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Multiphoton transition moments and absorption cross sections
in coupled cluster response theory employing variational transition
moment functionals

Christof Hättig, Ove Christiansen, and Poul Jo”rgensen
Department of Chemistry, University of Aarhus, DK-8000 Aarhus C, Denmark

~Received 12 November 1997; accepted 19 February 1998!

Based on an analysis of the first residues of coupled cluster response functions we devise variational
functionals from which the transition moments forn-photon excitations can be calculated asnth
derivatives. Combining these functionals with variational perturbation theory, we obtain a new
approach for the derivation of multiphoton transition moments which allows us to utilize the full
strengths of variational perturbation theory without the roundabout way via residues of response
functions. Coupled cluster multiphoton transition moments derived by this approach are formally
equivalent to the one identified from the first residues of the ground state response functions. The
introduction of the variational functionals makes the mathematical structure of the transition
moments more transparent and provides an interpretation of intermediates in terms of responses of
excited state vectors and Lagrangian multipliers. 2n11 and 2n12 rules are formulated for the
transition moments and build the basis for a straightforward derivation of a computational efficient
formulation. The strength of the new approach is demonstrated by the derivation of three- and
four-photon transition moments. ©1998 American Institute of Physics.@S0021-9606~98!02520-3#
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I. INTRODUCTION

The advances of modern laser technology have in
last decades opened the possibility for exploring vario
types of multiphoton processes experimentally as high h
monic generation,1–3 multiphoton excitation~MPE!,4 multi-
photon ionization~MPI!,5,6 and above threshold ionizatio
~ATI !.7 Doppler free two-photon absorption~DFTPA!8 has
succesfully been used to study molecular structures
dynamics.9

The theoretical description of multiphoton processes
challenging task because it involves high-order response
the atoms or molecules to the time-dependent field of
laser light. One of the key properties in the understanding
the various nonlinear optical processes are the multipho
transition moments and absorption cross sections.10–12High-
order multiphoton transition moments have been calcula
for the hydrogen atom by Karule13 using a Sturmian expan
sion method and by Gao and Starace14 using Slater orbitals.
For many-electron systems calculations of high-order mu
photon transition moments have only been carried out at
dimentary levels of theory.15,16 Formal expressions for two
photon and three-photon transition moments us
multiconfigurational self-consistent field~MCSCF! response
theory have been derived by Olsen and Jo”rgensen17 and an
implementation of the two-photon transition moments h
been reported by Hettemaet al.18 An implementation of
MCSCF response theory for the three-photon transition m
ments has been reported very recently by Jonssonet al.19

The formal expressions for two-photon transition mome
for a coupled cluster wave function have been derived
Koch and Jo”rgensen,20 but an implementation was not re
ported.

For exact wave functions multiphoton transition m
8330021-9606/98/108(20)/8331/24/$15.00
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ments can be defined in several equivalent ways: For
ample, in terms of explicit sum-over-states expressions10,11

or by projection of the right hand sides of the ground st
response equations onto the excited state wave functio16

Alternatively they may be identified from the multiphoto
absorption cross sections which can be determined as
dues of the even order response functions.17 For approximate
wave functions the equivalence between the different defi
tions may or may not be valid, depending on the introduc
approximations. The standard approach forab initio methods
has been to identify the multiphoton transition mome
from the residues of the response functions.

Recent advances in response theory,21–26 initiated by the
introduction of quasienergy derivatives,22–28have now made
it possible to derive high-order response functions for n
variationalab initio methods in a mathematical simple an
transparent way as derivatives of a variational quasiene
Lagrangian. The derivation of computational efficient e
pressions, that employ the 2n11 and 2n12 rules of varia-
tional perturbation theory,26,29,30which some years ago was
difficult task has for that reason become a straightforw
exercise. Implementations of coupled cluster response fu
tions formulated as derivatives of a quasienergy Lagrang
have now been presented for the linear, quadratic,31 cubic,32

quartic and pentic response functions.33

In the present paper we adopt the formulation of coup
cluster response functions as quasienergy derivatives to
lyze the general structure of their first residues and to de
expressions for multiphoton transition moments. The ide
fication of the transition moments from the residues of
sponse functions leads in general to computational ineffic
expressions which require the solution of unneccessary h
order response equations. The solution of the latter equat
1 © 1998 American Institute of Physics
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can be circumvented bya posteriori reformulation of the
expressions identified from the residues using the so-ca
interchange technique.34 However, in higher order this be
comes soon a tedious approach. The appearance of the
neccessary high-order response intermediates in the ex
sions for the transition moments is a consequence of
route taken in the derivation. The 2n11 and 2n12 rules for
the quasienergy Lagrangian provide information about
maximum order of response intermediates needed to ca
late the response functions, but this information cannot
straightforwardly transferred to the residues and the tra
tion moments. In Sec. V we show that this shortcoming c
be resolved by introducing variational transition mome
functionals from whichn-photon transition moments can b
obtained asnth derivatives. We devise such transition m
ment functionals for coupled cluster response theory. T
transition moments obtained from these functionals are
mally equivalent to those identified from the residues of
response functions, but the 2n11 and 2n12 rules can be
applied directly to the expressions for then-photon transition
moments. The efficiency of a variational formulation for t
derivation of computational tractable expressions is exem
fied by the three- and four-photon transition moments.

II. SUMMARY OF COUPLED CLUSTER GROUND
STATE RESPONSE THEORY

We investigate in the following the response of a syst
described by the HamiltonianĤ (0) to a time-dependent one
electron perturbationV̂(t,e)

Ĥ~ t,e!5Ĥ ~0!1V̂~ t,e!. ~1!

It is assumed that the perturbation operatorV̂(t,e) can be
expanded in a sum over Fourier components as

V̂~ t,e!5(
j

ĤXj e j~v j ! e2 iv j t, ~2!

whereĤXj are Hermitian time-independent one-electron o
erators ande j (v j ) the associated field strengths for the fr
quenciesv j . We use the lettere without index as shorthand
notation for the set$e j% of all field strengths. To obtain a
Hermitian perturbation operator, we require that the sum
Eq. ~2! includes for each termĤXje j (v j )exp(2iv j t) also its
complex conjugateĤXje j (2v j )exp(ivjt) with e j (2v j )
5e j (v j )* . For the coupled cluster wave function we use
parametrization, where the oscillating phase factor cause
the so-called level-shift or time-dependent quasiene
W (t,e) is explicitly isolated:26,27,35

uCC~ t,e!&5expS 2 i E
t0

t

W ~ t8,e! dt8D exp~ T̂~ t,e!!uHF&,

~3!

T̂(t,e) is the field- and time-dependent cluster opera
T̂(t,e)5(mtm(t,e) t̂m . The cluster amplitudestm(t,e) are
expanded in the Fourier components of the applied pertu
tions and in orders of the perturbation strengths as:
d
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tm~ t,e!5tm
~0!1(

j
tm
Xj~v j ! e j~v j ! e2 iv j t

1
1

2(j
(

k
tm
XjXk~v j ,vk!

3e j~v j ! ek~vk! e2 i ~v j 1vk!t1¯

1
1

n!(j 1

¯(
j n

t
m

Xj 1
¯Xj n~v j 1

,¯,v j n
!

3 )
m51

n

e j m
~v j m

!e2 iv j m
t1¯. ~4!

Projecting the time-dependent Schro¨dinger equation

S Ĥ~ t,e!2 i
d

dtD uCC~ t,e!&50, ~5!

onto the Hartree-Fock reference and onto the bra st

^HFu t̂m
† exp„2T̂(t,e)… determines the quasienergy

W ~ t,e!5 K HFUS Ĥ~ t,e!2 i
d

dtDexp~ T̂~ t,e!!UHFL
5^HFuĤ~ t,e!exp~ T̂~ t,e!!uHF&, ~6!

and the time-dependent coupled cluster equations

^HFu t̂m
† exp~2T̂~ t,e!!Ĥ~ t,e!exp~ T̂~ t,e!!uHF&

2 i
d

dt
tm~ t,e!50. ~7!

The Hartree-Fock reference of the unperturbed molecul
used throughout. Orbital relaxation is therefore not trea
explicitly, but only approximately through the single excit
tion manifold of the cluster operator. By using nonrelax
orbitals we circumvent a two step approach which introdu
artifacts into the response functions such that, for exam
the pole structure is not compatible with the one of the ex
response function. Equation~7! may be written in the short-
hand form

em~ t,e!2 i
d

dt
tm~ t,e!50, ~8!

whereem(t,e) does not contain derivatives with respect
time. The quasienergy and the time-dependent equations
the coupled cluster methods CCS, CCSD and CCSDT
obtained by truncating the cluster operator after the sin
double or triple excitation level, respectively. The CC2 a
CC3 methods are defined by further approximations
em(t,e).24,25 A variational formulation of coupled cluster re
sponse theory is obtained by combining the quasienergy~6!
and the time-dependent coupled cluster equations~8! to a
quasienergy Lagrangian:

L~ t,e!5W ~ t,e!1(
m

t̄ mS em~ t,e!2 i
d

dt
tmD , ~9!

where t̄ m are the Lagrangian multipliers. The time-avera
of the quasienergy Lagrangian,
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$L~ t,e!%T5 lim
t0→`

1

2t0
E

2t0

1t0
L~ t,e! dt, ~10!

may now be introduced and required to be stationary w
respect to variations of the cluster amplitudes and the
grangian multipliers.26,27

d$L~ t,e!%T50. ~11!

If the perturbation and Fourier expansion of the cluster a
plitudes ~4! and an analogous expansion of the Lagrang
multipliers is inserted into Eq.~11!, this becomes a varia
tional condition for the individual Fourier components of t
amplitudes and the multipliers for each order of$L(t,e)%T in
the perturbation strengths:

d$L%T
X1¯Xn1m~v1 ,¯,vn1m!

d t̄ m
Xn11¯Xn1m~vn11 ,¯,vn1m!

50, ~12!

d$L%T
X1¯Xn1m~v1 ,¯,vn1m!

dtm
Xn11¯Xn1m~vn11 ,¯,vn1m!

50, ~13!

with

$L%T
X1¯Xn1m~v1 ,¯,vn1m!

5S dn1m$L~ t,e!%T

de1~v1!¯den1m~vn1m! D
e50

. ~14!

In order that$L%T
X1¯Xn1m(v1 ,¯,vn1m) is nonvanishing, the

Fourier components of the perturbations must compen
each other, i.e., the sumv11¯1vn1m must be zero. Equa
tions ~12! and ~13! determine the cluster amplitude
tm
X1¯Xn(v1 ,¯,vn) and the Lagrangian multiplier

t̄ m
X1¯Xn(v1 ,¯,vn). The response equations~12! and ~13!

may for n.0 be written in the form:

d$L%T
X1¯Xn1m~v1 ,¯,vn1m!

d t̄ Xn11¯Xn1m~vn11 ,¯,vn1m!

5jX1¯Xn~v1 ,¯,vn!1@A2~v11¯1vn!1#

3tX1¯Xn~v1 ,¯,vn!50, ~15!

and

d$L%T
X1¯Xn1m~v1 ,¯,vn1m!

dtXn11¯Xn1m~vn11 ,¯,vn1m!

5 j̄X1¯Xn~v1 ,¯,vn!1 t̄ X1¯Xn~v1 ,¯,vn!

3@A1~v11¯1vn!1#50, ~16!

wherejX1¯Xn andj̄X1¯Xn are the right hand side vectors fo
respectively, the amplitude and Lagrangian multiplier
sponse equations of ordern. The zeroth-order equations fo
the cluster amplitudes are the usual coupled cluster e
tions, e(0)50, and the zeroth-order equations for the L
grangian multipliers are

h~0!1 t̄ ~0! A50. ~17!
h
-

-
n

te

-

a-
-

The matrixA is the coupled cluster Jacobian for the unp
turbed molecule, defined as

Amn5S ]2L

] t̄m]tn
D

0

5S ]em

]tn
D

0

, ~18!

where the index 0 indicates that the derivative is taken
zero perturbation strengths. The vectorh (0) is defined as
derivative of the quasienergy with respect to the cluster a
plitudes:

hn
~0!5S ]W

]tn
D

0

. ~19!

For the first-order response equations the right hand side
tors are given by:

jA~vA!5jA, ~20!

j̄A~vA!5hA1F tA~vA!, ~21!

with jA, hA and F defined as second partial derivatives
the Lagrangian:

jm
A5S ]2L

]eA~vA!] t̄m
D

0

, ~22!

hm
A5S ]2L

]eA~vA!]tm
D

0

, ~23!

Fmn5S ]2L

]tm]tn
D

0

. ~24!

Open-ended expressions for the right hand side vectors
higher-order response equations are given in Appendix A
the response equations have been solved, the response
tions are obtained as derivatives of thereal part of the time-
averaged quasienergy:

^^X1 ;X2 ,¯,Xn&&v2 ,¯,vn

5S dn$~1/2! L~ t,e!1 ~1/2! L~ t,e!* %T

de1~v1!¯den~vn! D
0

5
1

2
Ĉ6v $L%T

X1 ,¯,Xn~v1 ,¯,vn!, ~25!

with the frequencyv152v2¯2vn assigned toX1. The
action of the symmetrizerĈ6v is defined as:

Ĉ6v f ~v1 ,¯,vn!5 f ~v1 ,¯,vn!1 f ~2v1 ,¯,2vn!* .
~26!

The coupled cluster response functions obtained from
~25! are, as the exact response functions, symmetric w
respect to permutation of the operatorsXi together with their
associated frequencies and with respect to inversion of
signs of all frequencies and simultaneous complex conju
tion. Equation~25! differs from the result of the earlies
derivations,36,37,20as we take the derivative of only the re
part of the quasienergy Lagrangian and not of the comp
quasienergy. For truncated or approximated coupled clu
models the time-dependent quasienergy and the quasien
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Lagrangian are in general complex. The imaginary part is
artefact of the projection principle Eq.~6!, used to determine
the coupled cluster quasienergy and vanishes in the limit
complete cluster expansion, i.e., in the full CI limit. We no
that this problem is not special for time- or frequenc
dependent perturbation theory: the standard definition of
coupled cluster energy becomes also complex in the p
ence of static magnetic fields.

According to the 2n11 rule for the amplitudes and th
2n12 rule for the Lagrangian multipliers one can calcula
from the first-order response amplitudes and multipliers
linear and the quadratic response functions:

^^A;B&&vB
5

1

2
Ĉ6vP̂ABH 1

2
F tA~vA! tB~vB!1hA tB~vB!J ,

~27!
^^A;B,C&&vB ,vC

5
1

2
Ĉ6vP̂ABCH 1

6
GtA~vA!tB~vB!tC~vC!

1
1

2
FAtB~vB!tC~vC!1

1

2
t̄ A~vA!BtB~vB!tC~vC!

1 t̄ A~vA!AB tC~vC!J , ~28!

with vA52vB for the linear andvA52(vB1vC) for the
quadratic response function. The operatorsP̂AB¯ symme-
trize with respect to the indicesA, B, etc. of the perturbation
operators and accompanied frequencies. The matricesG, B,
FA and AA are defined as partial third derivatives of th
Lagrangian:

Gmng5S ]3L

]tm]tn]tg
D

0

, ~29!

Bmng5S ]3L

] t̄m]tn]tg
D

0

, ~30!

Fmn
A 5S ]3L

]eA~vA!]tm]tn
D

0

, ~31!

Amn
A 5S ]3L

]eA~vA!] t̄m]tn
D

0

. ~32!

Open-ended expressions for higher-order response func
are given in Appendix B. If we go beyond quadratic respon
theory we need in addition to the second partial derivati
of the Lagrangian defined in Eqs.~18! and~22!–~24! and the
third partial derivatives defined in Eqs.~29!–~32! the fourth
partial derivatives
n

a

e
s-

e

ns
e
s

Hmngd5S ]4L

]tm]tn]tg]td
D

0

, ~33!

Cmngd5S ]4L

] t̄m]tn]tg]td
D

0

, ~34!

Bmng
A 5S ]4L

]eA~vA!] t̄m]tn]tg
D

0

, ~35!

and the fifth partial derivative

Dmngde5S ]5L

] t̄m]tn]tg]td]te
D

0

. ~36!

As long as we assume that the perturbation is described
one-electron operators aGA matrix defined analogously to
FA vanishs as do similarly definedHA, CA andDA matrices.
A fifth partial derivative of the Lagrangian with respect
the amplitudestm vanishs because the coupled cluster eq
tions are at most quartic in the amplitudes. For the sa
reason all sixth and higher partial derivatives of the Lagra
ian vanish also. In Eqs.~27! and~28! and in the following we
use a generalized notation for contractions of these matr
with vectorlike intermediates which implies the summati
convention t̄ AAtB5(mn t̄ m

AAmntn
B , FtAtB5(mnFmntm

Atn
B ,

t̄ ABtBtC5(mng t̄ m
ABmngtn

Btg
C , GtAtBtC5(mngGmngtm

Atn
Btg

C ,
etc. We note that the matricesF, G, andH are symmetric in
all their indices, while the matricesB, C, and D are only
symmetric in the second, third, fourth and fifth index. The
fore we indicate a contraction of the first index ofA, B, C, or
D with a vector by multiplication from the left side, in dif
ference to multiplication from the right side which means
contraction with one of the last indices.

III. MULTIPHOTON TRANSITION MOMENTS FROM
THE RESIDUES OF THE GROUND STATE
NONLINEAR RESPONSE FUNCTIONS

The response functions for an exact state have p
when either a single frequency or a sum of frequenc
equals an excitation energy of the unperturbed molecule.
corresponding first residues of the response functions
equal to products of~multi-! photon transition moments be
tween the ground state and an excited state. Different de
tions for n-photon transition moments are in use in t
literature,10–12,16differing mainly in alternating signs, a com
plex phase factor or in the incorporation of an amplitu
dependent prefactor.12 We adopt in the following the defini-
tion and notation used by Meath and Power,10 who defined
the n-photon transition moment from an initial statei to the
final statef as:
M f← i
X1¯Xn~v!5 P̂X1¯Xn(

l 1
(
l 2

¯(
l n21

m f l n21

Xn m l n21l n22

Xn21
¯m l 2l 1

X2 m l 1i
X1

@~n21!v2El n21i #¯@2v2El n22i #@v2El 1i #
, ~37!

wherem
l j l k

Xl j are the transition matrix elements of the operatorXl j
between the statesl j andl k . El j i

is the excitation energy from
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statei to statel j andv the photon frequency.P̂X1¯Xn is the symmetrization operator defined in the last section. In Eq.~37!
the frequencies were the same for all fields, but the expression for the multiphoton transition moments can straightf
be extended to a general polychromatic case:

M f← i
X1¯Xn~v2 ,¯,vn!5 P̂X1¯Xn(

l 1
(
l 2

¯(
l n21

m f l n21

Xn m l n21l n22

Xn21
¯m l 2l 1

X2 m l 1i
X1

@v11¯1vn212El n21i #¯@v11v22El 2i #@v12El 1i #
. ~38!

The n photon frequencies that appear in the expression for then-photon transition moment are not independent: their sum
restricted by a matching condition tov11¯1vn5Ef i . Equation~38! might be compared with the sum-over-states expr
sion for the~ground state! response function of ordern:38–40

^^X1 ;¯Xn&&v2 ,¯,vn
5 P̂X1¯Xn(

l 1
(
l 2

¯(
l n21

m0l n21

Xn m l n21l n22

Xn21
¯m l 2l 1

X2 m l 10
X1

@v11¯1vn212El n210#¯@v11v22El 20#@v12El 10#
, ~39!

where now the frequencies are restricted byv11v2¯1vn50. Similar to the response functions, the multiphoton transit
moments are symmetric with respect to permutations of the operatorsXi together with the accompanied frequenciesv i .
Response functions are also symmetric with respect to the inversion of the signs of the frequency arguments and sim
complex conjugation. The corresponding symmetry of the multiphoton transition moments is sligthly more complicate
are symmetric under sign inversion of the frequency arguments and simultaneous complex conjugation together
exchange of the state indecesi and f :

M f← i
X1¯Xn~v2 ,¯,vn!* 5 P̂X1¯Xn (

l 1¯ l n21

m i l 1

X1 m l 1l 2

X2
¯m l n22l n21

Xn21 m l n21f
Xn

@v12El 1i #@v11v22El 2i #¯@v11¯1vn212El n21i #
~40!

5 P̂X1¯Xn (
l 1¯ l n21

m i l 1

X1 m l 1l 2

X2
¯m l n22l n21

Xn21 m l n21f
Xn

@2v2¯2vn2El 1f #@2v3¯2vn2El 2f #¯@2vn2El n21f #
~41!

5 P̂X1¯Xn (
l 1¯ l n21

m i l 1

Xn m l 1l 2

Xn21
¯m l n22l n21

X2 m l n21f
X1

@2vn21¯2v12El 1f #@2vn22¯2v12El 2f #¯@2v12El n21f #
~42!

5Mi← f
X1¯Xn~2v2 ,¯,2vn!. ~43!

In Eq. ~41! we used the matching condition to rewritev1 asEf i2v2¯2vn and in Eq.~42! we employed the invariance o
the expression under permutation of the operatorsXi together with their accompanied frequenciesv i .

For exact states the sum-over-states expression~38! is equivalent to the transition matrix type expressions:14,16

M f← i
X1¯Xn~v2 ,¯,vn!5

1

~n21!!
P̂X1¯Xn^ f uHX1u i X2¯Xn~v2 ,¯,vn!&, ~44!

Mi← f
X1¯Xn~2v2 ,¯,2vn!5

1

~n21!!
P̂X1¯Xn^ i X2¯Xn~v2 ,¯,vn!uHX1u f &, ~45!

where i X2¯Xn(v2 ,¯,vn) is the response of ordern21 of the wave function for statei to the frequency-dependent field
X2,¯, Xn .

The relation between the residues of the response functions and the transition moments for multiphoton excitation
used to derive expressions for multiphoton transition moments for approximate wave functions.17,19,20,26Of particular interest
are the first residues of the response functions of order 2n which determine the absorption cross sections forn-photon
transitions from the ground state 0 to an excited statef :
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lim
v11¯1vn→v f

~v11¯1vn2v f !^^X1 ;X2 ,¯,X2n&&v2 ,¯,v2n

5 P̂X1¯Xn(
l 1

(
l 2

¯ (
l 2n21

lim
v11¯1vn→v f

~v11¯1vn2v f !

3
m0l 2n21

X2n
¯m l n11l n

Xn11 m l nl n21

Xn
¯m l 10

X1

@v11¯1v2n212El 2n210#¯@v11¯1vn2El n0#¯@v12El 10#
~46!

5
m0l 2n21

X2n
¯m l n11f

Xn11

@v11¯1v2n212El 2n210#¯@v11¯1vn112El n110#

m f l n21

Xn
¯m l 10

X1

@v11¯1vn212El n210#¯@v12El 10#
~47!

5
m0l 2n21

X2n
¯m l n11f

Xn11

@vn11¯1v2n212El 2n21f #¯@vn112El n11f #

m f l n21

Xn
¯m l 10

X1

@v1¯1vn212El n210#¯@v12El 10#
~48!

5M0← f
Xn11¯X2n~vn12 ,¯,v2n! M f←0

X1¯Xn~v2 ,¯,vn!. ~49!

Alternatively to Eq.~49! one can use its complex conjugate:

lim
vn111¯1v2n→2v f

~2vn11¯2v2n2v f !^^X1 ;X2 ,¯,X2n&&2v2 ,¯,2v2n

5M0← f
X1¯Xn~2v2 ,¯,2vn! M f←0

Xn11¯X2n~2vn12 ,¯,2v2n!. ~50!
ite

ra
r

et
io
r

on

o
er
th

o
re
on
v

en
o

al
ical
the

till
c-

n-
s,
ach
ght
zed

ngle
ei-

tate
.

al-
di-
ell

ver,
ot a
re-
alu-
In the following we will refer to M0← f
X1¯Xn(v2 ,¯,vn) as

‘‘left’’ and to M f←0
X1¯Xn(v2 ,¯,vn) as ‘‘right’’ n-photon

transition moments from the ground state 0 to the exc
statef .

For approximate methods the structure of Eq.~49! is
only retained if an orthonormal parametrization for the b
and the ket states is used and if the quasienergy remains
in the presence of a time-dependent perturbation. For m
ods in which the quasienergy is obtained from a project
type expression, as for the coupled cluster models, the
sponse functions have to be calculated as derivatives of
the real part of the quasienergy, as in Eq.~25!. The response
functions then consist of two terms which are derivatives
the quasienergy and of its complex conjugate and in gen
have poles at the same frequencies. Their residues can
only be compared with the symmetrized expression:

lim
v11¯1vn→v f

~v11¯1vn2v f !^^X1 ;X2 ,¯,X2n&&v2 ,¯,v2n

5
1

2
$M0← f

Xn11¯X2n~vn12 ,¯,v2n! M f←0
X1¯Xn~v2 ,¯,vn!

1~M0← f
X1¯Xn~2v2 ,¯,2vn!!*

3~M f←0
Xn11¯X2n~2vn12 ,¯,2v2n!!* %, ~51!

and left and right transition momentsM0← f
X1¯Xn(2v2 ,¯,

2vn) andM f←0
X1¯Xn(v2 ,¯,vn) can no longer be expected t

be each others complex conjugate. The structure of the
dues in Eq.~51! represents a straightforward generalizati
for response functions obtained from approximate wa
functions with a projection type expression for the quasi
ergy. A symmetrized biorthogonal structure in principle pr
d
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hibits the identification of unequivocally defined individu
transition moments, but all measurable quantities as opt
properties, absorption cross sections, etc., depend only on
product of left and right transition moments which can s
unambiguously be identified from residues with this stru
ture. Thus from a practical point of view, we may still ide
tify individual approximate left and right transition moment
but one has to keep in mind that they in general are not e
others complex conjugate and that products of left and ri
transition moments must be substituted by the symmetri
expression

1

2
$M0← f

Xn11¯X2n~vn12 ,¯,v2n! M f←0
X1¯Xn~v2 ,¯,vn!

1~M0← f
X1¯Xn~2v2 ,¯,2vn!!*

3~M f←0
Xn11¯X2n~2vn12 ,¯,2v2n!!* %. ~52!

The coupled cluster response functions have poles if a si
frequency or a sum of frequencies becomes equal to an
genvalue of the JacobianA defined in Eq.~18!. Therefore
one identifies the eigenvaluev f of A as approximation to the
excitation energy from the ground state to an excited s
f .20,41 This presupposes thatv f is real and positive definite
Since the coupled cluster JacobianA is a nonsymmetric ma-
trix it may in principle have complex eigenvalues. Eigenv
ues with a nonzero imaginary part are unphysical and in
cate that the ground or the excited state are not w
represented by the coupled cluster approximation. Howe
experience has shown that complex eigenvalues are n
problem in practical calculations and coupled cluster
sponse theory has in numerous applications proven a v
able method for the calculation of excitation energies.42–45
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The inverse of the JacobianA plays in coupled cluster re
sponse theory the same role as the resolvent in exact
response theory. The nonsymmetric Jacobian may be di
nalized with a biorthonormal set of left and right eigenve
tors Ēf andEf :

ĒfA Ef5v f , ĒiEf5d i f . ~53!

Expressed in terms of the left and right eigenvectors
coupled cluster resolvent and its residues can be written
spectral representation as

Rnm~v!5@2~A2v1!#nm
215(

m
En

m 1

v2vm
Ēm

m , ~54!

and

Rnm
f 5 lim

v→v f

~v2v f !@2~A2v1!#nm
215En

f Ēm
f . ~55!

As in exact state response theory we may identify the r
dues of the resolvent as projection operators for the exc
statesf andĒf andEf as representation of the accompani
bra and ket states in the parameter space of the coupled
ter wave function. For the derivation of the transition m
ments it is convenient to introduce the alternative notat
Ēf(2v f) andEf(v f) for the excited state vectors, where th
left excited state vectors have been associated with minus
excitation energies and the right excited state vectors w
plus the excitation energies. The reason for the choice of
signs forv f will become apparent in Sec. IV.

The biorthonormality constraints define the eigenvect
of the coupled cluster Jacobian only up to a set of rela
scaling factors. One has still the freedom to scale the r
eigenvectors by a set of arbitrary nonzero factors, if at
same time the corresponding left eigenvectors are scale
the inverse factors. Consequently the coupled cluster tra
tion moments are also only defined up to these relative s
ing factors. However, this is not a defect of the theory b
cause, as has already been pointed out, it is not the trans
moment that is the physical observable but the absorp
cross section. The latter property is obtained as produc
left and right transition moments and is thus invariant w
respect to a relative scaling of the left and right eigenvect

In the following sections we show how in coupled clu
ter response theory the expressions for multiphoton trans
moments can be identified from the residues of the respo
functions of order 2n and demonstrate how then the inte
change technique can be employed to reformulate the
pressions such that they fulfill 2n11 and 2n12 rules,
wheren is the photon number of the transition moment.
course, in high order this approach would become tedi
and lengthy. Our goal, however, is to derive the transit
moments as derivatives of variational functionals which
low to apply the complete apparatus of variational pertur
tion theory, including the 2n11 and 2n12 rules, and make
the mathematical structure more apparent. The variatio
functionals will be derived in Sec. V, after the neccess
prerequisites have been introduced.
ate
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A. One-photon transition moments from the linear
response function

In Sec. II the linear response function has been obtai
as

^^A;B&&v5
1

2
Ĉ6vP̂ABH S hA1

1

2
FtA~2v! D tB~v!J .

~56!

The real eigenvalues of the JacobianA are usually positive
definite andtA(v), tB(v) have only poles forv.0, while
tA(2v) and tB(2v) have poles forv,0. Therefore one
obtains for the residue that determines the one-photon
sorption cross section:

lim
v→v f

~v2v f !^^A;B&&v

5
1

2
$~hA1FtA~2v f !! lim

v→v f

~v2v f !t
B~v!

1~hB1FtB~2v f !!* lim
v→v f

~v2v f !t
A~v!* % ~57!

5
1

2
$ j̄A~2v f !@2 lim

v→v f

~v2v f !~A2v1!21#jB

1 j̄B~2v f !* @2 lim
v→v f

~v2v f !~A2v1!21#* jA* %.
~58!

Using the residue of the resolventRf we obtain for the resi-
due of the linear response function:

lim
v→v f

~v2v f !^^A;B&&v

5
1

2
$ j̄A~2v f !R

fjB1 j̄B~2v f !* Rf* jA* % ~59!

5
1

2
$~ j̄A~2v f !E

f~v f !!~Ēf~2v f !j
B!

1~ j̄B~2v f !E
f~v f !!* ~Ēf~2v f !j

A!* %. ~60!

From the last equation one identifies the one-photon tra
tion strengths:

SA,B
0 f 5

1

2
$M0← f

A M f←0
B 1~M0← f

B M f←0
A !* %, ~61!

with the one-photon transition moments:

M0← f
A 5 j̄A~2v f !E

f~v f !, ~62!

M f←0
A 5Ēf~2v f !j

A. ~63!

The computation of left transition momentsM0← f
A from the

right hand side vectorsj̄A(2v f) would require the solution
of a set of first-order response equations fortA(2v f). This
can be avoided if one solves instead the additional zer
order equation

M̄ f~v f !~A1v f1!52FEf~v f !, ~64!

which can be used to rewrite Eq.~62! as:
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M0← f
A 5~hA1FtA~2v f !!Ef~v f !

5hAEf~v f !1M̄ f~v f !j
A. ~65!

Equation ~64! is considered to be a zeroth-order respon
equation since it is independent of perturbation operat
One can interpret the intermediatesM̄ f(v f) as a type of La-
grangian multipliers. This will become apparent in the var
tional formulation derived in Sec. V, which will also allow
us to derive general equations forM̄ f(v f) and its response
~see Appendix D!.

B. Two-photon transition moments from the cubic
response function

The coupled cluster cubic response function was deri
in Ref. 32 as

^^A;B,C,D&&vB ,vC ,vD

5
1

2
Ĉ6vP̂ABCDH 1

4 S hCD1
1

2
FtCDD tAB1

1

4!
HtAtBtCtD

1
1

6
t̄ ACtBtCtD1

1

2
t̄ ABBtCtDJ , ~66!

where the vectorhCD5 j̄CD2FtCD was introduced to sepa
rate the contributions of the second-order response am
e
s.

-

d

li-

tudes. For notational convenience the frequency-depend
of the response vectors has been suppressed in Eq.~66! im-
plying that tA5tA(vA), t̄ B5 t̄ B(vB), etc. The right hand
side vectors for the second-order response equations fo
cluster amplitudes and Lagrangian multipliers are~cf. Ap-
pendix A!:

jAB~vA ,vB!5 P̂ABH 1

2
BtA~vA!tB~vB!1AAtB~vB!J

~67!

j̄AB~vA ,vB!5FtAB~vA ,vB!

1 P̂ABH 1

2
GtA~vA!tB~vB!1FAtB~vB!

1 t̄ B~vB!BtA~vA!1 t̄ B~vB!AAJ . ~68!

The two-photon absorption cross section is determined
the residue of the cubic response function at (vA1vB)
→v f . Resolvents depending on the frequency (vA1vB)
occur only in the second-order response amplitu
tAB(vA ,vB) and tCD(2vC ,2vD), thus this residue is ob
tained as
round
r
d with a

f the
lim
vA1vB→v f

~vA1vB2v f !^^A;B,C,D&&vB ,vC ,vD
5 lim

vA1vB→v f

~vA1vB2v f !
1

2
$~hCD~vC ,vD!1FtCD~vC ,vD!!tAB~vA ,vB!

1~hAB~2vA ,2vB!1FtAB~2vA ,2vB!!* tCD~2vC ,2vD!* % ~69!

5
1

2
$~ j̄CD~2v f2vD ,vD!Ef~v f !!~Ēf~2v f !j

AB~v f2vB ,vB!!

1~ j̄AB~2v f1vB ,2vB!Ef~v f !!* ~Ēf~2v f !j
CD~v f1vD ,2vD!!* %.

~70!

From the last equation we identify the two-photon transition strength as

SAB,CD
0 f ~v!5

1

2
$M0← f

AB ~2v!M f←0
CD ~v!2~M0← f

CD ~2v!M f←0
AB ~v!!* %, ~71!

with the two-photon transition moments:

M0← f
AB ~vB!5 j̄AB~2v f2vB ,vB!Ef~v f !, ~72!

M f←0
AB ~vB!5Ēf~2v f !j

AB~v f2vB ,vB!. ~73!

Using the interchange technique, the expression forM0← f
AB (vB) can be rewritten as

M0← f
AB ~vB!5hAB~2v f2vB ,vB!Ef~v f !1M̄ f~v f !j

AB~2v f2vB ,vB!. ~74!

The formulation of Eq.~74! requires a minimal number of response equations to be solved. But in difference to the g
state linear response function the second-order transition properties in the formulation of Eq.~74! require also the first-orde
ground state Lagrangian multipliers. Using the interchange technique, one can obtain a formulation that is in accor
2n11 rule for the ground state cluster amplitudes and the excited state vectors and a 2n12 rule for the ground state
Lagrangian multipliers, where 2n11/2n12 refers to the order of the transition moment rather than to the order o
response function from which is was derived:
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M0← f
AB ~vB!5@GtA~2v f2vB!tB~vB!1FAtB~vB!1FBtA~2v f2vB!#Ef~v f !1M̄ f~v f !j

AB~2v f2vB ,vB!

1 t̄ A~2v f2vB!@BtB~vB!1AB#Ef~v f !1 t̄ B~vB!@BtA~2v f2vB!1AA#Ef~v f ! ~75!

5@GtA~2v f2vB!tB~vB!1FAtB~vB!1FBtA~2v f2vB!#Ef~v f !1M̄ f~v f !j
AB~2v f2vB ,vB!

1 j̄A~2v f2vB! Ef B~v f ,vB!1 j̄B~vB! Ef A~v f ,2v f2vB!. ~76!
ht
e-

e ed

c-
The vectorsEf A, Ef B are the first-order response of the rig
eigenvectorEf , obtained in an irregular, i.e., not phas
isolated, response expansion for the excited state vectors~see
Sec. IV!. They are obtained as solutions of the first-ord
equations:

~A2~v f1v!1! Ef A~v f ,v!52~BtA~v!1AA!Ef~v f !.

~77!
r

C. Three-photon transition moments from the pentic
response function

The three-photon transition moments can be identifi
from the residue of the pentic response function for (vA

1vB1vC)→v f . The coupled cluster pentic response fun
tion is ~cf. Appendix B!
er
^^A;B,C,D,E,F&&vB ,vC ,vD ,vE ,vF
5

1

2
Ĉ6vP̂ABCDEFH 1

36S hABC1
1

2
FtABCD tDEF1

1

48
GtABtCDtEF1

1

16
t̄ ABBtCDtEF

1
1

16
HtABtCDtEtF1

1

8
t̄ ABCtCDtEtF1

1

8
t̄ ACtBCtDEtF1

1

4
t̄ ABBCtDEtF

1
1

8
t̄ ABCtBDtEF1

1

48
t̄ ABDtCtDtEtF1

1

12
t̄ ADtBCtDtEtFJ , ~78!

where similar as in second orderhABC is defined asj̄ABC2FtABC and j̄ABC is the right hand side vector for the third-ord
response equation for the Lagrangian multipliers:

j̄ABC~vA ,vB ,vC!5 P̂ABCH 1

6
HtA~vA!tB~vB!tC~vC!1

1

2
GtAB~vA ,vB!tC~vC!1

1

2
FAtBC~vB ,vC!

1
1

6
FtABC~vA ,vB ,vC!1

1

2
t̄ BC~vB ,vC!AA1

1

2
t̄ A~vA!CtB~vB!tC~vC!1 t̄ B~vB!BCtA~vA!

1
1

2
t̄ AB~vA ,vB!BtC~vC!1

1

2
t̄ A~vA!BtBC~vB ,vC!J . ~79!

The right hand side vector for the third-order response equation for the coupled cluster amplitudes is

jABC~vA ,vB ,vC!5 P̂ABCH 1

6
CtA~vA!tB~vB!tC~vC!1

1

2
BAtB~vB!tC~vC!

1
1

2
BtAB~vA ,vB!tC~vC!1

1

2
AAtBC~vB ,vC!J . ~80!

Resolvents that depend on the frequencyvA1vB1vC occur only in the third-order response vectorstABC(vA ,vB ,vC) and
tDEF(2vD ,2vE ,2vF). Consequently we obtain for the three-photon absorption cross section:
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lim
vA1vB1vC→v f

~vA1vB1vC2v f !^^A;B,C,D,E,F&&vB ,vC ,vD ,vE ,vF

5
1

2
$~hDEF~vD ,vE ,vF!1FtDEF~vD ,vE ,vF!!RfjABC~vA ,vB ,vC!1~hABC~2vA ,2vB ,2vC

1FtABC~2vA ,2vB ,2vC!)* Rf* jDEF~2vD ,2vE ,2v f !* % ~81!

5
1

2
$ ~ j̄DEF~vD ,vE ,vF!Ef~v f !! ~Ēf~2v f !j

ABC~vA ,vB ,vC!!1~ j̄ABC~2vA ,2vB ,2vC!Ef~v f !!*

3~Ēf~2v f !j
DEF~2vD ,2vE ,2v f !!* %, ~82!

where in the last two equationsvA5v f2vB2vC andvD52v f2vE2vF . From Eq.~82! one identifies the three-photo
transition strength as

SABC,DEF
0 f ~v1 ,v2!5

1

2
$M0← f

ABF~2v1 ,2v2!M f←0
DEF~v1 ,v2!2~M0← f

DEF~2v1 ,2v2!M f←0
ABD~v1 ,v2!!* %, ~83!

with the three-photon transition moments:

M0← f
ABC~vB ,vC!5 j̄ABC~2v f2vB2vC ,vB ,vC!Ef~v f !, ~84!

M f←0
ABC~vB ,vC!5Ēf~2v f !j

ABC~v f2vB2vC ,vB ,vC!. ~85!

If the interchange technique is used to eliminate the third- and second-order response amplitudes and Lagrangian m
in the expressions forM0← f

ABC(vB ,vC) one obtains:

M0← f
ABC~vB ,vC!5 P̂ABCH F1

6
HtA~vA!tB~vB!tC~vC!1

1

2
t̄ A~vA!CtB~vB!tC~vC!1 t̄ B~vB!BCtA~vA!GEf~v f !1M̄ f~v f !

3F1

6
CtA~vA!tB~vB!tC~vC!1

1

2
BAtB~vB!tC~vC!G1F1

2
GtB~vB!tC~vC!1FBtC~vC!1 t̄ B~vB!BtC~vC!

1 t̄ C~vC!ABGEf A~v f ,vA!1
1

2
@GtA~vA!Ef~v f !1 t̄ A~vA!BEf~v f !1FEf A~v f ,vA!1FAEf~v f !

1M̄ f~v f !BtA~vA!1M̄ f~v f !A
A#tBC~vB ,vC!J ~86!

5 P̂ABCH 1

6
HtA~vA!tB~vB!tC~vC!Ef~v f !1 t̄ A~vA!F1

2
CtB~vB!tC~vC!1BCtB~vB!GEf~v f !1M̄ f~v f !

3F1

6
CtB~vB!tC~vC!1

1

2
BCtB~vB!G tA~vA!1

1

2
hBC~vB ,vC!Ef A~v f ,vA!

1
1

2
M̄ f A~v f ,vA!jBC~vB ,vC!J . ~87!

The first-order Lagrangian multipliersM̄ f A are obtained from the response equation~see Sec. V A!:

M̄ f A~v f ,v!~A1~v f1v!1!52~G tA~v! Ef~v f !1 t̄ A~v! B Ef~v f !1FA Ef~v f !1F Ef A~v f ,v!1M̄ f~v f ! B tA~vA!

1M̄ f~v f ! AA!. ~88!

In a similar way the second-order amplitudes can be eliminated from the expression for the right form of the three
transition matrix elementM f←0

ABC(vB ,vC):
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M f←0
ABC~vB ,vC!5 P̂ABCH Ēf~2v f !S 1

6
CtA~vA!tB~vB!tC~vC!1

1

2
BAtB~vB!tC~vC! D

1
1

2
~Ēf~2v f !BtA~vA!1Ēf~2v f !A

A!tBC~vB ,vC!J ~89!

5 P̂ABCH Ēf~2v f !S 1

6
CtA~vA!tB~vB!tC~vC!1

1

2
BAtB~vB!tC~vC! D

1Ēf A~2v f ,vA!S 1

2
BtB~vB!tC~vC!1ABtC~vC! D J . ~90!
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The vectorsĒf A represent the first-order response of the l
excited state eigenvectors in an irregular, non-phase-isol
response expansion~cf. Sec. IV!. They are obtained from the
first-order response equations:

Ēf A~2v f ,v!~A1~v2v f !1!

52~Ēf~2v f !BtA~v!1Ēf~2v f !A
A!. ~91!

D. The general case: n-photon transition moments
from the response function of order 2 n

To derive an open-ended formula for the coupled clus
n-photon transition moments, we consider the response fu
tions of order 2n and their functional dependence on t
response of the amplitudes and Lagrangian multipliers
ordern. First we note that one of the many equivalent var
tional conditions for the determination of the multipliers
ordern is given by~cf. Eq. 16, see also Appendix A!:

d$L%T
X1¯X2n

dtXn11¯X2n~vn11 ,¯,v2n!

5
d

dtXn11¯X2n~vn11 ,¯,v2n!

3H ]2nL

deX1
~v1!¯deX2n

~v2n! J
T

~92!

5 j̄X1¯Xn~v1 ,¯,vn!1 t̄ X1¯Xn~v1 ,¯,vn!

3~A1~v11¯1vn!1!

50. ~93!
t
ed

r
c-

f
-

Similarly, one of the many equivalent variational conditio
for the response of the amplitudes of ordern is obtained
from

d$L%T
X1¯X2n

dt̄X1¯Xn~v1 ,¯,vn!

5
]

dt̄X1¯Xn~v1 ,¯,vn! H ]2nL

deX1
~v1!¯deX2n

~v2n! J
T

~94!

5~A2~vn11¯1v2n!1!tXn11¯X2n~vn11 ,¯,v2n!

1jXn11¯X2n~vn11 ,¯,v2n!50. ~95!

Analogous equations hold for all permutations of the ope
tors X1,¯,X2n together with their associated frequenci
v1 ,¯,v2n . The right hand side vectors for the cluster am
plitude response equationsjX1¯Xn are independent of re
sponse vectors of ordern, and the right hand side vector

j̄X1¯Xn can be written ashX1¯Xn1FtX1¯Xn ~see Appendix
A!, wherehX1¯Xn is also independent of response vectors
ordern. Thus the time-averaged Lagrangian of order 2n can,
before the 2n11 and 2n12 rules have been applied, b
written in the form
$L%T
X1¯X2n5L

,

X1¯X2n1L
.

X1¯X2n1
1

n!n!
P̂X1¯X2n3H S hX1¯Xn~v1 ,¯,vn!1

1

2
FtX1¯Xn~v1 ,¯,vn! D

3tXn11¯X2n~vn11 ,¯,v2n!1 t̄ X1¯Xn~v1 ,¯,vn!~A1~v11¯1vn!1!

3tXn11¯X2n~vn11 ,¯,v2n!1 t̄ X1¯Xn~v1 ,¯,vn!jXn11¯X2n~vn11 ,¯,v2n!J , ~96!

where we collected inL
,

X1¯X2n all terms that depend only on response amplitudes and multipliers up to ordern21 and
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L
.

X1¯X2n is the sum of all terms that depend on response amplitudes and multipliers of ordersm.n. Both, L
,

X1¯X2n and

L
.

X1¯X2n are independent of the amplitudes and multipliers of ordern. The terms collected inL
.

X1¯X2n vanish due to the 2n11
rule for the amplitudes and the multipliers and the varitional condition~94! can be used to eliminate the terms proportional
the response multipliers of ordern. One obtains for the response function of order 2n then the expression:

^^X1 ;X2 ,¯,X2n&&v2 ,¯,v2n
5

1

2
Ĉ6vH L

,

X1¯X2n1
1

n!n!
P̂X1¯X2nS hX1¯Xn~v1 ,¯,vn!1

1

2
FtX1¯Xn~v1 ,¯,vn! D

3tXn11¯X2n~vn11 ,¯,v2n!J . ~97!

If one now takes the residue forv11¯1vn→v f , only the second term can contribute since all the terms collecte
L

,

X1¯X2n do not contain a resolvent that depends on the frequency sumv11¯1vn . From the second term we obtain:

lim
v11¯1vn→v f

~v11¯1vn2v f !^^X1 ;X2 ,¯,X2n&&v2 ,¯,v2n

5
1

2
j̄Xn11¯X2n~vn11 ,vn12 ,¯,v2n! Rf jX1¯Xn~v1 ,v2 ,¯,vn!

1
1

2
~ j̄X1¯Xn~2v1 ,2v2 ,¯,2vn! Rf jXn11¯X2n~2vn11 ,2vn12¯,2vn!!* ~98!

5
1

2
~ j̄Xn11¯X2n~vn11 ,vn12 ,¯,v2n!Ef~v f !! ~Ēf~2v f !j

X1¯Xn~v1 ,v2 ,¯,vn!!

1
1

2
~ j̄X1¯Xn~2v1 ,2v2 ,¯,2vn!Ef~v f !!* ~Ef̄~2v f !j

Xn11¯X2n~2vn11 ,2vn12 ,¯,2vn!!* , ~99!
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where in the last two equationsv15v f2v2¯2vn and
vn1152v f2vn12¯2v2n . Thus we get for the ‘‘left’’
and ‘‘right’’ n-photon transition moments withn.0 the
general expressions:

M0← f
~n! ~v2 ,¯,vn!5 j̄ ~n!~v1 ,v2 ,¯,vn!Ef~v f !,

v152v f2v2¯2vn , ~100!

M f←0
~n! ~v2 ,¯,vn!5Ēf~2v f !j

~n!~v1 ,v2 ,¯,vn!,

v15v f2v2¯2vn . ~101!

If we include the excitation frequencyv f , we get, as for
response functions, the rule that the frequencies in the
pressions for the transition moments add up to zero. F
Eqs. ~100! and ~101! it follows that the right and left ap-
proximations to the multiphoton transition moments are
lated in a simple way to the residues of the response am
tudes and the Lagrangian multipliers:

lim
v11¯1vn→v f

~v11¯1vn2v f !t
~n!~1v1 ,¯,1vn!

5Ef~v f !M f←0
~n! ~v2 ,¯,vn!, ~102!

lim
v11¯1vn→v f

~v11¯1vn2v f ! t̄ ~n!~2v1 ,¯,2vn!

5M0← f
~n! ~2v2 ,¯,2vn!Ēf~2v f !. ~103!

The Eqs.~100! and ~101! can also be compared with th
expressions of then-photon transition moments for ex
x-
m

-
li-

act states, ~44! and ~45!: ~1/(n21!!!PX1¯XnHX1u
i X2¯Xn(v2 ,¯,vn)& is identical to the right hand side vecto
for the nth-order response equation for the exact state w
function.14,16,27

According to Eqs.~100! and ~101!, then-photon transi-
tion moments could be calculated as simple scalar prod
once the eigenvectors and the right hand side vectors for
response equations of ordern are available. But from a com
putational point of view this would lead to an inefficien
implementation, as the calculation of the right hand side v
tors of ordern requires the solution of the response equatio
for t (n21), t̄ (n21) and t (n). The most convenient way to ob
tain computational efficient expressions which require o
the solution of a minimal set of response equations is
derive multiphoton transition moments as derivatives
variational functionals.

IV. THE RESPONSE OF THE EXCITED STATE
VECTORS TO TIME-DEPENDENT PERTURBATIONS

Before we are going to derive in Sec. V such variation
functionals for the multiphoton transition moments betwe
the ground state and an excited state, we will take a clo
look on the response of the left and right excited state vec
to a time-dependent perturbation. In Sec. III the excited s
vectors have been defined for the unperturbed system a
left and right eigenvectors of the JacobianA, normalized
such that they form a biorthonormal basisĒiEf5d i f . For a
time-dependent ansatz the eigenvalue equations must be
eralized to time-dependent differential equations or to
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time-dependent variation principle and a time-depend
parametrization must be chosen for the excited state vec
such that for the unperturbed system the time-depen
left and right excited state vectors become equal
Ēf~2v f)exp(1ivft) and Ef(v f)exp(2ivft), respectively.
Several perturbation expansions of the excited states w
be conceivable, differing mainly in the normalization and
the incorporation of a quasienergy-dependent phase fa
In the following we will study an expansion that is on
phase-isolated with respect to the ground state quasiene
but not with respect to the quasienergy difference betw
the ground state and the excited state. We choose this ex
sion because it is most closely related to the express
identified from the residues and leads immediately to
Eqs.~77! and ~91!.

A parametrization of the excited state vectors that is
phase-isolated with respect to the quasienergy difference
tween the ground and excited state is obtained by the an

Ef~ t,e!5Ef~v f !e
2 iv f t

1(
j

e j~v j ! Ef Xj~v f ,v j ! e2 i ~v j 1v f !t1¯,

~104!

Ēf~ t,e!5Ēf~2v f !e
1 iv f t

1(
j

e j~v j ! Ēf Xj~2v f ,v j ! e2 i ~v j 2v f !t1¯.

~105!

The time-dependent excited state vectors are determ
from a time-dependent variation principle analogous to
symmetrized Frenkel variation principle in the form of Lan
hoff, Epstein and Karplus:27

dES Ēf~ t,e!FA~ t,e!2 i
d

dtGEf~ t,e! D
1 i

d

dt
~Ēf~ t,e!dEEf~ t,e!!50, ~106!

wheredE denotes variations with respect to the variables
the excited vectors, i.e., the coefficients of the Fourier co
ponents of the left and right excited state vectors. If we ta
the time-average of Eq.~106!, the second term vanishes, b
cause we assumed thatĒf(t,e) and Ef(t,e) are ~quasi-!
periodic functions of the time:

dEH Ēf~ t,e!FA~ t,e!2 i
d

dtGEf~ t,e!J
T

50. ~107!

Alternatively, Eq.~106! can be rewritten as

~dĒf~ t,e!!FA~ t,e!2 i
d

dtGEf~ t,e!

1S Ēf~ t,e!A~ t,e!1 i
dĒf~ t,e!

dt
D dEf~ t,e!50. ~108!
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Because the variations of the left and the right excited s
vectors,dĒf(t,e) and dEf(t,e), are independent, Eq.~108!
gives two independent time-dependent differential equatio

FA~ t,e!2 i
d

dtGEf~ t,e!50, ~109!

Ēf~ t,e!A~ t,e!1 i
dĒf~ t,e!

dt
50. ~110!

Thus in a time-dependent approach the static eigenv
equations become effective time-dependent Schro¨dinger
equations for the excited state vectors. The time- and fie
dependent Jacobian is defined as the derivative

A~ t,e!mn5
d em~ t,e!

dtn
. ~111!

Its expansion in Fourier components and the strengths of
external fields is up to second order given by:

A~ t,e!5A1(
j

e j~v j ! e2 i ~v j !t@BtXj~v j !1AXj #

1
1

2 (
jk

e j~v j ! ek~vk! e2 i ~v j 1vk!t

3@CtXj~v j !t
Xk~vk!1BtXjXk~v j ,vk!

1BXj tXk~vk!1BXktXj~v j !#1¯. ~112!

Introducing the expansion~112! and the ansatz for the righ
excited state vectors~104! into Eq. ~109! one obtains the
usual right eigenvector equations

~A2v f1! Ef~v f !50, ~113!

and the first- and second-order response equations:

~A2~v f1vA!1! Ef A~v f ,vA!

52@BtA~vA!1AA# Ef~v f !, ~114!

~A2~v f1vA1vB!1! Ef AB~v f ,vA ,vB!

52 P̂ABH F1

2
CtA~vA!tB~vB!1

1

2
BtAB~vA ,vB!

1BAtB~vB!GEf~v f !1@BtA~vA!1AA#

3Ef B~v f ,vB!J . ~115!

For the left excited state vectors one obtains in the same
the left eigenvector equations

Ēf~2v f ! ~A2v f1!50, ~116!

and the first- and second-order response equations:

Ēf A~2v f ,vA! ~A1~vA2v f !1!

52Ēf~2v f ! @BtA~vA!1AA#, ~117!
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Ēf AB~2v f ,vA ,vB! ~A1~vA1vB2v f !1!

52 P̂ABH Ēf~2v f !F1

2
CtA~vA!tB~vB!1

1

2
BtAB~vA ,vB!

1BAtB~vB!G1Ēf B~2v f ,vB!@BtA~vA!1AA#J . ~118!

The excited states response equations have in genera
form:

~A2~v f1v11¯ !1!Ef X1¯~v f ,v1 ,¯ !

52j f X1¯~v f ,v1 ,¯ !, ~119!

Ēf X1¯~2v f ,v1 ,¯ !~A1~2v f1v11¯ !1!

52 j̄ f X1¯~2v f ,v1 ,¯ !. ~120!

Expressions for the right hand side vectorsj f X1¯Xn and
j̄ f X1¯Xn are given in Appendix C.

The derivation of the foregoing response expansion
lowed closely what for exact states is known as the Di
variation-of-constant method,27,46–48adopted for the specia
case of periodic perturbations and a biorthonormal par
etrization. Thereby, the responses of the excited state ve
satisfy for ordern.0 the normalization conditions

P̂X1¯Xn(
k50

n
1

k! ~n2k!!
Ēf X1¯Xk~2v f ,v1 ,¯,vk!

3Ef Xk11¯Xn~v f ,vk11 ,¯,vn!50. ~121!

Thus if the unperturbed eigenvectors are normalized
Ēf(2v f)E

f(v f)51, this normalization is retained by th
time-dependent vectorsĒf(t,e), Ef(t,e) in the presence o
an oscillating perturbation order by order.

The coefficient matrices (A2(v f6v16¯6vn)1) con-
tain the eigenvaluev f of A in the constant added to th
diagonal while the right hand side vectors are in general
orthogonal to the unperturbed statef . Thus the coefficient
matrices become irregular in the limit ofv11¯1vn→0
and the response equations~119! and ~120! have then no
solution. In practice this means that the response vectors
diverge if a single frequency or a sum of frequencies
comes zero. These divergencies are a consequence o
so-called secular terms that appear in the perturbation ex
sion of the non-phase-isolated excited state vectors simila
the secular terms encountered in a perturbation expansio
the non-phase-isolated exact state wave function.27 The pa-
rametrization~104! and~105! is phase-isolated only with re
spect to the ground state quasienergy via the phase-iso
parametrization for the ground state wave function. T
secular terms describe an overall time-dependent ph
factor which arises from a shift in the difference between
ground-state and the excited state quasienergies. One
avoid these singlularities by a completely phase-isolated
turbation expansion for the excited state vectors. Howe
since the expressions for the transition moments are m
closely related to a non-phase-isolated expansion, we wi
the
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the following only consider the foregoing expansion. A com
pletely phase-isolated expansion for the excited state vec
will be discussed in a forthcoming publication on excit
state nonlinear optical properties.49

V. VARIATIONAL FORMULATION

The derivation of multiphoton transition moments fro
the residues of the ground state response functions, as
scribed in Sec. III, is in principle straightforward, but has t
disadvantage that computationally efficient expressions
only obtained after rather ‘‘hand-made’’ algebraic reform
lations using the interchange rule. Such an approach is d
cult to generalize and becomes in higher order very tedi
and error prone. Thus it would certainly be advantageou
one could instead derive these expressions as derivatives
variational functional.

A. The Lagrangian for the left transition moments

To find such a variational functional for the left trans
tion moments between the ground state and an excited
we use a two step approach: First we show that the
n-photon transition moments are thenth derivatives of a
function. Then we complement this function to a variation
Lagrangian. We start from the expression for the left tran
tion moments derived in Sec. III:

M0← f
X1¯Xn~v2 ,¯,vn!5 j̄X1¯Xn~v1 ,v2 ,¯,vn! Ef~v f !,

v152v f2v2¯2vn . ~122!

The vectorsj̄X1¯Xm(v1 ,v2 ,¯,vm) are the right hand side
vectors for the response equations of the ground state
grangian multiplierst̄ X1¯Xm(v1 ,v2 ,¯,vm). Thus we can
arbitrarly add toM0← f

X1¯Xn terms of the form

$ j̄X1¯Xm~v1 ,v2 ,¯,vm!

1 t̄ X1¯Xm~v1 ,v2 ,¯,vm!~A1~v1¯1vm!1!%

3Ef Xm11¯Xn~v f ,vm11 ,¯,vn!50, ~123!

without changing the value of the transition moment. T
vectorEf is an eigenvector of the JacobianA with the eigen-
valuev f . This allows us to add toM0← f

X1¯Xn also the term

lim
v11¯1vn→2v f

t̄ X1¯Xn~v1 ,v2 ,¯,vn!~A2v f1!Ef~v f !50,

~124!

where we impose the limes in order to guarantee that
equality still holds, when the sum of the frequencies a
proaches minus the excitation energy. Thus, we can rew
M0← f

X1¯Xn as
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M0← f
X1¯Xn~v2 ,¯,vn!5 j̄X1¯Xn~v1 ,v2 ,¯,vn! Ef~v f !1 lim

v11¯1vn→2v f

t̄ X1¯Xn~v1 ,v2 ,¯,vn!~A2v f1!Ef~v f !

1 P̂X1¯Xn (
m50

n21
1

m! ~n2m!!
@ j̄X1¯Xm~v1 ,v2 ,¯,vm!1 t̄ X1¯Xm~v1 ,v2 ,¯,vm!

3~A1~v1¯1vm!1!#3Ef Xm11¯Xn~v f ,vm11 ,¯,vn! ~125!

5 lim
v11¯1vn→2v f

P̂X1¯Xn (
m50

n
1

m! ~n2m!!

d$L%T
X1¯Xn~v1 ,¯,vn!

dtXm11¯Xn~vm11 ,¯,vn!
Ef Xm11¯Xn~v f ,vm11 ,¯,vn!

~126!

5 lim
v11¯1vn→2v f

P̂X1¯Xn (
m50

n
1

m! ~n2m!!
S dm$h~ t,e!1 t̄ ~ t,e!~A~ t,e!1~v1¯1vn!!%

de1~v1!¯dem~vm!
D

0

3S dn2mEf~ t,e!

dem11~vm11!¯den~vn! D
0

~127!

5S dn

de1~v1!¯den~vn! H lim
r→0

ertFh~ t,e!1 t̄ ~ t,e!S A~ t,e!2 i
d

dtD GEf~ t,e!J
T
D

0

. ~128!
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The time- and field-dependent vectorh(t,e) is defined as

hm~ t,e!5
d

dtm
W ~ t,e!. ~129!

The time- and field-dependent JacobianA(t,e) was defined
in Sec. IV. Thus the left multiphoton transition moments a
the derivatives of the time-average of the ‘‘left transitio
moment function’’:

T ~ t,e!5 lim
r→0

ertFh~ t,e!1 t̄ ~ t,e!S A~ t,e!2 i
d

dtD G Ef~ t,e!.

~130!

The time-average of this function is found to be variation
in the Fourier components oft̄ (t,e) andEf(t,e). To obtain a
Lagrangian functional that isstationary in all its parameters,
we complementT (t,e) with the constraints for the couple
cluster amplitudest(t,e) multiplied by ‘‘transition moment’’
Lagrangian multipliers:

L0 f~ t,e!5 lim
r→0

H ertFh~ t,e!1 t̄ ~ t,e!S A~ t,e!2 i
d

dtD G
3Ef~ t,e!1ertM̄ f~ t,e!

3S e~ t,e!2 i
d

dt
t~ t,e! D J . ~131!

Per construction the same response equations for the gr
state amplitudest and Lagrangian multiplierst̄ are obtained
l

nd

from the stationarity conditions for the time-average of t
left transition moment Lagrangian$L0 f%T as were obtained
from the time-average of the ground state quasienergy
grangian. From the stationarity of$L0 f%T in the Fourier com-

ponents of t̄ one gets the response equations for the ri
excited state vectorEf(t,e) in the irregular perturbation ex
pansion, derived in Sec. IV and from the stationarity
$L0 f%T in the coupled cluster amplitudes one obtains the
sponse equations for the transition Lagrangian multipli

M̄ f . The variational transition moment Lagrangian thus p
vides the means for a straightforward derivation and a c
mathematical interpretation of the intermediatesEf X1¯Xn

and M̄ f X1¯Xn as response of the right excited state vect
and transition Lagrangian multipliers, respectively.

Up to now we have ignored that in Eq.~125! a term was
added to the transition momentM0← f

X1¯Xn which contained the

singular response multiplierst̄ X1¯Xn(v1 ,¯,vn) with
v152v f2v2¯2vn . Due to the dependence of the trans

tion moment Lagrangian multipliersM̄ f on the ground state

quasienergy Lagrangian multiplierst̄ the functional$L0 f%T
(n)

contains a second singular term:M̄ f X1¯Xn(v1 ,¯,vn) e(0).
In order to obtain well defined results we had to take
limes in Eqs.~124!–~131!. For the derivatives of the time
average ofL0 f(t,e) the limes forr→0 becomes limes for
v1→2v f2v2¯2vn . These singularities are a cons
quence of the fact that one calculates a response for a c
bination of frequencies that equals an excitation energy.
note that they do not pose a practical problem, because
singular terms are eliminated from the expressions for
transition moments when the 2n11 and 2n12 rules are
applied.

There are two other aspects in which the transition m
ment Lagrangian differs from a quasienergy Lagrangian: T
zeroth-order term of the transition moment Lagrangian v
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ishes. There exists no physical transition property that co
sponds to the unperturbed energy in ground state resp
calculations. In difference to the quasienergy Lagrang
where time-averaging leads to the condition that the sum
the frequencies associated with the external fields is z
time-averaging of the transition moment Lagrangian lead
the condition that the sum of the external field frequencie
equal to minus the excitation energyv f .

In the following paragraphs it will be shown that from
the derivatives of the time-averaged left transition mom
Lagrangian,

M0← f
X1¯Xn~v2 ,¯,vn!5S dn$L0 f%T

de1~v1!¯den~vn! D
0

, ~132!

the same expressions for the left form of the transition m
ments are obtained, as were found from the first residue
the ground state response functions, and how the variati
formulation can be employed for a compact derivation
computational efficient expressions which are in accord w
the 2n11 and 2n12 rules for the parameters and for th
multipliers, respectively.

1. The first derivative of the time-averaged left
transition moment Lagrangian

The first derivative of the time-averaged transition m
ment Lagrangian is found as
e-
se
n
of
o,
to
is

t

-
of
al
f
h

-

S d$L0 f%T

deA~2v f !
D

0

5 lim
vA→2v f

$[hA1 t̄ A(vA)(A2v f)

1FtA~vA!]Ef~v f !1@h~0!1 t̄ ~0!A#

3Ef A~v f ,vA!1M̄ f A~v f ,vA!e~0!

1M̄ f~v f ![ j
A1~A1v f !t

A(vA)]. ~133!

The stationarity conditions for the first derivatives of$L0 f%T

with respect to its zeroth- and first-order variables gives
zeroth- and first-order response equations fort, t̄ , Ef , and
M̄ f . For the ground state amplitudes and Lagrangian mu
pliers, t and t̄ , one obtains the same equations as have b
obtained from the ground state quasienergy Lagrangian,
the zeroth-order equation found forEf is the usual excited
state eigenvector equation. For the transition moment
grangian multipliers one finds the zeroth-order response
~64!.

According to the 2n11 and 2n12 rules, the zeroth-
order response equations can now be employed to elimi
from Eq. ~133! all terms containing first-order parameters
multipliers. The remaining terms are

M0← f
A 5S d$L0 f%T

deA~2v f !
D

0

5hAEf~v f !1M̄ f~v f !j
A. ~134!

2. The second derivative of the time-averaged left
transition moment Lagrangian

Before the 2n11 and 2n12 rules have been employed
the second derivative of the time-averaged left transition m
ment Lagrangian has the lenghty form:
und
n multi-
S d2$L0 f%T
AB

deA~2v f2vB! deB~vB!
D

0

5 lim
vA→2v f2vB

P̂ABH F1

2
GtA~vA!tB~vB!1

1

2
FtAB~vA ,vB!1FAtB~vB!1 t̄ A~vA!AB1 t̄ A~vA!BtB~vB!1 t̄ AB~A2v f1!G

3Ef~v f !1@hA1FtA~vA!1 t̄ A~vA!~A2~v f2vB!1!#Ef B~v f ,vB!

1
1

2
@h~0!1 t̄ ~0!A#Ef AB~v f ,vA ,vB!1

1

2
M̄ f AB~v f ,vA ,vB!e~0!1M̄ f A~v f ,vA!@jB1~A2vB!tB~vB!#1M̄ f~v f !

3F ~A2vA2vB!tAB~vA ,vB!1
1

2
BtB~vB!tA~vA!1ABtA~vA!G J . ~135!

From the stationarity conditions for the second derivatives of$L0 f%T one obtains the usual first-order equations for the gro
state amplitudes and Lagrangian multipliers. For the right excited state vector and the transition moment Lagrangia
pliers one obtains the first-order response equations forEf A and M̄ f A, Eqs. ~77! and ~88!, which in Sec. III could only be
identified after repetitive application of the interchange technique. Employing the 2n11 and 2n12 rules one obtains the
two-photon transition matrix element in the form of Eq.~76!:

M0← f
AB ~vB!5 P̂ABH F1

2
GtA~vA!tB~vB!1FAtB~vB!GEf~v f !1 j̄A~vA!Ef B~v f ,vB!1M̄ f~v f !F1

2
BtB~vB!tA~vA!1ABtA~vA!G J ,

~136!

with vA52v f2vB .
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3. The third and fourth derivative of the time-averaged left transition moment Lagrangian

Employing the 2n11 and 2n12 rules one obtains from the left transition moment Lagrangian immediately a com
tionaly efficient expression for the left form of the three-photon transition matrix element:

M0← f
ABC~vB ,vC!5 P̂ABCH 1

6
HEf~v f !t

A~vA!tB~vB!tC~vC!1
1

6
M̄ f~v f !CtA~vA!tB~vB!tC~vC!

1
1

2
t̄ A~vA!CEf~v f !t

B~vB!tC~vC!1
1

2
GEf A~v f ,vA!tB~vB!tC~vC!1

1

2
M̄ f A~v f ,vA!BtB~vB!tC~vC!

1 t̄ A~vA!BEf B~v f ,vB!tC~vC!1FAEf B~v f ,vB!tC~vC!1 t̄ A~vA!BBEf~v f !t
C~vC!

1
1

2
M̄ f~v f !B

AtB~vB!tC~vC!1 t̄ A~vA!ABEf C~v f ,vC!1M̄ f A~v f ,vA!ABtC~vC!J ~137!

5 P̂ABCH 1

2
hAB~vA ,vB!Ef C~v f ,vC!1

1

2
M̄ f C~v f ,vC!jAB~vA ,vB!1F1

6
HtA~vA!tB~vB!tC~vC!

1
1

2
t̄ A~vA!CtB~vB!tC~vC!1 t̄ A~vA!BBtC~vC!GEf~v f !1

1

2
M̄ f~v f !F1

6
CtA~vA!tB~vB!tC~vC!

1BAtB~vB!tC~vC!G J , ~138!

wherevA52v f2vB2vC . If the eigenvectorEf and the eigenvaluev f are known, we can thus calculate the three-pho
transition matrix element for a given pair of frequenciesvB , vC by solving the two zeroth-order equations fort̄ (0) andM̄ f and
the first-order equations fortX, t̄ X, Ef X andM̄ f X. No second-order equations have to be solved.

The four-photon transition moments are obtained as

M0← f
ABCD~vB ,vC ,vD!5 P̂ABCDH 1

4
j̄AB~vA ,vB!Ef CD~v f ,vC ,vD!1

1

6
M̄ f AjBCD~vB ,vC ,vD!1F1

6
HtB~vB!tC~vC!tD~vD!

1
1

2
GtBC~vB ,vC!tD~vD!1

1

2
FBtCD~vC ,vD!1

1

2
t̄ B~vB!CtC~vC!tD~vD!

1
1

2
t̄ B~vB!BtCD~vC ,vD!1 t̄ B~vB!BCtD~vD!GEf A~v f ,vA!1F1

4
HtAB~vA ,vB!tC~vC!tD~vD!

1
1

8
GtAB~vA ,vB!tCD~vC ,vD!1

1

6
t̄ A~vA!DtB~vB!tC~vC!tD~vD!

1
1

2
t̄ A~vA!CtBC~vB ,vC!tD~vD!1

1

2
t̄ A~vA!BBtCD~vC ,vD!GEf~v f !

1M̄ fF 1

24
DtA~vA!tB~vB!tC~vC!tD~vD!1

1

4
CtAB~vA ,vB!tC~vC!tD~vD!

1
1

8
BtAB~vA ,vB!tCD~vC ,vD!1

1

2
BAtBC~vB ,vC!tD~vD!G J , ~139!
m

s
t

de
s
s

ts
tio
III

ul-
with vA52v f2vB2vC2vD . Using the interchange
technique, one can write the first ter
1
4j̄

AB(vA ,vB)Ef CD(v f ,vC ,vD) alternatively as
1
4 t̄ AB(vA ,vB)j f CD(v f ,vC ,vD). This means that one ha
the choice to solve either the second-order equations for
ground-state Lagrangian multipliers or the second-or
equations for the excited state vectors. In addition one ha
solve the second-order equations for the ground state clu
amplitudes.

B. The Lagrangian for the right transition moments

To derive a Lagrangian for the right transition momen
we can proceed along the same lines as for left transi
moments: We start from the expression derived in Sec.
he
r
to
ter

n
:

M f←0
X1¯Xn~v2 ,¯,vn!5Ēf~2v f ! jX1¯Xn~v1 ,v2 ,¯,vn!,

v15v f2v2¯2vn . ~140!

To find the function of whichM f←0
X1¯Xn is thenth derivative

we add response equations for lower-order amplitudes m
tiplied by left excited state response vectors:

Ef Xm11¯Xn~2v f ,vm11 ,¯,vn!$jX1¯Xm~v1 ,v2 ,¯,vm!

1~A2~v1¯2vm!1!tX1¯Xm~v1 ,v2 ,¯,vm!%50,

~141!

and the eigenvector equation forĒf multiplied by tX1¯Xn:
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lim
v11¯1vn→v f

Ēf~2v f !~A2v f1! tX1¯Xn~v1 ,v2 ,¯,vn!50. ~142!

This allows us to rewriteM f←0
X1¯Xn as

M f←0
X1¯Xn~v2 ,¯,vn!5Ēf~2v f !j

X1¯Xn~v1 ,¯,vn!1 lim
v11¯1vn→v f

Ēf~2v f !~A2v f1!tX1¯Xn~v1 ,¯,vn!

1 P̂X1¯Xn (
m50

n21
1

m! ~n2m!!
Ēf Xm11¯Xn~2v f ,vm11 ,¯,vn!@jX1¯Xm~v1 ,v2 ,¯,vm!

3~A2~v1¯2vm!1!1tX1¯Xm~v1 ,v2 ,¯,vm!# ~143!

5 lim
v11¯1vn→v f

P̂X1¯Xn (
m50

n
1

m! ~n2m!!
Ēf Xm11¯Xn~2v f ,vm11 ,¯,vn!

d$L%T~v1 ,¯,vn!

dt̄Xm11¯Xn~vm11 ,¯,vn!
~144!

5 lim
v11¯1vn→v f

P̂X1¯Xn (
m50

n
1

m! ~n2m!!
S dn2mĒf~ t,e!

dem11~vm11!¯den~vn!
D

0
S d~e~ t,e!2 i ~d/dt! t~ t,e!!

de1~v1!¯dem~vm! D
0

~145!

5S d

de1~v1!¯den~vn! H lim
r→0

ertĒf~ t,e!S e~ t,e!2 i
d

dt
t~ t,e! D J

T
D

0

. ~146!
’
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From Eq.~146! we identify as the ‘‘right transition moment’
the time-dependent coupled cluster equations multiplied
the left excited state vectors:

T f 0~ t,e!5 lim
r→0

ertĒf~ t,e!S e~ t,e!2 i
d

dt
t~ t,e! D . ~147!

The time-average ofT f 0 is found to be variational in the
Fourier components ofĒf(t,e) andt(t,e) and thusT f 0(t,e)
is already the searched for variational functional:

L f 0~ t,e!5T f 0~ t,e!. ~148!

The right transition moment functional has a distinctly si
pler structure as the left transition moment Lagrangian: O
two types of response equations have to be solved to ca
late the right transition moments: the ground state clu
amplitude and the left excited state response equations. S
lar as for the left transition moment function, we added in
derivation of T f 0(t,e) a term to the transition moment
which is proportional to the amplitude respons
tX1¯Xn(v1 ,¯,vn) with v15v f2v2¯2vn . Again, these
singularities will not hinder the applicability of the right tran
sition moment functional, because these terms are elimin
from the expressions for the transition moments, if then
11 and 2n12 rules are applied.

As for the left transition moments, the right transitio
moment Lagrangian differs from a quasienergy Lagrang
in that there exists no zeroth-order term. For the right tr
sition moment Lagrangian time-averaging leads to the c
y

-
y
u-
r
i-

e

ed

n
-
-

straint that the sum of the frequencies of the external per
bations must be equal to the excitation energy of
considered state, in contrast to the minus sign found for
left transition moment Lagrangian.

1. The first derivative of the time-averaged right
transition moment Lagrangian

The first derivative of the right transition moment La
grangian is found as

S d$L f 0%T

deA~v f !
D

0

5 lim
vA→v f

Ēf~2v f !@jA1~A2v f !t
A~vA!#

1Ēf A~2v f ,vA!e~0!. ~149!

From the stationarity conditions for the first derivatives
$L f 0%T one identifies the usual zeroth-order equations for
coupled cluster amplitudes and the eigenvector equations
the left excited state. Employing the 2n11 rule Eq.~149!
reduces to

M f←0
A 5S d$L f 0%T

deA~v f !
D

0

5Ēf~2v f !j
A. ~150!

2. The second derivative of the time-averaged right
transition moment Lagrangian

The second derivative of the time-averaged right tran
tion moment Lagrangian is found as
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S d2$L f 0%T

deA~v f2vB! deB~vB! D
0

5 lim
vA→v f2vB

P̂ABH Ēf~2v f !F1

2
~A2v f1!tAB~vA ,vB!1

1

2
BtA~vA!tB~vB!1AAtB~vB!G

1Ēf A~2v f ,vA!@jB1~A2vB1!tB~vB!#1
1

2
Ēf AB~2v f ,vA ,vB!e~0!J . ~151!

From the variational condition for the second derivatives of$L f 0%T one obtains the usual first-order response equations fo
ground state amplitudes and the first-order response equations for the left excited state vectors, Eq.~117!, in the irregular
response expansion as derived in Sec. IV. Employing the 2n11 and 2n12 rules one obtains for the right two-photo
transition moments immediately the expression:

M f←0
AB ~vB!5 P̂ABH Ēf~2v f !F1

2
BtA~vA!tB~vB!1ABtA~vA!G J ~152!

with vA5v f2vB .

3. The third and fourth derivatives of the time-averaged right transition moment Lagrangian

Similarly one finds for the right three-photon transition moment the expression:

M f←0
ABC~vB ,vC!5 P̂ABCH 1

6
Ēf~2v f !CtA~vA!tB~vB!tC~vC!1

1

2
Ēf~2v f !B

AtB~vB!tC~vC!

1
1

2
Ēf A~2v f ,vA!BtB~vB!tC~vC!1Ēf A~2v f ,vA!ABtC~vC!J , ~153!

with vA1vB1vC5v f and for the four-photon transition moments:

M f←0
ABCD~vB ,vC ,vD!5 P̂ABCDH 1

6
Ēf A~2v f ,vA!jBCD~vB ,vC ,vD!1Ēf~2v f !F1

4
CtAB~vA ,vB!tC~vC!tD~vD!

1
1

2
BAtBC~vB ,vC!tD~vD!1

1

4
BtAB~vA ,vB!tCD~vC ,vD!1

1

24
DtA~vA!tB~vB!tC~vC!tD~vD!G J ,

~154!
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with vA1vB1vC1vD5v f . As for the left transition mo-
ments, one has for the right three-photon transition mome
only to solve first-order equations. First for the four-phot
transition moments also the second-order response equa
for the ground state cluster amplitudes have to be solved

VI. DISCUSSION

Recent developments in coupled cluster response th
have made coupled cluster response functions avail
through high order.26,31–33Essential for this development ha
been the introduction of variational quasiener
Lagrangians21–26 which made the mathematical structu
more transparent and made it feasible to derive in a com
way computational tractable expressions for high-or
coupled cluster response functions. In Appendixes A an
we give open-ended formulas for the coupled cluster
sponse equations and for the response functions, in ac
with the 2n11 and 2n12 rules.

In the present paper we used the mathematical fra
work of the coupled cluster quasienergy Lagrangian to a
lyze the general structure of the first residues of the gro
state response functions. These residues are related to m
photon transition moments and to absorption cross sect
between the ground state and excited states. We showed
ts

ns

ry
le

ct
r
B
-
rd

e-
a-
d
lti-
ns
hat

the first residues of the coupled cluster response funct
have a similar structure as the residues of the exact resp
functions. They differ, however, in an explicit symmetriz
tion as a consequence of the projection that is used in
definition of the coupled cluster energy and which leads t
biorthonormal representation for bra and ket states. Left
right transition moments obtained within the biorthonorm
representation are different and physical observables f.x
the absorption cross section are related to symmetrized p
ucts of left and right transition moments.

For exact states, left and right transition moments
related in a simple way to the projection of the right ha
sides for thenth order response equations onto the exci
state wave functions. We showed that similar equations h
in coupled cluster response theory: The ground to exc
staten-photon transition moments are equal to the proj
tions onto the excited state vectors of the right hand s
vectors for thenth order response equations for the grou
state cluster amplitudes and Lagrangian multipliers. Th
relations and the excited state response equations obtain
Sec. IV were used to derive left and right transition mome
Lagrangians, from which the coupled cluster response
pressions for multiphoton transition moments can be
tained as derivatives. The introduction of variation
Lagrangians makes the mathematical structure of the cou
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cluster multiphoton transition moments more transparent
provides an interpretation of the intermediates as respo
of the excited state vectors and transition moment Lagra
ian multipliers. The variational formulation allows us to a
ply 2n11 and 2n12 rules directly without the roundabou
way via the residues of the ground state response funct
and facilitates a straightforward derivation of computatio
efficient expressions for high-order multiphoton transiti
moments.

A clear understanding of the mathematical structure
the multiphoton transition moments builds the basis for
derivation of efficient formulations of multiphoton transitio
moments between excited states and of excited states
sponse functions. Both properties can be derived from
second residues of the ground state response function
alternatively, from the first residues of the multiphoton tra
sition moments. An extension of the present approach in
direction will be subject to a forthcoming publication. Th
derivations given in the present paper were specialized
coupled cluster theory, but the approach developed here
likely serve as a model to obtain an efficient formulation
multiphoton transition moments for otherab initio methods.
The first implementation and calculations of coupled clus
two-photon transition moments, based on the equations
rived in Sec. V, are reported in the following article.50
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APPENDIX A: CLOSED EXPRESSIONS FOR THE
RIGHT HAND SIDE VECTORS FOR THE nTH-ORDER
RESPONSE EQUATIONS

The equations for the response of the amplitudes in or
n are obtained from the requirement that the time-avera
Lagrangian of ordern1m is stationary with respect to varia
tions in the Lagrangian multipliers of orderm:

d$L%T
~n1m!

dt̄~m!~vn11 ,¯,vn1m!
5

d

d t̄ ~m!~vn11 ,¯,vn1m!

3H dn1mL~ ,e!

de1~v1!¯den1m~vn1m!
J

50. ~A1!

To this derivative of the Lagrangian contribute terms of t
form At (p), Bt (p)t (q), Ct (p)t (q)t (r ), Dt (p)t (q)t (r )t (s), jX, AXt (p),
or BXt (p)t (q) where the sum of the orders of the respon
amplitudes isn for the first four types of terms andn21 for
the last two types of terms. The vectorjX contributes only in
first-order. Forn.1 one obtains for the derivative of Eq
~A1!:

~A2~v11¯1vn!1!tX1¯Xn1jX1¯Xn50, ~A2!

with the right hand side vectors:
jX1¯Xn5 P̂X1¯XnH 1

~n21!!
AX1tX2¯Xn1

1

2(
i 51

n21
1

i ! ~n2 i !!
BtX1¯XitXi 11¯Xn1

1

2(
i 51

n22
1

i ! ~n2 i 21!!
BX1tX2¯Xi 11tXi 12¯Xn

1
1

6(
i 52

n21

(
j 51

i 21
1

j ! ~ i 2 j !! ~n2 i !!
CtX1¯Xj tXj 11¯XitXi 11¯Xn

1
1

24(i 53

n21

(
j 52

i 21

(
k51

j 21
1

k! ~ j 2k!! ~ i 2 j !! ~n2 i !!
DtX1¯XktXk11¯Xj tXj 11¯XitXi 11¯XnJ . ~A3!
but
The response equations for the Lagrange multipliers of o
n are obtained from the variational condition for the clus
amplitudes

d$L%T
~n1m!

dt~m!~vn11 ,¯,vn1m!
5

d

dt~m!~vn11 ,¯,vn1m!

3H dn1mL~ t,e!

de1~v1!¯den1m~vn1m!J
50. ~A4!

The expressions for these derivatives have a similar form
er
r

as

the respective derivatives with respect to the multiplers,
are more lengthy as now more types contribute:t̄ (p)A, Ft (p),
t̄ (p)Bt (q), G t̄ (p)t (q), t̄ (p)Ct (q)t (r ), Ht (p)t (q)t (r ),
t̄ (p)Dt (q)t (r )t (s), hX, t̄ (p)AX, FXt (p), t̄ (p)BXt (q). The vector
hX contributes only in first-order. Forn.1 the response
equations for the Lagrangian multipliers become:

t̄ X1¯Xn~A1~v11¯1vn!1!1 j̄X1¯Xn50, ~A5!

with the right hand side vectors:



f

8351J. Chem. Phys., Vol. 108, No. 20, 22 May 1998 Hättig, Christiansen, and Jo”rgensen
j̄X1¯Xn5 P̂X1¯XnH 1

n!
FtX1¯Xn1

1

~n21!!
~ t̄ X2¯XnAX11FX1tX2¯Xn!1 (

i 51

n21
1

i ! ~n2 i !! S t̄ X1¯XiB1
1

2
GtX1¯Xi D tXi 11¯Xn

1
1

2(
i 51

n22
1

i ! ~n2 i 21!!
t̄ X2¯Xi 11BX1tXi 12¯Xn1 (

i 52

n21

(
j 51

i 21
1

j ! ~ i 2 j !! ~n2 i !! S 1

2
t̄ X1¯XjC1

1

6
HtX1¯Xj D tXj 11¯XitXi 11¯Xn

1
1

6(
i 53

n21

(
j 52

i 21

(
k51

j 21
1

k! ~ j 2k!! ~ i 2 j !! ~n2 i !!
t̄ X1¯XkDtXk11¯Xj tXj 11¯XitXi 11¯XnJ . ~A6!

APPENDIX B: CLOSED EXPRESSIONS FOR nTH-ORDER RESPONSE FUNCTION EMPLOYING THE 2n 11 AND
2n 12 RULES

1. Response functions of order 2 n 11

According to the 2n11 and 2n12 rules contribute to response function of order 2n11 only terms that contain the
responses of the amplitudes and of the multipliers up to ordern. The response functions of order 2n11 with n.1 are thus
found as

^^X1 ;X2¯X2n11&&v2¯v2n11
5

1

2
Ĉ6vP̂X1¯X2n11H 1

n!n! S t̄ X1¯Xn AX2n111
1

2
FX2n11 tX1¯XnD tXn11¯X2n

1 (
j 5max~n11,2!

2n

(
i 5max~ j 2n,1!

min~ j 21,n!
1

i ! ~ j 2 i !! ~2n112 j !! S 1

2
t̄ X1¯Xi B1

1

6
G tX1¯Xi D

3tXi 11¯Xj tXj 11¯X2n11

1 (
j 5max~n,2!

2n21

(
i 5max~ j 2n,1!

min~ j 21,n!
1

i ! ~ j 2 i !! ~2n2 j !!2
t̄ X1¯Xi BX2n11 tXi 11¯Xj tXj 11¯X2n

1 (
k5max~n11,3!

2n

(
j 5max~k2n,2!

k21

(
i 5max~ j 2n,1!

min~ j 21,n!
1

i ! ~ j 2 i !! ~k2 j !! ~2n112k!!

3S 1

6
t̄ X1¯Xi C1

1

24
H tX1¯Xi D tXi 11¯Xj tXj 11¯XktXk11¯X2n11

1 (
l 5max~n11,4!

2n

(
k5max~ l 2n,3!

l 21

(
j 5max~k2n,2!

k21

(
i 5max~ j 2n,1!

min~ j 21,n!
1

i ! ~ j 2 i !! ~k2 j !! ~ l 2k!! ~2n112 l !!

3
1

24
t̄ X1¯Xi D tXi 11¯Xj tXj 11¯Xk tXk11¯Xl tXl 11¯X2n11J . ~B1!

2. Response functions of order 2 n 12:

To the response function of order 2n12 contribute terms with responses of amplitudes up to ordern11 and responses o
the multipliers up to ordern. For n.1 these response functions have the structure:
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^^X1 ;X2¯X2n12&&v2¯v2n12
5

1

2
Ĉ6vP̂X1¯X2n12H 1

~n11!! ~n11!!2
F tX1¯Xn11 tXn12¯X2n12

1
1

n! ~n11!!
~ t̄ X1¯Xn AX2n121FX2n12 tX1¯Xn! tXn11¯X2n11

1 (
j 5max~n11,2!

2n11

(
i 5max~ j 2n21,1!

min~ j 21,n!
1

i ! ~ j 2 i !! ~2n122 j !!2
t̄ X1¯Xi B tXi 11¯Xj tXj 11¯X2n12

1 (
j 5max~n11,2!

2n11

(
i 5max~ j 2n21,1!

min~ j 21,n11!
1

i ! ~ j 2 i !! ~2n122 j !!6
G tX1¯Xi tXi 11¯Xj tXj 11¯X2n12

1 (
j 5max~n,2!

2n

(
i 5max~ j 2n21,1!

min~ j 21,n!
1

i ! ~ j 2 i !! ~2n112 j !!2
t̄ X1¯Xi BX2n12 tXi 11¯Xj tXj 11¯X2n11

1 (
k5max~n11,3!

2n11

(
j 5max~k2n21,2!

k21

(
i 5max~ j 2n21,1!

min~ j 21,n!
1

i ! ~ j 2 i !! ~k2 j !! ~2n122k!!

3
1

6
t̄ X1¯Xi C tXi 11¯Xj tXj 11¯XktXk11¯X2n121 (

k5max~n11,3!

2n11

(
j 5max~k2n21,2!

k21

(
i 5max~ j 2n21,1!

min~ j 21,n11!

3
1

i ! ~ j 2 i !! ~k2 j !! ~2n122k!!

1

24
H tX1¯Xi tXi 11¯Xj tXj 11¯XktXk11¯X2n12

1 (
l 5max~n11,4!

2n11

(
k5max~ l 2n21,3!

l 21

(
j 5max~k2n21,2!

k21

(
i 5max~ j 2n21,1!

min~ j 21,n!

3
1

i ! ~ j 2 i !! ~k2 j !! ~ l 2k!! ~2n122 l !!24

3 t̄ X1¯Xi D tXi 11¯Xj tXj 11¯Xk tXk11¯Xl tXl 11¯X2n12 J . ~B2!

APPENDIX C: CLOSED EXPRESSIONS FOR THE RIGHT HAND SIDE VECTORS FOR THE nTH-ORDER EXCITED
STATE RESPONSE EQUATIONS

The response equations for the excited state amplitudes are obtained by expansion of Eqs.~109! and~110! in orders of the
perturbation strengths. Choosingvs5v11¯1vn we get for the left and right excited state response vectors of ordern the
equations:

(
m50

n
1

m! ~n2m!!
P̂X1¯XnS dm~A~ t,e!2~vs1v f !1!

de1~v1!¯dem~vm! D
0
S dn2mEf~ t,e!

dem11~vm11!¯den~vn! D
0

50, ~C1!

(
m50

n
1

m! ~n2m!!
P̂X1¯XnS dn2mĒf~ t,e!

dem11~vm11!¯den~vn!
D

0
S dm~A~ t,e!1~vs2v f !1!

de1~v1!¯dem~vm! D
0

50. ~C2!

The first derivative of the JacobianA(t,e) with respect to the field strengths is

S dA~ t,e!

de1~v1! D
0

5BtX11AX1, ~C3!

and the higher derivatives are obtained as

S dnA~ t,e!

de1~v1!¯den~vn! D
0

5 P̂X1¯XnH 1

n!
BtX1¯Xn1

1

~n21!!
BX1tX2¯Xn1

1

2(
k51

n21
1

k! ~n2k!!
CtX1¯XktXk11¯Xn

1
1

6(
l 52

n21

(
k51

k21
1

k! ~ l 2k!! ~n2 l !!
DtX1¯XktXk11¯XltXl 11¯XnJ . ~C4!

If we insert this expansion into Eqs.~C1! and ~C2! we get for the right excited state vectors the response equations:

~A2~v f1v11¯1vn!1!Ef X1¯Xn~v f ,v1 ,¯,Xn!52j f X1¯Xn~v f ,v1 ,¯,Xn!, ~C5!
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with the right hand side vectors:

j f X1¯Xn5 P̂X1¯XnH 1

~n21!!
AX1Ef X2¯Xn1 (

i 51

n21
1

i ! ~n2 i !!
BEf X1¯XitXi 11¯Xn1 (

i 51

n22
1

i ! ~n2 i 21!!
BX1Ef X2¯Xi 11tXi 12¯Xn

1
1

2(
i 52

n21

(
j 51

i 21
1

j ! ~ i 2 j !! ~n2 i !!
CEf X1¯Xj tXj 11¯XitXi 11¯Xn

1
1

6(
i 53

n21

(
j 52

i 21

(
k51

j 21
1

k! ~ j 2k!! ~ i 2 j !! ~n2 i !!
DEf X1¯XktXk11¯Xj tXj 11¯XitXi 11¯XnJ . ~C6!

Similarly, we get for the left excited state response vectors the equations:

~A1~v11¯1vn2v f !1!Ēf X1¯Xn~v f ,v1 ,¯,Xn!52j f X1¯Xn~v f ,v1 ,¯,Xn!, ~C7!

j f X1¯Xn5 P̂X1¯XnH 1

~n21!!
Ēf X2¯XnAX11 (

i 51

n21
1

i ! ~n2 i !!
Ēf X1¯XiBtXi 11¯Xn1 (

i 51

n22
1

i ! ~n2 i 21!!
Ēf X2¯Xi 11BX1tXi 12¯Xn

1
1

2(
i 52

n21

(
j 51

i 21
1

j ! ~ i 2 j !! ~n2 i !!
Ēf X1¯XjCtXj 11¯XitXi 11¯Xn

1
1

6(
i 53

n21

(
j 52

i 21

(
k51

j 21
1

k! ~ j 2k!! ~ i 2 j !! ~n2 i !!
Ēf X1¯XkDtXk11¯Xj tXj 11¯XitXi 11¯XnJ . ~C8!

APPENDIX D: THE nTH-ORDER RESPONSE EQUATIONS FOR THE TRANSITION MOMENT LAGRANGIAN
MULTIPLIERS

The response equations for the Lagrangian multipliersM̄ f are obtained by requiring that the derivatives of the tim
averaged left transition moment Lagrangian are stationary in the ground-state cluster amplitudes:

d

dt2vs

~m! H dn1mL0 f

de1~v1!¯den1m~vn1m!J
T

50. ~D1!

One obtains for the response equations:

M̄ f X1¯Xn~A1~v f1v11¯1v f !1!52 P̂X1¯XnH 1

n!
FEf X1¯Xn1

1

~n21!!
M̄ f X2¯XnAX11

1

~n21!!
FX1Ef X2¯Xn

1 (
i 50

n21
1

i ! ~n2 i !!
~M̄ f X1¯XiB1GEf X1¯Xi !tXi 11¯Xn

1(
i 51

n
1

i ! ~n2 i !!
t̄ X1¯XiBEf Xi 11¯Xn1 (

i 51

n22
1

i ! ~n2 i 21!!
~M̄ f X2¯Xi 11BX1tXi 12¯Xn

1 t̄ X2¯Xi 11BX1Ef Xi 12¯Xn!1
1

2(
i 51

n21

(
j 50

i 21
1

j ! ~ i 2 j !! ~n2 i !!
~M̄ f X1¯XjC

1HEf X1¯Xj !tXj 11¯XitXi 11¯Xn

1 (
i 51

n21

(
j 51

i
1

j ! ~ i 2 j !! ~n2 i !!
t̄ X1¯XjCEf Xj 11¯XitXi 11¯Xn

1
1

6(
i 52

n21

(
j 51

i 21

(
k50

j 21
1

k! ~ j 2k!! ~ i 2 j !! ~n2 i !!
M̄ f X1¯XkDtXk11¯Xj tXj 11¯XitXi 11¯Xn

1
1

2(
i 52

n21

(
j 51

i 21

(
k51

j
1

k! ~ j 2k!! ~ i 2 j !! ~n2 i !!
t̄ X1¯XkDEf Xk11¯Xj tXj 11¯XitXi 11¯XnJ .

~D2!
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