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Calculation of orientation-dependent double-tensor moments for
Coulomb-type intermolecular interactions

By CHRISTOF HATTIG and BERND ARTUR HEB

Institut fiir Physikalische und Theoretische Chemie der Universitdt Bonn,
Wegelerstr. 12 W-53115 Bonn, Germany

(Received 5 July 1993; accepted 14 September 1993)

A new derivation is presented for the orientation-dependent interaction ten-
sors which describe the electrostatic interaction between two multipole or multi-
pole polarizability distributions both given in their own molecule-fixed
coordinate system. This derivation leads to an explicit equations that allows
easy and direct evaluation of formulae for the components of the double-
tensors and also for high ranks. Such an equation is given for the real, complex
spherical, and cartesian moments. The formula is suitable for providing stable
computer-generated expressions for tensor operators of any rank.

1. Introduction

Long-range intermolecular interactions, e.g. first-order electrostatic energy,
induction energy and dispersion energy, are often approximated by a multipole
expansion up to an appropriate rank. Then, as frequently pointed out in the litera-
ture, all these Coulomb-type interactions can be described with a common set of
interaction tensors.

Such a truncated expansion in multipole moments neglects contributions of
higher rank tensors and effects arising from interpenetration of molecular charge
distributions, but it has the decisive advantage that the monomer charge distribu-
tions and their polarization are described with a few parameters. This is especially of
importance for calculations of weak interactions between large molecules, for which
the Coulomb-type interaction energies, particularly the dispersion energy, cannot be
calculated easily within a supermolecular approach.

On expansion of the interaction potentials between two strongly anisotropic
molecular charge distributions one has to calculate contributions of moments up
to a relatively high rank, at least up to the quadrupoles, in order to achieve accept-
able accuracy. We thus face the problem of taking into account the orientational
dependence of these contributions, which may involve as many as five independent
coordinates. The conventional way to solve this problem is to employ Cartesian
tensors. Then the multipole moments or multipole polarizabilities can be trans-
formed into a global coordinate system using the rotation matrices. An analogous
approach for real spherical tensor moments has been developed by Magnasco et al.
[1], but this led to rather complicated transformation matrices for the real spherical
tensors comparable with the Wigner rotation matrices for complex spherical tensors.

A more elegant way consists of the use of molecule-fixed moments and the
incorporation of the transformation coefficients into orientation-dependent inter-
action tensors as they were developed for spherical tensors by Tough [2], Price
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Figure 1. The molecule fixed systems in the global frame.

et al. [3], Stone [4], and Piecuch [5]. This offers the possibility of taking advantage of
molecular symmetries, which are reflected by selection rules for the components of
tensorial moments in the molecular system of principal axes.

Unfortunately, with the equation given by Price and Stone, the calculation of
formulae for the components of the orientation-dependent interaction tensors is very
cumbersome, even if one calculates the S functions, which appear in their equation,
by the recursive algorithm proposed by Stone [6]. For that reason we present an
alternative derivation for the interaction double-tensors which leads to an explicit
equation that allows easy and direct calculation of components, even for the higher
rank double-tensors.

2. Expansion of the electrostatic interaction energy

The starting point for the derivation is the well-known equation for the interac-
tion energy

A B /
_ psE(r) - pse(r’) 3 3,
Us = J_ﬂ%eolr’ > d’rd’r (1)

between two charge distributions pép and pSBF, both referred to a space-fixed frame.
Writing A and B for the origins and Q4 = (¢,,0,,%,) and Qg = (¢, O, ¥y ) for the
Euler angles of the molecule-fixed systems, the transformation from the coordinates
r and r’ in the global frame to the coordinates r, and ry, in the molecule-fixed systems
is given by (see figure 1)

r=A+ Ry, and ¥ =B+ Ryr, (2)
with
R, = R(Q,) and R, = R(Qy). (3)

Then the relation between the charge distributions p’é‘F and pSBF in the global frame
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Table 1.

Ovientation dependent double-tensors

Electrostatic double-tensor moments up to rank 5.
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L(35r2% — 30r2% 4 3)
- 5108 (7r23 — 3r2)
i\/iﬁrg (7rad — 3r2)

and the charge distributions in the molecule-fixed systems is

pSe(r) = pia(ry) and  pSe(r') = ph(r).

The intermolecular distance vector is given by

R=B-A.

Because rotations do not change the length of vectors we obtain

lrl_r| = |R+Iébrb—Rara|
= |R'R+ Ry Ryry — 1.

815

Using these relations in the equation for the electrostatic energy (1) and expanding
the potential of pﬁ in real spherical multipole moments by neglecting the overlap of
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Table 1. Continued.

t u 4meT®
42¢ 00 R™5-1v/B(r? — r2?)(7re2 - 1)
425 00 R™%-1/Brerg(7re? — 1)
43¢ 00 R~ $V/70r2re(ri? — 3r2%)
43s 00 R°%. l\ﬁﬁr;rg (3722 — r“z)
44c 00 RS- 1y/35(r2t — 6ri2ra2 4 pot)
44s 00 R™°-3vB5(re®rs — rirg?)

30 18 R7%-3(5(7r3 — 3r2)rh + 3(5r%% — 1)c.p)
3ic 18 R75. l\/é(35rxr§27% 5;";?% +10r8r%e,5 + 572%¢,p — cup)
31s 18 RS- 1\/- 6(35ryr “2rﬂ — 57"“7"" +10ryrzc.p + 5r“20yg — cyp)
32¢ 18 R75. 1\/—_ 5((re? — “2) re rﬁ + €zp) + 2r3(racsp — rycys))
32s 18 R7°- \/ﬁ(7rzryrzrﬁ +riric.s +roricys + roroces)
33¢ 18 R7°- %\/1_6(73";(7';2 - 3r;2)rg +3(r8? — r8%)cop — 6rorieys)
33s 18 R~%- LV10(7r2(3re — ra?)rh + 3(r8% — ri%)cyp + 6rorycap)
20 20 R™%-3(35r2%rb? — 5r22 — 5rb? 4+ 20rirbe,, 4+ 22, + 1)

20 21c R 1V3(5rhrb(7ra? — 1) + 10r(rbes, + ricss) + 2¢20C2:)
20 21s RS- LV3(5r8r8(Tre2 — 1) + 1072 (rbe., 4 rbesy) + 2c.yc.2)
20 22¢ R%- 3v/3(5(7re — 1) (r2? — r'?) + 2002 (rbe.s — rhesy) + 2(c2, — )
20 22s R°- 1\/- (7re? — rbrb + 1002 (rbczy + rgcm) + 2¢,5Cy)
21c 21c R™5- (35r2rtrbeb 4+ 5rorbe,. + Brirbe,,

r z T z

+5rur Cez + 5rar 2Cxz + CzzCaz + C:czcz.r)
21c 21s R% - (35r2r2rbrt + 5rirbe,, + 5rorte,,

57278 eon + BrErbesy + CoyCon + CozCay)

the charge distributions, we obtain

A B
Ues = J A;_)T(ra) ,{Oinl(':\b) d3ra dsfb (6)
4ﬂ€0\Ra R —+ Ra Rbrb - ra]

-1
47t60 Z ZJQlﬂﬁ Illﬂl R+R 1Rbrb) pm(rb)d Ty, (7)

where the index k; runs over the labels /;c,...,1¢,0,1s, ... /s, and the real spherical
multipole moments Q,, and the real linear combinations of the irregular spherical
harmonics are defined by

0, = jpm Ryu(r) & (8)

Iln(r) = r_(H- . CIK(G, W)a (9)
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Table 1. Continued.
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RS . (35rarorbrt 4 5rirbe,, + 5rirbe,,

+5r‘z‘r§cyz + 5r2rbeyy + CyyCaz + €y2Cay)

RS- 1(35rara(rb? — r82) + 1078 (rhese — rhesy)
+107"§(’”?:Cyz - ricyy) + 20y5Cor — 204y Cay)

R%. (35r;r§r2r§ + 5r§riczy + 5r§r§cn
+5r2rbeyy +5rerbeys + cyatay + Cyycaz)
R™%.1(35(re? - rz2)(rg2 = rb2) 4 2008l cpp — 20r2rbes,
—20rrbey, + 20rerbey, +2¢k, — 2¢5, —~ 2}, + 2¢2)
R5-1(35(r2% — ra?)rbrb + 10r2rbegy, + 10r8rh ey,
—10r;rzcyy - 10r;rgcw + 2055Cay — 26yzCyy)
RS- (35r2rarird + 5rarbey, + 5rarbeys
+5r;rgczy -+ 5r;r§cu + ConCyy + CoyCys)

R™6. 1(63r2® — 70r33 + 15r%)

R™% . 1V/15(21r2r2% — 14r2r8% 4 1)

R5 . LV/15(21r2r2% — 14r2ra? 4 r2)

R™6 - 23/105(3r2% — r2) (re? — r?)

R=¢ . 2/105r2r2(3r3® — r2)

RS- v/T0ra(r? — 3r%) (932 - 1)

RS- L\/70r3(3r22 — r22)(9r? — 1)

with

and

Rln(r) = rl' Cln(ea <P)

Cree = VAI(-DFC + €8} withk >0
. 1
Crs = —iy/ H(=1)Fcd) — ),

where C,((l) are Racah normalized spherical harmonics [7].
The next step is the expansion of the functions I, with respect to the centre of

817

(10)

(11)
(12)
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Table 1. Continued
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R™6 - 43/10(21(3r%2 — 1)r8rerh + 3(7ri2 — D)ric,p + (Tr92 — 3)rlcyy)

R™% - LV/10(21(3r22 — 1)rerert + 3(7re? — 1)ric,g + (Tre? — 3)rlcys)

R6. ;i-\/5(63r;‘2 - 7)(1’;2 — r‘f)r%

F14(rg? = rg)ricsp + 2(7rg® — 1)(rgeap — ryeys))

RS l\/5((637"“27"% - 71‘% + 14r“czﬁ)rar“ + (7r2 — 1) (rlcyp + TZCzﬂ))
RS 1\/_ 9radpe rﬂ — 27 r“zr“rb +r8c.p

+3r22r8cyg — 3rariic,g — 6ririricys — 3rarices)

RS 1\/_ 27r“2r r rﬂ 9r“3r"rbﬁ + 3r“2raczﬁ

+3r82ricyp + 6rariricgg — rade.p — 3ritricys)
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+4r2ep — 1282 rieys — 12r8r82cp + 4r“3cy,3)

R~ L/35(9rare(ra2 — ra?)rb 4 ro(ra? — 3r“2)cy[; + r2(3r8? — ri¥)cys

R™6 . 3(21(3r2% — r2)rb2 4 6(7re? — 1)rbe,, — 7r2% + 3r8 4 6r2c2)

R0 3/3(7(3r% — r)rbrd + (Tre? — 1)(7‘2622 +rie.) + 2rte.ge,;)
R™% - 2/B(1(3r2 — r)rbrb + (7792 — 1) (rbc.. + rhesy) + 2r%caycss)

R VAU — 108 (122 — 182) 4 20(, — )

+2(7r2? - 1) (rbe,y — rbezy)

R 2V/3(7(3r2% — ra)rbrb 4 (7722 — 1) (rhey + rbese) + 2rlcagesy)

molecule B which, in the body-fixed system of molecule A, takes the form R;'R:

o0
I, (R7'R + Ry Ryry) :Z

Nl
—

R_lerb-VRQIR)IZIIIKI(IQQIR) (13)

Vo) I, (R7'R). (14)

‘\4
I -

For R # 0 the functions I;; satisfy Laplace’s equation, A, (R) = 0; therefore the
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Table 1. Continued

t u AmeTH

31c 20 RS- 2/6(63r2r22rt? — 7rere? — 7rerb2 4 28r2rtrbe,,

'z z

+14r§2rﬁcm +rs - 27‘20“ + 2r2ck, 4 4ric.Cr)

3le 2lc R 3v/2(7(9r2% — 1)rrbrd + 14r%r2 (rhe,, + rle.s)

+(7r2% — 1) (rhees + 1heoa) + 2r8CagCas + 2rH(Conlas + €22Co))
3lc 21s R™S- 2/2(7(9r2% - 1)r;rzr2 + 14r2re(rbe., + rbesy)

+(7r2% — 1)(1‘;0@2 + rgczy) + 273y € + 205 (CoyCor + C22Cy))
3lc 22¢ R%- 3v/2(7ra(9r8% — 1)(r¥? — r82) 4 14r2%(rb e,y — rhesy)

+28r2r2 (rhe,q — rﬁcw) + ArGCegCay — 4T3 CoyCay

—2rb o + 2r§cw + 2r%ck — 2r;czy
3lc 225 R &V2(Tra(9r2% — D)rbrd 4 14r2re(rbe,y + rhe.,)

(7782 = 1)(rbheoy + rbee) + 2ricanCay + 20 (ConCay + CoyCer))
31s 20 R7S. %\/6(63r;r§2r22 ~Trirs? — 7r;rlz’2 + 287‘57‘?1‘2@,2

+14r2%rhcy, 4 12 ~ 2rbey, + 2rc2, + Arlcy.c,,)
31s 21c R™6- 2\/2(7re(9r2% — 1)rbrd + 14r2re(rbe,, + rie.s)

+7(r22 = 1)(rheye + rleye) + 2r8caucan + 208 (eystas + €yaar))
31s 21s R7 - 5\2(7re(9re2 — 1)rbrd 4+ 14r2re(rbe.. + rie.y)

+7(rg? - 1)('“§Cyz + ricyy) + 2ryCayCer + 202 (Cyy oz + €yzCzy))
31s 22¢ RS- 2\/5(71";(97"‘2‘2 —1)(r? - %)+ 2(7r2? — 1)(rheye — rieyy)

+28r2r2(rheay — rheay) +2r8(ck, — €2)) + 4r(cyetan ~ €yycsy))
31s 225 R7S - 5\/2(Tra(9re? — 1yrbrd + 14r2r2 (rhe.y + rle.y)

+(7rg? - 1)(’"?:ny + rgcyz) + 2r5CanCay + 2ri(Cyetay + Cyytar))
32¢ 20 R™%- JVAB(T(r2 — ro®)(9rert? — r% 4+ 2r8c.,) + 28(re,. — rley)rort

2
F4rges oy — Argey oy + 2r2(c2, — c2.))

Taylor expansion can be replaced by an equivalent expansion in spherical tensors
[5, 8]:

o0
. A 1 .
IIIK] (‘Ra lR + Ra IRbrb) = Z Z (212 _ 1)” ngKz(rb) ‘ RIsz(v}%glR) 'Ilwil (Ra IR))
12=0 %) o
(15)

where we have introduced the operators R; (V), which are obtained by replacing in
the real solid harmonics Ry, (r) the components x, y and z of r by the components of
V (for a more rigorous definition of these operators and the definition of {(2n — 1)!!
see the appendix).

Substituting equation (15) in (7) evaluating the integral we find the required
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b
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FAr8(CraCag — CryCay) + 2r2(c2, — &, — €2, + cyy))

22s R—% 1\/_(63( a2 _ r“z)rf;rgrg +7(re? — “2)(rgczy + rgcw)

20

+14rzrg(rxczy + rycxz) - 14Ty7‘2 (rzcw + rzb/cyr)
+27'a (szczy + czycz:c) - 2Ta(cy.rczy + nyczx) + 2rtzl(ca:xcry - nycyy))
R¢ - LV/15(63rarerart? = Trorers +14rrrcz,

zyzz

+14r2rt(rie,, + r SCre) + 2(rgeys + ryces) oy + 2riesacy:)

21c R~®-/5(63rararerbrt + Trere(rbe.. + rhc.s)

+7r;r;‘(r1cyz + rzcyz) +Trgrs (rzcu + rgcm)
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21s R™6./5( 5(63rerirorbrt + 7r“r“(r 2o +rhesy)

a . a
+7rers (rycyz + rzcw) + 7rgrg (Tng;z + rzc,:y)

Fr2(CyyCaz + CyzCay) + ry(CayCez + CozCay) + 15 (CoyCys + CzzCyy))

22¢ B8 - §/5(63r2r2ra(ri2 — r82) 4+ 14r2r%(rbe,, — rbes,)
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expression for the interaction tensors:

CS

ll

Il

411:60
L -1

41:60

I Zfﬂm (o) * Riyey () &y (16)

L=0 Kk L=0 5

1 .
Rk, (vﬁglR) Ay, (Ra IR) . Q;]\n]

ZZZZ%

.< _ )”R[zﬂz(vléglk)lllm( _IR)) lenz
—0 M =0 !

Z Z Z z Ql‘n‘ Tlm‘l,_@ QIanp (17)

h=0 K L=0 Kz
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Table 1. Continued
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_14";";(7"2%14 - T‘ZCw) + 2rp{CszCoy — Cyolyy) — 2ry (caatyy + Caytyz))

33s 20 R~®-1/10(189r22rarb? — 63r23r2 — 21r2%r8 4+ 723
+42(r;‘,2 — r;}?)rgcyz + 847"‘;1‘;1‘2%2 + 12rgc .0y, + 6r;(cﬁz — Ci:))

33s 21c R™%- 1v/30(21(3r2% — r2)rorbrd + 7(re? — r22)(rhey, + rbeye
+14r2r8(rbe, + riens) + 2r%(Caayz + Cazya) + 205 (Coataz — Cyacy:))

335 21s RS- %\/ﬁ(21(3r;2 - 1";2)1';7"21"2 +7(r2? - r;z)(rzcw +ricy,)
+14rgr;(rzcu + rgczy) + 2r2(coyCys + Cozlyy) + 2r;(cxycm — CyyCyz))

33s 22¢ R7%- 2v/30(21(3r22 — r2%)ra(r82 — r82) 4 14(r22 — r22)(rley, — rbey,)
+28r‘;r§(rfccm— rgczy) + 478 (CraCys — CoyCyy) + 2r;(cir— cﬁy— C§I+ cgy))

33s 22s R™%.1/30(21(3r22 — r2®)rlrbrb 4+ 7(r2% — r22)(rhey, — rgcyz)

vy Y

+14r2re(rheqy + rheos) + 2r&(Cealyy + CoyCye) + 28 (Carlay — CyoCyy))

with

1 1 N .
i e Ry (Ry Ry V1) < Iy (R R). (18)

hibke = drey (25 — DI

In this expression for the components of the interaction double-tensors the complete
information on the orientation dependence is included in the 3 x 3 matrices R, and
Ry, so that no Wigner rotation matrices are needed, which make the transformation
of spherical higher rank tensors so cumbersome.

By use of the identity I,.(R) = (—1)'R,.(V)(1/R), equation (18) can be expressed
in a form which is more symmetric to the exchange of the labels of molecule A and
molecule B:

TAB

hkihky

(R, Qaa Qb)

1 (=D 1
" 4mey (20, — O (2L, — DI

1
E.
(19)

Ry, (Ry'VR)R,, . (R;'Vg)
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3. Calculation of explicit formulae for components of
real spherical interaction tensor

Further simplification of equation (18) can be achieved by expressing the rotated
internuclear distance vector and the rotated differential operators in terms of direc-
tion cosines and the internuclear distance R. Writing eff) and ¢ for the unit vectors
of the molecule-fixed systems expressed in space-fixed coordinates, the rotation
matrices R, are given by

Ry= (e, e, e) and R, = (e, ¢, el”). (20)

Using this and introducing the unit vector e,, = R/R as well as Stone’s notation for
the direction cosines r2 = e® . ¢, and Cop = eg’) -e® [4], we obtain

(R;'R), =R-? -e;, =R-1% (21)
J

51 = 22

(VRa R)Ot a(R.rao,t) ( )

(Ro'Ry)po = €3 - e = . (23)

Applying these relations to equation (18) and writing r* for the unit vector with the
components 7% and ¢T for the transposed matrix Cap> WE Obtain as the result:

1 1 .
Tfl‘,?]zlnz = Ine L~ DN Ry (67 Vigps) Iy, (R-1%). (24)

If one also introduces the three direction cosines rz defined by
b b
rﬁ:—e(ﬁ)-eab (25)

and takes into consideration (by the evaluation of explicit formulae for components
of Ty .1, that

Lk,
elopt =P (26)

and the orthonormality relations

Z Cik* Cit = Oy (27)
Z Chi* €t = by (28)

one obtains directly compact expressions in terms of the direction cosines. Compu-
ter-generated interaction tensors up to 5th rank are given in the table. Real spherical
interaction tensors up to the 4th rank have been published previously by Price et al.
3] and also by Stone [4]. Apart from misprinted signs in the components
1210 Toteprs and Ty 014, the expressions in the literature are equivalent to our
more symmetric formulae [10].

4. Cartesian and complex spherical orientation-dependent interaction tensors

By the same approach similar equations can be derived for cartesian and complex
spherical tensors simply by exchanging the expansion in eguations (7) and (15) for
the equivalent expansions in cartesian or complex spherical components. As we
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believe that the real spherical tensors give the most compact and so the most useful
description, we do not describe the derivation of the other ones in detail but present
only the final equations. The expression for cartesian tensors is

Th: i =39 S (1) 4n6 T ge e el

all ﬁl! ull
o Ck ' 1
xViirVior VioaVhwVaor Veorg: ()

Using Buckingham’s definition [9] for the Cartesian multipoles, we arrive at the
electrostatic interaction energy given by

1 I 1 (b)B
Ue = le)Ay - Tolz 2 » , / Q 2 ; I- 30)
? aﬂ...z%’.“p' Bev (2l — N B..v,0 .. (212 TRl (

For complex spherical tensors we obtain:

1 5
Thimiom = gmee i =y @ Vi) T (RSB (31)

Here R,(,l,) and I,(Cl) are the complex regular and irregular spherical harmonics,
respectively.

Appendix

The irreducible spherical differential operators R,((l)(V) can be defined with the
help of the shift operators V. and L_, known from quantum mechanics [11]:

/2
=) = (-1 (B) vy (A1)

[L_, RD(V)] = [(I+m)(l — m + D])2RY_ (W), (A2)

where V_ and L_ are defined by

0 0
V+—< +’5;>

L L(,0 L0\ (,0 0
-TiVe dy ox  Toz)
and the double factorials are
21— DN =135 (21=3)- (21— 1)
QDN =2.4- .- (21—2)-2,
with
(-H =1
0l = 1.
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The real linear combinations are obtained as usually by the transformation:

Ry (V) = V(=1 R (V) + RU(V)],  withk >0 (A3)
Ryo(V) = =iy 3[(- 1R (V) - RY(V)]. (A4)

We thank Dr A. J. Stone for critically reading the manuscript and for helpful
comments. This work was supported by the Deutsche Forschungsgemeinschaft
(SFB334).
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