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Multiphoton transition moments and absorption cross sections
in coupled cluster response theory employing variational transition
moment functionals
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Based on an analysis of the first residues of coupled cluster response functions we devise variational
functionals from which the transition moments fephoton excitations can be calculatedrah
derivatives. Combining these functionals with variational perturbation theory, we obtain a new
approach for the derivation of multiphoton transition moments which allows us to utilize the full
strengths of variational perturbation theory without the roundabout way via residues of response
functions. Coupled cluster multiphoton transition moments derived by this approach are formally
equivalent to the one identified from the first residues of the ground state response functions. The
introduction of the variational functionals makes the mathematical structure of the transition
moments more transparent and provides an interpretation of intermediates in terms of responses of
excited state vectors and Lagrangian multipliers+2 and Z+2 rules are formulated for the
transition moments and build the basis for a straightforward derivation of a computational efficient
formulation. The strength of the new approach is demonstrated by the derivation of three- and
four-photon transition moments. @998 American Institute of Physid$0021-960808)02520-3

I. INTRODUCTION ments can be defined in several equivalent ways: For ex-

The advances of modern laser technology have in thé‘mple’ n ter.ms of epr|_C|t sum—ovgr-states expressfofts
last decades opened the possibility for exploring variou®" PY Projection of the right hand sides of the ground state
types of multiphoton processes experimentally as high ha/l€SPONse equations onto the excited state wave fL_mCIﬁO”S'
monic generatiod;® multiphoton excitationfMPE),* multi- Alternat.wely they may be |dgnt|f|ed from the m.ultlphoton _
photon ionization(MPI),5® and above threshold ionization absorption cross sections which can .be determlne'd as resi-
(AT1).” Doppler free two-photon absorptiFTPA)® has dues of the_ even order response functibhisor ap_prommate_ _
succesfully been used to study molecular structures an§ave functions the equivalence between the different defini-
dynamics’ tions may or may not be valid, depending on the introduced

The theoretical description of multiphoton processes is &PProximations. The standard approachefbrinitio methods
challenging task because it involves high-order responses ¢¥@s been to identify the multiphoton transition moments
the atoms or molecules to the time-dependent field of thdrom the residues of the response functions.
laser light. One of the key properties in the understanding of ~Recent advances in response thédry,initiated by the
the various nonlinear optical processes are the multiphotoffitroduction of quasienergy derivativés,”® have now made
transition moments and absorption cross sectt8A€High- it possible to derive high-order response functions for non-
order multiphoton transition moments have been calculatetfariationalab initio methods in a mathematical simple and
for the hydrogen atom by Karuféusing a Sturmian expan- transparent way as derivatives of a variational quasienergy
sion method and by Gao and Stardoesing Slater orbitals. Lagrangian. The derivation of computational efficient ex-
For many-electron systems calculations of high-order multifressions, that employ thenz 1 and X+ 2 rules of varia-
photon transition moments have only been carried out at rutional perturbation theorsf?**%which some years ago was a
dimentary levels of theory?'® Formal expressions for two- difficult task has for that reason become a straightforward
photon and three-photon transition moments usingexercise. Implementations of coupled cluster response func-
multiconfigurational self-consistent fielMCSCP response tions formulated as derivatives of a quasienergy Lagrangian
theory have been derived by Olsen andgémseh’ and an have now been presented for the linear, quadratizibic?
implementation of the two-photon transition moments hagjuartic and pentic response functiofis.
been reported by Hettemat al!® An implementation of In the present paper we adopt the formulation of coupled
MCSCF response theory for the three-photon transition moeluster response functions as quasienergy derivatives to ana-
ments has been reported very recently by Jonsstcail® lyze the general structure of their first residues and to derive
The formal expressions for two-photon transition momentsexpressions for multiphoton transition moments. The identi-
for a coupled cluster wave function have been derived byfication of the transition moments from the residues of re-
Koch and Jogenserf’ but an implementation was not re- sponse functions leads in general to computational inefficient
ported. expressions which require the solution of unneccessary high-

For exact wave functions multiphoton transition mo- order response equations. The solution of the latter equations
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can be circumvented bw posteriori reformulation of the 0 X »
expressions identified from the residues using the so-called tu(t,€)=t\>+ > t)(w)) €(wj) e’
interchange techniqu¥. However, in higher order this be- .

comes soon a tedious approach. The appearance of the un- 1 XX,

neccessary high-order response intermediates in the expres- + E; Ek t) (o), o)

sions for the transition moments is a consequence of the ,

route taken in the derivation. Thenz- 1 and 2+ 2 rules for X €j(wj) €l wy) e i(@jtety. ..
the quasienergy Lagrangian provide information about the 1

maximum order of response intermediates needed to calcu- =D ey txil“'xin(wj o))
late the response functions, but this information cannot be nt 7 in # ! "
straightforwardly transferred to the residues and the transi- n

tion moments. In Sec. V we show that this shortcoming can x 1 € (@) ) @int4-oe, (4)
be resolved by introducing variational transition moment m=1 ‘M °m

functionals from whichh-photon transition moments can be
obtained asth derivatives. We devise such transition mo-
ment functionals for coupled cluster response theory. The -

transition moments obtained from these functionals are for- (H(tyf)_i a) |CC(t,€))=0, 5
mally equivalent to those identified from the residues of the

response functions, but then2 1 and +2 rules can be onto the Hartree-Fock reference and onto the bra states
applied directly to the expressions for thephoton transition  (HF]| ;Lexp(—'?(t,e)) determines the quasienergy

moments. The efficiency of a variational formulation for the

d_erivation of computational tractable expr_essions is exempli- Wt €)= < HF‘ ( At,e)—i ﬂ) exp T(t,€)) HF>

fied by the three- and four-photon transition moments. dt

Projecting the time-dependent Schimger equation

=(HF|A(t,e)exp(T(t,€))|HF), (6)

Il. SUMMARY OF COUPLED CLUSTER GROUND and the time-dependent coupled cluster equations
STATE RESPONSE THEORY - A A A
(HF| 7exp( = T(t,€))H(t,e)exp(T(t,€))|HF)
We investigate in the following the response of a system
described by the HamiltoniaH(®) to a time-dependent one-
electron perturbatioV(t, €)

—i &tﬂ(t,e)zo. !
A A A The Hartree-Fock reference of the unperturbed molecule is
H(t,e)=H"+V(t,e). (1) used throughout. Orbital relaxation is therefore not treated
explicitly, but only approximately through the single excita-
tion manifold of the cluster operator. By using nonrelaxed
orbitals we circumvent a two step approach which introduces
. - ) artifacts into the response functions such that, for example,
V(t,e)=2 HY €(w)) e, (2 the pole structure is not compatible with the one of the exact
: response function. Equatidid) may be written in the short-
whereA%i are Hermitian time-independent one-electron op-hand form
erators anck;(w;) the associated field strengths for the fre-
quenciesw; . We use the lettee without index as shorthand e (t,e)—i—t,
notation for the se{e;} of all field strengths. To obtain a dt

Hermitian perturbation oper’iltor, we require that the sum iRypere e,(t,€) does not contain derivatives with respect to
Eqg. (2) includes for each terrhi*ie;(w;)exp(—iw;t) alsoits  time. The quasienergy and the time-dependent equations for
complex conjugateﬂxiej(—wj)eprwjt) with €j(—w;)  the coupled cluster methods CCS, CCSD and CCSDT are
=¢€j(wj)*. For the coupled cluster wave function we use aobtained by truncating the cluster operator after the single,
parametrization, where the oscillating phase factor caused byouble or triple excitation level, respectively. The CC2 and
the so-called level-shift or time-dependent quasienergfCC3 methods are defined by further approximations to
71(t,€) is explicitly isolated?®27-3° e,(t,€).2*?* A variational formulation of coupled cluster re-
sponse theory is obtained by combining the quasiené&py

|CC(t,6)>=exp( —ift%”(t’,e) dt’)exp('f(t,e))lHF), and the time-dependent coupled cluster equati@so a
to guasienergy Lagrangian:
()

T(t,e) is the field- and time-dependent cluster operator L(t,e)=7t,e)+ 2 t,
T(t,e)=3,t,(t,€)7,. The cluster amplitudes,(t,€) are o g
expanded in the Fourier components of the applied perturbawheret , are the Lagrangian multipliers. The time-average
tions and in orders of the perturbation strengths as: of the quasienergy Lagrangian,

It is assumed that the perturbation operaitt,e) can be
expanded in a sum over Fourier components as

(t,e)=0, ®

d
eﬂ(t,e)—lat#), 9
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_ 1 [+t The matrixA is the coupled cluster Jacobian for the unper-
{L(t,e)}r= lim 2t) L(t,e) dt, (100 turbed molecule, defined as
tg—> —to
. . . . &L de
may now be introduced and required to be stationary with o | _— = —£] (18)
respect to variations of the cluster amplitudes and the La- # atot,), \dt, ],
grangian multiplierg®2 _ . o
where the index O indicates that the derivative is taken for
&{L(t,e)}r=0. (1) zero perturbation strengths. The vectpt® is defined as
If the perturbation and Fourier expansion of the cluster amge_zrlvatl\{e of the quasienergy with respect to the cluster am-
: . ._ plitudes:
plitudes(4) and an analogous expansion of the LagranglarP

multipliers is inserted into Eq(1l), this becomes a varia- © ow”
tional condition for the individual Fourier components of the 7 = | 57| - (19
amplitudes and the multipliers for each ordef bft,€)}t in nro
the perturbation strengths: For the first-order response equations the right hand side vec-
d{L}?l"'X”*m(wl,---,wnﬂn) tors are given by:
Tt Form =0, (12 Nwp) =& (20
dt/.l. (wn+1|"'1wn+m) -
N wa)=7"+F th(wn), (21)
d{L}Xl Xn+m(w1’,,,’wn+m) . . . L
—— =0, (13)  Wwith &% 7" andF defined as second partial derivatives of
dt,™ "t T ™ wn i, 0n4m) the Lagrangian:
with A &L -
X1 Kn+m g'u_ dea(w )07'[_ , @2
{L}T (@1, On+m) AVEATul o
d"MIL(t,e &L
- Lt elir . (14 nf}:(—) , (23
del(wl)"'d6n+m(wn+m) =0 &SA(wA)‘atM 0
In order that{L};(l"'X”m(wl,- -+, 0n.m) IS NONvanishing, the 3 &°L )
Fourier components of the perturbations must compensate — #¥ at,ot, 0' (24)

each other, i.e., the sumy +- -+ w,,. , Must be zero. Equa-

tions (12) and (13) determine the cluster amplitudes Open-ended expressions for the right hand side vectors for
txl"'xn(wl,...,wn) and the Lagrangian multipliers higher-order response equations are given in Appendix A. If

the response equations have been solved, the response func-
tions are obtained as derivatives of tteal part of the time-
averaged quasienergy:

tﬂl'“x”(wl,---,wn). The response equatiori$2) and (13
may forn>0 be written in the form:

ALY M (wy e wn ) (X0 X, X))
d X nem(wn g, 0nm) (L2 L(t e+ (LD L(t,e) )
=& (@, wp) F[A— (w01 + +w,)1] - dey(wy) - dey(wn) 0
Xq - Xp = 1.
XU (@, 0n) =0, (19 = SC LT w1 @), (25)

and
with the frequencyw,;=—w,--— w, assigned toX;. The

X1 Xn+m - ~
AL} (@1, @nsm) action of the symmetrize€** is defined as:

dtXn+1 "xn+m(

@niar i) E0 f(wy,w0n) = F(wr, - @p) + (=01, — wp)*.

= & 0wy, 0) + U001, 0p) (26)

The coupled cluster response functions obtained from Eq.
(25 are, as the exact response functions, symmetric with
whereg®1*n and &1 *n are the right hand side vectors for, feSpect to permutation of the operatastogether with their
respectively, the amplitude and Lagrangian multiplier re-@ssociated frequencies and with respect to inversion of the
sponse equations of ordar The zeroth-order equations for Signs of all frequencies and simultaneous complex conjuga-

the cluster amplitudes are the usual coupled cluster equon- Eguati603n(2205) differs from the result of the earliest
tions, e®=0, and the zeroth-order equations for the La-derivations®3"?°as we take the derivative of only the real

grangian multipliers are part of the quasienergy Lagrangian and not of the complete
o quasienergy. For truncated or approximated coupled cluster
79+1© A=0. (177 models the time-dependent quasienergy and the quasienergy

X[A+(w,+ "+ w,)1]=0, (16)
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Lagrangian are in general complex. The imaginary part is an I
artefact of the projection principle E¢), used to determine Huys™= (m) ; (33
the coupled cluster quasienergy and vanishes in the limit of a wTVTYT0l0
complete cluster expansion, i.e., in the full ClI limit. We note P
that this problem is not special for time- or frequency- wag:(_—) , (34
dependent perturbation theory: the standard definition of the at,ot,dt,dts/
coupled cluster energy becomes also complex in the pres- 4
ence of static magnetic fields. BA :( J L_ ) (35)
According to the 2+ 1 rule for the amplitudes and the K\ dea(wp)dt,at,dt, 0’

2n+2 rule for the Lagrangian multipliers one can calculate . ) o
from the first-order response amplitudes and multipliers thénd the fifth partial derivative
linear and the quadratic response functions: 5L

D,yyse=| = . 36
((AB)) o= %é*wﬁABEF tA(wp) t8(wp)+ 7P tB(wB)], nrvoe (étwtyétﬂtaﬁte)o (39

(27)
((AB.C))ug oc

Lo, aonfl
=§chABC[ Gt (A (p)t (@)

1 1
+ EFAtB( wp)t(wc) + Et Alwp)BtB(wp)t(we)

+tA(wa)AB tS(we) |, (28

with wa= — wg for the linear andwp= — (wg+ wc) for the
quadratic response function. The operat®&® " symme-
trize with respect to the indice5, B, etc. of the perturbation
operators and accompanied frequencies. The matGcés

As long as we assume that the perturbation is described by
one-electron operators @ matrix defined analogously to
FA vanishs as do similarly defingd®, C* and D* matrices.

A fifth partial derivative of the Lagrangian with respect to
the amplitudeg,, vanishs because the coupled cluster equa-
tions are at most quartic in the amplitudes. For the same
reason all sixth and higher partial derivatives of the Lagrang-
ian vanish also. In Eq$27) and(28) and in the following we

use a generalized notation for contractions of these matrices
with vectorlike intermediates which implies the summation

convention tAAtE=3, thA, 10, FtAtB=3 F tht%,
TARtB{C— A B,C AtB{C_ AB:C
tBtHC=3,,, 1B, 1ty GPC=3,,,G,,, [,
etc. We note that the matric€s G, andH are symmetric in

all their indices, while the matriceB, C, andD are only
symmetric in the second, third, fourth and fifth index. There-

FA and A* are defined as partial third derivatives of the fore we indicate a contraction of the first indexAfB, C, or

Lagrangian:

Guvy= Tt 29
HY ottty ) ) 29

B —( L ) (30)
T\ atat,at,)
F,= 7L 31
# | dep(wa)dt,at, ] ) (3Y)
L
PR «
&EA(wA)&th?t,, 0

D with a vector by multiplication from the left side, in dif-
ference to multiplication from the right side which means a
contraction with one of the last indices.

lIl. MULTIPHOTON TRANSITION MOMENTS FROM
THE RESIDUES OF THE GROUND STATE
NONLINEAR RESPONSE FUNCTIONS

The response functions for an exact state have poles
when either a single frequency or a sum of frequencies
equals an excitation energy of the unperturbed molecule. The
corresponding first residues of the response functions are
equal to products ofmulti-) photon transition moments be-
tween the ground state and an excited state. Different defini-
tions for n-photon transition moments are in use in the

Open-ended expressions for higher-order response functiofiigeraturel®=121¢differing mainly in alternating signs, a com-
are given in Appendix B. If we go beyond quadratic responseplex phase factor or in the incorporation of an amplitude
theory we need in addition to the second partial derivativeslependent prefactdf.We adopt in the following the defini-

of the Lagrangian defined in Eq4.8) and(22)—(24) and the
third partial derivatives defined in Eq9)—(32) the fourth
partial derivatives

tion and notation used by Meath and Powewho defined
the n-photon transition moment from an initial stateo the
final statef as:

Mxn Mxn—l .. .sz qul
XoeeoX PV LU P PP oy T4
M 1 Xn :le Xn ’ 3
i (@) 2 2 %[(n—l)w—Eun,li]---[Zw—Eln,ziJ[w—Ew] 7

Where,ulx'li are the transition matrix elements of the operatpj)rbetween the statégandl,. E,ji is the excitation energy from
ik
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statei to statel; and w the photon frequencyP*t " *n is the symmetrization operator defined in the last section. In(E4).
the frequencies were the same for all fields, but the expression for the multiphoton transition moments can straightforwardly
be extended to a general polychromatic case:

Xn anl
M

Xp Xg

T Y Y B

Xq+eX A n-1 n-1'n-2 2'1 1
MIE @y, w,) = PXt an 22 )
fei 2 . h T o lortten —Eillorte—Eilles—E

(39

Then photon frequencies that appear in the expression fontpkoton transition moment are not independent: their sum is
restricted by a matching condition te, +- - -+ w,= Es; . Equation(38) might be compared with the sum-over-states expres-
sion for the(ground statgresponse function of order:3-4°

Xn Xn—1 ..., X Xg
MOInfl Mlnfllnfz Mlzll Mllo

>

m T i lortten g —E ol [eit o= Eollei—Ej o]

<<X1;"'Xn>>w2,---,w :ﬁ)xlman E o

n

(39

where now the frequencies are restricteddoyt+ w,* -+ w,=0. Similar to the response functions, the multiphoton transition
moments are symmetric with respect to permutations of the operAtorsgether with the accompanied frequencigs

Response functions are also symmetric with respect to the inversion of the signs of the frequency arguments and simultaneous
complex conjugation. The corresponding symmetry of the multiphoton transition moments is sligthly more complicated: they
are symmetric under sign inversion of the frequency arguments and simultaneous complex conjugation together with an
exchange of the state indedeandf:

S A N S
Xoe X A My Tl n-2'n-1" 'n-1
MY (@, e ) * = PX0 %0 (40)
fei 2 " |1-%,1 [01—EjiJ[o1+w—E ] [o1++ o, 1—F ]
1 2 n-1
X, X X X
A M”i M'lz'z.“'u'nrljn 1 'U“'nrI af
— PXa X (41)
I Ty [Tor—on—E ([ -wg —oq—E (][0~ (]
Xn o Xn-1 X2 X1
R Mg, My, M
— X1 Xy E Ny 7l n-2n-1 ""Th-1 42)
I3 Th—q [_wn—l'"_wl_Ellf][_wn—Z'"_wl_Elzf]'"[_wl_EIn_lf]
=ML (s —wp). (43)

In Eq. (41) we used the matching condition to rewritg asEs;— w,---— w, and in Eq.(42) we employed the invariance of
the expression under permutation of the opera¥grogether with their accompanied frequencies
For exact states the sum-over-states expreg&i8nis equivalent to the transition matrix type expressitiié:

1 .. v
M X”(wz,---,wn)=(n_l)!PXl Xn(f|HX1|i%2 X0 @, -, ), (44)
M=y, — ) = (n_l)!stl”'xn(iXZ”'xn(wz,---,wn)IHx1|f>, (45)

wherei*2 *n(w,, -+, 0,) is the response of order—1 of the wave function for stateto the frequency-dependent fields
Koy Xy

The relation between the residues of the response functions and the transition moments for multiphoton excitations can be
used to derive expressions for multiphoton transition moments for approximate wave fun&tidfi2®0f particular interest
are the first residues of the response functions of ordembich determine the absorption cross sections rfqggzhoton
transitions from the ground state O to an excited state
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lim (w1+' ot wnp— wf)<<X1;X2,' “!X2n>>w2,“',w2n

w1+t oo o

=|5x1"'xf12 E 2 lim (w14 +w,— wy)

[FR P l2n-1 w1+ +op—wf
X X X X
M0|22nn 1 'u’lnrrllln MInTnfl "M|110
X (46)
[t Fwan_1—E, ol [wit +wo,—E o] [oi1—E ]
Xz Xn+1 Xooo X1
'u0|2nn 1 M'nn+1f 'u”r:m—l M0 47)
[wi+Fwap-1—E, ol [owittwn—E ol [wit Fon1—E ol [oi—E ]
Xon ... K+l ook
:"L0|2nml ,U*|nn+lf :U’ﬂr:Fl M0 .
[onirFoan-1—E, ¢l lona—E ]l lorto1—E ol [wi1=E o]
x .”x x ..‘x
:M0<n_+fl M wni2, s Won) Mfio "z, 0p). (49
Alternatively to Eq.(49) one can use its complex conjugate:
im (—one 0 o) (X Xar Xan)) - wy oo
Opy1 T T on— —of
Xq-+X Xpy1 X
:Moif n(_wZa"'v_wn) Mf4n_+01 2n(_wn+2a'“1_w2n)- (50)
|
X+

In the following we will refer tOMO(_fX”(wZ,-",wn) as hibits the identification of unequivocally defined individual
“left” and to M;(j'gxn(wz,"',wn) as “right” n-photon transition moments, but all measurable quantities as optical
droperties, absorption cross sections, etc., depend only on the
product of left and right transition moments which can still
For approximate methods the structure of E4Q) is unambiguously be identified from residues with this struc-

only retained if an orthonormal parametrization for the brafUre: Thus from a practical point of view, we may still iden-
and the ket states is used and if the quasienergy remains rdiy individual approximate left and right transition moments,
in the presence of a time-dependent perturbation. For mettUt one has to keep in mind that they in general are not each

ods in which the quasienergy is obtained from a projectiorPth€rs complex conjugate and that products of left and right
type expression, as for the coupled cluster models, the rdransition moments must be substituted by the symmetrized

sponse functions have to be calculated as derivatives of onfXPression
the real part of the quasienergy, as in E2p). The response
functions then consist of two terms which are derivatives of’_L{Mén_?l“'XZn(wMZ,..-,wZn) M;(iax”(wz,“',wn)
the quasienergy and of its complex conjugate and in gener
have poles at the same frequencies. Their residues can then M2 Ko — L *
. . . . +( 0—f ( wy, ’ wn))
only be compared with the symmetrized expression:

transition moments from the ground state 0 to the excite
statef.

Xn+1Xop
Ilm ((1)1+"'+(1)n_(1)f)<<X1;X2,'",X2n>>w2’.._’w2n X(Mf‘i-*—ol 2 (_wn+21.“1_w2n))*}. (52)
w1t tog— o

The coupled cluster response functions have poles if a single
frequency or a sum of frequencies becomes equal to an ei-
genvalue of the Jacobiaf defined in Eq.(18). Therefore
one identifies the eigenvalug of A as approximation to the

1 Xps1 X Xq-+X
:E{Mor:rfl 2n(wn+2,...’w2n) Mfio n(wz’...’wn)

+(M§L‘X“(—w2,---,—wn))* excitation energy from the ground state to an excited state
.y . f.2041 This presupposes that; is real and positive definite.
XM (= wniz, = @20))* (51 since the coupled cluster Jacobiars a nonsymmetric ma-
oeeX trix it may in principle have complex eigenvalues. Eigenval-
d left and right transition momentdl ! . ""(—wy, - i i i i indi
an g 0f 2:""»  ues with a nonzero imaginary part are unphysical and indi-

—wy) andei’OX“(wz,m,wn) can no longer be expected to cate that the ground or the excited state are not well
be each others complex conjugate. The structure of the resiepresented by the coupled cluster approximation. However,
dues in Eq.(51) represents a straightforward generalizationexperience has shown that complex eigenvalues are not a
for response functions obtained from approximate waveproblem in practical calculations and coupled cluster re-
functions with a projection type expression for the quasiensponse theory has in humerous applications proven a valu-
ergy. A symmetrized biorthogonal structure in principle pro-able method for the calculation of excitation enerdfe4®
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The inverse of the Jacobiah plays in coupled cluster re- A. One-photon transition moments from the linear
sponse theory the same role as the resolvent in exact sta@SPonse function

response theory. The nonsymmetric Jacobian may be diago- |n Sec. Il the linear response function has been obtained
nalized with a biorthonormal set of left and right eigenvec-gg

torsE" andE":

lnsonne
((AB)),=5C"“P

7+ %FtA( —w) ) tB(w)] .
(56)

Expressed in terms of the left and right eigenvectors therhe real eigenvalues of the Jacobiarare usually positive
coupled cluster resolvent and its residues can be written in gefinite andt”(w), t8(w) have only poles fow>0, while

EfAE'=w;, EE'=s5;. (53)

spectral representation as tA(—w) andtB(—w) have poles forw<0. Therefore one
1 obtains for the residue that determines the one-photon ab-
RVM(w)=[—(A—w1)];M1:Z ETHEE' (54) sorption cross section:
" " im (0—w)((A;B)),
f - —1_ 2t _1 A+ FtA(— li —wp)tB
Rl,= lim (0—w)[—(A-w1)],=EEL. (55) =51(n (=) lim (0= w)t*()

W— Wf

+(P+FB(—wp)* lim (0wt (w)*}  (57)

w— wf

[0 g OF]

As in exact state response theory we may identify the resi-
dues of the resolvent as projection operators for the excited
statesf andE' andEf as representation of the accompanied 1 : —17¢B

X == - — lim — A—wl
bra and ket states in the parameter space of the coupled clus- AL (0= w)(A-wl) ¢
ter wave function. For the derivation of the transition mo- o
ments it is convenient to introduce the alternative notation +E(—w)*[— lIMm (00— wi)(A—wl) > Er],

E'(— ws) andEf(wy) for the excited state vectors, where the o of (58
left excited state vectors have been associated with minus the . . . .

o . . . - Using the residue of the resolveRt we obtain for the resi-
excitation energies and the right excited state vectors with ; .

- : . due of the linear response function:

plus the excitation energies. The reason for the choice of the
signs forw¢ will become apparent in Sec. IV. lim (0—w){(A;B)),

The biorthonormality constraints define the eigenvectors— s
of the coupled cluster Jacobian only up to a set of relative 1 _ -
scaling factors. One has still the freedom to scale the right = E{gA(_wf)ngBJr EB(— wp) ¥R £A%1 (59)
eigenvectors by a set of arbitrary nonzero factors, if at the

same time the corresponding left eigenvectors are scaled by

W— Wf

1 —
the inverse factors. Consequently the coupled cluster transi- = E{(§A(—wf)Ef(wf))(Ef(—wf)gB)
tion moments are also only defined up to these relative scal-
ing factors. However, this is not a defect of the theory be- +(?3(_wf)Ef(wf))*(Ef(_wf)gA)*}_ (60)

cause, as has already been pointed out, it is not the transition
moment that is the physical observable but the absorptiofffom the last equation one identifies the one-photon transi-
cross section. The latter property is obtained as product dfon strengths:
left and right transition moments and is thus invariant with 1
respect to a relative scaling of the left and right eigenvectors. sng:_{MéquBHﬁ(ngmﬁo)*}, (61)
In the following sections we show how in coupled clus- T2
ter response theory the expressions for multiphoton transitiofith the one-photon transition moments:
moments can be identified from the residues of the response

functions of order & and demonstrate how then the inter- Méef=gA(—wf)Ef(wf), (62)
change technigue can be employed to reformulate the ex- _
pressions such that they fulfillr2-1 and Z+2 rules, MP o=E'(—wp) &t (63

wheren is the photon number of the transition moment. Of . . A
S . .~ The computation of left transition moment4;_; from the
course, in high order this approach would become tedious —

and lengthy. Our goal, however, is to derive the transitiorfight hand side vectors™(— w;) would require the solution
moments as derivatives of variational functionals which al-0f & set of first-order response equations tftf— y). This

low to apply the complete apparatus of variational perturbaSa" be avo!ded if one solves instead the additional zeroth-
tion theory, including the 8+ 1 and 21+ 2 rules, and make ©rder equation

the mathematical structure more apparent. The variational I

functionals will be derived in Sec. V, after the neccessary M (@) (At oil)=—FE (wy), 64
prerequisites have been introduced. which can be used to rewrite E(G2) as:
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Mg = (7 + FtA(— ;) Ef(wy) tudes. For notational convenience the frequency-dependence
o of the response vectors has been suppressed if6Bxim-
= 7"E"(w) + M () & (65  plying that t*=t"(w,), tB=1t8(wg), etc. The right hand

Equation (64) is considered to be a zeroth-order responseside vectors for the second-order response equations for the
equation since it is independent of perturbation operator<Sluster amplitudes and Lagrangian multipliers &cé Ap-

One can interpret the intermediatet (w() as a type of La- pendix A:

grangian multipliers. This will become apparent in the varia-
tional formulation derived in Sec. V, which will also allow AB ang) oA B AB

us to derive general equations fet’(w() and its responses § M wp 08) =P (EBt (0a)t(wp) + ATt (f%)}
(see Appendix D (67)

B. Two-photon transition moments from the cubic ZAB — E£tAB
i , =Ft ,
response function " (wp, wp) (wp,wp)

The coupled cluster cubic response function was derived + pAB
in Ref. 32 as

((A;B,C.D)) g o o

1
EGtA(wA)tB(wB)+FAtB(wB)

+tB(wp)BtA(wp) + tB(wp) AR}, (69)
1
4l The two-photon absorption cross section is determined by
] the residue of the cubic response function at,¢ wg)

:léerl';‘)ABCD[E 77CD+ %FtCD tAB+ HtAtBtCtD

2 4

(66) —w;. Resolvents depending on the frequeneys{ wg)

o occur only in the second-order response amplitudes
where the vectonP= ¢“P—FtP was introduced to sepa- t*B(w,,wg) andt®P(—wc,— wp), thus this residue is ob-
rate the contributions of the second-order response ampltained as

1 1
+€tACtBtCtD+ EtABBtCtD

i i L co cD AB
lim  (0atws=0){(A;B,C.D)) 0wy wc.op= NIM  (wpt wB_wf)E{(n (0c,wp) +Ft*"(wc,wp)) 1™ (wa, wp)
wptT wg— wf wptT wg— wf

+(7"B(—wp,— wg)+ FtAB(—wA,—wB))*tCD(—wC,—wD)*} (69

1 — _
= E{(§CD(_ wi—wp,0p)E'(0)(E'(— ) é*¥(w;— wg )

+(E"(— wi+ wg, — wp) EN(01)* (E'(— 01) °P(ws+ wp , — wp))*}.

(70)

From the last equation we identify the two-photon transition strength as

Ske.co(®) = %{MS\E«—w)M?Bom)—(MSEf(—w)M?Eo(w»*}, (7
with the two-photon transition moments:

M52 {(wg) = E*%(— wi— wg, wp) E'(wy), (72)

M?Eg(wp) =E'(— ) é*¥ i~ v, wp). (73
Using the interchange technique, the expressiorMéEf(wB) can be rewritten as

M52 ((wp) = 7*B(— 01— wg ,wp) E"(w1) + M () E*B(— w(— wg , wp). (74

The formulation of Eq(74) requires a minimal number of response equations to be solved. But in difference to the ground
state linear response function the second-order transition properties in the formulation(éf)Egquire also the first-order
ground state Lagrangian multipliers. Using the interchange technique, one can obtain a formulation that is in accord with a
2n+1 rule for the ground state cluster amplitudes and the excited state vectors amd¢t 2 r2le for the ground state
Lagrangian multipliers, wherer2+1/2n+2 refers to the order of the transition moment rather than to the order of the
response function from which is was derived:
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M§E ((wp) =[GtA(— wi— wp)t®(wg) + FAtB(wg) + FBA(— wi— wg) JEf(wf) + M (1) E*8(— wi— wg, 0g)
+ tA(— wi— wg)[ BtB(wg) + ABIE () + tB(wg) [ BtA(— wi— wg) + ANE  (wy) (75
=[GtA(— wi— wp)tB(wp) + FAtB(wp) + FBA(— w— wp) JE (wf) + '\Wf(wf)gAB( —wi— wg,wp)

+ N~ wi—wp) E®(wf,0p)+(wp) EM(0f,— 0i— wp). (76)

The vectorsE™, E™ are the first-order response of the right C. Three-photon transition moments from the pentic
eigenvectorE'’, obtained in an irregular, i.e., not phase- response function

isolated, response expansion for the excited state ve(sees
Sec. IV). They are obtained as solutions of the first-order

: The three-photon transition moments can be identified
equations:

from the residue of the pentic response function far, (
(A—(wi+w)1) EfA(wf )= —(BtA(w)JrAA)Ef(wf). + wg+ wc)— ws. The coupled cluster pentic response func-
77) tion is (cf. Appendix B

1., . 1 1 1 1_
. — _~*opABCDEF, ABC_, “+ABC|+DEF AB;CD;+EF ABRp+CD:EF
((AB.C.D.E\F))ug ug g g = 5C P (—36< 7B+ SFt )t + g8 PtOPLE o tABBPt

1 1 1 1,
+ AB{CD{E{F | “tABCtCD{E{F 4 “{ACtBC{DE(F 1 “{ABQC{DE(F
16Ht t--tet 8t Ct-t=t 8t Ct=~t==t 4t B-t-"=t

1 1 1
~TARC{BD{EF ABQ;CiD;EF ApiBC{D1E{F
+8t B~t°*t +48t Dtttt+12t Dt ttt], (78

where similar as in second ordef*BC is defined ass*BC— Ft*BC and ¢*BC is the right hand side vector for the third-order
response equation for the Lagrangian multipliers:

— N 1 1 1
fABC((DA ,wp ,wc): PABC gHtA(wA)tB(wB)tC(wc)-i— EGtAB(wA ,wB)tC(wC) + EFAtBC(wB ,wc)
1 ABC, l_BC A 1_A B C TB CiA
+§Ft (wa,wg,0¢c)+ Et (wg,0c)A +§t (0a)CtP(wp)t™(wc) + 7 (wp) B*t (wa)

1— 1
+ EtAB( wp,wg)Bt(we) + EtA(O’A) Bt®(wg,wc) | . (79

The right hand side vector for the third-order response equation for the coupled cluster amplitudes is

~ 1 1
fABC( wp,0g,WC)= pABC ECtA( wA)tB(wB)tC( wc) + EBAtB(wB)tc(wc)

1 1
+ EBtAB(wA ,we)tS(we) + EAAtBC(wB ,0c) [ - (80)

Resolvents that depend on the frequengy+ wg+ wc occur only in the third-order response vecttht8%(w, , wg ,wc) and
tPEF(— wp , — wg, — wg). Consequently we obtain for the three-photon absorption cross section:
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lim (0at wpt+oc—w){(A;B,C.D.E,F)),, .

wptwgtwc— wf

WD g @F

1
:E{(WDEF(wD,wE,wF)_i_FtDEF(wD,wE,wF))ngABC(wA,wB,wc)+(77ABC(—wA,—wB._wC
+FtABC(_ wA!_wB!_wC))* Rf* gDEF(_wD ,_wE!_wf)* } (81)

1 _ _
= E{ (€°FF(wp ,0g,0p)EN(0f) (E'(—0p) BN wp, 05,0c)) + (E*BY(—wp, — 0p, — wc) EN(w))*

X (E'(— ) E°EF(— wp , — wg, — w)* }, (82

where in the last two equationsy= w;— wg— wc and wp= — w;— wg— wg . From Eq.(82) one identifies the three-photon
transition strength as

Sascper(@1,02) = 5 {MGEH(— w1, — w2) MPEG(@1,02) = (MEEF(— w1, — w2) MEEG (w1, 7))}, (83

with the three-photon transition moments:
MEH wg,wc) = EAB(— wi— wp— wc , wg , wc) Ef(wy), (84)

MPES(wg, wc) = E'(— 0() &8 0~ wp— wc,wp,0c). (85

If the interchange technique is used to eliminate the third- and second-order response amplitudes and Lagrangian multipliers
in the expressions fov 2% (wg ,wc) one obtains:

%Ht“mA)tB(wB)tC(wc) %W*(wnc:tB(wB)tC(wc)+t_B<wB>BCtA<wA> E(w)+M'(w)

Mo wg, wc) = PABC(

1 —
+ EGtB((DB)tC( wc) + FBtC(wC) +1 B(Q)B) Btc( a)c)

X %CtA(wA)tB(wB)tC(wc)‘*‘ %BAtB(wB)tC(wc)

— 1 —
+ t%(wc) AP | E(wr,wp) + 5[ G (@A) EN () + tA(0a) BE (o) + FE(r,wa) + FAE (wy)

+M(w)BtA(wa) + M f(wnAA]tBC(wB,wc)] (86)

1 _
ECtB(wB)tC(wC) +BtB(wp) |E'(wf) + M (wy)

= ﬁABC[ %HthA)tB(wB>t°<wc>Ef<wf>+F*<wA>

1
X tA(wp) + EWBC(CUB ,0c)EM (w5, 0p)

1
gCtB(wB)tC( wc)+ EBCtB(wB)

+ ;Mm(wf :wA)fBC(wB-wc)]- (87)

The first-order Lagrangian multiplieﬂ‘afA are obtained from the response equafisee Sec. V A
M (wf,0)(A+(wi+ 0)1)=— (G tN(w) Ef(wf)+tA(w) B Ef(wf)+F* Ef(wf) +F EM(wf,0)+ M (0f) B tA(wp)
+M(wp) AY). (88)

In a similar way the second-order amplitudes can be eliminated from the expression for the right form of the three-photon
transition matrix el(=.\m<an't/|fq)(wB ,we):
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M725(we, wc)= ﬁABC[ E'(- w»(%CtA(wA)tB(wB)tC(wc) + %BAt%B)tC(wc))

+ ;@f( — 0Bt () +E'(~ w) AN Ywg .wc)] (89)
= ﬁABC( E'(—wy) ( %CtA( o)t (wp)t%(wc) + %BAtB(wB)tC(wc)
+EA(—wf ,Wp) %BIB(wB)tC(wC)+ABtC(wC))}. (90

The vectorsE A represent the first-order response of the leftSimilarly, one of the many equivalent variational conditions
excited state eigenvectors in an irregular, non-phase-isolatddr the response of the amplitudes of orderis obtained
response expansidof. Sec. IV). They are obtained from the from

first-order response equations:

E"A(— w;,0)(A+(0—wf)l) -
=—(E'(— 01)BtA(w) +E'(— 0y AY). 9) — ALy
dtxl"‘x"(wl,---,wn)

D. The general case: n-photon transition moments on
from the response function of order 2 n J g7L

T gt X
To derive an open-ended formula for the coupled cluster dt™1" n(wy, -, 0n) | dex (1) - dex, (w2n) T
n-photon transition moments, we consider the response func-

tions of order 22 and their functional dependence on the (94
response of the amplitudes and Lagrangian multipliers of
ordern. First we note that one of the many equivalent varia-
tional conditions for the determination of the multipliers of ~ =(A— (w1 + won) DX+ Xen( @ 1 wop)
ordern is given by(cf. Eg. 16, see also Appendix)A
gx X ’ ! PP + &t Xen(wp g, wn) =0. (95)
d{L}Tl 2n
dtxn+1...xzn(wn+11'"inn)
d Analogous equations hold for all permutations of the opera-
= At X2n( o, L o) tors X4, -+, X5, together with their associated frequencies

w1, "+, woy. The right hand side vectors for the cluster am-
"L plitude response equationgr *n are independent of re-
x dex (w;1) --dex, (w2n) ; (92 sponse vectors of ordar, and the right hand side vectors
- B &1 %n can be written agy®t *n+ Ft*1*n (see Appendix
=& X0 ( @y, 0p) + 1T (0, o) A), where7*1 *n s also independent of response vectors of
X (At (@14 + wg)1) ordern. Thus the time-averaged Lagrangian of orda@m,
before the 2+1 and 21+2 rules have been applied, be
=0. (93 written in the form

1 .
{L}fr(l in:Lil X2n+|_>;1 Xon nlnlpxl---XZnX

1
nxll..xn(wla' “,wp)+ Ethlmxn(wly' ",wn))
X1 Xen( g g won) + 1T 0 (@, 0p) (At (w14 + 0p) 1)

thn+1"'x2n(wn+l’- ",(Uzn)'f'F(l.“Xn(wj_,' ..'wn)§Xn+1"'x2n(a)n+1,. ";wZH)’n (96)

where we collected iri_)il'"x2n all terms that depend only on response amplitudes and multipliers up to rdérand
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L);l'”xz” is the sum of all terms that depend on response amplitudes and multipliers of orders Both, Lir“in and
L);l'"xzn are independent of the amplitudes and multipliers of ordérhe terms collected ihil'"x2n vanish due to the 2+1

rule for the amplitudes and the multipliers and the varitional conditah can be used to eliminate the terms proportional to
the response multipliers of ordar One obtains for the response function of ordartBen the expression:

<

2

1., 1 ... 1 ...
<<X1;X2"”'X2n>>w2,~~,w2n:Eciw Lxl x2n+mpxl in( ,,]Xl Xn(wl,"‘,wn)+—thl Xn(wl’...,wn)

th””"'XZ”(wnur",wzn)]-

97)

If one now takes the residue fas,+- -+ w,— w¢, only the second term can contribute since all the terms collected in
Lil"'xzn do not contain a resolvent that depends on the frequencyessym -+ + w,,. From the second term we obtain:

lim (w1++ o= o) (X1 X2, Xon)) wy 0

w1t tog— o

n

1
- §§Xn+1"‘X2n(wn+l’wn+2,,__,wZn) Rf gxl---Xn(wl,wZ',“’wn)
1 EXq X f X s X *
+§('§ 1 n(_wl!_w21“'1_wn) R g n+1 2”(_wn+l:_wn+2"':_wn)) (98)
1 X X f =f Xq+ X
=5 (& wn g, 0012, 020) B (@) (B(— 0 &7 n(wy, 05,7, 0))
1 TEXq X f * (Ef( X s X *
+§(§ V(- g, — w2, —wn) EN(04)* (E(—wf) 177 20(—wpp1,— @ni2, 0 — @p) ™, (99

where in the last two equations;= w¢— w,-*—w, and
Wp 1= — Wi~ Wh1p  — Wo,. Thus we get for the “left”
and ‘“right” n-photon transition moments with>0 the
general expressions:

M (@2, 0n) = E™ (1,05, 0p)E(w5),

W= —Wi— Wy — Wp, (100
1 f 2 n

MY (@2, 00) =E'(— 07) €M (wq, 03, **,@p),

W= W~ W — Wy, (101

If we include the excitation frequency;, we get, as for

act states, (44 and (45: (L/(n—1)!)P*r *nH*q|
i%2 %n(w,, -+, wy,)) is identical to the right hand side vector
for the nth-order response equation for the exact state wave
function1416.27

According to Egs(100 and(101), the n-photon transi-
tion moments could be calculated as simple scalar products
once the eigenvectors and the right hand side vectors for the
response equations of ordeiare available. But from a com-
putational point of view this would lead to an inefficient
implementation, as the calculation of the right hand side vec-
tors of ordem requires the solution of the response equations

for t"=1, t™=1 andt(™. The most convenient way to ob-

response functions, the rule that the frequencies in the exXain computational efficient expressions which require only
pressions for the transition moments add up to zero. Frorfl€ Solution of a minimal set of response equations is to

Egs. (100 and (10)) it follows that the right and left ap-

derive multiphoton transition moments as derivatives of

proximations to the multiphoton transition moments are revarational functionals.
lated in a simple way to the residues of the response ampli-

tudes and the Lagrangian multipliers:

lim (w1t +w,— o)t (+ o, -, +o,)

w1t tog— o

=E (0)M{ o(@p,+wp), (102

lim (wl+"'+wn_wf)Fn)(_wly"'y_wn)
w1+-~~+wn~>wf

=M (—wy, 1, — ) EN(— wy). (103

IV. THE RESPONSE OF THE EXCITED STATE
VECTORS TO TIME-DEPENDENT PERTURBATIONS

Before we are going to derive in Sec. V such variational
functionals for the multiphoton transition moments between
the ground state and an excited state, we will take a closer
look on the response of the left and right excited state vectors
to a time-dependent perturbation. In Sec. Il the excited state
vectors have been defined for the unperturbed system as the
left and right eigenvectors of the Jacobian normalized

such that they form a biorthonormal ba&& = 5;; . For a

The Egs.(100 and (101) can also be compared with the time-dependent ansatz the eigenvalue equations must be gen-
expressions of then-photon transition moments for ex- eralized to time-dependent differential equations or to a
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time-dependent variation principle and a time-dependenBecause the variations of the left and the right excited state
parametrization must be chosen for the excited state vectorsectors,gﬁf(t,e) and SE'(t,€), are independent, E¢108)

such that for the unperturbed system the time-dependeffives two independent time-dependent differential equations:
left and right excited state vectors become equal to

Ef(—wf)exp(Jriwft_) and Ef(c_of)exp(—iwft), _respectively. {A(t,e)—ii E'(t,€)=0, (109
Several perturbation expansions of the excited states would dt

be conceivable, differing mainly in the normalization and in o

the incorporation of a quasienergy-dependent phase factor. dE'(t,€)

In the following we will study an expansion that is only E'(t, )A(t,€) +i T (110
phase-isolated with respect to the ground state quasienergy,
but not with respect to the quasienergy difference betweedhus in a time-dependent approach the static eigenvalue
the ground state and the excited state. We choose this expa@duations become effective time-dependent Siihger
sion because it is most closely related to the expressior@duations for the excited state vectors. The time- and field-
identified from the residues and leads immediately to thedependent Jacobian is defined as the derivative
Eqgs.(77) and (92).

A parametrization of the excited state vectors that is not At, E)MFM
phase-isolated with respect to the quasienergy difference be- dt,

tween the ground and excited state is obtained by the ansatﬁé expansion in Fourier components and the strengths of the

E'(t,e)=E'(w;)e it external fields is up to second order given by:

(11D

+; €i(0;) E™i(wr,0)) e @t onty ... A(t,e)=A+; €j(w;) e D BtXi(w;)+AX]

10 1 .
(109 +§ > €j(wj) € wy) g (et
T

X[ Ci(w)) () + B K@), w)
+$ €(w;) EXi(—wr,w)) e71@imeont4..., + BXit () + BXtXi(w)) ]+ (112

(105) Introducing the expansiof112) and the ansatz for the right
excited state vector€l04) into Eq. (109 one obtains the
The time-dependent excited state vectors are determinagsual right eigenvector equations
from a time-dependent variation principle analogous to the
symmetrized Frenkel variation principle in the form of Lang- (A~ w¢1) E'(w()=0, (113

; £
hoff, Epstein and Karplus: and the first- and second-order response equations:

A .d
(t,E)—Ia

5E(Ef(t,e)

Ef(t,e)) (A= (wr+w)D) EAwr,0,)
= —[BtY(wa) + A" Ef(wy), (114
d —
+i a(Ef(t,G) 5EEf(t,5)):O, (106 (A—(wi+ wp+ wg)l) EfAB((y)f Jwp,0p)

where 55 denotes variations with respect to the variables of  — _ |SAB[
the excited vectors, i.e., the coefficients of the Fourier com-
ponents of the left and right excited state vectors. If we take
the time-average of Eq106), the second term vanishes, be- + B tB(wp)

cause we assumed th&t (t,€) and Ef(t,e) are (quasi)

1 1
ECtA( wp)tB(wg) + EBtAB( wp,wp)

E'(wf) +[BtA(wp) +A"]

eriodic functions of the time:
P X EB(w¢ ,wB)} . (119
] =t ; f _
2 (E (Le)| Alt,e)—i ﬁ}E (tif)] =0. (107 For the left excited state vectors one obtains in the same way
T the left eigenvector equations
Alternatively, Eq.(106) can be rewritten as —
Ef(— ) (A—w1)=0, (116
(5§(t,e)) At,e)— i% Ef(t,e) and the first- and second-order response equations:
A
J— — + —
LGB (= wr,wp) (A+(wa=w)1)
+ (t,E) (t16)+IT (t,E)— . ( ) =—Ef(—wf) [BtA(wA)+AA], (117)
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EfAB(_ wr 0p,08) (A+(0s+ 0g— w7)1) the following o_nly consider the_ foregoing exp_ansion. A com-

f A B A B f
pletely phase-isolated expansion for the excited state vectors
will be discussed in a forthcoming publication on excited

ECtA(w 1B (w )+EBIAB(w wg) . . .
2 A B2 A@B state nonlinear optical properti&s.

=- ﬁAB[E%—wf)

+BAB(wg) [+ EB(— wr,0p)[BtAN(wa) + AN . (118

V. VARIATIONAL FORMULATION

The excited states response equations have in general the The derivation of multiphoton transition moments from

form: the residues of the ground state response functions, as de-
_ Xq scribed in Sec. Ill, is in principle straightforward, but has the
(A= (@it oyt ) DE w0100 disadvantage that computationally efficient expressions are
=— X0 (wp 09, 00), (119 only obtained after rather “hand-made” algebraic reformu-
lations using the interchange rule. Such an approach is diffi-
EX(—wp, 01, ) A+ (— 0+ w1 +--)1) cult to generalize and becomes in higher order very tedious
_ and error prone. Thus it would certainly be advantageous if
=— &N (—op, 01, 0). (120  one could instead derive these expressions as derivatives of a

. . i X variational functional.
Expressions for the right hand side vectaft *n and

£ % are given in Appendix C.
The derivation of the foregoing response expansion fol-  To find such a variational functional for the left transi-
lowed closely what for exact states is known as the Diracion moments between the ground state and an excited state
variation-of-constant methad;**~*®adopted for the special we use a two step approach: First we show that the left

case of periodic perturbations and a biorthonormal parama-photon transition moments are timh derivatives of a

etrization. Thereby, the responses of the excited state vectofgnction. Then we complement this function to a variational

satisfy for ordem>0 the normalization conditions Lagrangian. We start from the expression for the left transi-
tion moments derived in Sec. IlI:

A. The Lagrangian for the left transition moments

n

~ 1 —
Xq:+-X R = b CEED v e
P e e VXX

0—f n(wzv.“!wn):?(l'“xn(wl!wZI.Hrwn) Ef(wf):

X EPkr 1 Xn( g wps g, wp) =0. (121
W= Wi~ Wy — Wy (122

Thus if the unperturbed eigenvectors are normalized to
E'(— ws)Ef(ws)=1, this normalization is retained by the
time-dependent vectorg'(t,€), Ef(t,€) in the presence of
an oscillating perturbation order by order. } ST

The coefficient matrices— (o;+ o, =+ w,;)1) con-  drangian muIﬂphe;s't“Xl ™(wq,w,, ", 0y). Thus we can
tain the eigenvaluao; of A in the constant added to the arbitrarly add toMg* (™ terms of the form
diagonal while the right hand side vectors are in general not
orthogonal to the unperturbed stéte Thus the coefficient (B9 % (1w, 0r)
matrices become irregular in the limit @f;+- -+ w,—0 L2z %m
and the response equatiofitl9 and (120) have then no
solution. In practice this means that the response vectors will
diverge if a single frequency or a sum of frequencies be-
comes zero. These divergencies are a consequence of the
so-called secular terms that appear in the perturbation expan-
sion of the non-phase-isolated excited state vectors similar t@ithout changing the value of the transition moment. The
the secular terms encountered in a perturbation expansion @&ctorE' is an eigenvector of the Jacobianwith the eigen-
the non-phase-isolated exact state wave funéticfhe pa- value w; . This allows us to add ti/ g(i“f‘xn also the term
rametrization(104) and (105 is phase-isolated only with re-
spect to the ground state quasienergy via the phase-isolated _
parametrization for the ground state wave function. The lim X1 X0 (w1, 05, 0p) (A~ 0 1) E' (w5) =0,
secular terms describe an overall time-dependent phas@&:i® "+ en— o
factor which arises from a shift in the difference between the (124
ground-state and the excited state quasienergies. One can
avoid these singlularities by a completely phase-isolated pewhere we impose the limes in order to guarantee that the
turbation expansion for the excited state vectors. Howevegquality still holds, when the sum of the frequencies ap-
since the expressions for the transition moments are mogtroaches minus the excitation energy. Thus, we can rewrite
closely related to a non-phase-isolated expansion, we will itM gi"f'xn as

The vectorse *m(w,,w,, -+, w,) are the right hand side
vectors for the response equations of the ground state La-

+ U0 Xm0, w5, 0m) (At (01 + 0m) 1)}

XEXmer Xn(ws wmiq, 0, =0, (123
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MoL " (g, 0n) = 84 (@, 0z, 0p) EN(0p)+ lim 0 (g, 05, 00) (A~ 0 DE (@)
wgt o top— —of
n-1
HPN S B 00, 0) + D 00,02, 0n)
X (At (01 + o) DIXEme1Xn(ofom; 1, 0n) (129
n Xq X
~ 1 d{L} v n(wla"‘yw )
- lim P ! I qtX - Efxmﬂmxn(wf,wm+1,"',a)n)
w1+ op— — wf m=0 m(n_m) dtm+1"" n(merl'...,wn)
(126)
S (d”‘{n(t,e)+t_<t,e)<A<t,e>+<wl---+wn>>}>
w1+ + 0y — o m=o0 Mi(n—m)! dei(wy) - -dem(wp) 0
" d""MEf(t,€) ) 127
demi1(wme1) - -dep(wy) 0
a lime?| 5(t,e)+ t(t, )(A(t ) dHE (t,€) (128
= ime € € €)—i—= € .
des(wy) - den(wn) | oo | .

The time- and field-dependent vectgp(t, €) is defined as

(129

d
7,(t, €)= at W'(t,€).
o

from the stationarity conditions for the time-average of the
left transition moment Lagrangiafl.°"}; as were obtained
from the time-average of the ground state quasienergy La-
grangian. From the stationarity ¢ °}1 in the Fourier com-
ponents oft one gets the response equations for the right
excited state vectdE'(t,€) in the irregular perturbation ex-

The time- and field-dependent Jacobiaft,e) was defined pansmn derived in Sec. IV and from the stationarity of
in Sec. IV. Thus the left multiphoton transition moments are{L°"}+ in the coupled cluster amplitudes one obtains the re-
the derivatives of the time-average of the “left transition SPOnse equations for the transition Lagrangian multipliers

moment function’:

T(t,e)=lime?t
p—0

n(t,e)—i—t_(t,e)( At, e)—|1” Ef(t,e).
(130

The time-average of this function is found to be variationalsingular response multiplierst Xl Kn(wq,

in the Fourier components d?(t,e) andEf(t,€). To obtain a

Lagrangian functional that istationary in allits parameters,

MT. The variational transition moment Lagrangian thus pro-
vides the means for a straightforward derivation and a clear
mathematical interpretation of the intermediatg8‘ *n

and M X1 *n as response of the right excited state vectors
and transition Lagrangian multipliers, respectively.

Up to now we have ignored that in E(L25 a term was
added to the transition momelvftx1 *n which contained the
w,) with
W=~ Wi~ ©) w, . Due to the dependence of the transi-
tion moment Lagrangian multipliedsl on the ground state

we complement/(t,e) with the constraints for the coupled quasienergy Lagrangian multiplietsthe functionalfL°"}{"

cluster amplitudes(t,e) multiplied by “transition moment”
Lagrangian multipliers:

LOf(t,e)= nm(ept
p—0

n(t, e)+t(t e)(A(t €)—Ii dt”
XEf(t,e)+ertM(t,€)

(132

.d
X e(t,e)—lat(t,e)) .

contains a second singular tertd:™1 " *n(w, -+, w,) €©.
In order to obtain well defined results we had to take the
limes in Egs.(124)—(131). For the derivatives of the time-
average ofL%(t,€) the limes forp—0 becomes limes for
w;— —wi—wy - —w,. These singularities are a conse-
quence of the fact that one calculates a response for a com-
bination of frequencies that equals an excitation energy. We
note that they do not pose a practical problem, because the
singular terms are eliminated from the expressions for the
transition moments when thenz1 and 21+2 rules are
applied.

There are two other aspects in which the transition mo-

Per construction the same response equations for the groungent Lagrangian differs from a quasienergy Lagrangian: The

state amplitudes and Lagrangian multipliers are obtained

zeroth-order term of the transition moment Lagrangian van-
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= lim {[ 7"+ tN(wa) (A— )

ishes. There exists no physical transition property that corre d{LOf}T
sponds to the unperturbed energy in ground state respon
0

ﬁ‘EA(_wf)

calculations. In difference to the quasienergy Lagrangian ATt

where time-averaging leads to the condition that the sum of A f (0) 1 7(0)

the frequencies associated with the external fields is zero, TR eW]E (o) +[7 7+ LTA]
time-averaging of the transition moment Lagrangian leads to X EfA(a,f ,wp) + MfA(wf ,wp)e?

the condition that the sum of the external field frequencies is o

equal to minus the excitation energy . + M () [+ (At o)th(wa)]. (133

In the following paragraphs it will be shown that from The stationarity conditions for the first derivatives{aff}
the derivatives of the time-averaged left transition momeniyith respect to its zeroth- and first-order variables gives the
Lagrangian, zeroth- and first-order response equationstfot, Ef, and
M. For the ground state amplitudes and Lagrangian multi-
Mg(l"f'xn(wz )= d"{LO%; ) (132 pliers, t andt, one obtains the same equations as have been
- T dej(w;) - -deg(wn) /)’ obtained from the ground state quasienergy Lagrangian, and
the zeroth-order equation found f& is the usual excited

state eigenvector equation. For the transition moment La-

the same expressions for the left form of the transition Moy 4ngian multipliers one finds the zeroth-order response Eq.
ments are obtained, as were found from the first residues 4

the ground state response functions, and how the variational According to the 2+1 and D+2 rules, the zeroth-

formulation can be employed for a compact derivation Ofg e response equations can now be employed to eliminate

computational efficient expressions which are in accord with, ., Eq. (133 all terms containing first-order parameters or
the 2n+1 and h+2 rules for the parameters and for the multipliers. The remaining terms are

multipliers, respectively.
A ( d{ LOf}T

0" dea(— o)

)=nAEf<wf>+W<wf>§A. (134
0

2. The second derivative of the time-averaged left
transition moment Lagrangian

Before the 21+ 1 and 21+ 2 rules have been employed,
The first derivative of the time-averaged transition mo-the second derivative of the time-averaged left transition mo-

1. The first derivative of the time-averaged left
transition moment Lagrangian

ment Lagrangian is found as ment Lagrangian has the lenghty form:
dz{LOf}¢B
dea(— wi—wp) dGB(wB))O

= lim P"B

WA— — Wf— g

1 1 _ _ _
EGtA(wA)tB(wB) + EFtAB(wA ,wg) + FAIB(wB) + tA(wA)AB+ tA(wA) BtB(wB) + tAB(A— wil)

XEf (@) +[ 7+ FtA(wp) + tA(0a) (A= (05— 0g) D) IE™( 0y, )

1 — 1 _ _
+ E[ 7O+ tOAIE"B(w;, w4, wp) + EM "B wi,0a,0p)e %+ M (0, 0a)[ 8+ (A— wp)tB(we) ]+ M (wy)

X

1
(A—wp— wp)t*¥(wp, wp) + EBtB((DB)tA( wp) +APtA(wp)

} | (139

From the stationarity conditions for the second derivativef 8f}; one obtains the usual first-order equations for the ground
state amplitudes and Lagrangian multipliers. For the right excited state vector and the transition moment Lagrangian multi-
pliers one obtains the first-order response equation&fbrand M™, Egs.(77) and (88), which in Sec. Il could only be
identified after repetitive application of the interchange technique. Employing ikel2and 21+ 2 rules one obtains the
two-photon transition matrix element in the form of E@6):

(136

%Gt’*wA)tB(wBH FAP(wg) |E'(w) + EN(wa) E®(wr, 0p) +M () %Bt%B)tA(wA) + APt (wp)

MéEf(wB): ﬁ’AB[

with wp= — w;— wg.
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3. The third and fourth derivative of the time-averaged left transition moment Lagrangian
Employing the 21+ 1 and 2+ 2 rules one obtains from the left transition moment Lagrangian immediately a computa-

tionaly efficient expression for the left form of the three-photon transition matrix element:
. 1 1
M52 (g, wc) = PAES SHE (0 tA(wa) tP(wp)t(we) + gM' (o) CtA(wa)t%(wp)t%(wc)
l_A f B C 1 fA B C 1_fA B C
Tt (wa) CE (i) t*(wp)t™(wc) + >CE (01, 0p)t°(0p)t™(wc) + oM (w1, 0p)Bt*(wg)t™(wc)

+ 1M wp)BE™®(wf,wp)t%(wc) + FAE™(wf, wp)t(wc) + tA(wa) BBE (w)t(we)

+ %M (0B t%(wp)t%(we) + tA(wa) APE" (0 0c) + Moy ,wA>ABtC(wc>] (137
= ﬁABC(% 7"B(wa,0g)E (0, 0c) + ;Mfc(wf J0c) 8w, wp) + %HtA( wa)t?(wp)t%(wc)
1 _ 1 1
+ 5t (@) Ct(wp)t(we) + tA(wa) BUt (wc) | E'(w) + 5M (0p)| Ot wa)t*(w)t(we)
+BAtB(wp)t%(wc) ] (139

wherew,=— ws— wg— w¢ . If the eigenvectoE" and the eigenvalue; are known, we can thus calculate the three-photon
transition matrix element for a given pair of frequencigs, wc by solving the two zeroth-order equations t8f) andM' and

the first-order equations fd¥, t*, E™ andM ™. No second-order equations have to be solved.
The four-photon transition moments are obtained as

~ 1 1_ 1
M (wg, we, wp) = PABCD( 78 (0p, 0p) E'P(wr,0¢,wp) + EMMEEP(wg wc, wp) +| gH(wp)t(we)tP(wp)

6 6

1 1 1
+ EGtBC(ﬁ)B ,0c)tP(wp) + EFBICD(‘UC ,wp) + Et B(wp) Ct(wc)tP(wp)

1 —
+ =t B((A)B) BtCD((UC ,U)D) + tB((DB) BCtD((x)D)

> EfA((I)f,(I)A)+

1
ZHtAB( wp wa)tC(a)C)tD(wD)

1 1—
+ thAB(wA ,wp)t°P(wc,wp) + gt Awn) Dt¥(wp)t“(wc)tP(wp)

1
+ 5t wa) Ct* (05, )t (wp) + 5t (wa) BE P (wc , wp)

2 Ef(wf)

+Mf iD'[A(wA)tB(COE;)'[C(wc)tD(wD) + %CtAB(wA ,0)t%(wc)tP(wp)

24
1 AB CD 1 A+BC D
+ gBt (wA,wB)t (wc ,(J)D)+ EB 1 (wB ,a)c)t ((J)D) y (139)
|
with wa=—wi—wg—wc—wp. Using the interchange MXr'-Xn(wz ) =EN(—wf) & (w01, wp, 00)
technique, one can write the first term ° b e
TEPB(w,, wg)ECP(ws ,wc , wp) alternatively as 1= @f— @y — Wy - (140

1tAB(wa, wg) £'°P(wy,we ,wp). This means that one has
the choice to solve either the second-order equations for t : ; ; Xy Xn At
ground-state Lagrangian multipliers or the second-ord:130 find the function of V\-/hlchf“O 's thenth der_lvat|ve

. ; o {ve add response equations for lower-order amplitudes mul-
equations for the excited state vectors. In addition one has tf?plied by left excited state response vectors:
solve the second-order equations for the ground state cluster
amplitudes. EPm X0 = 0, w1, 0p{ET M0, 05, 0)
B. The Lagrangian for the right transition moments +(A— (01— o) DT (01,05, ,0m)} =0,

To derive a Lagrangian for the right transition moments (147
we can proceed along the same lines as for left transition
moments: We start from the expression derived in Sec. Ill: and the eigenvector equation fiaf multiplied by t*2n:
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im  Ef(—w)(A—wl) 57" %(wq,0,, -+, 0,) =0. (142

w1t top— ot

. . Xq+X
This allows us to rewritM;* ;" as

M;(i.gxn(wza‘"-wn):E(_wf)fxlmxn(wl,‘"-wn)+ lim E'(— 0)(A— o )t*r *n(w;, -, @)
w1t tog— o
n-1
+PX1”.XnmE:0 mEfme”'X"(_‘Ufawm+1-'":wn)[fxlmxm(wlvwzy‘",wm)
X (A= (01— on) )+ Xm0, 0y, ", 0p)] (143
n
A 1 — diL e
— lim le...an —Efxm“"'xn(—wf,wm+1,--—,wn — {})T((wl wn)
w1+t op— of m=0 m'(n_m)' dt’m+1 "(wm+1!"'vwn)
(144
i BXye X i 1 ( d”_mgf(t,e) ) (d(e(t,e)—i(d/dt)t(t,e))
= Im n
w1+ + 0y — of m=0 M (N—m)! | dém1(wmi1) -deq(wp) 0 dei(wy) - -dem(wpm) 0
(145
= d lim etE' ; 146
- de—l(wl)...de—n(wn) p[noe (t,E) e(t,e)—lat(t,e) . ( )
T'o

From Eq.(146) we identify as the “right transition moment” straint that the sum of the frequencies of the external pertur-

the time-dependent coupled cluster equations multiplied bypations must be equal to the excitation energy of the

the left excited state vectors: considered state, in contrast to the minus sign found for the
left transition moment Lagrangian.

— d
Tt e)=lime”'E(t,€)| e(t,e)—i qiite]. (147
p—0 1. The first derivative of the time-averaged right
transition moment Lagrangian

The time-average offj’ is found to be variational in the The first derivative of the right transition moment La-
Fourier components d&'(t,e) andt(t,e) and thus7™(t,e)  grangian is found as
is already the searched for variational functional:

d{L; R
Lf(t,e)=.7t,€). (149 (m)0=w/L'anfEf(—wf)[§A+(A—wf)tA(wA)]
+EA(— 0, wp)e?. (149

The right transition moment functional has a distinctly sim-

pler structure as the left transition moment Lagrangian: Only

two types of response equations have to be solved to calclrrom the stationarity conditions for the first derivatives of
late the right transition moments: the ground state clustefL ) one identifies the usual zeroth-order equations for the
amplitude and the left excited state response equations. Simioupled cluster amplitudes and the eigenvector equations for
lar as for the left transition moment function, we added in thethe left excited state. Employing then2 1 rule Eq.(149
derivation of.7'0(t,€) a term to the transition moments reduces to

which is proportional to the amplitude responses d{L™}
t%l"'Xn((f’:}i”'!f"’n) Wlt_h W1=wf— Wy = Wy Agaln_, these Mﬁ%O:(d—T) =Ef(_wf)§A_ (150
singularities will not hinder the applicability of the right tran- ealwr) ]

sition moment functional, because these terms are eliminated

from the expressions for the transition moments, if the 2

+1 and 2h+2 rules are applied. L . .
As for the left transition moments, the right transition 2 /1€ second derivative of the time-averaged right

: : . ._ transition moment Lagrangian

moment Lagrangian differs from a quasienergy Lagrangian

in that there exists no zeroth-order term. For the right tran-  The second derivative of the time-averaged right transi-

sition moment Lagrangian time-averaging leads to the contion moment Lagrangian is found as
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L) |

1 1
Z(A— AB ThRiA B A:B
den(@i—op) deg(wp) Z(A o D" (wa,wg) + ZBt (0p)t?(wg) + At (wp)

= lim ﬁAB[ E'(—wy)

0 wp—wif-owg

+EM(— wr,00)[ 4+ (A— 0pD)tB(wg) ]+ %E“*B( —w;,0p ,wB)e<°>] . (152)

From the variational condition for the second derivative$LdP}+ one obtains the usual first-order response equations for the
ground state amplitudes and the first-order response equations for the left excited state vectdrk?)Eim the irregular
response expansion as derived in Sec. IV. Employing the 2 and th+2 rules one obtains for the right two-photon
transition moments immediately the expression:

M?Eo<ws>=ﬁ>AB[Ef<—wf> %BthA)tB(wBHABtA(wA) ] (152

With wp= wi— wg .

3. The third and fourth derivatives of the time-averaged right transition moment Lagrangian
Similarly one finds for the right three-photon transition moment the expression:

MEZ5(we wc) = ﬁABC[ %@ — 0) CtA(wa)t*(wp)t%(wc) + %E%— 1) B ®(wg)t%(wc)

+ %Em( — wr,0p)Bt3(wp)t(we) + EA(— oy ’wA)ABtC(wc)] , (153

with wp+ wg+ wc= w; and for the four-photon transition moments:

~ 1— _ 1
M?ESD((DB 0, 0p) = PABCD( EEfA( — Wy ,wA)fBCD(ﬂ)B 0, 0p)+ Ef( — ) ZCtAB( wa 1wB)tc(wC)tD(“)D)

1 1 1
+ EBAtBC(wB ,wc)tP(wp) + ZBtAB(a’A ,wp)tP(wc,wp) + ﬁDtA(wA)tB(wB)tc(a’c)tD(wD)

|

(154)

with wa+ wp+ wct+ wp=ws. As for the left transition mo- the first residues of the coupled cluster response functions
ments, one has for the right three-photon transition momentsave a similar structure as the residues of the exact response
only to solve first-order equations. First for the four-photonfunctions. They differ, however, in an explicit symmetriza-
transition moments also the second-order response equatiotisn as a consequence of the projection that is used in the
for the ground state cluster amplitudes have to be solved. definition of the coupled cluster energy and which leads to a
biorthonormal representation for bra and ket states. Left and
right transition moments obtained within the biorthonormal
representation are different and physical observables f.x. as

Recent developments in coupled cluster response theoH?‘e absorption cross section are related to symmetrized prod-
have made coupled cluster response functions availabldcts of left and right transition moments.
through high ordef®3'~**Essential for this development has For exact states, left and right transition moments are
been the introduction of variational quasienergyrelated in a simple way to the projection of the right hand
Lagrangian$ 2% which made the mathematical structure Sides for thenth order response equations onto the excited
more transparent and made it feasible to derive in a compaétate wave functions. We showed that similar equations hold
way computational tractable expressions for high-ordein coupled cluster response theory: The ground to excited
coupled cluster response functions. In Appendixes A and Btaten-photon transition moments are equal to the projec-
we give open-ended formulas for the coupled cluster retions onto the excited state vectors of the right hand side
sponse equations and for the response functions, in accomgctors for thenth order response equations for the ground
with the 2n+1 and T+ 2 rules. state cluster amplitudes and Lagrangian multipliers. These

In the present paper we used the mathematical frameelations and the excited state response equations obtained in
work of the coupled cluster quasienergy Lagrangian to anaSec. IV were used to derive left and right transition moment
lyze the general structure of the first residues of the groundlagrangians, from which the coupled cluster response ex-
state response functions. These residues are related to mulpressions for multiphoton transition moments can be ob-
photon transition moments and to absorption cross sectiortained as derivatives. The introduction of variational
between the ground state and excited states. We showed tHadgrangians makes the mathematical structure of the coupled

VI. DISCUSSION
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cluster multiphoton transition moments more transparent anthe Danish Natural Science Research CouKGitant No.
provides an interpretation of the intermediates as respons€600856.
of the excited state vectors and transition moment Lagrang-

ian multipliers. The variational formulation allows us to ap- AppENDIX A: CLOSED EXPRESSIONS FOR THE

ply 2n+1 and 2+ 2 rules directly without the roundabout R|GHT HAND SIDE VECTORS FOR THE nTH-ORDER
way via the residues of the ground state response functionSESpPONSE EQUATIONS

and facilitates a straightforward derivation of computational ) ) )
efficient expressions for high-order multiphoton transition ~ 1he equations for the response of the amplitudes in order
moments. n are obtained from the requirement that the time-averaged
A clear understanding of the mathematical structure of-2grangian of orden+m is stationary with respect to varia-
the multiphoton transition moments builds the basis for thdions in the Lagrangian multipliers of order:
derivation of efficient formulations of multiphoton transition (n+m)
moments between excited states and of excited states re-  9{L}T _ d
sponse funptions. Both properties can be derived frgm thelt™ (w11, onsm) d?’m(wnﬂ,-
second residues of the ground state response functions or,
alternatively, from the first residues of the multiphoton tran- d"ML(,€)
sition moments. An extension of the present approach in this
direction will be subject to a forthcoming publication. The
derivations given in the present paper were specialized to —0. (A1)
coupled cluster theory, but the approach developed here can
likely serve as a model to obtain an efficient formulation for To this derivative of the Lagrangian contribute terms of the
multiphoton transition moments for otheb initio methods.  form At(®®, Bt(Pt(@ Ct(P (@t prP(@¢(s) X A% ()]
The first implementation and calculations of coupled clusteor BXt(Pt(® where the sum of the orders of the response
two-photon transition moments, based on the equations dexmplitudes i for the first four types of terms ana—1 for

“-wn+m)

dej(wy) -densm(@nim)

rived in Sec. V, are reported in the following articfe. the last two types of terms. The vectt contributes only in
first-order. Forn>1 one obtains for the derivative of Eq.
ACKNOWLEDGMENTS (AL):
One of the authorgC.H. thanks the Deutsche Fors- (A= (@q+- -+ @) DX Xng K1 Xn=, (A2)

chungsgemeinschaft for financial support through a research
fellowship (HA 2588/1-1). This work has been supported by with the right hand side vectors:

n-1 n—-2

gxl---xn: |5><1...xn (n_;l)!Axltxz...xH_ Ei:1 i!(n——i)!BtleXitXHlmxn—F Zzl i!(n_:t_l)!BXltXZ"'Xi+1txi+2"'xn
1n—1 i—1
gn-li-1i-t 1
+ le’g ;2 k§="1 K =K1 (i _j)!(n_i)!Dtxl"‘xktxk+1"‘xitxj+1"‘Xitxi+1‘“Xn . (A3)

The response equations for the Lagrange multipliers of ordethe respective derivatives with respect to the multiplers, but
n are obtained from the variational condition for the clusterare more lengthy as now more types contribuf®A, Ft(®,

amplitudes 1@, Gt M@ tP @), Ht (Pt
d{L)ir+m d 1D X tPIAX FXt(P) t(PIBXt(D), The vector
= = »* contributes only in first-order. Fon>1 the response
dt™(won i1, 0nim) A (0ngg,0nm) equations for the Lagrangian multipliers become:
o d"tML(t,€)
dex(wr) - dénsm(@nsm) XX (At (w14 + wp) 1)+ X1 Xn=0, (A5)
=0. (A4)

The expressions for these derivatives have a similar form awith the right hand side vectors:
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_ R 1 1 ! 1

Xy Xn= pX1 X! _EXy Xy TX XnAX X1 X5 - Xp XX X Xi [ 1 X410 Xn

& PXa X —FUa D (t%2 XnpAX1 4 FXapXe )JFEII(n .)u(tl B+ 5Gt™ )t +1
1 — n-1i-1 1 1 1
- X2 Xiv1gXapXiv2  Xn Xy X T+ X X | X Kip X1 Xn
22 |'(n—|—1)' S +.22,lel(i—j)l(n—i)!(zt rCHgHes ')t A
E S 1 1 XDt Xk 1 X X1 XigXiv 1 Xn (A6)
6 =3 =2 k=1 KI(j—K '("J)'(n—l)'

APPENDIX B: CLOSED EXPRESSIONS FOR nTH-ORDER RESPONSE FUNCTION EMPLOYING THE 2n+1 AND
2n+2 RULES

1. Response functions of order 2 n+1

According to the 2+1 and Zh+2 rules contribute to response function of order+2L only terms that contain the
responses of the amplitudes and of the multipliers up to anddthe response functions of orden2 1 with n>1 are thus
found as

1

((Xq5 X5 X2n+l>>w2 w2n+1:§C+wal in+1[

1
txl Xn Ax2n+1+ —Fx2n+1 txl Xn txn+1 Xan
nin! 2

2n min(j—1,n) 1 / 1

1
+ —txl Xi B+ -G t*1” X)
j=maxn+1,2) i= ma)(EJ n,1) ||(J_|)I(2n+l_])l\ 6

XX+ Xjp X+ Xan+ 1

2n—1 min(j—1,n) 1
+ ><l Xi BX2n+l tX|+l X]txj+l Xan
j= rr;an)l ma% nl)"(J_|)|(2n_])'2

2n k—1 min(j—1,n) 1

k=maxn+1,3 j=maxk—n.2) izma)(Ej—n,l) (= k=jpH(2n+1-k)!

+

1 1
X 6txl”'xi C+ 2_H X0 X X XX X Xk Xan+ 1

2n -1 k—1 min(j—1,n)
1
+ > — :
I=maxn+1,4 k=maxl—-n,3) j=maxk—n,2) i=maxj—n,l) ”(J_l)!(k_J)!(l_k)!(2n+1_|)!
1
X —t X1 Xi D tXier X X Xk Xk X X Xanva ) (B1)

2. Response functions of order 2 n+2:

To the response function of orden2 2 contribute terms with responses of amplitudes up to andet and responses of
the multipliers up to orden. Forn>1 these response functions have the structure:
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1 A+ 0 1
<<X1;X2'"X2n+2>>w2-~~w2n+2: > CrepXy Xant2 o 1)!(n+1)!2F tX1 X1 tXn+2  Xont2
(X% AXent24 FXon+2 tX1Xn) tXn+1 Xant1
n'(n+1)! ( )
2n+1 min(j—1,n) 1
+ _ XX B X X X1 Xane2
j:ma%Jrl,z) i:max;nfl,l) |!(J_|)!(2n+2_])!2
2n+1 min(j—1n+1) 1
+ S — G XX tXie XX Xanr2
j=maxn+1.2 izma)(;n—l,l) i(j—-HH2n+2-j)!6
2n min(j—1,n) 1
+ _ XX BXan+2 tXi+ 1 XjpXj+1 Xan+1
j=maxn,2) i=ma>(;nfl,l) |!(J_|)!(2n+1_1)!2
2n+1 k-1 min(j—1,n) 1

+ — .
k=maxn+1,3 j=maxk=n—1,2 i:max(;n—l,l) i(g=nHik=pH2n+2-k)!

2n+1 k—1 min(j—1n+1)

1—
Xt X1 X C tXirr  Xip X X Xk 1 X2 4
6 k=maxn+1,3 j=maxk—-n—1,2 i=maxj—n—1,1)

X —— _1 iH XX X XX X Xk 1 Xan 2
ir(j—il(k=j2n+2-k)! 24

2n+1 I-1 k—1 min(j—1,n)

+
I=maxn+14) k=maxl-n-1,3) j=maxk—-n-1,2 i=maxj—n—-1,1

1
TGOl k—) (I —K)1(2n+ 2—1)124

XX D tXie X X e Xk Xk X1 (X Xan2 ] (B2)

APPENDIX C: CLOSED EXPRESSIONS FOR THE RIGHT HAND SIDE VECTORS FOR THE nTH-ORDER EXCITED
STATE RESPONSE EQUATIONS

The response equations for the excited state amplitudes are obtained by expansior{d%agsd(110 in orders of the
perturbation strengths. Choosiag,= w,+- -+ w,, we get for the left and right excited state response vectors of ordee
equations:

n m _ n—mef
1 |5X1"'Xn(d (A(t,€) (w(,+wf)1)) ( d""ME'(t,€) ) _o. )
m=0 M!(n—m)! dei(wq) - dey(wm) 0 dems1(@ms1) - dey(wy) 0
: 1 ﬁ>x1~~xn( d" "Ef(t,€) ) (dm(A(t,6)+(wU—wf)1)> o -
m=0 mi(n—m)! demi1(wmyq) - dep(wy) 0 dey(wy) - dem(wpy) 0
The first derivative of the Jacobiak(t,e) with respect to the field strengths is
dA(t,e) | "
(dfl(wl))o_Bt AT (C3
and the higher derivatives are obtained as
d"A(t,€) PXgr X 1 Xq+-X X14Xp X < 1 Xq Xyt X 17X
(del(wl)..-den(wn))o_P R L s T APy e e T
1n—1 k-1 1
- X1 Xt Xper 1 X4 X £1 X
52, & Ko yrDt e e ey (C4

If we insert this expansion into EqEC1) and (C2) we get for the right excited state vectors the response equations:

(A= (o1t ot + o) DEPT (0,01, Xp) = = €707 (0,01, . Xp), (CH
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with the right hand side vectors:
n—1 n—-2

. 1 1
X1 X — PXq X X1 fXg X X0 X4 X 41X Xy fXo X4 14X 427X
f 17" An= P~ 1" "n (n ) ——AME™ 2 n+2 mBE AL+ n+2 mB 1ETA2 " Ai+1tAi+2" " n
1nfl i—-1 1
X0 Xt Xi 41 X4 X4 10X
+§§ 2 WCE AR+ AN+
i i i ! DEle Kt X 1 XjpXj+1 XigXi+ 1 Xn (CG)
= i K=K =) (n=1)!

Similarly, we get for the left excited state response vectors the equations:
(A+(wl+.“+wn_wf)1)Efxl.nxn(wfvwlv.naxn):_gfxlu.xn(wf!wla'.'vxn)! (C7)
n—-1 n—2

. 1
FXq X — PXg X EfX2 XnaX1 4 = EtXpeeXigpXier Xng — EMXorXiapXgXiszXn
& p = 1)|E A E |l(n—|)'E BtXi+ E |'(n—|—1)|E +1BXatXi+
qnoti-t 1
— ETXXiopXi 1 XitXicr Xn
+22 Z Hi—=)(n—=i)! e v
1n—l i-1j-1 1
— EXeXept Xk 1 Xt X1 XigXiv 1 Xn
+6:31:2k:1 I EIGED] DXk 1 X)X+ XigXiv . (C8)

APPENDIX D: THE nTH-ORDER RESPONSE EQUATIONS FOR THE TRANSITION MOMENT LAGRANGIAN
MULTIPLIERS

The response equations for the Lagrangian muItileE’sare obtained by requiring that the derivatives of the time-
averaged left transition moment Lagrangian are stationary in the ground-state cluster amplitudes:

d [ dn+mL0f
=0
dt(,ma)) L dey(wq):- 'd6n+m(wn+m)]-|—

(DY
One obtains for the response equations:

— . 1 1 1
M fxl'“xn(A+(wf+ W+t wf)l): — PX1'“Xn[ mFEfxlmx”'i‘ — M fX2---XnAX1+ —FxlEfXZ"'Xn

(n=1)! (n—1)!
n—-1 1
_,_2 . T |)I (|\/|le"'XiB+GEfxl”'Xi)tXi+1"'Xn
n a2 B
Z txl XigEfXi+1 xn+ 1m(MfXZ"'Xi+1BX1tXi+2"'Xn
n-1i-1 1 o
FUBRER T 52 2 i M e
+HED X)) X1 XX 1 X
n—-1 i 1
t2 2 oDt L CE i
ln_l ST 1 N FXq X X Xi Xi Xit+ X = Xp
T T T T
15§ S 1 Xy X E X 1 X X Xip XX
"2 A ARG iR

(D2)
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