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Calculation of orientation-dependent double-tensor moments for 
Coulomb-type intermolecular interactions 

By CHRISTOF H A T T I G  and BERND A R T U R  HEB 

Institut ftir Physikalische und Theoretische Chemie der Universit~it Bonn, 
Wegelerstr. 12 W-53115 Bonn, Germany 

(Received 5 July 1993; accepted 14 September 1993) 

A new derivation is presented for the orientation-dependent interaction ten- 
sors which describe the electrostatic interaction between two multipole or multi- 
pole polarizability distributions both given in their own molecule-fixed 
coordinate system. This derivation leads to an explicit equations that allows 
easy and direct evaluation of formulae for the components of the double- 
tensors and also for high ranks. Such an equation is given for the real, complex 
spherical, and cartesian moments. The formula is suitable for providing stable 
computer-generated expressions for tensor operators of any rank. 

1. Introduction 

Long-range intermolecular interactions, e.g. first-order electrostatic energy, 
induction energy and dispersion energy, are often approximated by a multipole 
expansion up to an appropriate rank. Then, as frequently pointed out in the litera- 
ture, all these Coulomb-type interactions can be described with a common set of 
interaction tensors. 

Such a truncated expansion in multipole moments neglects contributions of 
higher rank tensors and effects arising from interpenetration of molecular charge 
distributions, but it has the decisive advantage that the monomer charge distribu- 
tions and their polarization are described with a few parameters. This is especially of 
importance for calculations of  weak interactions between large molecules, for which 
the Coulomb-type interaction energies, particularly the dispersion energy, cannot be 
calculated easily within a supermolecular approach. 

On expansion of the interaction potentials between two strongly anisotropic 
molecular charge distributions one has to calculate contributions of moments up 
to a relatively high rank, at least up to the quadrupoles, in order to achieve accept- 
able accuracy. We thus face the problem of taking into account the orientational 
dependence of these contributions, which may involve as many as five independent 
coordinates. The conventional way to solve this problem is to employ Cartesian 
tensors. Then the multipole moments or multipole polarizabilifies can be trans- 
formed into a global coordinate system using the rotation matrices. An analogous 
approach for real spherical tensor moments has been developed by Magnasco et al. 
[1], but this led to rather complicated transformation matrices for the real spherical 
tensors comparable with the Wigner rotation matrices for complex spherical tensors. 

A more elegant way consists of the use of molecule-fixed moments and the 
incorporation of the transformation coefficients into orientation-dependent inter- 
action tensors as they were developed for spherical tensors by Tough [2], Price 
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Figure 1. The molecule fixed systems in the global frame. 

et al. [3], Stone [4], and Piecuch [5]. This offers the possibility of taking advantage of 
molecular symmetries, which are reflected by selection rules for the components of 
tensorial moments in the molecular system of principal axes. 

Unfortunately, with the equation given by Price and Stone, the calculation of 
formulae for the components of the orientation-dependent interaction tensors is very 
cumbersome, even if one calculates the S functions, which appear in their equation, 
by the recursive algorithm proposed by Stone [6]. For that reason we present an 
alternative derivation for the interaction double-tensors which leads to an explicit 
equation that allows easy and direct calculation of components, even for the higher 
rank double-tensors. 

2. Expansion of the electrostatic interaction energy 

The starting point for the derivation is the well-known equation for the interac- 
tion energy 

Ues = j 4-~e0[~7--~i d3rd 3r' (1) 

between two charge distributions pA v and ps~v, both referred to a space-fixed frame. 
Writing A and B for the origins and Oa = (~ba, 0a, %) and OB = (qSb, 0b, ~bb) for the 
Enler angles of the molecule-fixed systems, the transformation from the coordinates 
r and I, ~ in the global frame to the coordinates r a and rb in the molecule-fixed systems 
is given by (see figure 1) 

r = A +/~ara and r' = B -~"/~brb, (2) 
with 

Ra = R(Oa) a n d  Rb : /~(~'-~b). (3) 

Then the relation between the charge distributions psAF and P~F in the global frame 
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Table 1. Electrostatic double-tensor moments up to rank 5. 

t u 47reoT~ 

R -1 1 

R -2 r~ 
R - 3  l / ~  a2 1) 

R-3 v / ~ r ~  z 

R -3 v~r~ 
R - 3  1 a2 ~,/5(rx - r~ 2) 

R -3  V S ~ , ' ~  

n -3 (ar~r~ + c~,)  

R--4 1 ' -  ~3 _ 3r~) �9 ~ ( O r z  

n - "  �9 � 8 8  ~ - 1) 

R-4 1 a a2 �9 ~ v ~ r y ( 5 r  z -- 1) 

R-4 1 a a2 r a 2 )  �9 ~ v ~ r ~ ( ~ x  - 

R - 4 .  ~ ' ~ r ~ r ~ r ~  

R - 4  1 a3 a a2 ~ , / ~ ( ~  - �9 3rxry  ) 

R - 4  1 a2 a �9 ~x/~(3r  x ry - r~ 3) 

R - 4  . 3[~a2~b _ rb + 2raczp) 2 \ ~ ' z  %8 

R - 4  a a b  �9 v~(5r~r~r~ + r~Cz~ + r~c~z) 

R - 4  a a b  �9 v ~ ( % ~ r ~  + r$Cz~ + ~ )  

n -~  � 8 9  o2 �9 -- ry )r~ 4- 2r~cxB - 2r~cy~) 

~ - 4  �9 a a b  a �9 v ~ ( S r ~ r ~ r z  + r ~ ,  + r~c~z) 

R - 5  1 a4 �9 g(35r z - 3 0 r z  a2+3)  

R - 5  . 1 a a3 ~ v ~ ( 7 ~ z  - 3~ a) 

00 00 

lc~ 00 

20 00 

21c 00 

21s 00 

22c 00 

22s 00 

30 00 

31c 00 

31s 00 

32c 00 

32s 00 

33c 00 

33s 00 

20 lfl 

21c lfl 

21s 1,0 

22c lfl 

22s lfl 

40 00 

41c 00 

41s 00 R -5 . � 88  ~3-3r~)  

and the charge distributions in the molecule-fixed systems is 

pAF(r ) = pAm(ra) and  psBF(r ') = pB(rb). (4) 

T h e  intermolecular distance vector is given by 

R = B - A.  (5) 

Because rotations do not change the length of vectors we obtain 

Jr' -- r] = [R -4-/~brb -- /)ara[  

= ] / ) a iR  + R a l k b r b  - ra[- 

Us ing  these relat ions in the equa t ion  for the electrostat ic  energy  (1) and  expand ing  
the po ten t ia l  o f  pare in real spherical  mul t ipole  m o m e n t s  by neglect ing the over lap  o f  
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Table 1. Continued. 

t u 47reoT~ 

42c 00 R -5 

42s 00 R -5 

43c 00 R -5 

43s 00 R -5 

44c 00 R -5 

44s 00 R -5 

30 1/3 R -~ 

3tc lfl R -5 

31s 1/3 R -5 

32c 1/3 R -5 

32s 1/3 R -5 

33c lfl R -5 

33s 1/3 R -5 

20 20 R -5 

20 21c R -5 

20 21s R -5 

20 22c R -5 

20 22s 

21c 21c 

21c 21s 

1 a2 a v ~ ( ~  - ~ ) ( 7 r z  ~ - 1) 

1 a a a2 ~x/5r~ru(7r  * - 1) 

1 a a a2 ~ , / f 6 , , ~  ( ~  - 3 ~  ~) 

1 a a a2 ~ v / ~ r v , ' :  (3% - r ;  2) 

1 a4 ~V/~(Fx o a2 a2 -- ,,a4) - -  or x ry - I -  y 

1 a 3  a a a3~ ~ v ~ ( r  x ry - rxry  ) 

1 a3 a b ~ ( 5 ( %  - + 3 ( 5 ~  ~ 3 r z ) r  p 1)c~z) 

4V/-6(35rxrz ~ + lOrzrzCz~ + - 

1 a a2 b a b ~X/6(35ryr  z r~ + lOryrzCz p + - _ 5rvr  z ~ a 5rza2Cy~ Cy/)) 
� 8 9  a2 - ry 2) (7r~rb~ + CzZ) + 2r~(racxz  - ryCvZ)) 

r a a a b  a a  a a  a a  X/~5(7 x r y r z r  z + rxruCz ~ + rzrzCy ~ + rvrzCxZ) 

l a a2 a2 b gx/~(7r~(r~ + 3(r~ 2 ~ = - 3 ~  )r e - ~$=)c~e - 6 , , ~ % e )  
I a a2 a2~ b ~ V / ~ ( V r y ( 3 r z  _ + 3(r~2 a 2  a a ,  ry j r  z - r v )cy z + 6rxrycx~)  

3{2 ~ a2 b2 ~ , ~  ~ - 5~ a: - 5~  ~ + 2 o ~ c ~  + 2cL + 1) 

gv /3(5r~rz (7rz  - 1) + 

1 tJ b a2 a b b 2czyczz) ~ v ~ ( 5 ~ ( 7 ~  - 1) + l o~z (~c~  + ~ ) +  

�88 2 - 1)(r b2 - rb2) + 2Or~(rbc~ -- ruCzv + 2(c2 -- c~u)) 

R -~ l v ~ ( 5 ( 7 ~ z ~  ~ ~ ~ ~ + ~ )  + 2~=Cz~) - 1)r~rv + lOr,(r~c~v 

R - 5  a a b b  a b  a b  (35r~r, r~r z + 5r~r~c~  + 5r~r~Cz~ 

a b  a b  + 5 r z r ~ C ~  + 5 r ~ r z C ~  + c~Czz  + c~Czz)  

R - 5  a a b b  a b  a b  �9 (35r~r~rvr z + 5r~ryCzz + 5r~r~Czv 

a b  a b  +5r~ r~c~  + 5r z rzc~ v + c ~ c ~  + C~zCz~) 

the charge  dis t r ibut ions,  we ob t a in  

Ues = [ pAm(ra)" pB(rb) d3ra d3rb (6) 
4xe01/~alR + /~a l /~brb  -- ra] 

- -  4neo QI,~I �9 I I 1 ~ 1  " 
E E A ( R a l R  -[-/{al/~brb) pBm(rb) d3rb, (7) 
l I =0 ';1 

where  the index ~1 runs  over  the labels l l C , . . . ,  l c ,  O, l s , . . ,  l l s ,  and  the real spherical  
mul t ipo le  m o m e n t s  Qt~ and  the real l inear comb i na t i o ns  o f  the i r regular  spherical  
ha rmon ic s  are  defined by 

j p ( r ) .  R l ~ ( r  ) d3r (8) Ol~ 

i i~ (r )  = r - ( t +  1). CI~(O, ~p), (9) 
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Table 1. Continued.  

t u 47r~oTt ~b 

21c 22c 

21c 22s 

21s 21s 

21s 22c 

21s 22s 

22c 22c 

22c 22s 

22s 22s 

R - 5  , ~ ~ b2 lOr~(rbc~ _ r b c z y )  g (35rxrz ( r  ~ - r b2) + 

+ l O ~ z a ( , , ~  - ~ . ~ )  + 2c~c= - 2c~c~) 

R - 5  a a b b a b + 5rarbyCzx (35rxr  z r~ry + 5rxrzc~y 

a b  a b  +5rzrzC~y + 5rzryCxz -[- czzCzy + C~yC~) 

R - 5  a a b b  a b  a b  5ryryCzz 5ryrzCzy (35ryrzryrz  + + 

a b +5rarbyCyz + 5rzrzCyy + cyyCzz -{- cyzCzy ) 

R - 5  1 a a b2 ~ ( 3 % ~ ( ~ .  - ~ )  + ~ lOry(rzczz  - rbyCzy) 

+ lOr~(rbxCyx b - -  rycyy) -{- 2CyxCzx -- 2CyyCzy) 

R - 5  a a b b + 5ryrxCzy _[_ 5ryryCzx (35ryrzrzry  a b ~ b 

a b  a b  +5rzrzCyy + 5rzryCyx + cyzCzy + CyyCzz) 

R -~ �88  - ,-~~ t ~  ~ - ~ )  + 20~a~cx~ - 2 o r ~  

o b  a b  + 2 c ~ -  ~ - ~ 2 ~ )  -20r~r~cy~  + 20rvrycyu 2%y 2%~ + 

- ry )rxry + lOrxrxczy 

R - 5  a a b b  a b  + 5rxrxCyy -~- 5rxryCy x (35rxr~rxry a b 

a b  a b  +5ryr zc zy  + 5ryrycxx --~ CxxCyy ~- CxyCyx ) 

50 00 R -6 

51c 00 R -6 

51s 00 R -6 

52c 00 R -6 

52s 00 R -6 

53c 00 R -6 

53s 00 R -6 

1 ~5 15r~) g(63r z - 70r~ 3 +  

1 , a a 4  a a2  gx/~(21r~r~ - 14r~r z + r~) 

1 a a4  a a2  gx /~ (21 ry r  z - 14ryr z + ry) 

1 1 V / ~ ( 3 r z a 3 _  a a 2 _ r a 2 )  

1 a a a3  ~ 4 i - 0 ~ x , ' ~ ( 3 ~  - rz ~) 
1 a a2  a2  a2  - i~v /~rx ( r~  1) - 3ry )(9r ,  - 

1 a ~2 ra2~(~ra2 1) y ~ v / ~ v y ( 3 r x -  y ~ , ~ z  - 

wi th  

Rib(r) = / .  G,dO, ~) ( lO)  

a n d  
Clke = V/�89 kCq)  + Cq~] w i t h k  > 0 (11) 

Ctk~ = - - i x / � 8 9  O -  C(J)], (12) 

w h e r e  C q)  a re  R a c a h  n o r m a l i z e d  spher ica l  h a r m o n i c s  [7]. 
T h e  nex t  s tep is the  e x p a n s i o n  o f  the  func t i ons  I/,~1 wi th  r e spec t  to  the  cen t re  o f  
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Table 1. Continued 

t u 47reoT~ 

54c O0 

54s O0 

55c O0 

55s O0 

40 lZ  

41c 1~ 

41s 1~ 

42c 1~ 

42s lfl 

43c 1~ 

43s lfl 

44c 1~ 

44s 1~ 

30 20 

30 21c 

30 21s 

30 22c 

30 22s 

R-6 3 a4 a �9 ~v/-gg(rx r z - 6  ~ p 2 p  ~4 ~ - r x  - y  - z  ~- r y  F z l  

t1~--6 3 a3 a a a a3 a~ 
~ x / ~ ( r x  r y r  z �9 - -  r~zFy F z )  

�9 - - l u r  z ry -]-5rxry ) 

R - 6  3 a4 a a2 a3 �9 Tgv/H(Sr~ r u - 10rx ry + r~ 5) 

R -6 .  5(6ar~4r~ - 42rz~2r~ + 28rz~3CzZ + ar~ - 12r~czz) 

R - 6 .  J v ~ ( 2 1 ( 3 r ~ 2  _ 1)r~r~r/3~ ~ b + 3 ( 7 r ~  2 - -  1)r;c~z + (7 r22  - -  3 ) r ~ % z )  

R-6. �88 _ 1)rur~r~ a b + 3(7rz ~2 -- 1)r~c~ + (7r~ 2 -- 3)r~cyz) 

R - 6 .  Jx/~(63rz~2 _ 7) (r~2 _ ru~2,)r zb 

+14(ra2 ~2 a 2(7r~2 

R -6 .  �89 - 7r~ + 14r~c~z)r;r $ + (7rz ~2 - 1 ) ( r ; c y ~  + r~c~z) ) 

- 27rzry rzr z + rz CzZ 

a2 a a a2 a a a a2 a +3r~ rzC~ ~ - 3rzry CzZ - 6rzryrz%Z - 3ry r~c~z) 

n - 6 .  ~v /~(27r~2ryrarb  _ ~3 ~ b ~2 9ry r~rB + 3r~ ryC~p 

a2 a a3 a2 a . . . . .  3ry rzCyZ) +3r  x rzCy ~ + 6rzryrzCz~ ry CzB 

R - - 6  1 a4 b ~ a2 a2 b - a4 b gv/~(9r~ r z + ur~ r z �9 - - O q F  x Fy r ~  

+4ra3c~z ~2 ~ ~ ~2 4r~3cyz) - 12r~ r y C y / 3  - -  12r~ry c~ z + 

R - - 6  1 a a a2 a2~ b a a2 7v/~(9rz ry ( r ,  - 3r$2)%Z ~ ' ~e �9 ry jrz + r~(r~ - + r y ( 3 , ' ~  - r~2)cxz 

R-6 5 a3 a b2 �9 rz)r  z + - 
~(21(3r~ - 6(7~2 ~ 1)~zb~z~ - 7~23 + 3~: + 6 , ' ~ L )  

n -~ �9 ~v~(7(3, ' :  ~ - ~z~)PP + (Tr a~ - 1 ) ( ~  + ~z%~) + 2 ~ : < . ~ )  

n - ~ "  ~ v ~ ( 7 ( 3 ~  ~ - rz)r~z~ ~ b + (7,z~ _ 1 ) ( r%z  + ~ b ~ )  + 2~ :c~z~)  

R - - 6  5 a3 a b2 7.b2) a 2 _ C 2 �9 + ~ ( C z ~  ~)) 
+ 2 ( 7 , ' z  ~2 1)(r~Czz 6 - -  - -  F y C z y )  

R - 6  . 5~, /~(7(3rza3 _ rz)rzry~ b b + (7rz~2 _ ])(rbczy + rbyCzx) + 2rac. zcz~) 

molecule  B which,  in the body-f ixed  system o f  molecule  A,  takes  the f o r m / ~ a l R :  

oo 1 
I l l ~ l ( R a l R  + Ra l [~brb )  = 1~0~21 . ( R a l R b r b . V k z l R ) 1 2 I l l ~ l ( R a l R )  (13) 

/2~__ 0/il (1' b V~b,R)12II, n l ( R a l R ) .  (14) 

F o r  R # 0 the func t ions  Ilk satisfy Lap lace ' s  equa t ion ,  A I I ~ ( R )  = 0; therefore  the 
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t u 4~eoT~  

31c 20 

31c 21c 

31c 21s 

31c 22c 

31c 22s 

31s 20 

31s 21c 

31s 21s 

31s 22c 

31s 22s 

32c 20 

5 a a2  b2 a b2 a a b R - 6 .  gv/6(63rzrz r= _ 7rxr a2 _ 7rzrz + 28rxr z rzCzz 

+ 1 4 ~ , . % z  + ~; - 2~x~ + 2r~c~ ~ + 4 ~ = ~ z ~ )  

R - ~ . ~ v ~ ( 7 ( g r ~ _  ~ b b o o b b 1)rxrxrz + 14rxrz (rxc~z + rzczx) 

+(7r~ z - 1)(r~c~ + rbcx~) + 2r~c~Cz~ + 2r~(c~Czz + c ~ c ~ ) )  

R-6 ~v~(7 (9 r~  ~ b b ~ ~ b b �9 _ 1)rxryr z + 14rxrz(ryCzz + rzCz~) 

b a +(7rz  ~ - 1 ) ( ~ z  + ~zC~) + 2~;~z~zz + 2 r ~ ( ~  + ~ = ~ ) )  

R - ~  ~ o o~ _ o~. b ~ % ~ )  �9 gv~(7rx (9r  z - 1)(r~ 2 r b2) + 14r~ ( r x c ~ -  

a a b a a +28rxrz(rxczx - rbyczy) + 4r~cx~c~x -- 4rzCxyCzy 

_2rbxcxx b a 2 a 2 2 r x e z x  - -  2r~Czy) + 2ryC~y + 

R-6 5v~(7r~(9r~2 1)rbrb + ~ ~ b b 14rxr~ (r~c~ u + - -  l ' yCZX  ) 

+ ( 7 ~  ~ - 1 ) ( & ~  + ~C~x) + 2 ~ c = ~  + 2~(~x~z~ + ~ = ) )  

R - 6  5 a a 2  b2  ~ a a 2  a b2  a a b gv~(63ryrz  rz 7ryrz + 28ryrzrzCz~ - -  I r y F  z - -  

a b a 2 a +14ra2rbcyz + ry -- 2rzCy z -t- 2rvCzz + 4rzCvzCz~ ) 

R -~  ~ v ~ ( 7 ~ $ ( 9 ~  ~ 1 ) & z  ~ + 1 ~ o b - -  4 r y r  z ( r x C z z  + rbzcz~:)  

+ 7 ( ~ z  ~ - 1 ) ( & ~  + & ~ )  + 2r~=c= + 2~(C~xC=z + ~~=~=)) 

R -6 ~v~(7ry(9r~ 2 -  1)r~r~+ ~ ~ b 14ryr z (ryCz~ + rbczy) 

+ 7 ( ~  ~ - ~)(,~%~ + ~z%~) + 2&z~zz  + 2~(c . c~  + ~ = ~ ) )  

t ~ - - 6  5 a a2  - -  gv~(7ru(9r  z 1)(r b2 - rby2) + 2(7r~ 2 - 1)(rb%x -- rucvy)b" 

a a b ~ c 2 8 r y r z ( r x C z x  _ r ~ C z y  ) a 2 2 + 2~(~= - % )  + 4~(e~=x  - ~ = ~ ) )  

R -6 ~v~(7r~(9rz ~2 1)r~r~ + ~ ~ b - 14rvr z (r~czy + r~cz~) 

b a + ( 7 ~  ~ - ~ ) ( & .  + ~ % x )  + 2 r ~ z ~  + 2~2(C~x~ + ~.c=)) 

~ - ~  1 r  ~ ~ ~ _ r u  )(9rzr z _ r ~ + 2 r b z C ~ ) A _ 2 8 ( r ~ c ~ = _ r  ~ucu~)rzr = ,  ~ b 

~ 2r~(C~z - c~)) +4racxzczz - 4ruc~zcz~ + a 2 

T a y l o r  e x p a n s i o n  can  be r ep l aced  by  an  e q u i v a l e n t  e x p a n s i o n  in spher ica l  t en so r s  
[5,  8]: 

Ill~ 1 ( h a i R  + / ~ a l / ~ b r b )  = 
1 

12=0 

( 1 5 )  

w h e r e  we have  i n t r o d u c e d  the o p e r a t o r s  RI~(V) ,  w h i c h  are  o b t a i n e d  b y  r e p l a c i n g  in 
the  rea l  so l id  h a r m o n i c s  Rz~(r) the  c o m p o n e n t s  x,  y a n d  z o f  r b y  the  c o m p o n e n t s  o f  
V ( for  a m o r e  r i g o r o u s  de f in i t ion  o f  these  o p e r a t o r s  a n d  the def in i t ion  o f  (2n - 1)!! 
see the  a p p e n d i x ) .  

S u b s t i t u t i n g  e q u a t i o n  (15) in (7) e v a l u a t i n g  the  in teg ra l  we f ind the r e q u i r e d  
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820 C. HMtig and B A. HeB 

Table 1. Continued 

t u 4 ~ o T ~  

32c 21c 

32c 21s  

32c 22c 

32c 22s  

32s 20 

32s  21c 

32s  21s  

32s  22c 

R-6  ~ ~ ~2 ,~  6 6  ( r ~ c ~ +  �9 g v / 5 ( 6 3 r ~ ( r z  - , y  ) r ~ r z +  7(r~ 2 - r ~2)y r~c=~) 

a a b b _ r z%x ) +14rzrz(r~c~:z + r z e ~  ) 14rSr~(rbeu~ + b 

R -~ ~ v ~ ( 6 3 ( , ' 2  ~ b b �9 - ry j _ z ry r z  + 7(r~ 2 - a2 b ~ )(~Cz~ + 4 ~ )  

~ <  b + ~ b z ~  ) ~ o b + 1 4 r ~  ~ ( r y c ~  - 14ryr~(rucu~ + rbz%y) 

a a . + 2 < ( ~ .  ~,c~ + c ~ % )  - 2~(c~Czz + c~c~) + 2rz(C~C~ - %%2)) 

R - 6  1 ~ a2 b2 rb2) + 1 4 ( r ~  ~2 b ~v~(63,'z(r~ - ~ ) ( ~  �9 - - 

a a b  a b  a b  a b  + 2 8 r  z ( r z r z c z z  - rzryCzy - r ur~cy~ + ryryCyy) 4r~(%~c.~:y ~ - cyyc:y) 

- 2r  z (cx~ - c ~  - cy z +4~(~x~.~z~ ~ )  + ~ ~ ~ ~ + c~ ) )  

R - 6 .  � 89  ~ - rya2~rarb,_z xryb --4- 7(r~ 2 -- rya:~)(r~cz~b + r ~ c ~ )  

a r a  b a a b b + 1 4 r z  ~(r~cz~ + rbczz)  -- + %%~) 14ryr  z (rxCyy 

+2r~(cz.c_, zu + C~:yC~) - 2r~(cyxc~y + CyuCz~ ) + 2r~(czzczu  - %zcuv))  

R - 6  1 ~ ~ ~ ~ ~ ~ ~ 14r~ryr~zC~z �9 ~ V ~ ( 6 3 r z r y r ~ r  z - 7 r x r y r  z + 

+~4r~(r~%z + ~$c~) + ~(~c~ + r$~ )c~  + 2~c~:~) 
a a a b b  n -~ �9 ~ ( 6 3 ~  + 7 ~ $ ( ~  + 4 ~ z )  

a a  b b a a  b +7rzr~  (rzCyz + r~%~) + 7rvr~ (rxCzz + rbc~z) 

+,'~%~z + % ~ )  + ~ ( c ~ z z  + c~c~) + ~(c~.~z + ~S~x)) 

~ ~ ~ ~ + r ~ )  R -6  v / g ( 6 3 r z r u r z r ~ r z  ~ ~ �9 + 7 r g y  (ryCzz 

", ara~rb rbzCuy) + r a a b b �9 rz z t  ~Cuz + 7 yrz(ryCxz + rzCxy ) 

+,,~(c~Cz~ + %~c~) + ~ $ ( ~ z  + ~zC~) + ~(c~%~ + ~ z ~ ) )  

R - 6  ~ a ~ a b2 r b~) + 1 4 r ~ r y ( r ~ c ~  b 

a a  b b a a  b + I 4 r g z  (r~%x - + r~cuu) 14rvr~(r z%~ - rb czu) + 2r~(cu~c:~ cuuc:u ) 

+ 2 G ( ~ x ~  - c~cz~) + ~ r ~ ( c ~ c ~  - c ~ ) )  

expression for 

Ues = 

the interaction tensors: 

4neo lifO= E~l /2 = o ~2 pm(rb) " B  Rl2~2 (rb) d3rb 

1 
�9 Q l l n  1 (2/z- 1)!! R l~n2(v[~b lR)  "I6~' (k21R) A 

o f )  

- 1)!! R l 2 n 2 ( V R b ' R ) I I l n '  (Ralg)) "Ql2~2. 
= nl / 2 = 0  n2 

Ii = 0 ~:1 l 2 = 0 n2 

(16) 

(~7) 
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Orientation dependent double-tensors 

T a b l e  1. Continued 

821 

t u 4 ~ e o T ~  

3 2 s  2 2 s  

33c 20 

33c  21c  

33c  2 1 s  

33c  22c  

33c 22s 

33s 20 

3 3 s  21c  

3 3 s  2 1 s  

33s 22c 

33s 22s 

R - 6  a a a b b  a a  b + 7rxrz  ( r x C y y  �9 V / 5 ( 6 3 r x r y r z r x r y  + + 7~r~GCz~ ~Cz~) ~ ~ ~ + 4c.~) 

a a b rbycxx) q_ a q_ CyyCzx) 71_ ry(CxxCzy q_ CxyCzx) q-7ryr  z ( rzezy  if" rx(CyxCzy 

+ r ~ ( c ~ c y y  + c~yc~)) 
R - 6  1vzi~(6arxa3rzb2 a a2 b2 a3 a a2 , a2 b �9 -- + 21 rx ry  42r~ r~cx: 189rxry r z - 7r  x + 

a a b a2 b ~ 2 a 2 12r~cxz%z) + 6 r x % z  6rxCyz - 8 4 r x r y r z C y  z -- 42ry rzCxz - -- 

R - 6  1 �9 ~2 ~2 b b a~ b + r b c ~ x )  ~ x / ~ ( 2 1 r ~ ( r ~  7 ( r l  2 �9 - - ~ ) ( ~ z  3ry  ) r ~ G  + 

a a b rbzCyx) q_ --14r~ru(r~Cvz + 2 r ~ ( c ~ c x ~  - cy~cyz) - 2ry(C~Cy~ + c~cu~) )  

R - 6  1 a a2 a2 b b a2 b b -- rzCxy ) �9 ~ x / ~ ( 2 1 r x ( r  x - 7 ( r~  2 3ry ) r y r  z + ry )(rycxz + 

a a  b b a a C -14~r~(, '~c~ + ~z%~) + 2~(c~c~z - ~ c ~ )  - 2~(  x ~ :  + ~ = ~ ) )  
R - 6  1 a2 a2 a b2 ~v~(21(a ,~  ~x ) ~ ( ~  ~ )  + 1 4 ( ~  ~ b . . . .  

a a b a 2 2 C2yx q_ 2 a + 2 8 r ~ r y ( r y C v u -  rbxCy~) + 2 r ~ ( c ~ -  % y -  cuy ) + 4 r y ( c ~ y c y y -  c ~ c u ~ ) )  

R - 6  1 a a2 a2 b b a2 b _~yby(.xx ) �9 _ _ ~ ) ( ~  3% )r~ry + 

a a b b a - r~c~) + - - - 1 4 r ~ r u ( r ~ c y y  2rx(C~C~y eye%y) 2 r ~ ( c ~ % y  + c~y%~)) 

n - 6  } x / ~ ( 1 8 9 r ~ 2 r ~ r b 2  _~3_b2 ~ ~ ~3 �9 - 6 3 r y  r z - 2 1 r  x r y + 7 r y  

+ 4 2 ( r a 2  ~2 b ~ ~ b ~ ~ 2 ry )rzCyz + + 6 r y ( %  z - C~z)) - -  q- 84rxryrzCxz  12rzCxzCyz 

R - 6  � 8 8  ~2 ~ b b + rbcu~) �9 -- ry ) r y r z r  z + 7 ( r z  a2 a2 b - ~ ) G c ~  

a a b + 1 4 r s d ~ e ~  + ~ c . . )  + 2 ~ ( c ~  + c ~ % ~ )  + 2 ~ ( c ~ c =  - ~ ) )  
R - 6 . � 8 8  ~2 ~ b b ~2 b b ry ) r y r y r  z + 7 ( rx  a2 -- -- rzCyy ) ~ )(ry%~ + 

~ b ~ c ~ )  + ~ + 1 4 r x r y ( r u c ~  + 2rx(c~u%~ + c ~ % u )  + 2r~(c~yc.~. %y%~))  

R - 6 .  l v / ~ ( 2 1 ( 3 , , ~ 2  ~2 a b2 - r u ) r u ( r ~  - rby 2) -]- 14 ( r  a2 _ r~2) ( rbcyx  rbyCyy) 

a a b a 2 2 2 2 +28~ , � 9  ~ e ~ )  + 4r:(c~x%~- r + 2r~ (c~ -  %x+ %~)) Cxy -- 

R - 6 . � 8 8  a ~  ~ b b ~ b b -- ry )r~r~r~ + 7 ( r z  a2 - ~ ) ( ~ c ~  -- FyCyx) 

a a b + ~ 4 ~ ( ~ x C ~  + r ~ )  + ~ I ( ~ = c ~  + c ~ c ~ )  + ~$(~x~C~ - ~ c ~ ) )  
with 

TA B _ 1 1 
" Ill~l ( R a l R ) .  (18) Ii ~ j  12 "~2 4he0 (2/2 - 1)!! Rh~2(~l~aVk;'n) 

In this expression for the c o m p o n e n t s  o f  the interaction double-tensors  the complete  
in format ion  on  the orientat ion dependence  is included in the 3 x 3 matr ices /~a  and 
i/~b~ SO that no  Wigner rotat ion matrices  are needed,  which m a k e  the transformat ion  
o f  spherical higher rank tensors so cumbersome�9  

By use o f  the identity/t~ (R) = ( -  1)1Rl~ (V) (1 /R) ,  equat ion (18) can be expressed 
in a form which is more  symmetric  to the exchange o f  the labels o f  molecu le  A and 
molecule  B: 

AB 1 (--1) l~ 1 1 
Tl l~l l2n2(R,  O a ,  O b )  = 4rCeo ( 2 l  1 - 1)!! (2 l  2 - 1)!! g l 2 ~ 2 ( R b l V R ) g l l K l  ( / ~ a l V R )  R "  

(19)  
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822 C. Hfittig and B A. Hel3 

3. Calculation of explicit formulae for components of 
real spherical interaction tensor 

Further simplification of  equation (18) can be achieved by expressing the rotated 
internuclear distance vector and the rotated differential operators in terms of direc- 
tion cosines and the internuclear distance R. Writing e~ ) and e(~ b) for the unit vectors 
of the molecule-fixed systems expressed in space-fixed coordinates, the rotation 
matrices k~ are given by 

/~a = (e(xa),e(a),e! a)) and /~b = ( e ( b ) , e ( b ) , e ~ b ) )  �9 (20) 

Using this and introducing the unit vector eab= R/R as well as Stone's notation for 
the direction cosines r a = e(~ a) .eab and c ~  = e(~ b) .e~ ) [4], we obtain 

�9 a ( 2 1 )  ( R ~ R ) o  = R . e ~  a/ eob = R . r o  

0 
(Vkz'R)~ -- O(R. r a) (22) 

( /~b l /1 )a ) f l a  = e (b). e~ ) = %/~. (23) 

Applying these relations to equation (18) and writing r a for the unit vector with the 
a and 0 T for the transposed matrix %~, we obtain as the result: components r~ 

AB 1 l 
Tl~1~2~2 = 4~c0 (212 - 1)!! "R~2~2 ( ~ r .  V R . , . )  �9 Ii1~, (R .  ~). 

If one also introduces the three direction cosines r~ defined by 

r~ = --e(~b) �9 eab 

(24) 

(25) 

and takes into consideration (by the evaluation of  explicit formulae for components 
of  Tl,~,12~2 ) that 

I ~ T  tea = _ t e b  (26) 

and the orthonormality relations 

Z Cik" Cil = ~kl (27) 
i 

Z Cki" Cli = ~Skl (28) 
i 

one obtains directly compact expressions in terms of the direction cosines. Compu- 
ter-generated interaction tensors up to 5th rank are given in the table. Real spherical 
interaction tensors up to the 4th rank have been published previously by Price et al. 
[3] and also by Stone [4]. Apart from misprinted signs in the components 
T21c,21cT21c,21, and T21~,218, the expressions in the literature are equivalent to our 
more symmetric formulae [10]. 

4. Cartesian and complex spherical orientation-dependent interaction tensors 

By the same approach similar equations can be derived for cartesian and complex 
spherical tensors simply by exchanging the expansion in equations (7) and (15) for 
the equivalent expansions in cartesian or complex spherical components. As we 
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Orientation dependent double-tensors 823 

believe that the real spherical tensors give the most compact and so the most useful 
description, we do not describe the derivation of the other ones in detail but present 
only the final equations, The expression for cartesian tensors is 

1 r �9 c~,~,, T 
. . . . . . . . .  C#,#. T'~)...~,~,/~,.../~, : ~ ,  ~ ,  ~--~ ( -  1) :' 4~e0 c ~,~,, 

~ . ~" x' . . .  v "  1 (29) 
• ~7fi21RVk;, r " " 'VkaIRVR21R~kal  r k a l R R  " 

Using Buckingham's definition [9] for the Cartesian multipoles, we arrive at the 
electrostatic interaction energy given by 

Q(h)A . 1 TU 2 1 ,q (12)8 (30) 
Ues = ~ ~fl..,u (211 - 1)!! " o&..~,dfl'...,~'" (212 - 1)!f ":~dfi'...,u'" 

e~fl...ud fl'...t*' 

For complex spherical tensors we obtain: 

TA B 1 1 R (m/22) (e T �9 I~,) (/~alR). (31) 
llm'12m2 -- 4rte0 (2/2 - 1)[! " V k ; ' r )  

Here R~ ) and I~ ) are the complex regular and irregular spherical harmonics, 
respectively. 

Appendix 

The irreducible spherical differential operators R~I)(V) can be defined with the 
help of the shift operators V+ and L_, known from quantum mechanics [11]: 

Nll)(~7) : ( - -1) l ( (21~l ,~) '[ )1/2(~+)I  (A1) 

[L_, RE) (V)] = [(I + m)(1 - m + 1)] 1/2R(lm)_ 1 (~7), (A 2) 

where V+ and L_ are defined by 

V + =  ( ~ x + i ~ y )  

and the double factorials are 

( 2 / -  t)!! = 1 . 3 . 5  . . . . .  ( 2 l -  3 ) .  ( 2 / -  1) 

(2l)!! = 2 .4  . . . . .  (21-  2). 2l, 

with 

( - 1 ) ! ! = 1  

0!! = 1. 
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824 C. Hfittig and B A. HeB 

The real linear combinations are obtained as usually by the transformation: 

Rlkc(V ) ----- X/-1 [(--1)kR(kt)(V ) + R(I~(V)], withk > 0 (A3) 2 

Rtks(V) = - i v / � 89  [ ( -  1)kR(kt)(V ) -- R(_/~(V)]. (A4) 

We thank Dr A. J. Stone for critically reading the manuscript and for helpful 
comments. This work was supported by the Deutsche Forschungsgemeinschaft 
(SFB334). 
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