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We present a parallel implementation of second-order Møller–Plesset perturbation theory with the

resolution-of-the-identity approximation (RI-MP2). The implementation is based on a recent

improved sequential implementation of RI-MP2 within the Turbomole program package and

employs the message passing interface (MPI) standard for communication between distributed

memory nodes. The parallel implementation extends the applicability of canonical MP2 to

considerably larger systems. Examples are presented for full geometry optimizations with up to

60 atoms and 3300 basis functions and MP2 energy calculations with more than 200 atoms and

7000 basis functions.

Introduction

During the last decade the resolution-of-the-identity (RI) ap-

proximation1–3 has developed as an important and widely used

route to reduce the computational costs not only for density

functional theory4,5 but also for second-order Møller–Plesset

perturbation theory (MP2) and related methods. While early

applications were hampered by problems with the basis sets in

which the resolution of the identity is done, these difficulties have

in the meantime been overcome with the introduction of opti-

mized special purpose auxiliary basis sets.6 Today, accurate and

efficient auxiliary basis sets are available for a variety of orbital

basis sets6–8 and allow to carry out RI-MP2 calculations with

computational costs reduced by about an order of magnitude

compared to conventional MP2 calculations while the additional

error due to the RI approximation is kept small compared to the

orbital basis set error. Several implementations of RI-MP2—

recently also denoted as density fitting (DF) MP2—have been

reported; among them a recent implementation of a local

correlation variant9,10 and explicitly correlated versions.11,12

The first parallel implementation of RI-MP2 energies for

distributed memory architectures was reported a few years ago

by Bernholdt et al.13,14 based on the Global Array toolkit. We

report here the parallel implementation of RI-MP2 gradients

for distributed memory systems. Our work builds upon the

algorithms reported originally by Weigend and Häser15 for the

sequential implementation of RI-MP2 gradients. In recent

years, these algorithms have been revised to further improve

memory management, integral evaluation and symmetry treat-

ment. The efficiency of the sequential code, available now in

the ricc2 module of the Turbomole package,16,17 has recently

been demonstrated in a comparison with modern conventional

integral-direct MP2 implementations.18

As the simplest and computationally cheapest wave func-

tion based electron correlation method, second-order Møller–

Plesset perturbation theory is, besides Hartree–Fock and

density functional theory, one of the most widely applied

electronic structure methods. While for many standard appli-

cations local MP2 (LMP2) provides a valuable and cheaper

alternative to canonical MP2 (i.e. MP2 based on canonical

Hartree–Fock orbitals), the improvement of the implementa-

tion of canonical MP2 is still an important task since LMP2 is

not applicable in every situation. The local correlation ap-

proach does not yet give satisfactory results for, in particular,

response calculations of e.g. excitation energies.19,20 There are,

however, several important MP2-related second-order meth-

ods for excited states derived from response or propagator

theory as e.g. the perturbative doubles correction for config-

uration interaction singles (CIS(D)),21 the approximate

coupled-cluster singles-and-doubles model22 (CC2), the alge-

braic diagrammatic construction through second order23,24

(ADC(2)), or the second-order polarization propagator ap-

proach25,26 (SOPPA). The possibility of a future extension to

these excited state methods has been an important aspect of

the present work, as our starting point was a sequential

program—the ricc2 module of Turbomole—which was origin-

ally developed for calculations of excited states.

The paper is organized as follows: In the next section the

basic equations for analytic gradients of the RI-MP2 energy

are briefly reviewed and in section III the distributed memory

parallel implementation is described. The performance of the

implementation for RI-MP2 energy and gradient calculations

is analyzed in section IV for six test examples, and the first

applications which demonstrate how the parallel implementa-

tion extends the applicability of MP2 to larger systems are

presented in section V. A short summary and some conclu-

sions are given in section VI.
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II. Analytic gradients for RI-MP2

In second-order Møller–Plesset perturbation theory the corre-

lation energy for a closed shell system is calculated by

EMP2 ¼
X
ia�jb

ðiajjbÞ½2ðiajjbÞ � ðibjjaÞ�
ei � ea þ ej � eb

; ð1Þ

where (ia|jb) are two-electron repulsion integrals (ERIs) in

Mulliken (or charge cloud) notation and ep are canonical self-
consistent (SCF) orbital energies. We use the convention that

the indices i, j,. . . denote active occupied and a, b,. . . active

unoccupied (virtual) orbitals. The indices p, q, will be used for

general molecular orbitals (MO) and m, n, k, l for atomic

orbitals (AO).

In canonical orbital based MP2 energy calculations the

time-determining step is the transformation of 4-index

ERIs—evaluated in the AO basis—to the MO basis.

ðiajjbÞ ¼
X
n

Cna
X
l

Cbl

X
m

Cmi

X
k

CjkðmnjklÞ ð2Þ

The operation count of the 4-index transformation is nomin-

ally 1/2nN4 þ 3/2n2 N3, where n is the number occupied

orbitals and N the total number basis functions (assuming

that n { N and thus the number of virtual orbitals V E N);

furthermore we use in the following N to indicate the scaling

of computational costs with the system size. With integral

prescreening based on the Schwartz inequality27 and other

estimates, the computational costs of, in particular, the first

partial transformation (O(nN4)) can be reduced signifi-

cantly.28,29 Additional severe bottlenecks for large scale appli-

cations are the huge storage requirements of O(n2N2) for such

a 4-index transformation and related I/O and CPU demands

for intermediate sorting steps needed in multipass algorithms

for large cases.28,29

In RI-MP2 the evaluation of the 4-index ERIs in the MO

basis (ia|jb) is accelerated and the above mentioned storage

bottleneck bypassed by employing the RI approximation for

ERIs1–3

ðmnjklÞ �
X
PQ

ðmnjPÞ½V�1�PQðQjklÞ ð3Þ

with the Coulomb metric

VPQ = (P|Q). (4)

In the latter equations (mn|P) and (P|Q) are 3- and 2-index

ERIs and P, Q are functions of an optimized auxiliary basis

set.6–8 Within the RI approximation, 4-index ERIs in the MO

basis (ia|jb) can be evaluated with high efficiency from 3-index

intermediates by a single matrix–matrix multiplication

ðiajjbÞ � ðiajjbÞRI ¼
X
Q

Bi
QaB

j
Qb ð5Þ

with an operation count E 1/2n2N2Nx, where Nx is the size of

the auxiliary basis. The intermediates Bi
Qa, defined as

Bi
Qa ¼

X
P

½V�1=2�QP

X
m

Cma

X
n

CniðnmjPÞ; ð6Þ

can be calculated with O(nN3) costs and require only O(nN2)

disk space for storage—in contrast to the O(n2N2) storage

demands for the 4-index transformation in eqn (2). If the

auxiliary basis sets are carefully optimized the number of

auxiliary basis functions Nx can usually be kept within 1.5N

r Nx r 4N (depending on the one-electron orbital basis and

the atom) while the error introduced by the RI approximation

in the MP2 correlation energy is kept to less than 1% of the

respective orbital basis set errors.6,7,18 The reduction in opera-

tion count obtained with the RI approximation depends on

the size of the orbital and auxiliary basis sets; it scales roughly

with N2/nNx. In triple-z basis sets—as often used for MP2

calculations—RI-MP2 is typically about an order of magni-

tude faster than a conventional MP2 code, but with larger

orbital basis sets or if the orbital basis contains diffuse func-

tions that hinder the integral prescreening, much larger reduc-

tions are often found.

If the total energy is defined as the sum of the RI-MP2

correlation energy and a conventional (i.e. non-RI) SCF

energy, the analytic gradients can be expressed as15,30

dESCFþMP2

dx
¼
X
mn

Deff ;ao
mn h½x�mn þ

1

2

X
mnkl

d
sep;ao
mnkl ðmnjklÞ

½x�

�
X
mn

F eff;ao
mn S½x�mn þ

X
mnP

Dao
P;mnðmnjPÞ

½x�

�
X
PQ

gPQðPjQÞ½x�:

ð7Þ

In the above equation h[x]mn and S[x]
mn are the derivatives of the

one-electron Hamiltonian and overlap AO integrals with

respect to a coordinate x, respectively. The terms (mn|kl)[x],
(mn|P)[x], and (P|Q)[x] are the derivatives of the 4-, 3-, and

2-index ERIs in the AO basis. The 3- and 2-index two-electron

densities are defined as

Dao
P;mn ¼

X
i

GPivCmi; ð8Þ

gPQ ¼
X
R

½V�1=2�RP
X
ia

Bi
Ra

X
S

½V�1=2�SQYi
Sa; ð9Þ

with

Yi
Qa ¼

X
jb

2ðiajjbÞ � ðibjjaÞ
ea � ei þ eb � ej

Bj
Qa; ð10Þ

and

GPiv ¼
X
a

Cva

X
Q

½V�1=2�PQYi
Qa: ð11Þ

(The intermediate V�1/2 is replaced in the implementation by

the Cholesky decomposition of V�1, which is computationally

more efficient.) The separable part of the two-electron density

is obtained as usual by

d
sep;ao
mnkl ¼ 1� 1

2
P̂nl

� �
Deff;ao

mn � 1

2
DSCF;ao

mn

� �
DSCF;ao

kl ; ð12Þ

where the permutation operator is defined by P̂mlfml = flm and

DSCF,ao and Deff,ao are the SCF and the effective or orbital-

relaxed MP2 one-electron densities in the atomic orbital basis.
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The latter density is obtained as the sum

Deff
pq ¼ DSCF

pq þDMP2
pq þ 1

2
ð�kpq þ �kqpÞ ð13Þ

of the SCF density, the unrelaxedMP2 correlation contribution

DMP2
ij ¼ �

X
abk

ð2tjkab � tjkbaÞt
ik
ab; ð14Þ

DMP2
ab ¼ þ

X
ijc

ð2tijac � tijacÞt
ij
bc; ð15Þ

(all other elements of DMP2 are zero), and a correction from

the orbital-relaxation Lagrange multipliers �k which are ob-

tained as solutions to the so-called Z-vector equationsX
AIBJ

�kAI ðAAIBJ þ dABeA � dIJeI Þ ¼ �ZkBJ : ð16Þ

Indices I, J and A, B denote here the general (i.e. active and

frozen) occupied and virtual indices, respectively, and the

coupled perturbed Hartree–Fock (CPHF) matrix Apqrs is

defined as Apqrs = 4(pq|rs) � (pr|sq) � (ps|rq) with conven-

tional 4-index ERIs. The right-hand side vector Zk and the

effective Fock matrix Feff (also known as the energy weighted

density matrix) can be calculated from the above one-electron

densities and 3-index intermediates by

ZkAI ¼ L
0 0
AI � LIA �

1

2

X
pq

DMP2
pq ApqAI ð17Þ

F eff;ao
ab ¼

X
pq

CapCbqepDeff
pq þ

X
Iq

CaICbq

X
rs

ðDMP2
rs þ �krsÞArsIq

þ 1

2

X
pq

CapCbq L
0 0
pq þ Lpq

n o
ð18Þ

with

Liq ¼
X
Qa

Yi
QaB

q
Qa ¼

X
m

Cmq

X
Pn

ðPjnmÞGPiv ð19Þ

and

L
0 0
aq ¼

X
Qi

Yi
QaB

i
Qq ð20Þ

and all other elements of Lpq and L00pq defined as zero. The

sequential implementation of the above equations has been

described by Weigend and Häser in ref. 31. Generalizations to

RI-CC2 for ground and excited states and RI-CIS(DN) and

RI-ADC(2) have been derived in ref. 30, 32 and 33. (Note that

in the latter references the notation for L and L0 0 has been

changed in the course of the generalizations to O(b) and H(b),

respectively.)

III. Parallel implementation for distributed memory

architectures

From the equations reviewed in section II it follows that the

time-determining steps in RI-MP2 gradient calculations for

large molecules (i.e. n2 c N) are the computation of the

approximated ERIs (ia|jb)RI and their contraction to the

intermediates Yi
Qa, D

MP2
ij , and DMP2

ab . These are the steps for

which the computational costs increase as O(n2N3). As de-

scribed in ref. 30, 31, 34 and 35, Yi
Qa and DMP2

ab can efficiently

be calculated in a loop over two occupied indices with O(N2)

memory demands. For the occupied/occupied block of the

unrelaxed density matrix DMP2
ij this is only possible in a

canonical reformulation31 of the definition in eqn (14). For

|ei � ej| Z tcan, where tcan is a threshold chosen large enough

to ensure numerical stability, the density matrix elements

DMP2
ij can be calculated as

DMP2
ij ¼ �

X
abk

ð2tjkab � tjkbaÞt
ik
ab ¼ 2ðLij � LjiÞ=ðej � eiÞ: ð21Þ

Only matrix elements between nearly degenerate orbitals are

calculated using the expression in eqn (14). These are usually

only a small fraction of the total number of matrix elements

and can be evaluated together with Yi
Qa and DMP2

ab in a loop

over two occupied orbital indices without sacrificing the high

efficiency of RI-MP2 or its low storage requirements.

We can thus conclude that the time-determining steps of RI-

MP2 are most efficiently parallelized over pairs of occupied

orbital indices since these are common to all O(n2N3) scaling

steps. An alternative would be pairs of virtual orbital indices,

but this would result in short loop lengths and diminished

efficiency for medium sized molecules. A parallelization over

auxiliary basis functions would require the communication of

4-index MO integrals and thus transfer rates which can only be

reached with high performance networks. Such a solution

would restrict the applicability of the program to high end

supercomputer architectures. We, however, are seeking a

solution that also performs well on low cost PC clusters with

standard networks (e.g. Fast Ethernet or Gigabit) and accept

that this results in an implementation that will not be suited

for massively parallel systems.

A key problem for the parallelization of RI-MP2 is thus the

distribution of pairs of occupied indices (ij) over distributed

memory nodes such that

(a) the symmetry of (ia|jb) with respect to permutation of

ia 2 jb can still be exploited, and

(b) the demands on the individual computer nodes for

accessing and/or storing the 3-index intermediates Bi
Qa and

Yi
Qa are as low as possible.

To achieve this, we partition the occupied orbitals into nCPU
batches Im of (as much as possible) equal size, where nCPU is

the number of computer nodes. The pairs of batches (Im,Im0)

with m r m0 can be ordered either on the upper triangle of a

symmetric matrix or on block diagonal stripes as shown in Fig.

1. Now each computer node is assigned in a suitable way to

one block out of each diagonal, such that each node only

needs access to a minimal number of batches Im of Bi
Qa and

Yi
Qa as shown, e.g., for 13 nodes in Fig. 2. The minimal

number of batches a node needs to access—in the following

denoted as nblk—increases approximately with OnCPU. The

calculation of these 3-index ERIs Bi
Qa would require about

O(N3) þ O(nN3) � nblk/nCPU floating point multiplications.

Similar computational costs arise for the calculation of Dao
P,mv

from Yi
Qa. Thus, a conflict between minimization of the

operation count and communication arises:

� If the 3-index intermediates are communicated between

the nodes to avoid multiple integral evaluations, the
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communication demands per node become relatively large

(BNNx � n/OnCPU).

� If the communication of 3-index intermediates is avoided

by evaluating all integrals needed on each node, the operation

count for the steps, which in RI-MP2 energy calculations are

the next expensive ones after the O(n2N3) steps, only decreases

with OnCPU.

The first option requires a high bandwidth for communica-

tion while the second option can also be realized with a low

bandwidth, but at the expense of a less efficient parallelization.

For both ways a prerequisite for a satisfactory efficiency is that

the total computational costs are dominated by those for the

O(N5) steps such that the time needed for multiple calcula-

tions (O(N4)) or communication (O(N3)) of 3-index inter-

mediates is a negligible fraction of the overall time of the RI-

MP2 calculation. Both options have been realized in our

parallel implementation of RI-MP2 and shall in the following

be denoted as modes for ‘‘slow communication’’ and ‘‘fast

communication’’. These considerations are obsolete for archi-

tectures with a fast global parallel file system which can be

used for the storage of the 3-index intermediates and thereby

makes an explicit communication of these intermediates un-

necessary. For this case the same algorithms are used as in the

fast communication mode apart from the communication of

3-index intermediates, which is suppressed.

Besides efficiency, another important point is the simplicity

of the program. This is an important aspect for the maintain-

ability of the existing source code as well as for future

extensions. We note that the parallel RI-MP2 implementation

described here is part of the ricc2 module of the Turbomole

package which also includes, e.g., the functionality to calculate

electronic excitation energies and excited state gradients with

the approximate coupled-cluster singles-and-doubles model

CC2 and the related CIS(DN)and ADC(2) methods. The

parallel implementation of the latter will be subject of a

forthcoming publication. To keep the parallel implementation

as simple as possible we used the following concept:

� The same source code for all computer nodes, with no

specialized server process (single program multiple data

(SPMD) model).

� The same source code for sequential and parallel imple-

mentation; the parallel case should differ from the sequential

one only in extensions necessary for data communication and

in the range of indices.

� ‘‘Static’’ distribution of computational tasks to the parti-

cipating nodes. Since in RI-MP2 calculations the distribution

of the computational tasks is strongly coupled with the

distribution of large amounts of data (the different 3-index

intermediates), a task distribution dynamically adapted during

program execution would result in rather complex algorithms.

Therefore, the work is distributed to the nodes according to

static predefined schemes (vide infra).

� Whenever possible only one-sided communication (MPI

calls) is used to keep the implementation of the communica-

tion steps as transparent as possible.

To implement the blocked distribution of occupied orbital

indices and index pairs sketched above we define at the

beginning of the calculation the following index sets:

Im: a block of occupied orbitals i assigned to node m

Jm: merged set of the nblk blocksInj (with j= 1,. . .,nblk) for

which node m needs the 3-index ERIs Bi
Qa or calculates a

contribution to Yi
Qa

Sm: the set of all columns in the blocked distribution to

which node m calculates contributions (cf. Fig. 2)

Rm(n): the indices of the rows in column n assigned in this

distribution to node m

Furthermore we define for the fast communication mode

blocksMm withBN/nCPU atomic orbitals assigned to node m.

With this concept one obtains an efficient parallelization of

most program parts concerned with the calculation of the RI-

MP2 energy and the unrelaxed one- and two-particle density

intermediates. These parts use only 3- and 2-index AO inte-

grals and all steps that scale with O(N4) or O(N5) involve at

least one occupied index.

A. Calculation of the three-index integral intermediates

As pointed out above, each node needs access to nblk EOnCPU
blocks of the 3-index integral intermediates Bi

Qp in the N5

scaling steps. Each node evaluates either all integrals needed

there later on or, if the interconnection is fast enough, evaluates

Fig. 1 Arrangement of the pairs of batches m r m0 with active

occupied orbitals on the upper triangle of a symmetric matrix or on

block diagonal stripes.

Fig. 2 Distribution of the batch pairs on the participating computer

nodes for the calculation with 13 CPUs. The numbers in the scheme

denote the indices of the CPUs to which a batch pair (i.e. a block of

two-electronMO integrals or double excitation amplitudes) is assigned.

Highlighted are the blocks assigned to the three computer nodes.
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only one block of Bi
Qp and receives the remaining ones from

other nodes through MPI calls or a global file system.

In the first case (slow communication, left column in Table

1) the Bi
Qa intermediates can be calculated in the same way as

in the sequential case with the only change being that the

occupied orbitals are restricted to the set Jm. We use here the

multipass algorithm from Weigend and Häser,31 but with

improved memory management, screening and symmetry

treatment to reduce the number of required passes over the

AO integrals and the operation count for the transformations.

The calculation of Bi
Qp requires in this case a formal operation

count of O(N3) for the AO integrals plus O(nN3)/OnCPU for the

transformation steps, but no communication.

In the second case (fast communication, right column in

Table 1) we use instead a batched I/O algorithm consisting of

two parts: First, the partially transformed integrals (P|mi) are
computed and stored on disk in a parallelized loop over shells

of atomic orbitals m. These are then redistributed among the

computer nodes such that the remaining partial transforma-

tions can be carried out in a parallelized loop over occupied

orbitals i. Finally, each block of Bi
Qp is sent to all nodes on

which it is needed. With this scheme one achieves, for all steps

of the integral evaluation, an operation count that scales with

1/nCPU at the expense of a communication demand per node of

nNNx/OnCPU for the distribution of Bi
Qp. (For the redistribu-

tion of the partially transformed integrals (P|mi) the commu-

nication scales with nNNx/nCPU.)

In the I/O algorithm the symmetry of the AO integrals

(P|mn) with respect to the orbital indices m and n is not

exploited. Nevertheless, it outperforms the multipass algo-

rithm if the number of passes becomes large. Therefore the

program also switches in the sequential case and slow com-

munication mode to the I/O algorithm if the number passes

exceeds a certain limit (5 by default). We further note that by

the communication of (P|mi) in the fast communication mode

only the costs for the AO integral evaluation are reduced. For

large molecules and small basis sets without diffuse functions,

where integral screening greatly reduces the number of AO

integrals that are actually calculated, it can become more

efficient to evaluate the complete set of 3-index AO integrals

on each node instead of communicating the (P|mi) intermedi-

ate, which does not become sparse.

B. Parallel implementation of the N5-scaling steps

With the index sets defined at the beginning of section III all

N5-scaling steps in the calculation of RI-MP2 energies and

gradients can be carried out in essentially the same way as in

the sequential case. Some complications occur due to the non-

canonical calculation of the one-electron density matrix ele-

ments DMP2
ij for nearly degenerate occupied orbitals, which

involve the re-evaluation of some amplitudes and thereby

some integrals, which in the parallel case might otherwise

not be needed on the respective node. The related indices have

to be identified in advance and received through MPI calls

from the nodes on which they have been calculated. For this

we define

K(i): the set of occupied orbitals k with |ek � ei| o tcan
Km: the set of all k A K(i) with i A Jm but k e Jm

With this, all complications due to the parallelization are

moved into the preparation and post-processing steps such

that the efficiency of the time-determining steps is not dimin-

ished by delays in the communication. The N5-scaling steps

for the calculation of the Yi
Qa intermediate and the density

matrix elements evaluated according to the non-canonical

formula can be sketched as:

loop n A Sm, loop I (where I D In)

read Bi
Qa for all i A I

loop n0 A Rm(n), loop j A In0 with j r i

* read Bj
Qb

* tijab ’ Bi
Qa B

j
Qb/{ei � ea þ ej � eb}

* Yi
Pa ’ (2tijab � tijab) B

j
Pb and for j a i also

Yj
Pb ’ (2tijba � tijba) B

i
Pa

* DMP2
ab ’ (1 þ (1 � dij)P̂ij) (2t

ij
ac � tijca)t

ij
bc for a Z b

* DMP2
ii ’ �(2tijab � tijba) t

ij
ab and for j a i also

DMP2
jj ’ �(2tijab � tijba) t

ij
ab

* loop k A K(i)

� read Bk
Qb

� tkjab ’ Bk
Qa B

j
Qb/{ek � ea þ ej � eb}

� DMP2
ki ’ �(2tijab � tijba) t

ki
ab

* end loop k

* for j a i loop k A K (j)

� read Bk
Qb

� tkiab ’ Bk
Qa B

i
Qb/{ek � ea þ ei � eb}

� DMP2
kj ’ �(2tjiab � tjiba) t

ki
ab

* end loop k

end loop n0, loop j

store Yi
Pa and Yj

Pb on disk (distributed)

end loop n, loop I

If only the RI-MP2 energy is needed, it can be evaluated

directly after the calculation of the integrals (ia|jb) according

to eqn (1) and the calculation of Yi
Pa and the density matrix

elements DMP2
pq can be skipped. If the latter intermediates are

needed, the contributions to the Yi
Pa intermediate are added

and redistributed such that each node has the complete results

for Yi
Pa for all i A Jm (requiring the communication of B2nN

Nx/OnCPU floating point numbers per node).

C. Evaluation of the relaxed densities and the gradient

contributions

In the next step the intermediates GPin (eqn (11)), gPQ (eqn (9)),

and L00aq (eqn (20)) are computed from the Y intermediates.

These operations are (as in the sequential case31,35) organized

in a loop over occupied orbitals and easily parallelized by

restricting the set of occupied orbitals on each node to the

index sets Im defined at the beginning of section III.

Somewhat more involved is the parallel calculation of the

matrix Liq (eqn (19)) and the 3-index two-electron density in

the AO basis, Dao
P,mv (eqn (8)). Similar to the evaluation of the 3-

index integral intermediate Bi
Qa , these steps require either the

communication of a 3-index array (here GPim) between the

nodes or that the complete set of AO (derivative) 3-index ERIs

is calculated on each node. As described in Table 2 we use the

latter strategy only if the interconnection between the compu-

ter nodes is too slow for an efficient communication of 3-index

intermediates. If the interconnection is fast enough the inter-

mediate GPim is redistributed among the nodes such that
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calculation of Liq and the gradient contribution of the 3-index

integrals can be parallelized over AO shells.

Once the density matrix DMP2
pq and the intermediates Liq and

L00aq are available, the right-hand side vector Zk is set up, the Z-
vector equations are solved for the Lagrange multipliers �k and

the matrices Deff and Feff are computed. The computationally

demanding steps of this part and the evaluation of the

remaining gradient contributions are the contraction of den-

sity matrices or, in the solution of the Z-vector equations, trial

vectors with the CPHF matrix Apqrs and the calculation of the

4-index derivative integrals (mn|kl)[x]. The contractions of the

CPHF matrix with densities or trial vectors are formulated as

Fock matrix builds and the (mn|kl)[x] are contracted immedi-

ately with the separable part of the two-electron density dsep,ao

which is constructed on-the-fly from the one-electron densities

DSCF andDeff. Both steps can be parallelized straightforwardly

over pairs of AO shells in a similar way to parallel implemen-

tations of conventional MP2 or SCF gradients. We make use

of the routines from the dscf and grad programs of the

Turbomole package5,16,27,36 for this part, but use, in contrast

to the parallel SCF (gradient) implementation of Turbomole, a

static task distribution, i.e. the assignment of AO shell pairs to

nodes is not changed e.g. between the iterations for the Z-

vector equations. The latter can be carried out either fully

integral-direct or semi-direct similar to ground state SCF

calculations with the dscf program. These steps involve only

the communication of one-electron densities and a few other 2-

index intermediates and thus we use the same algorithms

irrespective of the speed of the network interconnection.

IV. Performance of parallel RI-MP2 energy and

gradient calculations

To evaluate the efficiency of the parallel implementation of the

analytic RI-MP2 gradient we choose four typical test systems

with the structures shown in Fig. 3:

� 1-tert-butyl-6-cyano-1,2,3,4-tetrahydroquinoline (NTC6),

a planar alkylaminobenzonitrile,37,38 in the TZVPP basis set6

(748 orbital and 1756 auxiliary basis functions, 84 correlated

electrons, C1 symmetry).

� A calicheamicin model taken from ref. 29, which has also

no point group symmetry. These calculations have been done

in the cc-pVTZ basis sets39–41 with 934 orbital and 2429

auxiliary functions and 124 electrons have been correlated.

� The fullerene C60, which has Ih symmetry, but since the

present version of the parallel implementation can handle only

Table 2 Algorithm for the parallel calculation of the matrix Liq defined in eqn (19) and the contribution of the 3-index derivative ERIs (P|mn)[x] to
the gradient

Scheme for slow communication Scheme for fast communication

Loop M (where M is a subset of AO shells) Receive GPim for all i e Im, m A Mm

Read GPim for m A M and i A Im Loop M (where M D Mm)
For calculation of Liq: Read GPim for m A M, all i
— Evaluate (P|mn) for m A M For calculation of Liq:

— Lin ’ Lin þ (P|mn) GPim for i A Im — Evaluate (P|mn) for m A M
— Lin ’ Lin þ (P|mn) GPim for all i

For gradient contribution: For gradient contribution:
— Dao

P,mn ’ SiAIm
GPim Cin for m A M D ao

P,mn ’ GPimCin for m A M, all i
— Evaluate (P|mn)[x] for m A M — Evaluate (P|mn)[x] for m A M
— gx ’ gx þ Dao

P,mn (P|mn)
[x] — gx ’ gx þ Dao

P,mn (P|mn)
[x]

End loop M End loop M
For Liq: Liq = LinCnq For Liq: Liq = LinCnq

Operation count per node: Operation count per node:
p O(N2Nx) þ O(nN2Nx)/nCPU p O(N2Nx)/nCPU þ O(nN2Nx)/nCPU

No communication Communication count per node:
p nNNx/nCPU

Table 1 Algorithm for the evaluation of the 3-index integral intermediates Bi
Qp. For simplicity the screening and symmetry treatment are not

described

Scheme for slow communication Scheme for fast communication

Loop I (where I D Jm) Loop M (where M D Mm)
Evaluate (P|mn) for all m Z n, P Evaluate (P|mn)for m A M
Bi
Qp ’ CmpCniV

�1/2
PQ (P|mn) for i A I (P|mi) ’ Cni(P|mn) for m A M, all i

Store Bi
Qp on disk (distributed) Store (P|mi) on disk (distributed)

End loop I End loop M
Receive (P|mi) for all i A Im, m e Mm

Bi
Qp ’ V�1/2PQ Cmp(P|mi) for i A Im store Bi

Qp on disk (distributed)
Receive Bi

Qa for all i A Jm/Im

Operation count per node: Operation count per node:
/ OðN2NxÞ þ OðnN2NxÞ=

ffiffiffiffiffiffiffiffiffiffi
nCPU
p

O(N2Nx)/nCPU þ O(nN2Nx)/nCPU
No communication Communication count per node:

/ nNNx � 1
nCPU

þ 1ffiffiffiffiffiffiffiffi
nCPU
p

� �
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Abelian point groups in the evaluation of the MP2 density the

calculations have been carried out in the subgroup D2h. The

cc-pVTZ basis set has been used, which in this case comprises

1800 orbital and 4860 auxiliary basis functions and the 240

valence electrons were correlated.

� Free-base porphyrin (D2h symmetry) in the cc-pVTZ basis

(916 orbital and 2364 auxiliary basis functions, 114 correlated

electrons).

To benchmark the calculation of MP2 energies we used the

largest of the above examples—the calicheamicin model and

the C60 fullerene—and in addition:

� A cluster of 40 water molecules as an example of a system

where integral prescreening leads to large reductions of the

costs in conventional MP2 calculations. The basis sets are

6-31G* for the orbital42 and cc-pVDZ for the auxiliary7 basis

with 760 and 3840 functions, respectively; the point group is

C1 and the 320 valence electrons have been correlated.

�A chlorophyll derivative shown in Fig. 4 which has also no

point group symmetry. The cc-pVDZ basis with 918 orbital

and 3436 auxiliary functions have been used and 264 electrons

have been correlated.

The maximum amount of core memory used by the pro-

gram was, in all of the calculations, limited to 750 MB. The

calculations were run on two different Linux clusters: one

cluster with ca. 100 Xeon Dual 2.8 GHz nodes connected

through a cascaded Gigabit network and a second cluster

with ca. 64 Athlon 1800MP MHz nodes connected through a

100 MBit fast Ethernet network. Due to a much larger load on

the first cluster and its network the transfer rates reached

in the benchmark calculations varied between ca. 80–200 Mbit

s�1 per node. On the Athlon Cluster with the 100 Mbit

network we reached transfer rates of ca. 20–50 Mbit s�1

per node.

Although geometry optimizations with the sequential im-

plementation would for all four test examples be tedious (but

still feasible) calculations, the time-determining step in these

examples is still the solution of the Z-vector or CPHF equa-

tions, followed by the O(N5)-scaling steps for the unrelaxed

MP2 density and the Y intermediate and the calculation of the

two-electron derivative integrals. This is related to the fact that

for RI-MP2 based on conventional (non-RI) Hartree–Fock

the computational costs for the direct solution of the CPHF

equations are similar to those of a direct SCF calculation. We

note at this point that the present version of the program

includes an option to compute RI-SCF based gradients, but

for the present examples (i.e. size of the molecules and chosen

basis sets) this leads to only moderate savings. Therefore, we

have used the RI-CPHF option for these calculations only for

the preoptimization of the Z-vector. The (4-index ERI based)

CPHF equations were solved in a fully integral-direct way for

free-base porphyrin and NTC6 and a semi-direct scheme was

used for C60 and calicheamicin (storing at most 10 and 12 GB

of integrals per node, respectively).

Fig. 5 shows timings for the calculation of MP2 energies for

the C60 example. On both architectures in sequential runs

about 55% of the time is spent in the matrix multiplication for

the N5 step. With increasing numbers of nodes this contribu-

tion slowly decreases. In case of the ‘‘slow communication’’

mode this is due to the fact that the integral evaluation takes

an increasing fraction of the total wall time, while in the ‘‘fast

communication’’ mode (and here in particular on the cluster

with the slower network) it is due to the increasing fraction of

time spent in the communication of the 3-index MO integral

intermediate Bi
Qa. Steps that are not parallelized—such as e.g.

the evaluation of the matrix VPQ of 2-index ERIs, its Cholesky

decomposition and formation of the inverse—take only a

marginal fraction of the total wall time and the fraction of

the time spent in the I/O stays approximately constant with the

number of nodes used for the calculation. Another important

message from Fig. 5 is that even with a relatively slow network

it is advantageous to communicate the 3-index intermediates,

Fig. 3 Structures of the four test examples used to benchmark the

performance of parallel RI-MP2 gradient calculations. For the details

of the basis sets and the number of correlated electrons see text.

Fig. 4 Structure of the chlorophyll derivative used to benchmark the

performance of parallel RI-MP2 energy calculations. For the basis set

used and the number of active electrons see text.
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although on the cluster with the slower network the difference

in performance between the two modes is not large. We note,

however, that this also depends on the size of the system and

the basis sets.

Because of the symmetry of the molecule, an RI-MP2

energy calculation for C60 is not really a large scale application

today. The same holds for the other three test examples.

Nevertheless, for these (for parallel calculations) small exam-

ples the speedup obtained with the present implementation are

reasonable as Fig. 6 shows. The speedup obtained increases

with the system size as the computational costs become

dominated by the N5-scaling matrix multiplication in the

chosen construction of the MO 4-index ERIs and the less

efficient parallelizing calculation and/or communication of the

3-index MO integrals becomes unimportant for the total wall

time. Therefore, the largest speedups are obtained for the

chlorophyll derivative and the (H2O)40 cluster.

Of the four examples used to benchmark the parallel

evaluation of MP2 gradients, only the C60 fullerene required

the use of a non-canonical calculation of density matrix

elements for closely degenerate orbitals. This calculation was

run in the D2h subgroup of the molecular point group Ih. In

this subgroup, 16 of the total 990 symmetry-allowed elements

of Dij had an energy separation between the occupied orbitals

below the threshold value (chosen as 10�3 au). The calculation

of these matrix elements took between 5% (sequential) and

12% (13 nodes) of the time spent in the N5-scaling part and

thus played an unimportant role in the total wall time of the

calculations, which was dominated by the time needed to solve

the CPHF equations. Fig. 7 shows an overview of the timings

for the most important steps in the RI-MP2 gradient

Fig. 5 Timings for the most important steps in parallel RI-MP2

energy calculations for C60 in the cc-pVTZ basis (240 electrons

correlated). See text for technical details of the machines used. At

the abscissa we indicate the number of CPUs used for the calculations.

For the cluster with a 100 Mbit network letters ‘‘a’’ and ‘‘b’’ are added

for calculations in the ‘‘fast’’ and ‘‘slow’’ communication modes,

respectively. On the other cluster only the former program mode has

been tested. The fraction denoted ‘‘overhead’’ includes most non-

parallel steps, as the calculation of the Coulomb metric V and the

inverse of its Cholesky decomposition, I/O and communication of MO

coefficients, etc. With ‘‘AO 3-idx.-integ’’ we denote the time spent for

the calculation of the AO 3-index integrals (P|mn) and with ‘‘transfor-

mation’’ and ‘‘I/O & comm. for B’’ the fractions spent in the 3-index

transformations for the intermediates Bi
Qa and for saving these inter-

mediates on disk and/or distributing them to other computer nodes.

‘‘N̂ 5 step’’ and ‘‘I/O for N̂ 5 step’’ are the fractions spent in the

N5-scaling matrix multiplication and the I/O of B intermediates,

respectively, during the calculation of two-electron MO integrals.

For parallel calculations idle times caused by non-perfect load balance

are included under the point ‘‘I/O for N̂ 5 step’’.

Fig. 6 Speedup obtained for parallel RI-MP2 energy calculations on

the Linux cluster with the Gigabit network for the four test examples.

The number of nodes is given on the abscissa and the speedup (defined

as the wall time of the parallel calculation divided by the wall time of

the sequential run) is indicated on the ordinate.

Fig. 7 Timings for the most important steps in parallel RI-MP2

gradient calculations for NTC6 in the TZVPP basis (84 electrons

correlated). See text for technical details of the machines used and for

the explanation of the abscissa (caption of Fig. 5). The fraction ‘‘3-idx.

integr þ overhead’’ comprises the non-parallel steps and the calcula-

tion of the Bi
Qp intermediates, ‘‘communication’’ denotes the time

spent in the communication of integrals and intermediates. The labels

‘‘4-idx. deriv. integrals’’ and ‘‘CPHF equations’’ denote the time spent

in the evaluation of the gradient contribution from 4-index AO

derivative integrals and the solution of the Z vector equations

(including the construction of the right hand side), respectively. The

point ‘‘N5̂ steps’’ includes the N5-scaling matrix multiplications for

the calculation of 4-index MO integrals, the Y intermediate, and the

unrelaxed MP2 density matrix, as well as the I/O of B and Y

intermediates required for these steps.
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calculation and their performance on the two Linux clusters

used for the test calculations with an increasing number of

nodes. As observed for RI-MP2 energy calculations, there is

little difference in performance between the modes for fast and

slow communication when using the slower network. How-

ever, as noted above, the relative speeds of the two program

modes also depend on the structure of the molecule and the

basis sets used, but as the total time required for RI-MP2

gradient calculations is mostly dominated by the solution of

the CPHF equations, which do not involve the communication

of integral intermediates, the communication becomes less

important than for applications which focus on the RI-MP2

energy only. The performance obtained for the four test

examples is shown in Fig. 8.

V. First application: the fullerenes C60 and C240

An important aspect of the parallel implementation of RI-

MP2 gradients is that it allows the combination of the fast RI-

MP2 approach with parallel Hartree–Fock self-consistent field

(HF-SCF) calculations, available today in many program

packages for electronic structure calculations, to optimize

geometries for relatively large molecules at the MP2 level.

Since this paper focuses on the description of the implementa-

tion we give only one example for such an application: the C60

fullerene which also served as a prototype example above. The

ground state equilibrium structure of C60 has been studied at

the MP2 level some years ago by Häser and Almlöf,43 but due

to the large computational costs of MP2 the calculations had

to be limited to a singly polarized TZP basis set ([5s3p1d], 1140

basis functions), which is known to cover only about 75% of

the correlation energy. We could now repeat this calculation

using the (doubly polarized) correlation consistent triple-z
basis cc-pVTZ ([4s3p2d1f], 1800 basis functions), which typi-

cally gives correlation energies almost within 90% of the basis

set limit, and cc-pVQZ ([5s4p3d2f1g], 3300 basis functions),

which usually cuts the remaining basis set errors into half

again. The structure optimization has been run on 7 nodes. On

average, about 20–30% of the (wall) time was spent in the HF-

SCF and 70–80% in the RI-MP2 gradient calculation. The

results for the bond lengths and the total energies are sum-

marized in Table 3 together with the results from ref. 43 and

the available experimental data. As anticipated from the

quality of the basis sets, the result for the correlation energy

increases by about 15% from the MP2/TZP to the MP2/cc-

pVTZ calculation and again by about 6% from the cc-pVTZ

to the cc-pVQZ basis. The changes in the bond lengths from

the MP2/TZP to the MP2/cc-pVQZ level are within 0.004–

0.005 Å of the same magnitude as those between the MP2/

DZP and MP2/TZP calculations. However, the difference

between the two C–C distances remains almost unchanged,

and the comparison with the experimental data is also un-

affected, since the error bars of the latter are within about �1
pm of the same order of magnitude as the basis effects. We can

conclude that the present results are very close to the MP2

(valence) basis set limit. Core correlation effects will lead to a

further slight contraction of the bond lengths, but the largest

uncertainty comes from higher-order correlation effects which

Table 3 Equilibrium bond distances of C60; dC–C denotes the distance
between adjacent C atoms in a five-ring and dCQC denotes the distance
between the C–C bond shared between two six-rings. The bond
distances are given in Å and the total energies in Eh

Method dC–C dCQC Energy

SCF/DZPa 1.450 1.375 �2272.10290
SCF/TZPa 1.448 1.370 �2272.33262
MP2/DZPb 1.451 1.412 �2279.73496
MP2/TZPb 1.446 1.406 �2280.41073
MP2/cc-pVTZc 1.443 1.404 �2281.65632
MP2/cc-pVQZc 1.441 1.402 �2282.34442
Exp.d 1.458(6) 1.401(10)
Exp.e 1.45 1.40
Exp.f 1.432(9) 1.388(5)

a From ref. 44. b From ref. 43. c This work. The SCF energies for the

MP2 optimized structures are �2272.404 H (cc-pVTZ) and �2272.536
H (cc-pVQZ). d Gas phase electron diffraction, ref. 45. e Solid state

NMR, ref. 46. f X-ray structure of C60(OsO4)(4-tert-butylpyridine)2,

ref. 47.

Fig. 8 Speedup obtained for parallel RI-MP2 gradient calculations

on the Linux cluster with a Gigabit network for the four test examples.

The number of nodes is given on the abscissa and the speedup (defined

as the wall time of parallel calculation divided by the wall time of the

sequential run) is indicated on the ordinate.

Fig. 9 Structure of the icosahedral C240 fullerene.
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will probably increase the bond lengths in this system, however

probably no more than 0.005 Å. Therefore we estimate that

the present results for the equilibrium bond distances (re) of

the Buckminster fullerene C60 are accurate within �0.005 Å.

This is slightly less than the uncertainty of the presently

available experimental data. Within their uncertainties the ab

initio calculations and the experiments are in good agreement.

An example demonstrating how the parallel implementation

extends the applicability of canonical MP2 calculations to

larger molecules is the next larger icosahedral homologue of

the Buckminster fullerene C60, the C240 molecule (Fig. 9). The

correlation consistent triple-z basis cc-pVTZ for this molecule

comprises 7200 basis functions and, if the 1s core orbitals are

kept frozen, 960 electrons have to be correlated. We ran this

calculation on the above mentioned Linux cluster with Dual

Xeon 2.8 GHz nodes connected by a Gigabit network. Because

in our implementation the memory demands increase for non-

Abelian point groups with the square of the dimension of the

irreducible representations, the calculation was carried out in

the D2h subgroup of the molecular point group Ih. On 19

CPUs the RI-MP2 calculation was completed after 16 h 6 min.

About 12.5% of the time was spent in the evaluation and

distribution of the 2- and 3-index integrals and 85% on the

O(n2N3) scaling construction of the 4-index integrals in the

MO basis (ia|jb) in eqn (5). In D2h symmetry about 6 � 1011

4-index MO integrals (E 4.8 TByte) had to be evaluated to

calculate the MP2 energy. This shows that such a calculation

would, with a conventional (non-RI) MP2, require either an

enormous amount of disk space or many costly re-evaluations

of the 4-index AO two-electron integrals and would be difficult

to carry out even on a massively parallel architecture. To the

best of our knowledge this is the largest canonical MP2

calculation done to date. With the parallel implementation

of the RI-MP2 approach calculations of this size can now be

carried out on PC clusters built with standard (and thus low

cost) hardware and are expected to become routine applica-

tions soon.

The total energy of C240 obtained with MP2/cc-pVTZ at the

BP8648–50 /SVP51,52 optimized structure53 is �9128.832 558 H.

For the Buckminster fullerene C60 a single point MP2/cc-

pVTZ calculation at the BP86/SVP optimized geometry gives

a total energy of �2281.645 107 H. Neglecting differential

zero-point energy effects, which in this case are expected to be

small, we obtain from our calculations an estimate for the

reaction enthalpy of 4 � C60 - C240 of �2.25 H, i.e. a change

in the enthalpy of formation per carbon atom of �9.4 mH or

�25 kJ mol�1. This can be compared with the experimental

result54 for DfH
0 of C60 relative to graphite of 39.25 � 0.25 kJ

mol�1. Thus, the present calculations predict that the strain

energy per carbon atom in C240 is E 15 kJ mol�1, which is

only about 35% of the respective value in C60.

VI. Summary and conclusions

We presented a parallel implementation of RI-MP2 energies

and gradients for distributed memory architectures. The im-

plementation is based on canonical MP2 equations and the

aim was for it to be applied to large molecules with medium

sized basis sets, and in particular such systems where local

correlation methods can not efficiently be applied, such as

molecules with large conjugated subgroups and long range

correlation effects. An important motivation for this is that the

present parallel MP2 implementation is intended as a starting

point for a future extension to second-order response methods

for excited states.

The chosen parallelization strategy is designed to obtain

high efficiency in the time-determining steps, while conserving

the comprehensible structure of the underlying sequential code

to allow for future generalizations to other methods. For large

systems the computational costs in RI-MP2 energy calcula-

tions are dominated by the O(n2N3)-scaling steps, which have

been parallelized over pairs of occupied orbitals. In gradient

calculations for medium sized systems or with basis sets

containing diffuse functions the (formally) O(N4)-scaling steps

(Z-vector equations and the contribution of derivatives of

4-index ERIs) dominate the computational costs. These are

parallelized over pairs of atomic orbital shells in a similar way

to that described for parallel SCF codes.5,36 For both parts the

efficiency of the parallelization is limited by the load balan-

cing, which for the O(n2N3)-scaling part is determined by the

distribution of the occupied orbitals in nCPU equally sized

subsets and for the O(N4)-scaling part by differences in the

integral costs and effects of integral prescreening which are

only roughly accounted for in the task distribution.

A conflict appears in the next most expensive steps which

scale with O(nN3) and O(N3) where a (theoretically) linear

speed increase with nCPU can only be achieved if communica-

tions demands of O(nN2) are accepted. Otherwise the speedup

that can be reached for the steps scaling with O(nN3) is limited

by E OnCPU and the AO 3-index integral calculation scaling

with O(N3) can not be parallelized. Since the optimal choice

depends on the hardware—in particular the bandwidth for the

network interconnection between the nodes and the availabil-

ity of a fast global file system—the investigated system, and

the basis sets used, we accounted for this conflict by devising

(and implementing) two alternative schemes for slow and fast

communication. In the former the communication of 3-index

intermediates is mostly avoided at the expense of a reduced

speedup for the calculation of 3-index two-electron integrals.

In the latter case all parts scaling with O(N4) and most O(N3)

steps are parallelized such that (in principle) a linear speedup

with nCPU could be obtained.

We demonstrated for a number of test examples that with

the implemented parallelization strategy good speedups are

obtained on Linux PC clusters with standard hardware and

Fast Ethernet or Gigabit networks, provided that the number

of correlated occupied orbitals, n, is large compared to the

number of computer nodes, nCPU, used for the calculation.

(We recommend n/nCPU Z 10.) The efficiency of the parallel

implementation increases with the system size and the pro-

gram is thus well suited for large scale applications. With two

applications—a geometry optimization for C60 at the MP2/cc-

pVQZ level (3300 basis functions) and a MP2/cc-pVTZ energy

calculation for C240 (7200 basis functions)—we showed how

the parallel implementation extends the applicability of cano-

nical MP2 to larger systems. The developed parallel RI-MP2

code is part of the ricc2 module of the Turbomole package16,17

and will be made available in future releases of this package.
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10 M. Schütz, H.-J. Werner, R. Lindh and F. R. Manby, J. Chem.
Phys., 2004, 121, 737.

11 F. R. Manby, J. Chem. Phys., 2003, 119, 4607.
12 S. Ten-no and F. R. Manby, J. Chem. Phys., 2003, 119, 5358.
13 D. E. Bernholdt and R. J. Harrison, Chem. Phys. Lett., 1996, 250,

477.
14 D. E. Bernholdt, Parallel Comput., 2000, 26, 945.
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