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Abstract

Ž .The frequency-dependent electric field induced second harmonic generation ESHG hyperpolarizability of neon is
Ž .calculated using coupled cluster singles doubles CCSD response theory. The CCSD dispersion curve shows that the most

recent fit through the experimentally measured ESHG data is too flat due to the fact that one of the measured points in the
infrared region is incorrect. Based on the CCSD dispersion curve, we suggest an adjusted extrapolation of the experimental

Ž .ESHG data to a static limit result of g s 106.4"2 au. This estimate is corroborated by a CCSD T calculation using a0

large one-particle basis set and including core correlation effects that gives 107.1 au. q 1998 Elsevier Science B.V.

1. Introduction

The determination of hyperpolarizabilities of
atoms and small molecules is a field that can benefit
strongly from an interplay between experiment and
theory, first because the determination of absolute
hyperpolarizabilities, static or frequency-dependent,
within an accuracy of a few percent is difficult both
experimentally and in ab initio calculations, and
second because theory and experiments provide partly
complementary information. In particular, the second
hyperpolarizability of neon has been the subject of
intensive theoretical and experimental investigations
w x1–10 . For this atom the first reported experimental
dispersion curve obtained from a fit through electric

Ž .field induced second harmonic generation ESHG
w xmeasurements for five different frequencies 5 gave

an anomalous negative dispersion for small frequen-
cies. In disagreement with the experimental observa-

w xtion, ab initio calculations at the MCSCF 3,7 and
w xMP2 8 level of theory obtained a normal positive

dispersion, challenging the abnormal experimental
curve. A reinvestigation of the experimental ESHG

w xdata for neon by Shelton and Donley 11 showed
that the earlier ESHG experiments encountered large
systematic errors for three of the frequencies and a
new dispersion curve based on a fit through mea-
surements for four frequencies gave a positive dis-
persion in agreement with the ab initio calculations.
The static limit for the hyperpolarizability g and the0

first dispersion coefficient A from this fit were also
w x w xin qualitative agreement with SCF 8 , CASSCF 7

w xand MP2 8 results. The second dispersion coeffi-
cient B was not obtained from a least square fit, but
was arbitrarily set to a value between the MP2 and

w xCASSCF results of Refs. 8,7 .
However, for two experimental ESHG points in

the infrared region at 1319 nm and 1064 nm the
error bars do not overlap with the fitted dispersion

Ž .curve of Shelton and Donley cf. Table 1 and Fig. 1 .
Thus at least one of the two measurements must
have a larger inaccuracy than indicated by its statisti-
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Table 1
Electric field induced second harmonic generation hyperpolariz-
ability for neon

ESHGŽ .l r nm v r au g v r au< <

a bCCSD MP2 exp.

` 0.000000 110.2 110
1319 0.034544 112.4 112 111.0"0.8
1064 0.042823 113.6 113 109.9"0.5

c694.3 0.065625 118.3 126.5"4.1
590.0 0.077226 121.7
514.5 0.088558 125.7 123.6 122.2"0.4
488.0 0.093368 127.7 123.5"0.5

a b cw x w x w xRef. 8,9 . Refs. 5,19,11 . Ref. 20 .

cal uncertainty. Due to this disagreement between
the two ESHG measurements in the infrared region,
the uncertainties of the experimental estimates for
the static limit g and of the dispersion coefficient0

A were reported as 2% and 10%, respectively and
are thus much larger than the uncertainties of the
individual measurements of 0.3%–0.8%.

2. Computational methods

We applied the recently implemented CCSD cu-
w xbic response approach 12 to reinvestigate the dis-

persion of the ESHG hyperpolarizability of neon. In

coupled cluster response theory frequency-dependent
second hyperpolarizabilities are obtained as deriva-
tives of the real part of the coupled cluster
quasienergy with respect to the field strengths of
four electric fields:

g CCSD v ;v ,v ,vŽ .i jk l i j k l

4� CCSD 4d Re WW T
s , 1Ž .ž /d f v d f v d f v d f vŽ . Ž . Ž . Ž .i i j j k k l l 0

where v syv yv yv and the index 0 indi-i j k l

cates that the derivative is taken at zero field
strengths. The coupled cluster quasienergy is defined

w xas 12 :

qt0² <� 4WW s lim HFHT
t ™` yt0 0

=
d

< :Hy i exp T t , f HF d t , 2Ž . Ž .Ž .ž /d t

Ž .where T t, f is the time- and field-dependent cluster
< :operator and HF is the SCF wavefunction for the

unperturbed molecule. Thus nonrelaxed SCF orbitals
are used in the coupled cluster response calculation
and orbital relaxation is therefore accounted for
through the single excitation part of the cluster oper-

Fig. 1. The electric field induced second harmonic generation hyperpolarizability of neon as a function of frequency.
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Ž .ator. Evaluation of the derivative in Eq. 1 using
Lagrangian techniques and its implementation are

w xdetailed in Ref. 12 .
For the electric-field induced second harmonic

generation process the frequencies have to be chosen
as v sy2v, v sv sv and v s0, where v isi j k l

the frequency of the laser light. For atoms the
isotropic parallel component g , which was mea-< <

sured in the ESHG experiments, is equal to the
cartesian tensor components g sg sg .z z z z y y y y x x x x

The CCSD dispersion curve was calculated using the
triply-augmented correlation consistent polarized va-

Ž .lence quintuple zeta t-aug-cc-pV5Z basis of Woon
w xand Dunning 13 . This basis set is known to give

accurate correlated energies for the unperturbed neon
atom and due to the augmentation with three sets of
diffuse spdfgh functions we expect a balanced de-
scription of the neon atom in electric fields. In the
CCSD response calculations for the frequency-de-
pendent hyperpolarizabilities we correlated only the
eight valence electrons and kept the 1s electrons
frozen.

The dispersion of the isotropic second hyperpolar-
izability for small frequencies below the first reso-
nance can be described in terms of the coefficients A

w xand B, which are defined by the expansion 14 :

g
ESHG v s g 1qAv 2 qBv 4 q . . . , 3Ž . Ž .Ž .< < 0 L L

with v 2 s6v 2 for the ESHG process. While theL

coefficients A and B are usually found to be less
basis set dependent than the static hyperpolarizability

w xg 15 , they are sensitive to the position of the first0
Ž .pole in g v . For ESHG this pole occurs when v

approaches half the transition frequency of the first
dipole allowed excitation. Smaller excitation ener-
gies will in general lead to larger values of A and B.

In numerous applications, the CCSD response
approach has been found to give accurate excitation
energies with errors which are often one order of
magnitude smaller than at the time-dependent

Ž . w xHartree-Fock TDHF level 16,17 . MP2
frequency-dependent properties have poles at the
same position as TDHF properties in addition to the
poles that occur at the difference between two virtual

w xand two occupied SCF orbital energies 18 . We
therefore expect the CCSD cubic response method to
give a much more accurate dispersion curve for the

second hyperpolarizability than TDHF and MP2 cal-
culations.

3. Results

In Table 1 and Fig. 1 we have compiled the
results for the CCSD cubic response calculations

w xcompared with the experimental values 5,11,19,20
w xand the MP2 results of Ref. 8 . The latter results

were obtained by combination of a frequency-depen-
Ž .dent MP2 calculation with a CCSD T rCCSDT esti-

w xmate for the static hyperpolarizability 9 . The CCSD
response calculation gives 110.2 au for the static
hyperpolarizability of neon, which is in close agree-

Ž .ment to the CCSD T rCCSDT result of 110"3 au
w x Ž .obtained by Rice et al. 9 and also close to CCSD T

w x Žresults obtained by Woon and Dunning 13 t-aug-
.cc-pVQZ: 107.3 au, q-aug-cc-pVQZ: 108.3 au . In

contrast CCSD finite field calculations with relaxed
SCF orbitals give significantly smaller results in the

w xrange of 98–103 au 9,13 . We note that the differ-
ence between the CCSD calculations with nonre-
laxed and those with relaxed orbitals is not an error
of the CCSD response approach. Coupled cluster
calculations with relaxed and nonrelaxed orbitals
define two different hierarchies which both approach
the full CI limit, if the cluster expansion approaches
completeness in the series CCS, CCSD, CCSDT, etc.

As discussed in the previous section, the slope
and the curvature of the dispersion curves are ex-
pected to be sensitive to the accuracy of the excita-
tion energy for the first dipole allowed transition.

w xFrom excitation energy calculations 16 it is known
that the predicted lowest excitation energy in neon
Ž1 e 1 o.S § P decreases in the order TDHF ) CCSD
) full CI with small errors at the CCSD level. In
the actual basis set we used, the excitation energy for

Ž1 e 1 o.the S § P transition is obtained at the RPA or
TDHF level as 18.34 eV and on the CCSD level as
16.74 eV, compared to the experimental value of

w x16.85 eV 21 . Accordingly, we expect an increase of
the dispersion coefficients A and B if we go from
TDHF or MP2 to a CCSD dispersion curve and the
CCSD results are expected to overestimate only
slightly the exact value. As can be seen from Fig. 1
and Table 2, the CCSD dispersion curve is indeed
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Table 2
Dispersion coefficients a for the ESHG hyperpolarizability for
neon

Method g A B0

bSCF 68.7 2.28 4.72
cCASSCF 96.6 2.55 5.94

bMP2 110.4 2.40 5.33
dCCSD 110.2 2.70 5.58

efit to exp. 108.1"2.2 2.47"0.25 –

a Ž .For the definition of A and B see Eq. 3 .
b w xRefs. 9,8,15 .
c w xRef. 7 .
d This work, obtained from a least square fit of the calculated

Ž . Ž 2 4 6 .seven points to g v sg 1qA v qBv qCv .0 L L L
e w xRefs. 11 , only g and A were obtained from a least square fit;0

B was arbitrarily set to a value between the CASSCF and MP2
Ž .results 5.50 au .

significantly steeper than the MP2 dispersion curve
which itself is somewhat steeper than the SCF curve

w xobtained with the same basis set 8 . The CASSCF
w xdispersion curve of Ref. 7 has a slope and a curva-

ture which are halfway between the MP2 and CCSD
results.

Unexpectedly, the fit through the experimental
points is significantly less steep than the CCSD
dispersion curve and the A coefficient extracted
from this fit is bracketed by the MP2 and CASSCF
results. As mentioned in the introduction, the experi-
mental value for A has a large uncertainty because
the error bars for the infrared measurements do not
overlap with the fitted curve. Shelton and Donley
have also noted this and pointed out that this might
be the result of possible unaccounted systematic

w xerrors in those measurements 11 . Although the
CCSD calculation may be only accurate within an
uncertainty of a few percent for the static hyperpolar-
izability, the slope and the curvature of the disper-
sion curve should be significantly more accurate than
those of previous ab initio calculations and also more
reliable than the value obtained from the fit through
the four experimental points. Shifting the CCSD
dispersion curve until it matches the two points
measured in the visible at ls514.5 and 488.0 nm,
therefore should give a more accurate extrapolation
to the static limit. With a shift of y3.8 au we
obtained a dispersion curve which matches not only
the two points in the visible, but also the point

measured at ls1056 nm within its statistical uncer-
tainty, while the fourth point at ls1319 nm lies
significantly above this curve. From this observation
we conclude that it is the latter point which has a
larger error than indicated by its statistical error bar.

Therefore, we suggest to exclude this point from a
fit and to change the extrapolated static limit g0

from 108"2 to 106.4"2 au. We note, that this
refined estimate for the static limit as well as the A
coefficient from the CCSD dispersion curve are
within the statistical uncertainties of the original fit.
The extrapolated estimate of 106.4"2 au for the
static hyperpolarizability is slightly smaller than the

Ž .results obtained in recent CCSD T rCCSDT calcula-
Ž . w xtions by Rice et al. 110"3 au 9 and Woon and

Ž .Dunning 109.4 au as estimated x-aug-pVQZ limit
w x13 . However, intensive basis set studies by Woon
and Dunning show that basis sets obtained from
triple or quadruple zeta basis sets by successive
augmentation with diffuse functions tend to overesti-
mate isotropic hyperpolarizabilities in correlated cal-
culations and a more accurate description of the
valence orbitals is needed to obtain results within
one or two percent of the respective basis set limit
result. To test the new extrapolation to the static

Ž .limit, we performed CCSD T finite difference calcu-
lations in the t-aug-cc-pV5Z basis set, used for the
CCSD response calculations. Correlating only the
eight valence electrons, we obtained a result of 107.7
au. If in the same basis set also the 1s electrons are
correlated, the result decreases to 107.2 au. The
inclusion of core correlation functions changes the
value for g to 107.1 au. Based on these calculations0

Ž .we expect that the CCSD T basis set limit for g is0

less than 107 au, in good agreement with the value
obtained from the extrapolation of the experimental
results using the CCSD dispersion curve.

4. Conclusions

We have calculated an accurate dispersion curve
for the second hyperpolarizability of the neon atom
using the CCSD cubic response approach and a large
one-particle basis set. From a comparison of the
CCSD dispersion curve with the results of recent
ESHG measurements we conclude that one of the
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points measured in the infrared region is less accu-
rate than its statistical uncertainty indicates. Combin-
ing the remaining three ESHG measurements with
the CCSD dispersion curve, we obtained a refined
extrapolation to the static limit of 106.4"2 au. This

Ž .estimate is corroborated by the result of a CCSD T
calculation using a large one-particle basis set and
including core correlation which gives a result of
107.1 au.

After completion of the manuscript we became
Ž .aware of a CCSD T -R12 benchmark finite field

w xcalculation by Muller et al. 22 for the static second¨
hyperpolarizability of neon. Using an uncontracted
Ž .21s15p9d8f basis set and correlating all electrons
they obtained g s 104.7 au which is expected to0

Ž .be close to the CCSD T basis set limit. This result is
in good agreement with our results and in particular
with the extrapolation of the experimental values
using the CCSD dispersion curve.
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