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Part |

Introduction to coupled-cluster theory:
Energies, cluster equations and derivatives

(Tuesday 15.02.)



The Coupled-Cluster Wavefunction Ansatz

Wavefunction ansatz for single-reference coupled-cluster methods:

ICC) = exp(T)|Ref) with T =T, +To +T5+...

where
|[Ref) is a Slater determinant
ro— vt
T = Zta Gatli (usually |Ref) = |HF) )
TQ = t* az a @
; ab %t % i, 3, k, ... occupied orbitals
1>]
. a, b, c, ... virtual orbitals
T3 = Z tabc az aba] Tak
a>b>c
1>5>k

X Intermediate normalization:
short: T = t, T
%: A (Ref|CC) =1
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The Coupled-Cluster Wavefunction

For to non-interacting subsystems with

H o exp(T4)|Refa) =FE 4 exp(T'4)|Refa)
Hp exp(T8)|Refg) =Fp exp(T)|Refg)

we get

(Ha + Hp) exp(T'a + Tg)|RefaRefp) =
(Eg + EB) exp(T4 + T)|RefsRefp)

P Product separability allows to set up size-extensive approximations
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Computation and variational optimization of the expectation value

(HF| exp(T)H exp(T)|HF)
(HF| exp(T)" exp(T') [HF)

IS difficult...




The Coupled-Cluster Energy

Standard CC models use instead a projected Schrodinger equation.
Two variants:

A

unlinked: m (H — E) exp(T)[HF) =0

A

linked: (ulexp(~T)(H — E) exp(T)[HF) =0
where (u| € {(HF|, (HF|7}} with same set of 7, as included in T
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The Unlinked CC Equations

Unlinked formulation:

E =(HF|H exp(T)|HF)
0 =(u|H exp(T")|HF)

after expansion of exp (7))

E={F|H(1+ T\ + iT1 + T») [HF)
0=(uH(1+T+ 37+ .. )|HF)

» keeps similarity to Cl and CEPA equations

RUHR
ggé‘fﬂf AT RU B Workshop on Theoretical Chemistry — Mariapfarr, Austria, 15.02.—18.02.2011



The Linked CC Equations

Linked formulation:
E =(HF| exp(—T)H exp(T)|HF)
0 =(u| exp(—=T) H exp(T')|HF)

BCH expansion leads to:

A

0 =(ulH + [H,T] + 3[[H,T],7] + 5[[[H.

s requires second guantization technigues
s term-wise size-consistent
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Linked vs. Unlinked Form

Linked and unlinked form of CC equations equivalent If:

s the only approximation made is a truncation of the
excitation manifold

» and the excitation manifold is closed under deexcitation:

#, & 7, included = also /7, included unless 77, |HF) = 0

e.g. ahaiala; & abajincluded = also a)a; included
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Hierarchy of Standard CC Models

CC Model T costs order PT | Cl Model order PT
CCS T O(N%) 1 CIS 1
CCSD Ty + 15 O(0O2N?2+2) 3 CISD 3
CCSDT Ti+Ty+15 O(O3N3+2) 4 CISDT 3
CCSDTQ Ty+---+Ty O(O*N**?) 6 CISDTQ 5

CCn Ty +---+T, O(O"N"2)  [3n/2] Cln 2[n/2]+1

» enhanced convergence with excitation level compared to CI

#® Size-consistent
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Convergence of bond lenghts

MP2 (-0.2 pm)
Experiment CCSD(T) (-0.1 pm)
“ 0.6, pm
-1.4 pm

2.7 pm| +2.5pm

=  CCSD

SCF
(-2.7 pm)

29 bond lengths in 20 molecules
from: Molecular Electronic-Structure Theory,
Helgaker, Jgrgensen, Olsen.
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Combination with F12

Extension of the excitation and projection manifolds with the
explicitly correlated double excitations:

excitations: Ty =~ cif friy, projections: (7| = (HF|rf, ,
e
where
Foiyi = »_ whgalaaba; and  wly = (aB|QiaSuy fra(r12)|wy)
a>f3 where S,, = £ (3 = 0.0, + (1 = 365,05,) Puy)

ansatz 1. ng = (1 — Pl)(l — PQ)

A

ansatz 2. Q2= (1—01)(1—02)(1 —Vi1h)
O occupied MO space V virtual MO space P=0+V
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Combination with F12 (cont.)

Triyi = Z wZ%aLaiaTBaj and wz?é — <a5|@125’xyf12(r12)|$y>

a>[
ansatz 1: Q2= (1—P)(1— P)
ansatz 2: Q12 = (1— 01)(1 — Og)(l — Vlffz)

Single excitations leading to (a;faa)%myi|HF> are not included

ansatz 1: (a; aq)Tziyi HF) = 0

T
Z
I )Twzyz,HF> # 0

ansatz 2: (a

~ with ansatz 2 not closed under de-excitations
~ use linked form of CC equations or
eliminate non-size consistent contributions (if present)

BBBBBB RU B Workshop on Theoretical Chemistry — Mariapfarr, Austria, 15.02.—18.02.2011



Energy derivatives

Consider a Hamiltonian partitioned as:

A

H\) =HO £ )V
We restrict us here to orbital-unrelaxed derivatives:
CC(N) = exp (T(A)) [HF),

l.e. use |HF) of the unperturbed system, as needed for
» reponse theory (more on Thursday)

» coupled-cluster perturbation theory

s alternative formulation of Mgller-Plesset PT

s analysis of approx. methods & perturbative corrections
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The Coupled-Cluster Lagrange Function

We include the cluster equation as constraints in a Lagrange function:

L = (HF|H exp(T)[HF) + ) "1, (u| exp(—T")H exp(T)|HF)
v

Often written as

L= (AH|ICC)  with  (A] = (HF|+ ) #u(u|exp(—T)
7!

We will also use the shorthand notations (f| = > ,.(u|

or with excitation level i: (¢;[ = >, ¢, (uil
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The Coupled-Cluster Lagrange Function

- (58), - (58
dA" ) \=0 dA" J x=0

evaluation of the derivatives of L to order n requires only

(m) (dntﬂ> . n
t, = with m < |=
. A\ )\, _2}
{m) (dntﬂ> . (N — 1]
Am) with m <

: A\ )\, 2

t™ and £, determined by the variational conditions

d™ dL d™ dL
( — ) =0 and ( — ) =0
dxmdt, ) \_, d ™ dt, ) \_,
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Coupled-Cluster Perturbation Theory

H(\) = Fp+ X (Fop + @)

=V

s FD diagonal occ/occ and vir/vir blocks of Fock matrix

» [pp off-diagonal occ/vir and vir/occ blocks of Fock matrix

» & = H — F electron fluctuation potential

n.th order Mgller-Plesset PT energies:

1 (d"L
Envpp, = ( n)
n! \dA\" } \_,
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Coupled-Cluster Perturbation Theory (cont.)

Zeroth-order amplitudes and multipliers vanish:
0= (u|[Fp, TO]HF), 0= (FO|[Fp,7]HF) ~ ¢ =70=0

Equations for first-order amplitudes and multipliers:
0= (u|[Fp,TW] + V|HF) w t) = —¢ N (u|V[HF)
0= (HF|[V,7]|HF) + (D|[£p, 7] [HF) ~ ) = —¢,"(HF|V|v)

with e, = (u|[Fp,#,]|HF)
~ up to first order t,, = ¢,

~ only singles and doubles contribute
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Coupled-Cluster Perturbation Theory (cont.)

Second order energy correction:

Enpe = (HF|[V,TW]HF) + > 1) (u|[Fp, TV + V|HE)
7!

Third order energy correction:

Emps = (HF|[V, TP [HF) + ) ) (u|[Fp, 7] + V[HF)
o

+Zt(1) (I [V, TW]HF) + Y 82 (u|[Fp, TW] + V|HF)
o

=W [V, TW]HF) = (¢W|[V,TW] HF)
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Perturbative Triples Corrections to CCSD

Further analysis shows that CCSD includes all terms up to MP4
apart from those of the 2. order triples amplitudes:

Eyrs =V |[V, T3 [HE) + (87| [V, 757 [HF)

with 2 = —e, 1 (us|[V, T3V]|HF)

CCSD(T):
Eocspry = Eccsp + (t$P|[V, T3] | HF) + (t§CSP|[V, T3] |HF)

with ¢, = —€,H(us|[V, TC°SP)|HF)

3
CCSD[T]:
Eccspir) = Eocsp + (I595P|[@, T5]|HF)
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Stabllity w.r.t. Errors in Amplitudes

~

Consider incomplete solution of CC equations: ¢, =t, + dt,

Evaluation of the approx. Lagrange functions gives:

~.

L(#,8) =(HF|HeT T [HF) + 3 (1, + 6t,) (ule~ 70T HeT+T [HF)
7

—Ecc+ bt ((HF\[FI, )| CCY+ 3 tulule T A, Ty]\CC>)+O(5t2)

\ . 7/

~0 (uptol. order MPPT)

Errors linear in 6t,, cancel approximately out.

~ during CC iterations used to estimate convergence error

> used to calculate energy in CCSD-F12 models with approximate T
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Energy derivatives / Response Theory

Slightly different situation:

H(e)=H" 4+ exX
X

o HO full Hamiltonian of the unperturbed system

» X perturbation operators
s € perturbation strengths

We discuss here only the static case (e time-/fred.-independent)
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Expectation Values (First-Order Properties)

Equations for zeroth-order Lagrange multipliers:

<HF|[H(O 7 Au] 7(0) |HF 4 Zt(O) N|€_T(O> [H(O) ] 7(0) |HF> —0

~~

L
_ (oL — 0 _ (2L A
Oty e=0 W Ot Oty e=0 .

Jacobi matrix

~ linear equation system: YA = —n©

Expectation valudes (first-order properties):

dE . _ O0*L
— — (A X|CCOY = X with ¢X = [ —
(i), ~ 010 =0 win g = (550)

=DWX,, with DO = (A®|aia,/CCO)
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First-order Equations

Equations for first-order amplitudes:

> ule TV O, 7,)eT ) £ + (ule” T X |HF) = 0

v

= A Jacobi matrix gif

Equations for first-order multipliers:

Soa e ™ ), 7)™ |HF) +

A\

~

= A, Jacobi matrix

> AOAO 7] 7]CCO) £ 4+ (AO[X, 7,]|CCY) =

J
~~ ~~

7
_ 2L . :( 2L ) _ X
- +(atuaty )e:O_ g Bty dex )e—g
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Second Derivatives

Two different possible routes:

1. “symmetric” form:

d’E
(i ) = S Rt i+ ey
dexdey ) . o - -

» requires only first derivatives of ¢,
o most efficient if for set of operators all 2. derivatives needed

2. “asymmetric” form:

d’E Z Y, X Y 71X X
<d de ) - Muty + E:gu ty = E :ququ
XY Je=0 7, u Pq

» requires only derivatives of ¢, ¢, w.r.t. X
# most efficient for a small set of X operators

combined with a large set of Y operators
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Summary

s linked and unlinked CC equations equivalent if projection
manifold closed under deexcitation
(not exactly fulfilled for CCSD-F12 with ansatz 2)

» linked formulation also term-wise size-extensive
(useful for approximations)

s derivatives based on the CC Lagrange function provide
a useful framework for
s perturbation theory
s energy correction for approximate models
s response theory
s analytic derivatives
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Part Il

Performance assessment and basis sets

(Wednesday 16.02.)




» What determines the computational costs
of CCSD-like calculations?

» How should the orbital and auxiliary
basis sets be chosen?




Solution of CCSD Equations

start guess for ¢,,, t,,

!

evaluate residual
Q0 (1) = (119 exp(=T) H exp(T)|HF)

!

compute Ecc, update t,,,, t,,

Nno

converged ?

~ Rate-determining step for CCSD: evaluation of doubles
residual ©2,,, during iterative solution of the equations
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Evaluation of Doubles Residual

Doubles residual (ignoring 7;):

ccpab
Vi = (%

[ﬁa T2] + %Hﬁv T2]7 TQ] ’HF>

Most costly contributions:

AQ = 2215“1 ablcd)

)

BQ?; = Zt ( kllig) + 5 Zth kl|cd) )
ot — Ztg,g( kbl cj) — Zt (Kl ed) )
ck

1,7, k,l,...0cc. orbitals; a, b, c,d, ... vir. orbitals
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Evaluation of Doubles Residual

w =5 Zth ab|cd)

» formal scaling with O*V4
~ rate-determining step if no screening applied
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Evaluation of Doubles Residual

Q) =1 Zth abled) =) Cla Cup
uv

with QY =13 " (ulsA) M and M = Ztedcﬂc@d
KA

» formal scaling with O*V4
~ rate-determining step if no screening applied
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Evaluation of Doubles Residual

QF =1 Z t5¢(abled) =~ Cpa Cup QLY

with QY = QZ (uv|eX) M7 and M = Zth Cre Cad

» formal scaling with O?V*
~ rate-determining step if no screening applied

» contribution beyond MP2 with slowest basis set convergence
and steepest cost increase O(M*) with atomic basis set size
~ term beyond MP2 where F12 contribution is most important!
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Evaluation of Doubles Residual

%thg’(wm Zt (Kl ed) )
kl

» second term (contraction over cd) also slowly convergent,
but its energy contributions are smaller (MP4 and beyond)

» formal scaling with O*V2
~ not rate-determining
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Evaluation of Doubles Residual

Bt — %th?(wm Zt (k| cd) )
kl

» second term (contraction over cd) also slowly convergent,
but its energy contributions are smaller (MP4 and beyond)

» formal scaling with O*V2
~ not rate-determining

» In AO integral-direct codes partially as byproduct of Aﬂfjb:

’&J QZt (k”” +Y YQW Cuk)
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Evaluation of Doubles Residual

Cﬂgfzzzsg,g( (kblcs) — Zt lecd)
ck

» formal scaling with O3V?
~ but use of Schwarz screening difficult and
due to antisym. integrals larger prefactor/higher complexity
—> together with 2Q¢” rate-determining
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Evaluation of Doubles Residual

ab ac :
0 = >t ((kblej) — 3 D i (kiled))

ck dl

» formal scaling with O3V?
~ but use of Schwarz screening difficult and
due to antisym. integrals larger prefactor/higher complexity
—> together with 2Q¢” rate-determining

s faster with basis set convergence than *Qg7, 2Q¢
~» F12 contributions less important
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Contributions from Singles Amplitudes

Different strateqgies:

» similarity-transformed integrals:

~

e 1 freh => g Iwa a;; aq + %qurs Jpars a;; aq al ag
I T
N :ZW Xyp Yvg X=C(1—-t)
gqur‘s :Z'LWK;)\ X,up Yl/q Xm‘ Y)\s Juvk Y = C(l +t1)

~» some integral transformations must be repeated per iteration
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Contributions from Singles Amplitudes

Different strateqgies:

» similarity-transformed integrals:

~

B N N
e "1He'! :qu g a;; ag + %qurs Opqrs a;; g ai (s
;qu :ZW Xup Yvg hyw X =0C(1- tl)T

Tpars =2 pwr Xup Yvg Xur Yas Guvwa Y =C(1+t))
~» some integral transformations must be repeated per iteration
# absorption in doubles amplitudes, f.x.:
(9 = Lyav 4+ (3945 — st1%)  (m.n. s term-dependent)

m 1]

s less transformations, but “absorbs” not all contrib. from 7}
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Contributions from Singles Amplitudes

Different strateqgies:

» similarity-transformed integrals:

~

e 1 freh => g Iwa a;f) aq + %qurs Jpars a;g aq al ag
7 T
N :ZW Xyp Yvg X=C(1—-t)
gpqrs :Z,uwi)\ X,up Yl/q Xm‘ Y)\s Juvk Y = C(l ‘|‘t1)

~» some integral transformations must be repeated per iteration
# absorption in doubles amplitudes, f.x.:

(9 = Lyav 4+ (3945 — st1%)  (m.n. s term-dependent)

m 1]

s less transformations, but “absorbs” not all contrib. from 7}

P 1) can be included with O(0?V3) costs, not rate-determining
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Explicitly-Correlated Contributions

Doubles residual (ignoring 7;):

CCD(FlQ}Q?b CCDQab + < [H TQ’] + Hﬁa TQ’]? T2] ‘HF>

Ty = Z (Zcijwgyﬁ)a aiagaj — Z t Ba azaﬁaj

i>ja>0 >y 1>7;0> 8

Most costly contributions:

Vol = Zt (ab|y3)
/ ab a 0
2 = 2th(1 £ kll0) )
~é
ab
0 = Zt ((kblvs) — 3t (ki) )

dl
1,7, k, [, occupied orbitals; a, b, ¢, d, virtual orbitals;
x y geminal indices; «, (3, v, 6 orbitals from complete virtual basis
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Explicitly-Correlated Ladder Terms

For contractions over virtual pairs one uses (as for MP2-F12):

Zt palyd) =3 ¥ (pg| L Quzfialry) = Y ¢V

r>y >y

o Vh1evaluated with Q1o ~ 1 — P, Py — O1 Py — P/Oy:

Vi = <pq|;%|$y> - Z (pq|rs)(rs| fralzy) — PRI " (pqlic')(ic'| fialzy)

rs 2c!
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Explicitly-Correlated Ladder Terms

For contractions over virtual pairs one uses (as for MP2-F12):

BBBBBB

Zt palyd) =3 ¥ (pg| L Quzfialry) = Y ¢V

r>y >y

VP evaluated with Q9 ~ 1 — PP, — O1 P, — P|Oy:

Vi = <pq|;%|$y> - Z (pq|rs)(rs| fralzy) — PRI " (pqlic')(ic'| fialzy)

rs 2c!

costs scale with O(ON* + ON3Ngaps) + O°N* 4+ O°N2N¢gaps
~» comparable to costs for one CCSD iteration

but needs to be done only once (V;,/ independent of ¢, and ¢;
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For contractions over virtual pairs one uses (as for MP2-F12):

Zt (palvd) = iV (pql - Qrafizlzy) = > VR

r>y x>y

Ladder-type contributions:

j’f 22 Vb O(0*V?)
e =§thz(éch;"vx’z) 0(0°)
kl Y

In an AO Integral-direct code combined with conv. terms:

CCD(F12) Q“V CCDQW +1 Z xyv,uu O(O4N2>

» not rate-determining




Explicitly-Correlated Ring Terms

Contractions over occupied/virtual pairs:

S i5tkpba) = 3 (holha) 3 (@31 @ fuolay e
vk

k~y x>y
» evaluated with Q1o ~ P| P} + Vi P} + P|Vs:

ab ac’ :
o = 3t ((kblcg) — 1 (ki)
c'k
with % = Z <aC’\Q12f12!$?J>Cf/3

r>y

» costs scale with O3V?Ngoapg
~ one of the rate-determining steps in CCSD(F12)
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Evaluation of Geminal Residual

Geminal residual for CCD(F12):

CCD(F12)Q;C]?J <ny [F T2,] _|_H_|_ H T2 ’HF>

Most costly contributions:

ey = 2w (3 Bl ) ~ 5 3 AV
a3 cd

e = 3wl (St (kBles)) ~ Zwab,(z (kt/cj)
af ck ck

ab’

» costs scale as O*V? (Ladder terms) and O3V2?Ncags (Ring terms)

» inclusion of 7} increases number of O3V 2Ng 4 pg-scaling steps
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Costs for CCSD(F12) — Summary

approx. Ty  OVi+0%V3 MP2-F12 O°V2Npups
CCSD(F12) opt. v/ v/ iter.
CCSD(F12) fixed v/ v iter.
CCSD(F12*) fixec v/ v/ non-iter.
CCSD(2)5 fixec v/ v/ non-iter.
CCSD-F12a fixeo v/ v/ —
CCSD-F12b fixeo v/ v/ —

CCSD - v/ — —
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Convergence With The Basis Set

A ccsD 3
A A CCSD(F12%) o CCSD and other correlated

0 (T) .
A, DO(T)-XsP wavefunction methods converge for
atoms with (L,,,q. + b) ™2 to the
basis set limit

i » CCSD-F12 and carefully
f constructed approximations to it the

convergence is enhanced to
(Lma:v ‘l_ b)_7

> 3 5 6 7
(Lmaxtb)
A. Kohn, JCP 133, 174118 (2010)
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Convergence With The Basis Set

K.A. Peterson, T.B. Adler, H.-J. Werner, JCP 128, 084102 (2008)

100 100 | 00y  [Seedl 0T = s
: 10} \ F |-m-f|  10f Q
f 1 " —A—g 1\
i = s i
10} 0.1 oL el o1}
E ] E I 1 1 1|
: 4 _ ; 1 2 3 4
o f o f
g i ) -
:"'. 1 :E:‘ 1 &
A : T ;
e 1
- |- f -
0.1 (&g 0.1 F —
- |—e—h -
B o i
- 1 | 1 | | [ 1‘\’? 1 I 1 |
1 2 3 4 5 6 1 2 3 4 5 6
@) Number of Functions, k (b) Number of Functions, k
Increments for MP2 iIncrements for MP2-F12/3C
valence correlation energy for Ne valence correlation energy for Ne
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Convergence With The Basis Set

K.A. Peterson, T.B. Adler, H.-J. Werner, JCP 128, 084102 (2008)
100

T T TTTT

-o-ur d |-e-mrr2 d o fast convergence with highest

--&3- HF f| |- MP2-F12 f

& HF g| |-aMP2FI12 g angular momentum

T

10

llll!l’]

z L » convergence with number of
g : . :

functions for a given angular
53]

T momentum not accelerated

0.1

» first functions for a given angu-
lar momentum will be compro-
mises between Hartree-Fock

0.01

T IIITIT

1 | I
1 2 3 4 5

Wieibee s Fmctnns, & and correlation contributions

Increments for HF & MP2-F12/3C
total energies for Ne
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Basis Set Extrapolation

J.G. Hill, K.A. Peterson, G. Knizia, H.-J. Werner, JCP 131, 194105 (2009)

Fit of conventional MP2 results to:
YP

COTT ~0 corr — COTTr 0 corr corr

Basis sets EXxponent p
AVDZ/AVTZ 2.14
AVTZ/IAVQZ 2.53
AVQZ/AV5Z 2.74
AV5Z/AV6Z 2.83

~ follows approximately idealized law E"" = E&U, + AX 3
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Basis Set Extrapolation with F12 Methods

J.G. Hill, K.A. Peterson, G. Knizia, H.-J. Werner, JCP 131, 194105 (2009)

Fit of MP2-F12 results to:

_ YyP
Ecorr ~ Egog:g e AX P = Egogzg ~ ( Ecorr Eg(or'r) TR
_ Exponent p
Basis sets
MP2-F12/3C MP2-F12/3C(FIX)
VDZ-F12/NTZ-F12 2.75 3.09
VTZ-F12/VQZ-F12 4.07 4.35
AVDZ/AVTZ 2.08 2.30
AVTZIAVQZ 2.98 3.25
AVQZ/AV5Z 4.11 4.33

~ for small X exponent p deviates strongly from the ideal value p = 7
~> reliable extrapolation requires optimized p
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J.G. Hill, K.A. Peterson, G. Knizia, H.-J. Werner, JCP 131, 194105 (2009)

r’ ™
-0~ MP2 AVnZ

& CBSMP2 (..,

-o- CBS MP2 Schwenke
-o- MP2-F12VnZ-F12
%‘E -~ CBS MP2-F12 Schwenke
" I,

‘g 14.';1—5
= : ..
(NN
g
E:
8 14
O ]
<
5
(]
-

0.1 4

g
| | 1 1 |
2 3 4 5 6
n

~ with optimized coefficients significant improvement from extrapolation
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The CABS/RI Basis Set

K.E. Yousaf, K.A. Peterson, JCP 129, 184108 (2008)

" for atoms formally
Basis set error # ansatz 1: Only
VTZ/IJKFIT =—— .
TZMPET Lrr < 3Ly contribute
VTZ-F12/OptR| =—
W # ansatz 2: no exact
truncation
for practical calculations:
— e . — ® Lpr <min(3Lece, Limaz) + 1
-0.4 -0.2 0 0.2 0.4 0.6 0.8

Error (kcal/mol)
Error in atomization energies

~ Rl errors are about an order of magnitude smaller than basis set errors
~ can be significant if results depend heavily on error compensation
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Auxiliary Basis Sets for Density Fitting

» density-fitting usually applied to (ip|o|rs) and (ip’|o|rs) integrals

oA 1 f(ri2)
with 0 = — f(?“lg), r1g 0t

(7 occupied, p orbital basis, p’ CA basis for RI)

» required angular momenta: Lpr < Loec + max(Linaz, Li .0 )

max

» auxiliary basis sets for RI-MP2 constructed only for (ia|jb),
for RI-MP2-F12 calculations:

s needs tighter functions for (ij|rs) integrals
~ Use auxiliary sets aug-cc-pwCVXZ

» higher angular momenta for (ip’|rs) integrals

~ use aug-cc-pwCVXZ for X = L’

» for Fock matrices use auxiliary cc-pVXZ for X = L’
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Summary: Basis Set

Well tested combinations:

s CC-pVXZ-F12 basis sets in combination with

s optimized complementary cc-pVTZ-F12 RI basis sets
s aug-cc-pwCV(X+1)Z for DF in MP2 part
s CC-pV(X+1)Z for Fock matrices

s aug-cc-pVXZ basis sets in combination with

s optimized complementary aug-cc-pVTZ RI basis sets
s aug-cc-pwCV(X+1)Z for DF in MP2 part
s CC-pV(X+1)Z for Fock matrices
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References: F12 & Basis sets

A few references on basis set & basis set convergence:
» K.A. Peterson, T.B. Adler, H.-J. Werner, JCP 128, 084102 (2008)

#» J.G. Hill, K.A. Peterson, G. Knizia, H.-J. Werner,
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Part Il

Explicitly correlated coupled-cluster
response theory

(Thursday 17.02.)




Introduction: What is Response Theory?

Consider a molecule in an electromagnetic field:

Win, Wout
f" —
S

s Scattering — linear and nonlinear optical properties:
s frequency-dependent (hyper-)polarizabilities
s higher harmonic generation (w,,,;, = n - w;,)

s Faraday effect
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Introduction: What is Response Theory?

Consider a molecule in an electromagnetic field:

Win, Wout
f’l’
>
s Adsorption — spectroscopy: A hw = 1By - Bl

. UV/Vis, CD, NEXAFS, XPS, ... B
s two-, three-, & multiphoton adsorption

s Structure & properties of excited states

RUHR
EB‘%‘; AT RU B Workshop on Theoretical Chemistry — Mariapfarr, Austria, 15.02.-18.02.2011



H(t)=H" + 3 Xj(fj (wj)e_i“’jq—\»ﬁeld strengths

J




H(t)=H" + 3 Xj[fj (wj)e_i”jq—\—)field strengths
j

Study wavefunction, properties, etc. as function of frequency:

( ¥ v

. it a 0 N_; 0 I
\P(t):{ [\IJ(O) + Zj \P§1) (Wj) fj(wj)e—zwjt 4. }] e fto dt <\If’H(t )=t g ’\If>

phase-isolated wavefunction W

Excitation energies are identified from singularities in e.g. \I{g )(wj)




H(t)=H" + 3 Xj[fj (wj)e_i”jq—\—)field strengths
j

Study wavefunction, properties, etc. as function of frequency:

w(t ):[[ v 45 i (w )f](w])e—iwjt+,,,He—iffo At (W] 1 (¢') i g7 | W)

l

e phase-isolated wavefunction \i
3 K
(1) (=W (1) i W (1)) = +Z[ s X | fi(wi)e™t + ..

response functions

Excitation energies are identified from singularities in e.g. \I{g )(wj)




Response Theory Methods

Two flavours of response theory methods:

» generalization of standard methods for time-dependent case
In combination with derivative techniques
~ TD-SCF, TD-DFT, CC response, eftc.

» tailored approximations for excitation energies, response
functions, etc. (typically defined such that results are correct
up to a certain order of perturbation theory)
~ propagator methods: SOPPA, ADC, etc.

In the following we consider only the first type of response methods,
and restrict ourselfes to periodic perturbations.
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Response Theory for Standard Methods

Periodic perturbations are similar to static case:

s Variation principle:
SE=0 — OS{(V[H—iZ|¥)}, =0

s Hellmann-Feynman theorem:

B - i)
w = ( >f@-o

df;

» higher-order properties (response functions):

d"{(VU|H — iZ|U)}r
dfi(w)dfjw)dfg(ws) ...

Vis Vi Vies - - Dwsonsen. = (
=0
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Wavefunction requirements

_ ot g /Ty N 0 I\
(t) = WO+ 3w () filwpemt 4. e (W|H () iz )
j

s for a physical consistent pole structure the freq.-dep.
perturbation must be handled in a one-step procedure

s nhot freq.-dep. SCF followed by freq.-dep. CI/CC
s No perturbation theory

s requires relaxation of orbitals & correlation in one-step

s DFT, MCSCF
s In CC approx. orbital relaxation through el

(with CI and unrelaxed orbitals poor convergence with excitation level)
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Simple to generalize to non-variational CC methods:

» use a Lagrangian:

L= Re{[<HF( (f — i%)eT‘HF>] + %: [<u

guasienergy Lagrangian multiplier cluster equations as constraints

T (il - z%)eT‘HF>J}




Response Theory for CC Methods

Simple to generalize to non-variational CC methods:

s Use a Lagrangian:

L:Re{ (HF|(f1 = ig) e [HF) + 3" Ay (p

e~ T (H — ify)eT|HF ) }
M

s Use L instead of quasienergy in variational expressions

— standard techniques for properties with CC methods

— requires minor modifications in CC programs
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Response Theory with CC-R12 Methods

P include additional double excitations

T=Ti+T+Ty+... with Ty=251) 3%

2 1y 'y
x1Y]

Into explicitly correlated pair functions:

Xxy(Fla 7?2) — QA12 f(T12) ¢x(7?1) ¢y(7?2>

o.(71), ¢,(72) usually are the occupied valence orbitals
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Response Theory with CC-R12 Methods

P include additional double excitations

T=Ti+T+Ty+... with Ty=251) 3%

2 1y 'y
x1Y]

Into explicitly correlated pair functions:
Xxy(ﬂafé) — C?12 f("“12) %:(7?1) %(7?2)

o.(71), ¢,(72) usually are the occupied valence orbitals

P implemented in Dalton for
CC2-F12, CCSD(F12), CC3(F12)

and R12 variants

RUHR
gg(';‘fﬁf AT RU B Workshop on Theoretical Chemistry — Mariapfarr, Austria, 15.02.—18.02.2011



Excitation Energies in CC Response Theory

(IJCQ 68, 1-52, 1998; JCP 108, 8331-8354, 1998)

~ equations for first derivatives of amplitudes:

T _ T
[?‘mw Wz Skﬁbz"/j} ty, (we) = — &
Y
Jacobi matrix Overlap matrix
A, = L Spivy = 15220 = (uilvy)
HiVi ™ dty; Hivj — dt,,j HilVs
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Excitation Energies in CC Response Theory

(IJCQ 68, 1-52, 1998; JCP 108, 8331-8354, 1998)

~ equations for first derivatives of amplitudes:

[A,uz-yj —Wr S,LL@'VJ tyajj- (wx) - f,uai

~ poles (excitation energies) at eigenvalues of Jacobi matrix
~ cmp. with exact wavefunctions:
7Y —Ey—i2]v® = —1,u0

~ Jacobi matrix model for H®) — E,
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Excitation Energies in Response Theory

correlated ground state wavefunction;

’CCGS> = eXp(Tl -+ TQ + .. )’HF>

excited state wavefunction in CC response (contrib. L to |HF>):

ZEMTIM + ZEMTM + ZEMSTH3 . ’CCG5>
where £, Is a solution of

[AUiVj _wS/JJiVji| El/j —
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First results: 1 1P,, state of the Be atom

(H. Fliegl, C.H., W. Klopper, JCP 124 (2006) 044112)

S

E cca —— | Be atom

a” CC2-R12 —e— 1 1P, state

; :

aﬁ ,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,

L%) 1s%2st2pt 1P
,,,,,,,,,,,,, —— — S°2s872p u

= S S F N S S S

<

S 1A63

&

O>B ,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,

L:Jé 3 —a— 1 152252 Xlsg

sp spd spdf spdfg spdfgh
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First results: 1 1P,, state of the Be atom

(H. Fliegl, C.H., W. Klopper, JCP 124 (2006) 044112)

. -14.42 rrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrr rrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrr

S O —a Be atom
~ 21443 o e I e

a7 : | cc2r12 —o— 11P,, state
. -14.44 | | 1

%" 1445 A NN s

D 14.46 | — ——— — 1s°2s'2p' 1'P,
5 1462 4 o

1463 4 e —

28 -14.64 T e

§ - 4 + 15%25® X 'S

B -14.65 frmmmmm— —————— , -4 g

sp spd spdf spdfg spdfgh

pair functions: g, (71,72) = ng r12 ¢z (T1) ¢y(72) (all of S, symmeiry)

\ /

occupied orbitals
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First results: 1 1P,, state of the Be atom

(H. Fliegl, C.H., W. Klopper, JCP 124 (2006) 044112)
5.7

T I T a CC2 ——

55 TN N CC2-RI2 —o—

Be atom

>
)
2%
5 5.4 N\ = - - ;
= 1P, state
Eosad o N\
s ;
5d 52 """""""""""""""""""""""""""" T =" """"""""""""""""""""""""""" CT

5.1 A e e e

5.0

Sp spd spdf spdfg spdfgh

P unbalanced treatment of ground and excited state
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Extension of R12 orbital/pair function space

® standard choice of pair functions for CC-R12

Xp (71, 72) = Q12 T12 dk(71) @ (72)
biased by restriction to orbitals occupied in |HF)

P extension of orbital set used for geminals

Xy (71, 72) = Q12 712 ¢2(71) ¢y (72)
with ¢., ¢, € {occ. orb.} U {most. important virt. orb.}

~ choice for valence states:
MP2 semi-natural orbitals with highest occupation numbers
/N Important unoccupied valence orbitals
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1 1P, state of the Be atom

(C. Neiss, C.H., W. Klopper, JCP 125, 064111 (2006))

CTALAD o S

=
< CC2 —a— Be atom
~  -14.43 A e I 1
a” 1 CC2-R12 —e— 1P, state
— CC2-R12+ —=— |
>
Q0 e 5 SO0t SO
)
ks
"""""" :F =1 1s°2s'2pt 1'P,

5 1462 4 .

I S — S ——
Eﬁ -14.64 T """""""""""""""""""""""
) : : 3
g -14.65 = - f ﬁ 15%253 Xng

sp spd spdf spdfg spdfgh

pair functions: g, (71,72) = ng r12 Oz (T1) ¢y (T2) (of S, and P, symmeiry)

\ /

valence orbitals
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1 1P, state of the Be atom

(C. Neiss, C.H., W. Klopper, JCP 125, 064111 (2006))

5.7
5.6

2 5.5

P

= 54

L)

(D]

e

g 53

s

E

%52
5.1
5.0

CcC2 ——
CC2-R12 —o—
CC2-R12+ —=—

Sp spd spdf

spdfg

spdfgh

Be atom
1P, state

P re-establishes balance between ground and excited state
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Harmonic Frequencies in Excited States

(Jun Yang, C. H., JCP, 130 (2009) 124101)

CCSD CCSD(R12) CCSD(F12) CCSD

TZ Oz TZ QZz TZ QZ Limit

CO A1l 1561 1581 1579 1589 1580 1589 1592
(1566) (1583) (1584)

Bixt+ 2221 2244 2241 2252 2246 2253 2253
(2230) (2248) (2254)

clyt 2259 2281 2277 2289 2282 2289 2289
(2267) (2284) (2289)

BF A'll 1258 1271 1271 1278 1275 1278 1279
(1260) (1273) (1277)

B!+ 1704 1715 1714 1720 1717 1720 1720
(1708) (1717) (1720)

clyt 1620 1632 1630 1637 1633 1637 1637
(1625) (1635) (1638)

d-aug-cc-pVXZ basis sets; results in parentheses include correction for TD-SCF basis set error.
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The dipole polarizability of CH *

0.4

CC2 ——
CC2-R12 —o—

0.35 -

0.3 CC2-R12+ —=—

=

(e} A
LL\ —
T

o)
> -
@)

S

-0.05
t-aug-cc-pVDZ t-aug-cc-pVTZ t-aug-cc-pVQZ t-aug-cc-pV5Z

(R12 Ansatz 1A, ABS, t-aug-cc-pV(X+1)Z aux. basis)
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ESHG Hyperpolarizability of Nitrogen (N »)

(F. Pawlowski, P. Jgrgensen, C. H., CPL, 413 (2005) 272)

1350
Fit to Exp.
1300 (D.P. Shelton, 1985)
1250 N 2 /
3: 1200
T 1150
~~
/N =
3 1100 by - 4
O ._//,/
% 1050 = CC3/d-aug-cc-pV6Z
== 1000 \
050 - = CCSD/d-aug-cc-pV6Z
900
850

0 0.00L 0002 0003 0004 0005 0006 0.007 0.008 0009 0.01
w2 in a.u.
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The dipole hyperpolarizability of N5

940
930 CCSD —a—
CCSD(R12) —e—

5 0 CCSD(RI2)+ —=—
@
2 910
-
5900
O =

890 \

880 - —a— S

870

d-aug-cc-pVDZ d-aug-cc-pVTZ d-aug-cc-pVQZ d-aug-cc-pV5Z d-aug-cc-pV6Z

(R12 Ansatz 1B, CABS, decontr. d-aug-cc-pV(X+1)Z aux. basis)
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The dipole hyperpolarizability of N5

280
260 - CCSD ——
_ CCSD(R12) —e—
= 240 CCSD(R12)+ —#—
©
~~
£
=N 220
F\
200 -
-
n
Q
O— 180 -
160
d-aug-cc-pVDZ d-aug-cc-pVTZ d-aug-cc-pVQZ d-aug-cc-pV5Z d-aug-cc-pV6Z

(R12 Ansatz 1B, CABS, decontr. d-aug-cc-pV(X+1)Z aux. basis)

RUHR
ggé‘fﬂf AT RU B Workshop on Theoretical Chemistry — Mariapfarr, Austria, 15.02.—18.02.2011



(Hyper-)polarizability of the Neon Atom

(Jun Yang, C. H., JCP, 131 (2009) 074102)

46.0
CCSD —e—
CCSD(RI2)/A1l —=—
440 - CCSD(F12)/A1l —a—
' CCSD(R12)/A2
= CCSD(F12)/A2 —e—
o .\\ i
40.0 1 *— —°
0.34 -
0.32 -
N
S
4—_4.
oog Le———

g-avTZ g-avQZz g-avsZ g-aveZ

P similar improvements in correlation contribution as for energies
but requires (still) many diffuse functions
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Conclusions From First Results

» Wwith optimized geminal amplitudes basis set
convergence of response calculations is similarly
enhanced as for ground state energies provided that:

» geminal basis suitable to correlate response of |CC)
s one-electron basis sufficient to converge response of |T'),

s ansatz 2 is used

» but optimization of 7, and its responses is
computationally demanding...

~~an SP approach would reduce costs significantly
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The SP Approach

Fulfilling the cusp conditions to first-order:

) — ZRaﬁ Lapalag ) = (1+ R)|D)

with RO‘B (Ozﬁ‘ng Squ(rlg) pq) integrals over correlation factor

First-order correction for Hartree-Fock wavefunction:

HF) — |HF)+ 1> RY7alaaba;|HF) = (1+ R")[HF)

CCSD-F12-SP: choose Ty as RM
HF) — HF) o T — T+ R"™
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Extension of SP Approach to Response

Excited state wavefunction in CC response (contrib. L to ]HF} ;

U, ) = ZE/”T/” + ZEW% + ZEMBT'% ...)|CCqs)

Zeroth-order contribution if single-excitation dominated:

Z ala;|HF) = B |HF)

Fulfilling the cusp conditions to first order requires

Y = By HF) — (14 R)|[WY) = (1 + R)Ey|HF)
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Extension of SP Approach to Response

Excited state wavefunction in CC response (contrib. L to ]HF} ;

U, ) = ZE/”T/” + ZEW% + ZEMBTH3 ...)|CCqs)

Zeroth-order contribution if single-excitation dominated:

Z ala;|HF) = B |HF)

Fulfilling the cusp conditions to first order requires

Y = By HF) — (14 R)|[WY) = (1 + R)Ey|HF)

Response with CCSD-F12-SP gives
E1(1 + R)|HF)
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Extension of SP Approach to Response

(A. Kohn, JCP, 130 (2009) 104104)

Fulfilling the first-order cusp conditions requires

)y = B, HF) — (14 R)|eY)) = (1 + R)E, |HF)

Response with CCSD-F12-SP gives

Ei(1+ R)|[HF) = (1 + R)E1|HF) — [R, F]|HF)

Extended SP approaches:
T — T + RM + (R, Ty CCSD-F12-XSP

7 R T+ RM + [R, T4 CCSD-F12-XSP,

CCSD-F12-XSP gives correct first-order contribution:
Wep) = (Er + [R,E4) + .. )(L+ R+...)|HF) = (1 + R)E1[HF) + O(R?) + ...
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Excitation Energies with XSP Approach: BH

(A. Kéhn, JCP, 130 (2009) 104104)

3.00 ] ! ] ! ] ! ] ! ] ! ] ! ] ! ] ! ]
[] conv.
2.98 - O SP _
O XSP
A XSP+T
;l 2.96 ‘ XSPopt n
D A XSPOpt+T1’
LL]
< 2.94 =
2.92 _
= —+ ]
2.90 | N N N | N N N | N N N | N N N |
aDZ alZz aQZ ab”Z a6”Z

basis set
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Hyperpolarizabilities with XSP Approach: N5

(M. Hanauer, A. Kohn, JCP, 131 (2009) 124118)

940 - —e— CCSD

—4— CCSD(R12)
CCSD(F12)-SP
CCSD(F12)-XSP

—=— CCSD(F12)-XSP

CCSD(F12)-XSP o TL'

820 -

d-aug-cc-pVDZ  d-aug-cc-pVTZ  d-aug-cc-pVQZ  d-aug-cc-pV5Z  d-aug-cc-pV6Z
Basis set
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Summary: CC-F12 Response Theory

» extending 7" with [R, T;](") in the XSP approaches allows
to exploit cusp conditions also in response calculations
~ Will lead to approximations with comparable efficiency as

present approx. CCSD-F12-SP variants for energies

» augmentation with 7}, will reduce demands for
one-electron basis set error similar as CABS singles
correction for ground state energies

s these methods are still under development and less
standardized as F12 methods for ground state energies
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