains simple poles only and the residues at t
poles are given by

lim
v→vn

~v2vn!^^W,V~v!&&v

5 1
2~W R

nV L
n~vn!1V R

n~2vn!*W L
n* !

[^0uWun&^nuV~vn!u0&, ~78!

and

lim
v→2vn

~v1vn!^^W,V~v!&&v52@^0uWun&^nuV~vn!u0&#* .

~79!

Here we have identified the residue in Eq.~78! as a transition
strength.

If W is a one-electron operator, we may expand
Ehrenfest theorem of Eq.~1! to first-order in the perturbation
to obtain the following equation of motion satisfied by th
linear response function

v^^W,V~v!&&v5^^@W,H0#,V~v!&&v1^@W,V~v!#&.
~80!

Taking residues on both sides of this equation, we obtain
off-diagonal hypervirial relation36 in the form

vn^0uWun&^nuV~vn!u0&5^0u@W,H0#un&^nuV~vn!u0&,
~81!

where the transition strengths are defined in Eq.~78!. This
relation is satisfied within the RPA15 as well as the
MCRPA,16 but not in the CCLR,11 and it is satisfied within
the OCC response theory due to the ‘‘variationally’’ dete
mined orbital rotation. In this sense the OCC response the
can be regarded as gauge invariant.
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V. CONCLUDING REMARKS

A novel gauge invariant coupled cluster based respo
theory is formulated in this paper. The fundamental mo
Lagrangian explicitly includes orbital rotations; however L
grangian multipliers are not introduced for the orbital ro
tions and thus the orbitals are determined from an optim
tion type condition~i.e., equivalent to a variational conditio
on the Lagrangian in the time-independent limit!. The actual
form of the wave function is of course essential, but of eq
importance is the way the parameters are determined. Th
evident from the fact that Brueckner coupled cluster respo
functions have a pole structure that is incompatible with
exact response function. The equations of motion for
parameters are determined using the Euler–Lagrange e
tions and these in turn lead to Ehrenfest-type equations
the parameters. This result is shown to assure gauge in
ance for one-electron operators in the limit of a compl
basis set; an essential condition needed in order to en
gauge origin invariance of magnetic response properties.
gauge origin invariance of dynamic magnetic response p
erties, the requirement of complete basis set may
removed37 through introduction of London atomic orbita
~LAOs!.38 In conjunction with LAOs, the OCC~and RPA
and MCRPA! approach is thus gauge origin invariant rega
less of truncation level in the cluster operator and of o
electron basis set quality.

As an example, consider the frequency-dependent o
cal rotatory powerf given in terms of the linear respons
function as33

f5C(
a

~^^r a ,La&&v2^^La ,r a&&v!, ~82!

wherer andL are the electronic position and orbital angu
momentum operators, respectively, the sum is over Carte
directions, andC is a constant~see Ref. 33!. Using LAOs,
Bak et al.37 defined a second quantized approximate ang
momentum operator that possesses two particularly im
tant properties;~1! it becomes identical to the exact angul
momentum operator in the limit of a complete basis se37

and ~2! under an origin transformationr→r2a, it trans-
forms as37

L→L1 ia3@r ,H0#, ~83!

where H0 is the field-free~unperturbed! electronic Hamil-
tonian. Using this LAO based orbital angular momentum o
erator, the translational terms of the optical rotatory pow
vanish,

(
a

^^r a ,~a3@r ,H0# !a&&v

5 (
abg

eabgab^^r a ,@r g ,H0#&&v

52v (
abg

eabgab^^r a ,r g&&v50, ~84!
se
l

-
-

l
is

se
e
e
ua-
or
ri-
e
re
or
p-
e

-
-

ti-

an

r
r-

-
r

where eabg is the Levi–Civita alternating tensor. In th
course of the derivation we have used the equation
motion of the linear response function in Eq.~80!, and the
conjugation relation11

^^A,B&&v* 5^^A†,B†&&2v5^^B†,A†&&v . ~85!

While Eq. ~85! is an elementary property of the linear r
sponse function, Eq.~80! requires the Ehrenfest theorem sa
isfied. As the position operator is a one-electron operator,
LAO formulation of the optical rotatory power is therefor
inherently origin invariant in RPA, MCRPA, and truncate
or untruncated OCC theory, but not in truncated CC theo

An explicit expression for the OCC linear response fun
tion is derived and the associated nonsymmetric eigenv
problem is shown to exhibit the same paired structure tha
well known from RPA and MCRPA. This structure assur
that only first-order poles are present in the response fu
tion. Transition strengths are now well defined and may
determined from an expression that only requires the s
tion of the non-symmetric eigenvalue problem and additio
equations need not be solved as in the standard impleme
tion of the CCLR model.8 Of particular interest is to note two
limiting cases of the OCC response model. If the clus
amplitudes are excluded then we obtain the standard R
model, if we on the other hand exclude the orbital rotatio
we obtain a model like CCLR, but where single excitatio
need to be included in the cluster operator explicitly. This
also the case in BBC response theory and just comes to s
that a correct description of limiting cases is not sufficient
obtaining the desired result.

An integral-direct39 implementation of the OCCD wave
function and the linear response function will be report
elsewhere.
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