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Gauge invariant coupled cluster response theory
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We introduce a time-dependent coupled cluster based Lagrangian that includes orbital rotation. This
Lagrangian is shown to give gauge invariant response properties for one-electron operators in the
limit of a complete one-electron basis. The pole structure of the linear response function is
compatible with that of the exact response function and the notorious problem of unphysical
second-order poles in the Brueckner coupled cluster response theory is not present in this model.
The total energy of the model is identical to the coupled cluster model using optimized orbitals
recently revived by Sherrilet al. [J. Chem. Phys109 4171 (1998]. The model provides a
straightforward approach for calculating magnetic response properties in a gauge invariant manner
using coupled cluster type wave functions. 1®99 American Institute of Physics.
[S0021-960609)31317-9

I. INTRODUCTION mentations are available for mam@p initio models and are
today considered standard tools in quantum chemistry, see,

In the last two decades response theory based on coupledy., Ref. 14 for a review and further references. The require-
cluster wave functions have been developed and implements needed in order to obtain gauge origin invariance of
mented in computer programs by several researcRtatic and dynamic magnetic properties are clearly different.
groups:~'° State of the art calculations on large moleculesGauge origin invariance of the total energy does not imply
are carried out routinely using integral direct implementa-the same for dynamic properties. In general, gauge origin
tions and these methods have proven powerful in calculatinghvariance of dynamic magnetic properties will require
properties like excitation energies, transition moments, elecgauge invariance for one-electron operators in the limit of a
tric polarizabilities, and hyperpolarizabilities. Due to this complete basis. This is equivalent to requiring Ehrenfest’s
success, we find it highly desirable to evaluate magnetic retheorem satisfied for one-electron operators, such thaisf
sponse properties using the coupled cluster response methoglne-electron operator then the following identity
(CCLR).*11

Severe difficulties are encountered in this process, as d ) A
CCLR and the related equation of motion coupled cluster §<A>:'<[H’A]>+<g>v (1)
methods (EOM-CC® all suffer from lack of gauge
invariancet! This has the implication that some magnetic must hold for the time-dependent average value within the
properties, such as length gauge rotational strengths, Verdgiodel. It is well known that for the random phase approxi-
constants, and many others, cannot be straightforwardly camation (RPA)'® and the multiconfigurational random phase
culated in a gauge origin invariant manner. Even in the limitapproximation (MCRPA)'® these relations hold and thus
of a complete one-electron basis set, the gauge origin depegauge invariance is fulfilled. In the CCLR model this is not
dence of these properties will remain present. Only in thehe cas&"'"'8and the subject of this paper is to ameliorate
limit where CCLR is equivalent to full configuration interac- the model in a way that gauge invariance is obtained.
tion (FCI) it will be possible to obtain gauge origin invariant The CCLR model is based on a nonlinear configuration
properties. Therefore a practice has evolved where calculanteraction(Cl) parametrization and only includes excitation
tions are carried out for molecules that fulfill gauge origin operators with respect to the reference state; thus the orbital
invariance due to a particular point group symméfry®  de-excitation part of Eql) is only satisfied to the extent that
From a theoretical point of view this situation is unsatisfac-the CI part spans these de-excitations. In general this can
tory, as an inclusion of the nuclear motion in the descriptiononly be fulfilled in the FCI limit and explicit treatment of the
might again introduce a dependence on the gauge origin. lge-excitations is needed for an incomplete wave function.
our opinion, the only satisfactory solution will be to changeThe most obvious choice is to consider the so-called
the basic CCLR model. Brueckner-type wave functions. These wave functions are

The situation is different for static magnetic propertiesparametrized in terms of a unitary orbital rotation part and a
derivable from derivatives of the total energy. In this casecoupled cluster part. To be more explicit, we write the phase
gauge origin invariant properties, e.g., magnetic shieldingsolated wave function as
tensors and magnetizabilities, can be calculated straightfor-
wardly using London’s gauge invariant orbitals. Such imple-  |¥)=exp x)expT)|R), 2
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wherek is the anti-Hermitian orbital rotation generatarjs L(N) in terms of a set of complex time-dependent variables
the cluster operator including doubles and higher-order excin(t), the fundamental equations for determining these pa-

tations, andR) is a reference state. The question is then howtameters become the Euler—Lagrange equafidns,
these parameters should be determined, as a complete varia-

tional determination is out of the question. The most widely ~ oL i(i) -0

used approach is the projection approach by Chiles and N, dt ’

Dykstra® and Handyet al.,?° where all parameters are deter- _

mined by projection of the Schdinger equation. This pro- where the dot denotes the time-derivatives dA/dt. We
cedure is normally denoted Brueckner coupled clusteshall here write the quantum mechanical model Lagrangian
doubles(BCCD) or Brueckner doubleéBD) if only double as

excitations are included in the cluster operator. In another =~ — S - — .
approach, suggested by Purvis and Baftethd later inves- -(LT 6L, )=2(Q(t s k") + Q4L ke, ")*),  (4)
tigated further by Scuseria and Schaéfethe orbital part of  where

the wave function is determined variationally and the

()

coupled cluster part is determined by projection. If the Q=<R|(1+5)91(H—ii)Q|R). (5)
coupled cluster operator is truncated after double excitations dt
the model is denoted optimized doublé8D)? or as we The quantum mechanical operat¢t is the time-

prefer optimizzgfad coupled cluster doubl&CCD). Recently,  dependent Hamiltonian anl®) is the time- and parameter-
Sherrill et al™ showed that BCCD and OCCD give very jndependent normalized closed-shell reference determinant.
similar equilibrium structures and harmonic vibrational fre- The nonunitary wave operatd® is composed of a unitary
quencies. Based on these observations the authors concludggkerator generating orbital rotations parametrizedsdu*

that the main advantages in using the optimized orbital proand a nonunitary coupled cluster operator parametrized by
cedure are due to the computational simplifications that aris¢hys the wave operator may be written as

in the calculation of analytical derivatives and the treatment
of inactive orbitals. These aspects are discussed in detail by = eXp(x)exp(T), ©)

Sherrill et al® and we refer to this paper for details and where the orbital rotation and cluster operators are given by
references.
Considering dynamic response properties, the difference S, _x ot
g dy ponse prop K== k"= 2 (KT = K5 T (7)

between the two models becomes much more pronounced
and severe. The Brueckner coupled cluster m@g8€IC) has
been shown by Koctet al?* and Aigaet al?® to give un- T= 2 Tes B> H. )

physical second-order poles in the linear response function.
Such a pole structure implies an incorrect description of disThe set{r, } contains single excitation operators with re-

persion and makes it impossible to define transition moy spect to the reference state, gnd} is composed of double
ments. For these reasons the BCC response function was

excitations, triple excitations, and so forth. The operaﬂor
never implemented and the question of gauge invariance Was ads

not analyzed. However, the optimized coupled clu§BzC

response function does not suffer from these artifacts. The — —

time-dependent Lagrangian, defined in this paper, is shown _g

to give the correct pole structure in the linear response func-

tion. Furthermore, analogously to the RPA and MCRPA apwheret, is the Lagrangian multiplier corresponding to the

proaches, the OCC model is gauge invariant for one-electropth excitation. Introducing the notatiopu,) =7, |R) and

operators in the limit of a complete basis set. |u)= T,u|R>, we shall assume the following biorthonormality
This paper has been organized as follows. In Sec. Il weelations

define the time-dependent model Lagrangian and show _ _

gauge invariance of the model, and in Sec. Il we explicitly (palv2)= 8,0 (Bl1) =6y, (10

treat time-independent theory. Then, in Sec. IV, follows the (ua]»)=0, (u1|R)=0, (u|R)=0, (12)

perturbation theoretical derivation of the linear response

function including an analysis of the eigenvalue problem thafuch that the normalization is

©)

determines the polegexcitation energigsof the linear re- (D|W)=1, (12)

sponse function. Our final remarks and conclusions are given

in Sec. V. where we have used the short-hand notation
[V)=0Q|R), (13

Il. THE MODEL LAGRANGIAN

As reviewed in a recent publicatid, the time- (PI=(RIL+MQ (14
dependent variational princigie ?°can be formulated analo- We note that for an untruncated cluster operdtothe state
gously to Hamilton’s principle of stationary actifrby re- | W) is merely a reparametrization of the FCI wave function.
placing the classical Lagrangian with a quantum mechanicaFurthermore, while the parametrization [8f) is identical to
functional. Expressing the quantum mechanical Lagradgian the one used in Refs. 24 and 25 in a formulation of BCC
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response theory, the Lagrangian of the present work ang
these references differ as we @ot introduce multipliers

corresponding to the single excitations and de-excitations b
rather determine the orbitals by optimization through the — i .
Euler—Lagrange equations. The average value of a generdfously fort, t, and« (and their complex conjugatgdn-

wed by a determination of the muItipIierEfrom the

Iihrenfest—type Eq20) for {a «}» the present model requires
Yhat all three(six) sets of equations are solved simulta-

non-Hermitian operatoA is then given b§? terestingly, we. note that Eq19) may in fgct be obtained
) _— from Eq. (20) if we replace the operatog, by the de-
(A)=2((P|A|F) +(D|AT¥)). (19  excitation type operator of the form
Turning now to the Euler—Lagrange equations for the ~ 1
parameters of the model, we introduce the notation P.= W) (| Q™ (24
~ 9 Q_1_(9exp(;<) Thus all parameters in the model are determined from
Apy = 9Ky, - Ky, exp(— ), (16) Ehrenfest-type equations and when the operator manifold be-

come complete, as in the FCI case, the Sdimger equation

~ 1 is reproduced.
qu:aﬂ =exp(k) 7, exp(— k), 17 So far we have implicitly assumed that the only nonre-

o dundant orbital rotations are those between occupied and vir-
where we have used that excitation operators commutg,y| orbitals. In order to verify this assumption, we now in-
among themselves. Using the operator identity clude the redundant occupied—occupied and virtual—virtual
d (90 orbital rotations written in terms of the anti-Hermitian opera-

_ R .

—(—Q 1) Q, (18)  tor k™. The redundant and nonredundant parts of the orbital
dtl on rotations may be factorized #exp(k)exp(?), and the “re-
where\ is an element in one of the three parameter sets upoflundant” wave operator can therefore be written in the form
which the wave operator dependse., t, x, and K*), we

AQ)
N

-1

obtain QR=exp( k) exp k¥ exp(T)=exp k) exp(T')exp KFE)2,5)
<M|91<H—iﬁ)|‘1’>=0, 19 where T'=exp(")Texp(-«). Introducing  also Y
d =expr)Q exp(-«), we find
Gi{(Pla.[¥)=i(P|[H,q,]|W)+(P|q,|¥), (20) (RI(1+ ) exp(— T)expt — k) exp(— x)
d~ P It = _ R Y ) _
31 (%) =1([H.,, D+ (), 1) (Rlexp(— %) (1+Q")exp(—T')exp(— «), (26)

_ and as the reference state is invariant with respect to the
from the Euler—Lagrange equations fiort, and x, respec-  redundant rotations it follows that the occupied—occupied
tively. The equations for the complex conjugated parametergnd virtual-virtual orbital rotations are indeed redundant as
(t*, t*, and «*) are obtained by complex conjugation of T’ and Q' are excitations and de-excitations, and 7},,
Egs.(19), (20), and(21) as the Lagrangian is real. Equation respectively. It must be stressed that these considerations are
(19) is recognized as a projected Sctfiger equation for independent of the truncation level of the cluster operator.
[¥), and is equivalent to the standard equation obtained in|so, it should be stressed that if orbitals are frozen such that
CCLR. Equation(20) is an Ehrenfest-type equation for the the set of occupied orbitals is split into inactive occupied and
operators defined in Eq17), although not with respect to active occupied orbitals, then rotations between the inactive
the average value defined in E45). This is contrary to Eq.  and active blocks are nonredundant and must be explicitly
(21) where the complex conjugated equation is obtained byncluded. Of course, this must also be done if a set of virtual

replacing the operator by the adjoint operator, i.e., orbitals are frozen.
d ' Let us next consider the time-dependent average value of
a(d;l):i([H,aLl]H(dLl), (22 a Hﬁrmitian one-electron operatér According to Eq.(15)
we have

and this is due to the form of the average value in @&)
satisfying(A)* =(A"). Equation(22) is indeed the equation (A)=Re(®|A|V). (27)

obtained for«* as may be verified on noting the relation . . . L
Ky y g Since A can be written in terms of the excitation and de-
aQ J exp( k)
q-1__ 7o

- excitation operator§r, } and{7. }, and the generators of
L= = X~ ) (23 i ied and virtualvi i i
My * * : occupied—occupied and virtual—virtual orbital rotations thai
q o, I, « d d and virtual-virtual orbital rotations that
_ ' _ ! _ _ are spanned by and (), it immediately follows from Eqgs.
The special form displayed by E(L9) is due tol being  (21) and (22) that (A) satisfies Eq(1). Thus, we may con-
linear int and independent of. While in ordinary time- clude that the model Lagrangian of E¢) yields gauge in-
dependent coupled cluster thetfithe projected Schinger  variant one-electron properties in analogy with the RPA and
equations may be solved for the cluster amplituddsl- MCRPA approaches.
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lll. THE STATIC LIMIT E=3Qo+Q}). (35

We briefly discuss the static Lagrangian as this clearlyThus the parametelst*,t_,F*, x, andx* should be deter-
illustrates the computational requirements needed in deteéfnined simultaneously although the final energy is indepen-
mining the zeroth-order wave function. Suppose that th§jent of the multiplier. In principle, one might be able to

Hamiltonian is time-independerij =H,. The Lagrangian, getermine the energy without solving for the multipliers, but
Eq. (4), still has the same form but th@-functional now 55 pointed out by Sherriket al?3 the convergence is then

reduces to rather slow and simultaneous solution of the equations is
Qo=(R|exp(— k)Hy exp( k)exp(T)|R) recommended. Due to the variational nature of the Lagrang-
ian, the time-independent Hellmann—Feynman theorem takes
e _ _ the form
+ 2 t,(ulexp(—T)exp — k)Ho exp k) exp T)|R),
’ "o _ rea©) 2oy 0 36
(28) e ~REPV[ =¥, (36)

where the parameters are time-independent, and whetg, standard variational perturbation technig(ge for ex-

(Rl exp(-T)=(R has peen used. In the static. I|m|t_ the ample Ref. 32 may now be employed to calculate static
Euler—Lagrange equations become standard stationarity COBroperties from higher-order derivatives of the Lagrangian.
ditions for Lo with respect to the parameterst™, t, t*, «, Before moving on to the derivation of the dynamic linear
and* . We shall find it convenient to express the optimizedresponse function, we briefly return to the discussion of re-
conditions at the point in parameter space wherex*  dundant orbital rotations in Sec. Il and explicitly verify that
=0, t=t@, t*=t©@* 1=t©®, andt*=t@", i.e., we as- occupied—occupied and virtual-virtual orbital rotations are
sume that all operators and integrals refer to the optimizethdeed redundant. In order to prove invariance with respect
orbital basis. By straightforward differentiation we then ob-to orbital rotations among occupied orbitals, we consider Eqg.

tain the equations (31) (or, equivalently, its complex conjugateith the exci-
tation (de-excitation operator replaced byE; =a?aaja
‘9_"0 = X ulexp(— TO)H,| v @) =0, (29) +afﬁaj5, wherei andj refer to occupied orbitals anel and
&t_ﬂ B are the spin projections. Using the identity
Eij=exp(T ) exp — T)E;; exp T©)exp —T©)
o @O Ho, 7,1 ¥®)=0 30 | '
a, *° 0w ' =exp(TO)E;; exp( —TO) +[E;; , T, (37)
dlo we readily obtain
=([Hy, =0, 31
aK,u,l <[ 0 TM1]>0 ( ) <<D(O)|[HO,E|]]|\I,(O)>
where |[¥©)=expM@)|R) and (®©]=(R|+3 ,t? =(®O|[Ho,[E;; , T w?)
X({u| expT?), and where the average valQe), is sim-
ply the static limit of Eq.(15), — 2 tO(ulEjj exp(— T)Ho exp(T?)|R)=0,
(A)o=3(D AT O)+(@OATTT@)x). (32 ’ 8

As the Lagrangian is real, the equations for the complex . B :
conjugated parameters are obtained from E28)—(31) by '[rEPIV+T(%]<E:Ha?] ItE)Ié ]LOX— ?e.slgtljs i;Ol'zg\r/vmssf:)ofrqhzhzga}::ta;hdat
complex conjugation. Equation®9)—(31) are merely the P g

ijs >
static limits of Eqs(19)—(21), and we observe that E¢31) (1|E;; can be expressed in terms of the fet}, and from
and its complex conjugated are generalized Brillouin condi-,

the cluster amplitude and multiplier E¢29) and(30). Thus,
tions for the orbital rotation operato(excitations as well as g;;ltcr);?;t?;r?srgéilriilsat?t;nszelrj\?sdi;r?ct?:Fi)ﬁ/%l_(ggctuopl\?:rifc;r_
de-excitations As usual, we note that H, is a real operator ' 9

we may consider only real orbital rotations and E&f) can ;toa;!sonanty of the energy under virtual—virtual orbital rota-
be combined with its complex conjugate to yield the station- '

arity condition

_ .t _
([Ho,7u,— 7, 1)0=0. (33 |v. TIME-DEPENDENT PERTURBATION THEORY

This equation correspondsfto writing the orbital rotation op-  consider the case where the Hamiltonian is explicitly
erator as;<=2#lxﬂl(rﬂl— TMl) with all Ky, real. time-dependent, i.e.,
Once the variables have been determined, the energy can
Wy ean L H+aV(t), (39)

be calculated as
_ (0) where the time-independent strength parametsrreal, and
E=Re&(R|Ho expT™)[R), (34) the static limit outlined in the previous section is implicitly
whereas the appropriate expression away from convergendéecluded as the special cage=0. This strength parameter
reads will be used for a time-dependent perturbation expansion of



8322 J. Chem. Phys., Vol. 110, No. 17, 1 May 1999 Pedersen, Koch, and Hattig

the Euler—Lagrange equations. The explicitly time- " N,
dependent Hermitian perturbation operator is represented as A, = i (47)
the Fourier transform

All derivatives must be evaluated at the expansion paint
=0. Equation(45) is identical to the static Eq$29)—(31)
rewritten in a compact notation, and E¢6) determines the
parameter response through first-order in the time-dependent
perturbation. Introducing Fourier transforms similar to Eq.

V(t)= chwV(a))eX[(—iwt)dw, (40

whereV(w)"=V(— ), and where the convergence factors
have been suppressed. It follows from E@H. and (5) that

the Lagrangian may be written in the form (40) for the time-dependent parameters in E4f), we ob-
L=H—-iF (41) tain a 66 block matrix equation for the Fourier compo-
nents of the parameters. However, it will prove itself conve-
where nient later to include the equations for the first-order orbital
H=H(\1)=3(P|H|¥)+(D|H|W¥)*), (42)  rotation parameters twice such that the matrix equation takes
1 q q an 8% 8 block form. This can easily be done if we compen-
_ ) — * sate by multiplying every entry in the matrices and in the
F=FAN=5 (O G [ W) (@] [¥)* | (43 y MUILIPYINg Svery sy

perturbation vectofthe right-hand sidenot referring tox,,,

Here A compactly denotes the six independent parameter8r «;, by 2. The resulting set of first-order response equa-

sets {t,t*,t,t* ,,,,*}, and we note that explicit time- tions then appears as
dependence only occurs through the HamiltoniarHinWe

also note thatf is linear inA. The Euler—Lagrange equa- A Cc G* DI
tions can now be written as B A" D* F*
IH  OF PF . F D AT BT
i +iX ——,=0, (44) - .
where\ , is used to denote a component in any of the six p3 0 Q) r AV (w)
sets of parameters; the notation should not be confused with A st T 0 AU (= w)*
that used for the cluster amplitudes and multipliers. ol It ST AT e
We now solve this system of equations perturbationally f ()
in the external perturbation parameterand Taylor expan- -~ -0~ 0 X AP (—w)*
sion of Eq.(44) in a abouta=0 (the static limi} gives, —
through first-order, the following equations: Y(“’)
V(-w)*
AL (45) R ! 48
N, V(o)
V(= w)*
2 2 2
Ea_H)\u)_iE( rr 9T );\u) ) | N
” v > \ N\ where a superscripf denotes transposition. As the subma-
INuIN,, INLIN, O LN, perscrip P

trices are written in a 2 block form (see beloy, this
9P*H matrix equation is on the requeste& 8 block form. It must
== ) (46) be stressed that this matrix equation contains the exact same
IN e equations as the original66 block problem. Calculation of
where it has been used that the parameters are all tim¢he second derivatives dft at «=0 shows that the block
independent in the static limit, and matrices of the nonsymmetric OCC Jacobian are given by

(Mexﬂ _T(O))[HO ) TV:”\P(O)> %<M|exq _T(O))[HO ’ TV1]|‘P(O)>

A= : 49
KOO Ho, 7! 1w —([[Ho, 7,17, Tho 49
0 — (P O|[[Ho, 7} 1,7, ]| ¥O)*
B= : (50)
—H®OI[[Ho,7}, 1,7, ]| ?) 0
0 X ulexp(—TO)[Ho,7,, ]| )
c= , (51)

Lvlexp— TO)[Ho, 7, ] ¥ ©)* 0
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0 KOO [[Ho, 7,7, 11 ¥®)
. — K vlexp —TO)[Ho, 7}, 1[w(@)* 0 ’ 2
(@O|[[Ho, 71,7, I[¥®)  XOO|[[Ho,7,],7,,]|W )
F:(%<<I><°>|[[Ho,rﬂl],n]|~1f<°>> ([Hovrlm Do | 53
0 — K ulexp( =T O)[Ho, 7, ]| ¥@)*
7\~ solexp- 1O g 1w ) ([THo 7. 117, Tho | 59

Note the symmetrieB'=B, C'=C, F'=F, andG"=G. Similarly, calculation of the second derivatives of tAdunctional
leads to the definition of the blocks of the OCC metric as

S 0
2= : 55
XoO|[7 @) (77,00 (59
0 LoO|[7] 7, ][O
A= , (56)
KoOl[7) 7,1 W) 0
0 —Hulexp(~TO)7! |w©
r-|o ! (57)
0 0
0 — K ulexp(—TO) 7] |¥(©)
0=\, (O T |3 (0) ' (59)
Hvlexp(—T )7'#1|‘If ) 0

where AT=A and ®"=—0. In these definitions the sub- can easily be formally solved. Assuming that this solution
scriptsu (andw;) andv (andv,) are used to indicate the row has been obtained, we may straightforwardly derive an ex-
and column indices, respectively. This ordering of the Jacopression for the dynamic linear response functicfwithin

bian and metric matrices implies that the components of théhe OCC model. Suppose that, in addition to the time-

response and perturbation vectors are defined as dependent perturbation, the Hamiltonian contains a static
1) perturbation related to the real time-independent strength pa-
~ t, (o) rametere, i.e
)\(1)(‘9): K(l)(w) ) (59 v
! H=Hg+ aV(t)+eW, (63)
T
()= tvl)(“’) (60) whereW=W" is time-independent. As the Euler—Lagrange
K(Vl (o)™ |’ equations are satisfied fdr;, the average value d can be
calculated according 6
HV(w
AV g7 o
— at == _l
V=l v ot | (61) de o€
—w
—) evaluated at=0. Taylor expansion ofL/Jde abouta=0
Ky, gives
, AV(@) XD ()
~ ot L IH a (= — AY(—w)*
V(w)= Yol 62 TG 2 (WTwiwTR | S
(w) IV (w)) (62 =t 3 f_m(w wiwTw) XD(w)
Ky, AD(—w)*
where, as discussed above, entries in the perturbation vector X exp(—iwt)dw+- -, (65)

not referring to orbital rotation parameters are multiplied by

two, and where the derivatives are evaluated &t0. where we have introduced the Fourier transforms of the pa-
If the matrix J— wS, whereJ is the Jacobian an8the  rameters and used a form suitable for the & block Eq.

metric, is nonsingular then the coupled response E43. (48). The derivatives of the right-hand side are evaluated at
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e=a=0. The vectora¥ andW are defined in Eq¢61) and D 0 0 r
(62), respectively, withw=0. Using the formal expansion, sto—1T 0
XIXTYTYT)
(W)(1)=(W)o+ afﬁw((W,V(w)»wexp(—iwt)dt+---, * —@* 0 —3*
(66) X,
we identify (W)o=dH/d€|.~,—0 as the time-independent X
average value ofW also given in Eq.36), and the linear x Yr = Omn- (70)
response function is identified as v
R’ n
AN (w) In analogy with RPA>3® and MCRPAZ® it is now readily
T AD(—@)* verified that the right and left eigenvalue equations both dis-
(W,V())),=2(W'W'W'WT) N(w) (67)  play a paired structure, and collecting the eigenvalues in the
KO (= ) diagonal matrixA we can write the following equations:
—w
ty [ Xg YE X* Y
It is immediately clear from this expression and &) that A C G D TROTROAL L
the poles of the linear response function occur at the eigen-B AT D* F* || Xg Yr X{ VY,
values (_)f the Jacobian over the m_etnc provided, of course, g p AT BT Yq Y’Ez Vf X,
they exist. Furthermore, if these eigenvalues are real, they . T . - -
may be interpreted as the excitation energies of the syste D G C A Yr XR Y X
We therefore proceed to the formal analysis of the OCC
eigenvalue problem. = 0 0 r
A -1T o0
| ot —3T AT
A. The OCC eigenvalue problem - -0 0 -3*
Let Xr, Xg, Yr, andY denote the submatrices of the Xe Y2 XY,
matrix having as columns the right eigenvectors of the Jaco- o R L o
bian (assuming they exisobver the metric. That is, y Xg YR X{ Y,
A C G* D'\ /xg YR Xk VP OX
B AT D* F* || Xg Ye Xk Yi X,
T T
F D AT B Yr A O O
D' G CT A*/ \Ygr/n 0 —A O
X
A 3 -1 o0 Xgr (68 0 0 0 —-A
= Wn,
L A Y A XI X YDV . ot
-* —O* 0 3 Yg/n L L L L A C G D
iYL x{ x{|[B A" D* P
where w, denotes the eigenvalue corresponding to rkie = A, + F D AT BT
column. We shall assume that all eigenvalues are real. Like Xg Xr Yg YR
wise, the corresponding left eigenvalue equation reads YR YL XE XK DT G CT A*
/A C G* DI TOxT oyT g7
X 5 Al Dr P A 0 0 o [X X YooY
éLFDATBT 0 -A 0 0\ VL YD XX
It “lo 0o A o ||lxt xt v ovi
Yo/niDT G CT A* R "R YR YR
0 0O 0 —-A T T wT 3T
X\7/ ¥ 0 © T YR YR KR XR
L
YL A ET —FT 3 0 (¢} r
R U7 B T ., (69 A 3t 1T o0 N
_ X
Yo/n\l-T* —@* 0 —3* 0 rr- -zt -aATp (72
-~ —-0* 0o -3

such that the left and right eigenvectors constitute an ortho-
normal system over the metric, i.e.,

such that the OCC normalization condition
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XT X7 vl 7 Using this expression to formally solve E@8) for the first-
L AL o YL 3 0 0 r . . . )
— - ; order parameter response and inserting this result into Eq.
Y Yo X[ X[ A st -1r7 o (67), we obtain the spectral representation of the OCC linear
XL XL YL ovh 0 rt 3T AT response function as
YE YR Xg oxp/\ o0 -6t 0 -3 1o (WRVI (@) + V(o) W
<<W1V(w)>>w:_2 —
N IR 24 w— wy,
R YR L L 1 0 O
I _ NkyyN/ _ * n n
Xe Y& Xt Y | [0 -1 0 _WRVHZ @l +VR@WL) - oo
X S — = , (73 o+ o, '
Yr X5 OYF XL 0 0 1
vl * x O 0 0 -1 where

n _\7 TyN o \/(_ IRV V7, TvN 70 tyn
is satisfied. Herel is the unit matrix. Equation§71)—(73) VRr(@)=V(0) Xg+ V(= 0) Xg+V(0) Yrt+V(=0) Vg,
can be verified using only Eq$68)—(70) along with the (76)
symmetries of the sub-blocks of the Jacobian and metric ma- , < Tun ., o TR LT AT L & <R
trices. Vi(w)=V(o)'Y+V(—o)"Y+V(w) ' X!+ V(—w)'X],
We thus observe that positive and negative eigenvalues (77)
occur twice and that the four corresponding eigenvectors arﬁndWQ,L is defined analogousiywith w=0). The super-

related in a simple way. It can t_herefore be concluded tha%criptn in the right-hand sides of Eq&Z6) and(77) denotes
the OCC eigenvalue equation yields the correct number Gje iy column of the matrix. It is now trivial to verify the
poles in the linear response function, also in the FCI I'm'tconjugation property (W, V(w)))* = ((W,V(— w)))_,, for

(untruncated cluster operajorThis conclusion may of the linear response function of EF5). Evidently, the linear

lcourksje alhso “bde rel:)?c,f’wed_frodm the 6 bIQCk elgenva!:Je pr(l)_b- q response contains simple poles only and the residues at these
em but the “doubly” paired structure is most easily realize poles are given by

in the 88 block form above. Although the assumption of

real eigenvalues cannot be rigorously justified, we expectj;, (0—wn){(W,V(0))),

that it is fulfilled in most practical cases. In the following oo,

section we apply the eigenvectors and eigenvalues just ob- L N R
tained to derive the spectral representation of the OCC linear ~ 2WRV(@n) +VR(=@n)" W)

response function. =(0|W|n)(n|V(w,)|0), (78

B. Spectral representation of the linear response
function and

In order to obtain an expression fal-¢ wS)*_l, we now im (0+0n)((W,V(0))),=—[{0|W[n)}n|V(w,)[0)]*.
subtract wS times the right eigenvector-matrix from both »— -,
sides of Eq.(71). Multiplying them from left with the left (79
eigenvector-matrix, and assuming that both right and left o S .
eigenvector-matrices are nonsingular, we readily obtain thélere we have identified the residue in E6g) as a transition

expression strength.
If W is a one-electron operator, we may expand the
Xgr 7’& )Tf Y, Ehrenfest theorem of Eq1) to first-order in the perturbation
_ . . — to obtain the following equation of motion satisfied by the
_ Xg Yr XL YL linear response function
J—wS) 1=

Yr X& Yr XL

o((W,V(0))),=([W,Ho].V(©))), +([W,V()]).
Ye X& YE X, (80)

A—wl 0 0 0 \71 Taking residues on both sides of this equation, we obtain the
0 A+ ol 0 0 off-diagonal hypervirial relatiof? in the form
X
0 0 A-wl 0 wn(O|W|n)(nV(w)|0)=(0|[W. Hol[n)(n|V(w,)|0),
0 0 0 A+ wl (81
XU X Yl Y] where the transition strengths are defined in &®). This
— Ul o1 ot relation is satisfied within the RPA as well as the
Y YL X XL 16 . 1 . . g L.
% L L (74) MCRPA® but not in the CCLR! and it is satisfied within
X_TR x; \T’FQ \(’Ffe ' the OCC response theory due to the “variationally” deter-
T mined orbital rotation. In this sense the OCC response theory
YR YL Xk XE > >=
R TR R AR can be regarded as gauge invariant.
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V. CONCLUDING REMARKS where €,54, is the Levi-Civita alternating tensor. In the

course of the derivation we have used the equation-of-

A novel gauge invariant coupled cluster based responsg,qiion of the linear response function in E&0), and the
theory is formulated in this paper. The fundamental mOdel:onjugation relatioht

Lagrangian explicitly includes orbital rotations; however La-

grangian multipliers are not introduced for the orbital rota-  ((A,B))5=((A",BT))_,=((BTA"),. (85)
tions and thus the orbitals are determined from an optimizagpije Eq. (85) is an elementary property of the linear re-
tion type condition(i.e., equivalent to a variational condition sponse function, EG80) requires the Ehrenfest theorem sat-

on the Lagrangian in the time-independent limithe actual  jsieq. As the position operator is a one-electron operator, the
form of the wave function is of course essential, but of equaLAO formulation of the optical rotatory power is therefore

importance is the way the parameters are determined. This lﬁherently origin invariant in RPA, MCRPA, and truncated
evident from the fact that Brueckner coupled cluster responsg, \,ntruncated OCC theory, but not in truncated CC theory.
functions have a pole structure that is incompatible with the An explicit expression fo’r the OCC linear response func-
exact response function. The equations of motion for thgjo, s derived and the associated nonsymmetric eigenvalue
parameters are determined using the Euler—Lagrange €qUaropiem is shown to exhibit the same paired structure that is
tions and these in turn lead to Ehrenfest-type equations fQfe| known from RPA and MCRPA. This structure assures
the parameters. This result is shown to assure gauge invagizat only first-order poles are present in the response func-
ance for one-electron operators in the limit of a complet&jon Transition strengths are now well defined and may be
basis set; an essential condition needed in order 1o ensufeyermined from an expression that only requires the solu-
gauge origin invariance of magnetic response properties. Fqfy of the non-symmetric eigenvalue problem and additional
gauge origin invariance of dynamic magnetic response propsquations need not be solved as in the standard implementa-
erties, the requirement of complete basis set may Dbgop of the CCLR modef.Of particular interest s to note two
removed’ through introduction of London atomic orbitals limiting cases of the OCC response model. If the cluster

38 A :
(LAOs).™ In conjunction with LAOs, the OCGand RPA  jmjitudes are excluded then we obtain the standard RPA
and MCRPA approach is thus gauge origin invariant regard-i o de, if we on the other hand exclude the orbital rotations
less of truncation level in the cluster operator and of oney e gptain a model like CCLR. but where single excitations
electron basis set quality. need to be included in the cluster operator explicitly. This is
As an example, consider the frequency-dependent optiyqq the case in BBC response theory and just comes to show
cal rqtator§y3 powerg given in terms of the linear response ¢ 4 correct description of limiting cases is not sufficient in
function a obtaining the desired resuilt.
An integral-direct® implementation of the OCCD wave
function and the linear response function will be reported
$=C2 ({rarLal)o=({LarTa)u), 8 o P P

wherer andL are the electronic position and orbital angular ACKNOWLEDGMENTS

momentum operators, respectively, the sum is over Cartesian . .
directions, andC is a constanfsee Ref. 38 Using LAOs ) We WOUIQ like to t,har_1k Hans J@r_gen Jensen for_ discus-
Bak et al*” defined a second quantized approximate angula?'on_s’ a_nd Michal Jaszeki for a prepnint of Ref. 14 prior to
momentum operator that possesses two particularly imporQL_'b“.Cat'%n' Th,e\lwoélégﬁiﬂygg%g%%gg the European Com-
tant properties(1) it becomes identical to the exact angular mission Grant No. :

momentum operator in the limit of a complete basis®5et,

and (2) under an origin transformation—r—a, it trans- 'H. J. Monkhorst, Int. J. Quantum Chem., Synifi, 421 (1977.
forms as’ 2D. Mukherjee and P. K. Mukherjee, Chem. Phg8, 325(1979.
3E. Dalgaard and H. J. Monkhorst, Phys. Rev28, 1217(1983.
4H. Koch and P. Jgrgensen, J. Chem. PI95.3333(1990.
L—L+iaX[r,Hg], (83 SH. Koch, H. J. A. Jensen, P. Jargensen, and T. Helgaker, J. Chem. Phys.
93, 3345(1990.
6
where Hy is the field-free(unperturbed electronic Hamil- 732 E: 2:22:82 223 E'éjj;f"j‘_tgﬁe‘;ﬂe%?ﬁgffl%g;?"'
tonian. Using this LAO based orbital angular momentum op-80. Christiansen, A. Halkier, H. Koch, P. Jargensen, and T. Helgaker, J.

erator, the translational terms of the optical rotatory power Chem. Phys108 2801(1998.
90. Christiansen, C. Htg, and J. Gauss, J. Chem. Phy89, 4745(1998.

vanish, 10C. Hatig, O. Christiansen, and P. Jgrgensen, J. Chem. Pl98.8331
(1998.
11T, B. Pedersen and H. Koch, J. Chem. PHy@6, 8059 (1997).
> {(ra,(@x[r,HoD o) e 2, A. Parkinson and J. Oddershede, Int. J. Quantum Cl&#n599
a (1997).

185, Coriani, C. Httig, P. Jargensen, A. Halkier, and A. Rizzo, Chem. Phys.
_ z € a <<r [I‘ H ]>> Lett. 281, 445 (1997);’29.3 324(E) (1998.
=, aBy?p\tasLl y:T101// 0 14T Helgaker, M. Jaszugki, and K. Ruud, Chem. Re®9, 293 (1998.
1SR, A. Harris, J. Chem. Phy&0, 3947(1969.
8E. Dalgaard, J. Chem. Phy&2, 816 (1980.
=— wz €apr@s{{ 0.1 1)) 0=0, (84) 17T, B. Pedersen and H. Koch, Chem. Phys. L83, 251(1998.
gy Y Y 18T, B. Pedersen, H. Koch, and K. Ruud, J. Chem. Pig6, 2883(1999.



J. Chem. Phys., Vol. 110, No. 17, 1 May 1999 Pedersen, Koch, and Hattig 8327

19R. A. Chiles and C. E. Dykstra, J. Chem. Phyd, 4544 (1981). 30H. Goldstein,Classical Mechanigs2nd ed.(Addison—Wesley, Reading,

2N, C. Handy, J. A. Pople, M. Head-Gordon, K. Raghavachari, and G. 1980. )

21TrUCKS' Chem. Phys. Letl64 185(1989. 313, Linderberg and Y. @rn, Int. J. Quantum Chemi2, 161 (1977).

22G- D. Purvis and R. J. Bartlett, J. Chem. Phy6, 1910(1982. 32T. Helgaker and P. Jargensen, Methods of Computational Molecular
G. E. Scuseria and H. F. Schaefer, Chem. Phys. 148, 354 (1987. Physics edited by S. Wilson and G. H. F. Diercksé®lenum, New York,

#C. D. Sherrill, A. 1. Krylov, E. F. C. Byrd, and M. Head-Gordon, J. Chem. 1993 . 353.
Phys.109, 4171(1998.

333, Linderberg and Y. @rn, Propagators in Quantum ChemistiAca-
24, Koch, R. Kobayashi, and P. Jargensen, Int. J. Quantum CA@r835 g pag Q i

demic, New York, 1978

(1994. 2
F, Aiga, K. Sasagane, and R. Itoh, Int. J. Quantum CH&ing7 (1994. 35D' N. Zubarev, Sov. Phys. Us@, 320(1960.
26T B, Pedersen and H. Koch, J. Chem. PHy@8 5194(1998. J. Oddershede, P. Jgrgensen, and D. L. Yeager, Comput. Phy<, R&p.
27p, W. Langhoff, S. T. Epstein, and M. Karplus, Rev. Mod. Phi%.602 36(198‘9-
(1972. J. C. Y. Chen, J. Chem. Phy40, 615(1964.
285, T. EpsteinThe Variation Method in Quantum Chemistcademic, K- L. Bak, A. E. Hansen, K. Ruud, T. Helgaker, J. Olsen, and P. Jor-
New York, 1974. gensen, Theor. Chim. Act80, 441 (1995.

29p Kramer and M. SaracenGeometry of the Time-Dependent Variational >°F. London, J. Phys. Radiug 397 (1937.
Principle in Quantum Mechani¢cd/ol. 140 in Lecture Notes in Physics °H. Koch, A. S. de Mers, T. Helgaker, and O. Christiansen, J. Chem.
(Springer, Berlin, 1981 Phys.104, 4157(1996.



