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A gauge-origin invariant formulation of the frequency-dependent Verdet constém) of
magneto-optical rotation and of the Farad#/ term of magnetic circular dichroism for
coupled-cluster wave functions is derived within the framework of variational response theory.
Working expressions suitable for implementationah initio program packages are presented.
These expressions have a structure similar to that of the expressions for the first hyperpolarizability
and the two-photon transition moment, respectively, for the Verdet constant aifitdien. The
approach is general and can easily be extended to other similar frequency-dependent properties as
well as to other wavefunction models. Pilot results at the CCSD level are presentéddspof HF

and H,. © 2000 American Institute of Physids$0021-960600)30233-1

I. INTRODUCTION Maxwell equations in terms of averaged complex induced
oscillating molecular moments, which are calculated
The discovery of magneto-optical activitlOA) dates  qyantum-mechanically. Focusing on the MCD, Stepfighs
back to 1845, when Farad].aﬁlob.served that the application yegerived the equations for the ellipticity by means of semi-
of a magnetic field in the direction of propagation of a planeg|assical radiation absorption theory. Equivalent equations
polarized light beam passing through a piece of heavy glasg the rotation and ellipticity have also been obtained by the
affected the behavior of the beam. The effect consisted of fefringent scattering approach, as shown for example by
rotation(¢) of the plane of polarization of the ray induced by garron8 Both the conventional refractive-index approach
the longitudinal magnetic field; it was later found to occur mand the refringent-scattering approach have been success-

?nI)é samplehandhshown to. be Ip_)roportional to tRe hm_agpetiﬁmy applied to several optical effects such as natural optical
leld strength. The proportionality constant—which is fre- activity, linear birefringence, and Raman optical activity.

quency and tegmperature dependent—is known as the Verdet As for other optical properties, electron correlation is

c_onstan@\/(w). When the frequenpy approaches the absorp'expected to play an important role in thb initio calculation

trgcr;tircfzr?liznagéotgeaﬁ;lplbe ! ttr?e d“ghtl IS attetnu? ted ﬁ.n (: t.?eof the molecular properties characterizing the Faraday
P Dy the development of an €IPtCIY oot that is, the Verdet constants and the Faradays,

(#). Both aspects, rotation and ellipticity, are related to a

differential behavior induced by the magnetic field of theagggetﬁcr;nihIph:%?:t'?nnb;r;ﬁep\szgltir] gggf'@:gpgﬂc?;] de-
right (R) and left(L) circularly polarized components of the P 9 P 9 9

plane polarized light beam. Traditionally, the rotation is as—for m agnetic properties calculated with conventional finite
basis sets needs to be addressed.

sociated with the anisotropy of the refractive indices In the past, the calculation of molecular Verdet constants

n_—ng and the ellipticity with the anisotropy of the absorp- h pr d’ t vari levels aif initio theory ( for

tion coefficientsn| —ng. The latter effect is also called mag- as appeared at various 1eveis 0 theory (se€, 1o
example, Refs. 9-123The Verdet constant has been calcu-

netic circular dichroism(MCD). Magneto-optical rotation lated either f ral tati &
(MOR) dispersion and MCD are also referred to as the “Far-arec eltherirom a spectral-representation expressionas
combination of quadratic dipole—dipole—magnetic dipole re-

aday effect.” function&-12 Using th | imatidh
The fundamental equations relating the observed rotatiofiP@NSe functions.™ Using the Becquerel approximaticn,

and/or ellipticity to the microscopic properties of the sampleVhich is exact only in the atomic case, propagg}gs or linear
have been derived in several equivalent ways. BuckingharffSPONSe function expressions have also been tsethese
and Stephefsused a conventional refractive-index ap- calculations have mostly been limited to systems that are

proach, relating the complex rotation to the anisotropy of thed@uge-origin independent by symmetry; no general solution
complex refractive indices for the right and left circularly N@s SO far been presented for a gauge-origin invariant calcu-

polarized components. The latter are expressed through tHgtion of Verdet constants. Indeed, in a recent paper, Peder-
senet al. question the possibility of obtaining gauge-origin

. independent Verdet constants using a conventional coupled
dpermanent address: Dipartimento di Scienze Chimiche, Univedsitgi cluster ansatz for the wave functidh
Studi di Trieste, Via Giorgieri 1, 1-34127 Trieste, Italy. Th tical lculati f th ’ = d t f th
Ypresent address: Forschungszentrum Karlsruhe, Institute of Nanotechnol- e_ore 'Ca_ Calculations o e rara <_’iy erms o €
ogy, P.O. Box 3640, D-76021 Karlsruhe, Germany. MCD—in particular the B term—have mainly been per-
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formed by means of sum-over-states procedures. Recentlwhere An=(n_—ng)+i(n/ —ng) is the anisotropy of the
we presented an investigation of the MCD of two naturallycomplex refractive index. As shown for example in Refs. 4
gauge-invariant systems, reformulating théerm as a single and 8, the complex optical rotation for plane-polarized light
residue of the dipole—dipole—magnetic dipole quadratic retraveling in thez direction of a space-fixed frame is related to
sponse function in a SCF and MCSCF parameterizatign. the complex polarizabilitya,, (frequency argument im-
gauge-invariant method for calculating tBeterm was pre- plied),

sented in the early 1970s by Seaman and Linderbegglf- ~

consistent molecular orbitals at nonzero magnetic field were ¢ = 70 uoCN[i{axy— ayy)], (2

determined in the Pariser—Parr—Pople model, starting with o ) o
an atomic orbital basis of London gauge including orbitaigWhere(: - ) indicates an appropriate statistical average. In the

(LAOs or GIAOS,-2! and then employed to calculate nonabsorptive region, the complex polarizabi[&xﬁ is de-
transiton moments according to the single-excitedfined as

configuration-interaction and the random-phase approxima- 5 o

tions. Thel’jf term was Fhen obtained by.extrapolatmg to zero aaﬁzg > %W(Mdam(i dgln))

magnetic field the ratio between the field-dependent transi- j#n W~ @

tion strength and the magnetic field strength—that is, essen- ®

tially by numerical differentiation. +i ——— J({n|d,|j){] |dB|n>)
Inspired by Seaman and Linderberg’s approach, we j#n Wjp— W
present here a gauge-origin invariant formulation of Zaaﬁ—ia@:aza, @)

magneto-optical activity within the framework of coupled
cluster(CC) response theor§.-*°Our approach relies on the \whered indicates the electric dipole moment operator and
use of LAOs in connection with a reformulation of both the gq. (2) reduces to

Verdet constant and the FaradByterm as total derivatives

with respect to the strength of an external static magnetic ¢>=—%w,uoch(szy):%wﬂocNm;y}. (4

field of, respectively, the dipole polarizability and dipole

transition strength. For the latter properties, we employ thd'hese definitions are readily generalized to the absorptive
appropriate CC response expressions defined with respect t@gions by introducing the line-shape functidrendg (see,

a SCF wave function optimized within the magnetic field.for example, Ref. 8 For simplicity, we here restrict our-
For the Verdet constant, this represents the first attempt tgelves to the nonabsorptive region.

extend the London-orbital approach to the calculation of a A linear dependence on the magnetic field is brought
frequency-dependent quadratic response property. To illugxplicitly into Eqg. (4) through the linear dependence of the
trate the validity of the proposed approach pilot results forantisymmetric polarizabilitya,, on the magnetic field and
the Verdet constant of HF at the CCSD level are finallythe orientational effect of the magnetic field on the perma-
presented. Also, the effect of using LAOs when calculatingnent molecular magnetic moments. The polarizabilify, is
Verdet constants which are gauge-origin independent bgxpanded in the magnetic field according to

symmetry is tested through preliminary calculations gn H a;B(B)=a;B(O)+ a’(m)By+ oB?), )

aB,y

Il. THE BASIC EQUATIONS - .
whereB represents the magnetic field strength. Implicit sum-

A. Conventional formulation mation over repeated indices is assumed here and through-

To treat MOR and MCD in a unified way, one may in OUt. The sum-over-states expression for the higher-order po-
) , A izability &’ i - initi '
analogy with Ref. 4 define the complex optical rotatipper ~ larizability a,,g" is obtained from the definition of; by
unit of path length substituting the magnetic field-dependent eigensigteand

their frequency separations;, = w;— w, by the correspond-

~ il @ ing perturbational expansions in terms of zero-field eigen-
¢=dFif=7 AN, D states and frequency separatifié,

2 20w; . ® (kIm_|j)

G — _ETTIN o My /i ~ y S\
Wogy hzjzn |(wj2n_w2)2(my m3)3((n[da]i)ildgln) + A 2 o ((nldali)]ildlk)
. (ilm, k) . .
—(nldgli)i1dalk) + 2 === ((nlduli){Kldglm = (nldli) (ki daIn)
2 200, ) 1) .
- _ = et LU V() Srip——— - AV DR 6
7 ;ﬂ ‘h(wjzn_wz)z w7 " (oF — ) Do (6)

Herem, is a Cartesian component of the magnetic dipole operatomaﬁtﬁ(k|my| k). The state:,j,k and the frequency
separationgvy,,, wyj, wj, refer now to the unpertubed systef@=0). The orientational effect on the magnetic moment is
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accounted for either by means of classical weighted Boltzwhere the averages on the r.h.s. are taken at zero magnetic
mann average with the potential energyU field, we can immediately relate the Verdet constant for a
=— m’;By or by means of an unweighted quantum statisticalclosed-shell system to the derivative of the frequency-
averagé. For a fluid sample, the resulting rotation with re- dependent antisymmetric polarizabilitje., the imaginary

spect to the molecular frame becomes part of the complex polarizability
_ 1 /(m) l n_r _ V _ d¢
¢_1_2wM0CNBZ€DZB’)/ aaﬁ,y+k_Tmyaaﬁ _V(w)Bza (w)_ d_BZ o
w ,
where we have introduced the Verdet constanfw) - i(x)ﬂoCNfaﬁ (M)
= $/B,. The symbole,z, was used for the Levi-Civita 12 7 dB, 0
tensor. Note that, if is the ground state, the second term in 1 0 o
parentheses is zero for closed-shell systems as the magnetic =— —wpoCNeyg 3(M) (13
dipole is quenched. An analogous expansion dqy; fol- 12 7 dB, 0

lowed by orientational averaging leads to a similar equatior}md identify the Farada(n— j) term of a closed-shell sys-

for t_?ﬁ generallzechomdeeZrcgatloréCE(?). dt tem without degenerate states from the derivative of a one-
e (averaged FaradayA, B, an erms, used to ra- photon transition strength

tionalize the MCD, are easily identified from the tensors so

far introduced by splitting the total rotaticilor more rigor- 1 d3((nld,|j)ildgln))
ously the complex rotatigninto contributions from a par- B(n—})= 2 €apy dB,
ticular “transition” n— j—that is, $=3;.,é4(n—j). Ac- 0
cording to the current conventiérf® 1 (dSﬁjﬁ)
=~ €upd| ok | (14)
i ,U,OCNBZ( 2w2wjn " ) 2 dB, 0
$n=1) 3t | h(wfh—w0?)? (n=1) The derivative formulation is advantageous for several

1 reasons. First, contrary to the conventional sum-over-states
B(n—j)+ _C(nﬂj)”' (8)  representation, it does not require that all excited states are

kT explicitly calculated. Rather, one can simply identify the
property expressions to be differentiated in terms of linear
response functions and corresponding residues, and then dif-
=%6a5y(mjy— m@)j((nlda|j)(j|d5|n>), 9) ferentiate these response function expressions for a given
wave function approximation to obtain the Verdet constant

wz
+
an—wz

A(N—])=g€ap,(3AE))

B(nﬂi)=%€agy(35&%r;)) and the Faraday term. Second, we also demonstrate that,
(k|m.|n) with London atomic orbitals and using response function ex-
= €4p,J E ﬁ—"/(n|da|j><j |d,;|k) pressions where the orbitals are allowed to relax in the mag-
k# @kn netic field,V(w) and B may be obtained gauge-origin inde-
(j|m,|K) pendent without consideration whether the Ehrenfest
+ >~ (n|d,lj)(Kldgln)|, (100  theorem is satisfied for one-electron operators in the chosen
Z) Ty wavefunction approximation. Difficulties in ensuring gauge-
c(n—j)= %eaﬁymrﬁ((nldaljﬂj |dgln)). (12) origin independence are encountere {fw) and 5 are cal-

. culated in terms of quadratic response functions and residues
For molecules with a nondegenerate ground stend a  of quadratic response functiof.

nondegenerate stat®nly the5 term is nonvanishing. In the

foIIowmg, we are concerned with the calculation of |, -\ GE-ORIGIN INVARIANT MOA WITHIN CC
B(n—j) and of the Verdet constam(w). RESPONSE THEORY

As physical observables, the Verdet constdti) and
B. Derivative formulation the FaradayB term must be independent of the choice of the

The Verdet constant and the Faradayerm may alter- gauge origin. In approximate calculations, however, gauge-

natively be expressed as derivatives of property expressiorfd!9in independence is not necessarily satisfied. In the next
subsections, we describe in detail how gauge-origin indepen-

with respect to the magnetic induction. Expanding the rota- ; )
tion in the field according S dent expressions fo¥(w) and B can be obtained from the
previous derivative formulation of the response properties
d¢é 1 n n and the use of London orbitals. We restrict ourselves to the
(Pe=(H)+ BZ{ < (d_BZ)O> g ((@mz) +{p)(m;)) CC model but emphasize that the same strategy may be ap-

plied for other approximate wave function models.

+0(B?) First we summarize how the polarizability and oscillator
de 1 strength can be calculated in CC response theory. We then
ZBZ[ < (ﬁ > + ﬁ<¢m2>} +O(B?), (120  discuss the use of LAOs to parametrize the magnetic field
z/o dependence in the polarizability and oscillator strength. In
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particular, we demonstrate that the magnetic-field orbitalwhere
relaxed property expressions to be differentiated are indepen- _

dent of the chosen connection scheme and identical to that |CC)=exu(T)|HF), 24
obtained using the symmetric connection. As the molecular  (u|=(HF| 7-; exp(—T)={u|exp—T), (25)
orbital integrals in the symmetric connectiBrare indepen-

dent of the gauge origin, we obtain a gauge-invariant Verdet (A|=(HF|
constant ands term.

Tt
1+§ tMTM)eX[X—T). (26)
The cluster operator is given by=X,t, 7, with 7, an
A. The ansatz excitation operator ant}, the associated amplitudéor each

In CC response theory, the frequency-dependent dip0|gxcitation Ievelﬂ). Tp zero order_with respect to the time-
polarizability and the dipole oscillator strengths can be for-dependent electric-field perturbation, the amplitudese ob-
mulated as derivatives with respect to tirequency- t@ined from the CC equations,
dependent electric-field strengths of the real part of the (u|exp(—T)H exp(T)|HF)=0. (27)
time-averaged quasienergy Lagrangfatt and the time-
averaged transition moment Lagrangidfbpth of which are : :
generalizations of the energy Lagrangian introduced for th&®t of linear equations

The zero-order Lagrange multipliaTare the solutions of the

treatment of time-independent propertiésio obtain these n+tA=0, (29
derivatives, a time-dependent CC state is used in which theh
orbitals are not allowed to relax with respect to the electric’’ "€"¢
perturbatiorr®3'32 The time-dependent Hamiltonian em- 7,=(HF|[H,7,]|CC), (29)
ployed can be written as and the CC JacobiaA is given by
H(t,E)=H+V(t,E
(LE)=HHVLE) A= ([H,7,]|CO). (30)

=H—d,[Ey(0,)exp(—iw,t) The left and right excitation vecto@(—wj) and E}(w;)
+E(—w)expliot)] (y=xyz), (@15 are the solutions of the linear equations

where H is the Hamiltonian for the unperturbed system, ElA= ijj, AEjzcquj (31
E(w) the electric field strength, ardithe static electric di-
pole moment operator.

The resulting expressions for the electric-field-unrelaxe
frequency dependent polarizabifiy’! and for the one-
photon transition strength®?are

under the biorthonormality conditio&’E"=6j;. The fre-
Jluency argument it} andE! is conventionaf*3* The first-
order responsetd(wg) of the amplitudes to the electric field
are obtained from the equations

. dira_ d
Aup(@y,0p5)= —%Ci“’{nddtdﬁ(wﬁ)-l-Ftdﬂ(wa)tdﬁ(wﬁ) ¢ H A= gl]t (wd)___O' (32)
The intermediate vectdvl!(w;) is found by solving?

+p%t%a(w,)} (16) _ _
(W 1= —FE( w:
With w,= - =, and M (wj)(A+ w;1) FE! (w)). (33
af_ 1pqde ypd d d, % In second quantization, the dipole and Hamiltonian operators

Sy = Z{MnejMiﬁnHMniJMien) iy 17) are expressed as
where the left and right one-photon dipole transition mo-
mentsM§_; andM{_ are given b§>% d=% dpoEpq. (34)

Mi = €= 0) E)(0)) = 7°El () + MI(w))¢%,  (18) L

M =El(—w) €. (19 H= 2 Pogoat 5 20 Gparsoars (39

The operatorC*“ enforces time-reversal symmetry on the where Epg=2Z0-= avﬁaggaqg, €pqrs= EpqErs— 9qrEps, and
CC polarizability by symmetrizing with respect to simulta- d,q, h,q and g, are the one- and two-electron integrals
neous complex conjugation and inversion of the sign of theover the orthonormal basis of molecular orbitals.
frequency. The vector-matrix notation of Refs. 26 and 32

was used. The various matrices and vectors are defined

a26:31.32 B. The introduction of the magnetic field
&l =(%]d|co), (20) In the presence of an externstitic magnetic field, the
# polarizability and the oscillator strength may be obtained in a
ni=<A|[d,rM]|CC>, (21)  two-step approach, replacing the unperturbed Hamiltonian in
Eg. (15 by the Hamiltonian for the system in presence of the
F.,=(All[H,7.].7,]ICO), 22 gtatic magnetic field

and
H(B):H_mo,yBy_ %éO,yﬁByBé (%5:)(:)’,2)

B(wg)= 7+ Ft¥(wy), (23) (36)
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and treating all states as magnetic-field dependent. The timevhere A}, is the vector potential at the position
dependent Schdinger equation for the interaction between Ry,o=Ry— O of the nucleusM with respect to the chosen
the polarized light and the system is thus solved for a statigauge origin,

Hamiltonian that contains the interaction with the magnetic e 1
field. Amo=2BXRyo, (42

In the Hamiltonian, both the magnetic dipole momentgnq; js the electron coordinate. Note that in absence of the
operatormg and the diamagnetic magnetizability Operatorperturbationgo 0)=x,-
§o refer to an arbitrarily chosen gauge origh Alterna- The LAOS can be employed to define an orthonormal-
tively, the HamiltonianH(B) can be written in terms of the ;¢4 pasis of molecular field-dependent orbitals, from which
vector potentials OI the electrons with respect to the gaugg, Hamiltonian operator defined at all values of the field can
origin Ai=A(rio) =2BX(ri—0) as be constructed. This may be accomplished in two steps.
1 First, from the LAOs and the MO coefficien&(") of the
—. (37  optimized orbitals at zero magnetic field, themodified mo-

1 _ Ze 1
HA=52 (ZiVi+ A= =453
! lecular orbitals (UMOs) are constructed &%

K ik 2{F

The dependence of the Hamiltoni&h(B) on an arbitrarily

chosen gauge origin is a manifestation of the gauge-origin d;q(B):E QDM(B)CEBQ). (43
problem, which hampers the calculation of magnetic molecu- ®
lar properties within approximate methods. Second, assuming that their overlap masiis nonsingular,

Thus, in the presence of a magnetic field, the polarizabilyh,e ymOs are further transformed into a sebethonormal-
ity and the oscillator strength are still defined according 0764 molecular orbital§OMOs),*°

Egs. (16)—(33), where all contributions become magnetic-
field dependent, for example, the Jacobian matrix becomes

B Pp(B) =2 ¢g(B)Ryp(B). (44)
A,.(B)=(u(B)|[H(B),7,(B)]|CC(B)), (38 g
_ The transformation matriR=S"Y?U, whereU is unitary
Zvﬁh(eé; CC(B))=expT(B)|HF(B)) and analogously for defines the differentonnection schem&s>’ which establish

a one-to-one correspondence between orbitals at different

In terms of an orthonormal set of field-dependent orb|t—values of the field. lU=1, the OMO basis in Eq(44) cor-

als, the second-quantization form of the Hamiltonta(B)

35 responds to a symmetric orthogonalization of the UMO
become¥® ; . .
basis—thesymmetric connectioif For any general connec-
1 tion scheme,
H(A) =2 Ny A)Ep(A)+ 5 2 Foqrd(A)epqrs(A),
Pq pars - -
(39 U= YiUR=2 vile ™y, (45

where the field dependence in the one-electron part arises ) i i

from the implicit field dependence in the orbitals and theWhere the unitary matriX)9 was expressed in terms of an
creation/annihilation operators as well as from the explici@nti-Hermitian matrixc. The indices “g” and “s” are used
dependence in the one-electron operator itself. Note that, iff distinguish between a general connection and the symmet-
the second quantization formalism, also the dipole momenrfiC cOnnection and explicit reference to the field dependence
operator becomes magnetic field dependent, through the inS Suppressed for ease of notation. The orbital indices

plicit dependence in the magnetic field of the orbitals and o> 9 T, S are used for unspecifietbccupied or virtual

the creation/annihilation operators. orbitals,i, j, k, | for occupied, anda, b, ¢, d for vir-
tual. Note that the OMOs are not the optimized orbitals in
the presence of the external perturbation but that they be-

come identical to the optimized orbitals for the unperturbed
C. The London orbitals and the relationship between system in absence of the perturbation.

different connections

Suppose that we have performed a Hartree—Fock calcu-
lation at zero magnetic field and obtained the wave functiory 11,4 (effective ) relaxed Hamiltonian and dipole
|HF) and a set of optimized orbitals operator

We now consider a general connection OMO basis and

— (0)
¥p(0) % XuCup (40 employ it to expand the Hamiltonian and parametrize the
optimized Hartree—Fock state in the presence of the field

where x,, is a conventional Gaussian orbital centered onaccording to(neglecting the purely nuclear contributions

nucleusM at positionRy, . For any given magnetic induction
B, a basis of atomic field-dependent orbitals, the London _ gpmg L g9 .9
orbitals;® {¢,} can be defined according to H(B)_% MaqEpa* 2 ;%;S GparsBpars: (48

¢u(B)=exp(—iAfo X, (41) |HF(B))=exp( —kg)|HFy), (47)
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where|HF,) is a determinantal wave function built from the . 1 .
creation operators for the general OMO basis, and the opera- Hs= % hpgEpgt quErs Jpqrspars (56)
tor
nonred. is the effective Hamiltonian in the symmetric connection.
= S %9 EY (48) With this reformulation ofHg, the relaxed Hamiltonian in
e given general-connection asis becomes
9 4 “parpa th | tion OMO b b
generatesnonredundantorbital rotations among the OMOs. Hg=exp( Kg) EXP(Xg) Hg 8XP( — Xg) EXP( — K¢)
Note thatEl,, |HF,), andx?, are magnetic field-dependent
pq’ o Pq ' = _ _

but their dependence is suppressed for ease of notation. exp( K q) eXP( k) HseXpl — ks) eXP( — Kiq)

To obtainV(w) and B we need to take the total deriva- =exp kg HE expl— kq), (57)

tive of matrix elements such as E@8), that is, the deriva-
tive of generalized transition expectation values betweeN'nere

states defined at the same value of the field. As a conse- nonred.

quence of Wick’s theorem, we can then neglect the magnetic k= >, KpoEpq: (58)
field (and gaugg dependence of the elementary creation/ pq

annihilation operators corresponding to the OMO bais. occ vir

As discussed in Ref. 37, this may be viewed as expanding  x = > K{jdEijJr% beEab, (59)

the elementary operators at a given value of the field in the ij
elementary operators at zero field. The Hamiltonian in EQyith the anti-Hermitian matrices® and ° having nonzero

(46) and the fie_ld-de_pende‘rllt Har'Fre('e,—Fock state in(B@  glements corresponding to the nonredundant and redundant
can then be written in the “effective” form, orbital rotations, respectively. The equivalence of the second

1 and third expressions in E¢G7) follows since these expres-
H(B)=Hy= > hngpq+ > > ggqrsepq,s, (490 sions represent two equivalent parameterizations of a general
P pars unitary matrix:®
|HF(B)) = expl — xg)|HF), (50) Let us derive a set of equations for the nonredundant

parameterse. Inserting Eq.(57) in Eqg. (52), we obtain
whereE, e,qrs, and|HF) refer to the optimized basis in

absence of the perturbation, and (HF|[Epq,exf krq)HS expl— k) ][HF)
nonred. :<HF| expl k) expl— Krd)qu expl k), Hg ]
Kkg= > K3Epq. (51) B
P X exp( — k;q)|HF) =0, (60)

The elementsxcgq of the anti-Hermitian matrix®, which  where pq refers to the nonredundant parameteps|< ai,
depend implicitly on the field, are nonzero only for theia). Because of the relations
occupied-virtual and virtual-occupied blocks—that is, they

are thenonredundanparameters as determined from tleé& expl — xra) HF)=[HF), (6D
fective) Hartree—Fock orbital optimization condition, nged-
exp( — k;g) Epg €XP( K1) = C,.E (62
(HF(B)|[Eyq(B), H(B) ]| HF(B)) =0 P ) Bpg X0 = - Crsfos
—><HFg|exp( ko[ exp(— kg Epqexplxg),Hgl we find that Eq(52) [or equivalently Eq(60)] is satisfied if
X expl — xg)|HFg) = (HFI[ Epq HE1HF) =0, (52) (HF|[Es,exp — kg Hsexp( kg ]|HF)=0. (63

where we have introduced thieffective relaxed Hamil- This corresponds to the effective Hartree—Fock optimization
tonianin the given general-connection OMO basis condition in the symmetric connection, from which the non-

redundant parameters, and thus the effective relakedp-
Hg=explkg)Hgexp — kg). (53 erator, are determined.

The redundant parametes&’ of Eq. (57) are not deter-
mined by the orbital optimization condition, but are implic-
ity given through the choice okg, X4, and ks. Since the
relaxed Hamiltoniang is later used only in contexts where
the property considered is invariant to redundant orbital ro-
9 tations, explicit knowledge of these parameters is therefore

Xg:% XpaEpa (54 not required.

Thus, even though the parametafsand «° determined
wherexgq are the elements of the anti-Hermitian matx by Eq.(52) and Eq.(63), respectively, are not the samtbe
the HamiltonianH, may be written as final effective relaxed Hamiltonian in the general connection

_ B is for all practical purposedi.e., to within a redundant or-

Hg=expixg)Hsexp( =), (59) bital transformation equivalent to the effective relaxed

where Hamiltonian in the symmetric connectionhis is an impor-

In the following, we shall consider the structure of this op-
erator.

Inserting Eq.(45) into the definition of the integrals of
Hgy and introducing the anti-Hermitian operator,
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tant result also in the sense that the symmetric connectiogi=<ﬂ|exq_Tg)dg exp(Ty)|HF)

may not always be the most useful approach from a numeri-

cal point of view?® Similar relations may be derived for ~ ={u|exp(—Tg)exp xq)ds exp — xq)exp Tg)|HF)
other operators. In particular, for the effectiredaxed dipole _ K ,

moment operatqrwe obtain =(ulexp(xrg)exp(—T")ds exp(T")|HF), (79

dg=explxg)dg Xpl — ko) 78 =(HFl| 1+ > t_gT{) exp(—To[dy, 7, ]exp(To) [HF)
A
= expl kg) eXP(Xg)ds eXPl — Xg) EXP( — K¢)
= €Xp K XD ) Ay XD — e €XD— ) A1+ TgT;) exp— T,
A
= exp( k) ds exp(— k), (64)

X [eXII Krd)d’scexq - Krd) ' Tp,]eXF(Tg)| HF>

with dg= = ,d9.Epq andds=3 03 Epg.-

= (HF| 1+; t_gT{)exp(Krd)exp(—T')

E. The effective CC equations and matrix elements X[dE, exp(— k) 7, expl k) JeXp(T') |HF), (74)

In the presence of the magnetic field, the CC wave func- . .
tion is parametrized in the OMO basis as A, =(HF| 7, exp(—Tg[Hg,7,]exp(Tg)|HF)

|CC(B))=exp( — kg exp To)|HFy), (65) = (HF| 7!, exp( ki) exp(—T")
Whererl'g= 3,979 Analogously, X[Hg, exp(— )7, explxq)]expT")|[HF), (75

(B = gt T P _
<,LL(B)| <HFg|T/L eXF( Tg)eXF(Kg) F#V:<HF| 1+2 thI)qu_Tg)[[HkaT,u]vTv]
- . N
=(ugexp(—Tyexpky), (66)

X exp(Tg)|HF)
(A(B)|=(HFy|

1+, f%rf‘f) lexp( —Trg)exp(Tcg). (67)
K =(HF|

1+ t_%r{)exmm)exp(—T')
Again, according to Wick's theorem, we can expand our .
creation/annihilation OMO basis in the generator basis at the X[[Hg e 7, e*rd],e” “dr e d]exp(T')|HF). (76)

expansion point, only retaining an implicit dependence on _ o _
the magnetic field in the orbital and wavefunction param-Since we here consider states that are invariant with respect

eters, to rotations among the occupied orbitals and among the vir-
tual orbitals, we may instead of the projection manifold
|CC(B))=exp( — kg)exp(Ty)|HF), (68)  {(HF| 7!, exp(k.q)} use the manifold(HF| !,}. Equation(72)
_ + and the matrix elements above then reduce to those of the
(n(B)|=(HF| 7, exp(—Tg)explxg) symmetric connection so that the same result is obtained
=(ulexp(—Tylexp«y), (69)  With the general and symmetric connections.

As shown in Ref. 30, the effective Hamiltonian in the

-5t symmetric connectionHg is gauge-origin independent.
1+ t,uTM> lexp(—Tglexp(xg),  (70) Gauge independence was the result of the gauge-origin inde-
: pendence of both the integrals over London orbitals and the

(A(B)|=(HF|

wherengE#t%rﬂ. connection matrix. It is straightforward to show that, in the
The CC amplitudes are obtained by solving feéfec-  symmetric connection, the effective dipole-moment operator
tive) relaxed CC equations is gauge-origin independent as well. As a consequence of the

« _ gauge independence of the effective Hamiltonian in the sym-
<'“|eXp(_T9)H9 exp(Tg)|HF)—O. (72) metric connection, the effectiveg operator is gauge inde-

Introducing the relation between the operators in general anBendent. HencetH¢ and dg are gauge-origin independent,

symmetric connection, Eq57), we get ensuring that the final result is gauge-origin independent.
(mlexp(—TgHg exp(Tg)[HF)
= (ulexp(—Tg)exp k) Hg expl — k) exp(Tgy)[HF) F. The canonical formulation
= 0=(ulexp k)exp — T YH  exp T)|HF) =0, (72) We here consider the case where the Hartree—Fock or-
I S ’

bitals are required to be canonical. Thﬁq matrix now con-
and theeffectiveexpressions for the vectors and matrix ele-tains both redundant and nonredundant orbital rotation pa-
ments (for the general connectigprio be differentiated be- rameters, which can be determined by solving the effective
come canonicalequations,
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+ matrix may arise only from th&® matrix, which, together
o‘zza,ﬁ (HF|[ag, [ap,, explxg)Hgexp(— kg)]].[HF) with the gauge dependerf matrix, defines the gauge inde-
pendents® matrix.
=23,4€p, 77

. . IV. THE B TERM
where €, are the orbital energies. Note that, for the nonre-

dundant parameters, the canonical condition is equivalent to The differentiation of the left transition moment with
the Hartree—Fock optimization condition in E§2).4° respect to the magnetic field leads to

Introducing Eq.(55), we find that the relaxed Hamil-
tonian explg)Hgexp(—«g) in Eq. (77) can be rewritten in dMy_; _
terms of the effective Hamiltonian in the symmetric connec- dB
tion as

[Gt™(0)t( — w;) +FMt%(— w;) + F%™(0)

+7%* 1B (w)) + M) () [A%™(0)

Hgexp — xg) = H

eXp kg)HgeXp( — Kg) = eXP k) eXP(Xg)Hg +Amtd(—wj)+Btm(0)td(—w]-)-l-fd(B)]
X X~ Xg) EXP~ reg +ANWBO)MI(w))t(— w))

=expl kg Hsexpl — xo). (78) + &~ ) E™(@},0) + £"(0)ENY(w; ,— ;)

Inserting this expression in EZ7), we obtain the equations (82)

and for the right transition moment we obtain

3 (HFllag, [ap,, exdxgHsexd — o)1) |HF) ams | . _ o
’ . 0=E‘m(—wj,0)§d+ El(— w)[ £ +A%™(0)].
=20p4€p > (79 83)
which determine th&gq matrix in the symmetric connection. All vectors and matrices are now defined in the zero-

Comparing Eqs(77) and (79), we find that the effective field limit. The matrices8, G, A%, andF*, whereX indicates
relaxed Hamiltonians in the general and symmetric connecthe appropriate operatécomponent, are®

tions are identicaleven though the individual orbital param-

eters are not The same necessarily applies for the relaxed  Bpuve=(#I[[H,7.],7,1/CC), (84)
dipole moment, as

GLoo=(Al[[[H,7,],7,],7,]|CC), (85

G X0 g &XP(~ ) AX, = (X, 7,11CO), (86
= expl kg) eXP(Xg) ds eXP( — Xg)eXp( — Kg) Fﬁv=(A|[[X,Tﬂ],T,,]|CC>. 87)
=exp(ks)dsexp( — k). (80) The superscripm in Egs. (82) and (83) refers to the

first-order two-electron magnetic perturbation operator
Since the relaxed Hamiltonians determine the amplitudes ac-

cording to JB=H® 4 [ x(B) HIO=HIBlL {RB) HION 4 [ 4(B) HIO],
88
(mlexp(—TgHg exp(Tg)|HF) (88)
that is, to the zero-field limit of the first derivative of the
=(u|exp(—TyH exp(Ty)|HF) =0, (81) effective relaxed Hamiltoniai“ with respect to the mag-

, o netic field strengthd® is the zero-field limit of the first
we conclude that the amplitudes obtained in the general anga ivative of the effective relaxed dipole operatts
symmetric connections are identical. Therefore, all matrix '

elements to be differentiate@vhich always contain the re- d® =dBl+{R®) dlON) +[«(® dlo]], (89)
laxed operatopsare the same in the general and symmetric
connections. H(Bl is analogous to the zero-order Hamiltoniaga!{!=H)

The dependence of the final vector and matrix elementsvhere the undifferentiated integrals are replaced by the de-
on only the symmetric connection integrals and rotation pasivatives of the UMO integralé! {R(® HI%} is the effective
rameters indicates that, if a connection is chosen where theperator defined on the one-index transformed inte$frals
connection matrix is not gauge independent, for example, theR®),h(%} | -and {R®, g%} |, .. Similar definitions hold
natural connectiori’ then the gauge dependence introducedor d®. If R is anti-Hermitian{R,0}=[R,0]. A detailed
in the effective Hamiltonian through the connection matrix isdiscussion of the relationship between the general and sym-
cancelled in the effectiveelaxedHamiltonian by the gauge- metric connection representations of th&) operator, which
origin dependence of the effective orbital-rotation operatorillustrates the discussion of Secs. Il D-IlI F, is presented in
This happens since the gauge dependence in the connectiire Appendix. A similar relationship is easily derived for



J. Chem. Phys., Vol. 113, No. 9, 1 September 2000 Magneto-optical activity 3569

TABLE I. HF. CCSD results for the symmetry unique response contributions and the total Verdet constant at
®=0.113 91 a.u. Results labeled “Unrelaxed” refer to the use of the unreleweztelectronmagnetic dipole
moment operator on non-LAO basis sets. Results labeled “Relaxed” include the additional contributions due to
the relaxation of the orbitals to the magnetic field. Results labeled “London” are those for the present refor-
mulation of the Verdet constant according to E@fl). CM indicates the center of mass.

Gauge 2V V(w)x 10" a.u?
Basis origin 2V,y, Unrelaxed Relaxed London Unrelaxed Relaxed London
cc-pvDZ CM 079774 1.5293 1.5218 1.3699 0.13365 0.13313 0.12259
H 0.79774 0.85829 0.87407 1.3699 0.08713 0.08822 0.12259
aug-cc-pvDZ CM 25483 2.4940 2.4873 3.1094 0.26116 0.26070 0.30381
H 2.5483 2.2413 2.2696 3.1094  0.24365 0.24561 0.30381
aug-cc-pVTZ CM 26744 2.6801 2.6746 3.1188  0.27843 0.27805 0.30883

H 2.6744 2.4825 2.5150 3.1188 0.26473 0.26699 0.308 83
d-aug-cc-pVDZ CM 3.2625 3.0922 3.0865 3.1984  0.32737 0.32697 0.33473

H 3.2625 3.1638 3.1970 3.1984 0.33233 0.32504 0.33473
d-aug-cc-pVTZ CM 3.1708 3.0591 3.0538 3.0499 0.32190 0.32153 0.32126

H 3.1708 3.0225 3.0586 3.0499 0.31936 0.32186 0.32126

30thers: 0.219 48 10" 7 a.u. (RPA); 0.220 9% 10" 7 a.u. (RPA/Becquerél Origin at CM (Ref. 9.

d®. The vectorE!Y(w;, — w;) is the first-order right excited whereP”® | ---] indicates the sum over all permutations of
state response to the electric-field perturbation, as defined ihe operators and relative frequencies in the expression in-
Ref. 32. The left and right vectoSim(wj,O) andEim(wj,O) side the brackets, and,= —wz=w. The Verdet constant
are the first-order responses to the magnetic field of thbecomes
phase-isolated excitation vectdfsybtained from the deriva-
tive of the left and right eigenvectors with respect to the  v(w)=Cuwe
magnetic field strength. Thus, unlike the identification of the
B term from the first residue of the dipole—dipole—magnetic
dipole quadratic response functibhthe present derivative
formulation does not contaim priori, unphysical singulari- (B.) . cc ,
ties. AWEJ-(O) is the first order response of the quasienergy +<<dB ’ ’d“»wa}zcweaﬁvvaﬁw O
difference between the stafeand the ground state with  \yhereC collects the fundamental constants. In ) the
respect to the magnetic field strengfhThe contribution  gyperscript CC is used to indicate that the three terms be-
with AW,(0) arises from the derivative of the intermediate yyeen curly brackets have the form of coupled cluster linear
vector. The complete expression fBrcan then readily be  ang quadratic response functions. Once again, if no magnetic
obtained by reintroducing the above derivatives in 8eh.  field-dependent orbitals are used and no relaxation to the
if ¢®=7""=0 in Egs.(82-(83) and J® is substituted magnetic field is considered, all contributions frat® dis-
by the conventional one-electron magnetic dipole operatorappear, the operatal®) reduces to the conventional one-
the expression for the unrelaxéflterm in a conventional electron magnetic dipole operator, and the usual unrelaxed
(non-LAO) basis is obtained. The corresponding magneticquadratic response function expression for the Verdet con-
field-relaxed expression is recovered removing all contribustant is recoveredi!**?The relaxed expression for non-LAO
tions from thed[®! operator, the connection matrix and the basis sets is obtained eliminating all contributions fra®,
two-electron part oH!B!, from the connection matrix and from the two-electron part of
the H(B! operator.

5 daaﬁ(wa vwﬂ)
By dB, o

B
=Cweapd((daidg IBNECoH ((d 1dg) o0

V. THE VERDET CONSTANT VI. PILOT RESULTS: THE VERDET CONSTANT OF HF

. - o AND H,
The resulting derivative of the polarizability is

Some pilot results for the Verdet constant of HF and H
at frequencyw=0.11391 a.u. are collected in Tables | and I,
respectively. They were obtained at the CCSD level, em-
0 ploying an integral direct implementation of the proposed
_ 1l ~tored, d m approach within the coupled clust@esponsgcode of Refs.
2 C7{ G ()% wp)™(0) 31 and 42-45, which is interfaced to theLToN package’®

daaﬁ(wa ,(,()B)
dB

+ ﬁ)dadﬁm[FdatdB(wﬁ)tm(o)+Fia(wa)AdBtm(0) For a discussion of techqica! aspects of the implem(_ention,
A we refer to later communications. Note th&fw) of H, is
+?ia(wa)3tdﬁ(wﬁ)tm(o)]+paﬁ[ nd(f)tdﬁ(wa) gauge-origin independent by symmetry. As k¢ a two-

®) electron system, CCSD corresponds to full configuration in-
+t%(w,) &% 1}, (90) teraction(FClI).
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TABLE II. H,. FCI results for the symmetry unique response contributions and the total Verdet constant at
®=0.113 91 a.u. Results labeled “Unrelaxed” refer to the use of the unrelewezelectronmagnetic dipole
moment operator on non-LAQ basis sets. Results labeled “Relaxed” include the additional contributions due to
the relaxation of the orbitals to the magnetic field. Results labeled “London” are those for the present refor-
mulation of the Verdet constant according to Eefl).

2Vy,, V(w)X 10" a.u?

Basis Nz Unrelaxed Relaxed London Unrelaxed Relaxed London
cc-pvDZ 0.11846 0.53365 0.53365 4.4736 0.04109 0.04109 0.31419
cc-pvVTZ 0.70593 1.6685 1.6685 5.2498 0.14011 0.14011 0.38835
aug-cc-pvVDZ 3.0727 4.2898 4.2898 5.4149 0.40383 0.40383 0.48181
aug-cc-pVTZ 3.6664 4.7127 4.7127 4.8100 0.45372 0.45372 0.46046
aug-cc-pvQZz 3.7022 4.7340 4.7340 4.7478 0.45644 0.45644 0.45739
aug-cc-pV5Z 3.6982 4.7293 4.7293 4.7312 0.45597 0.45597 0.45610
aug-cc-pV6Z 3.6950 4.7263 4.7263 4.7281 0.45565 0.45565 0.45578

30thers: 0.4613910 7 a.u. (RPA) (Ref. 9; 0.45556<10 7 a.u. (James—Coolidge (Ref. 13; 0.455 62
X 1077 a.u. (FCl/d-aug-cc-pV5Z (Ref. 12.

The value for the frequency was chosen among thosstantV(w) of magneto-optical rotation, in terms of the first
employed in the experimental measurements by Ingersolierivatives with respect to the magnetic field strength of
and Liebenber§! as well as in other ab initio  gauge invariant CC response function expressions where the
investigations'#1®* Gauge-origin dependent results for orbitals are allowed to relax in the magnetic field. Gauge
V(w) of HF at the center of mass obtained in the random-invariance is ensured by this derivative reformulation and
phase approximatiofRPA) from the conventional quadratic using the magnetic field-dependent basis of London orbitals.
response expression and from the approximate Becquerale have derived working expressions for CC wave func-
linear-response expression were presented in Ref. 9. Prewvions in terms of the response of the cluster amplitudes and
ousab initio results for B can be found in Refs. 9, 12, and of the response vectors and matrices which are suitable for
13. No experimental values f&f(w) of HF are available. implementation in quantum chemical codes. This approach

The tables include results for the two symmetry-uniquerepresents the first application of LAOs to the calculation of
response contribution‘y)’(yZ and V{,ZX, as well as the final frequency-dependent quadratic response properties and can
Verdet constant at the given frequency. The results labeledasily be extended to any frequency-dependent property that
“Unrelaxed” are obtained from the conventional expressioncan be expressed as total derivative of (feequency-
of the Verdet constant in terms of the unrelaxed one-electrodependentfunctional with respect to the field strength of a
magnetic dipole moment operator in perturbation indepenstatic external magnetic perturbation—in other words, any
dent basis sef$!12The results labeled “Relaxed” are ob- property for which the frequency dependence is not associ-
tained by including also the contributions arising from theated with the magnetic field such as the hypermagnetizabili-
relaxation of the non-LAO orbitals to the magnetic field. ties in the Cotton—Mouton effeét:*° Pilot results for the
Finally, results labeled “London” are those obtained accord-Verdet constant of HF at the CCSD level were presented,
ing to Eq.(91) for a perturbation dependent basis of Londonclearly illustrating how the proposed approach guarantees the
orbitals and allowing for relaxation to the magnetic field. gauge-origin independence. Also, the effect of London orbit-

Both molecules were placed with principal axis alongals on the convergence of the results with respect to the
the z axis. Because of the axial symmetry of the systems anéxtension of the basis set was exemplified by results for the
this choice of geometrical setup, the orbitals are eigenfuncVerdet constant of 5, which is gauge origin independent by
tions of the angular momentum operator alongzlgis, and  symmetry. Details about the integral-direct implementation
the Vy, , contribution is thus unaffected by the use of LAOs of the derived equations for the CCS, CC2, and CCSD mod-
and/or the inclusion of orbital relaxation terms. els, and further numerical results will be presented in forth-

For HF, theVy,, component varies significantly when coming communications.
moving the gauge origin from the center of the nuclear
massegCM) to the H atom, both for the “Unrelaxed” and
“Relaxed” cases. On the contrary gauge invariant results aréo‘cKNOWLEDGMENTS

obtained in the proposed derivative approach which employs e thank A. Halkier, K. Bak, and A. Rizzo for helpful
London atomic orbitalgindicated by “London’). The re-  discussions. S.C. acknowledges financial support from the
sults for H; illustrate the effect of LAOs on the convergence European Community, Marie Curie TMR program, Contract
of the V)’,ZX component with the extension of the basis set.No. ERBEFMBICT971922.
Note that within FCI the unrelaxed and relaxed results coin-
cide.

APPENDIX: THE FIRST-ORDER RELAXED
VII. SUMMARY HAMILTONIAN

We have presented a gauge-origin independent formula- The first-order relaxed Hamiltonian was defined in Eq.
tion of the Faraday3 term of MCD and of the Verdet con- (88),
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JB=H® [ (B HIOT]
=HIBI4{RB®) HION 4 «(®) K0T, (A1)

Partitioning the connection matriR® into a sum of Her-
mitian and anti-Hermitian components,

RB) _RE®1T
2 1

R®) ; R®T
2

RB=RP® +RP = (A2)

J®) may be rewritten as

J<B>:H[B]+{R§48>,H[01}+[R5\B>,H[01]+[K<B>,H[012_ )
A3

The Brillouin orbital optimization equation, Eq(52),
through first order may be expressed as

(HFI[[«®,HIT]E ] [HP)
~(HFI[H'® E,]|HF)
—(HFI[(H®+{RP H(%}) E,]|HF)

—(HF|[[R® ,HII] E,]|HF). (A4)
Dividing R{® as
R = Rigly+ R (A5)

where R,
blocks that refer to the redundaimonredundantparameters
of the orbital optimization we obtain

(HF[[ i H],Eq][HP)

=—(HFI[(H®1+{R{¥ H(%}) E,]|HF), (A6)
where

K= k®+RE) (A7)

«2) is thus the solution for the “Hermitian” part of the

orbital optimization condition, and we have used

(HFIL[R ), H'], E4 ][ HF)
=(HF|[[RYq Eai ] HI'][HF)

+(HFI[[Eqi H.RZIIHF) =0,

with RE)=SSRE) Esr.
Inserting Eq.(A7) into Eq. (A3), we obtain

(A8)

J<B>=H[BJ+{R<HB>,H[°]}+[K§fc>,H[°J]+[Rg?3d,H[°(1]. )
A9
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In the canonical formulations(® = 23\ «(YE,,, contains
both redundant and nonredundant parameters, obtained solv-
ing the first order canonical condition,

FEM (HFI[al, [ap, [« ®HOT]], [HF) + 26 5,

=— 2 (HFl[a, [ay, ,H®]],|HF). (A1)
o=a,f
This can be rewritten as
|2, (HALag, [3ps [ HOTIL [ HP) +26,% 5y,
=— > (HFA[a}, [ay, (H]
o=a,f
+{Ri HOD]. [HF), (A12)
where, similar to previously,
R+ kB = k(. (A13)
Inserting Eq.(A13) in Eq. (A3), we obtain
JBI=HEBIL (R HION 4[R2 HI=0®  (A14)

where J(® is the canonical first-order relaxed Hamiltonian

R{E) ) has only nonvanishing parameters in the for symmetric connection. Within the canonical formulation

the first-order relaxed Hamiltonian in any general connection
is completely identical to the first-order relaxed Hamiltonian
in the symmetric connection.
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