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We present a pair natural orbital (PNO)-based implementation of coupled cluster singles and doubles
(CCSD) excitation energies that builds upon the previously proposed state-specific PNO approach to
the excited state eigenvalue problem. We construct the excited state PNOs for each state separately
in a truncated orbital specific virtual basis and use a local density-fitting approximation to achieve an
at most quadratic scaling of the computational costs for the PNO construction. The earlier reported
excited state PNO construction is generalized such that a smooth convergence of the results for
charge transfer states is ensured for general coupled cluster methods. We investigate the accuracy of
our implementation by applying it to a large and diverse test set comprising 153 singlet excitations
in organic molecules. Already moderate PNO thresholds yield mean absolute errors below 0.01 eV.
The performance of the implementation is investigated through the calculations on alkene chains and
reveals an at most cubic cost-scaling for the CCSD iterations with the system size. Published by AIP
Publishing. https://doi.org/10.1063/1.5018514

I. INTRODUCTION

One of the severe limitations for computational chemistry
is the steep scaling of the required computational resources
(i.e., time and memory demands) of accurate wavefunction-
based methods with the system sizeN. This unphysical behav-
ior arises from the fact that the canonical molecular orbitals
(MOs) are delocalized. The non-local MO basis makes it dif-
ficult to exploit that dynamic electron correlation is a local
phenomenon and decays with the interelectronic distance R
as R�6.

Local correlation methods exploit the sparsity of elec-
tron correlation by neglecting excitations between spatially
distant MOs. This is achieved by a transformation of the
occupied orbitals to a localized MO (LMO) basis and by
restricting excitations to a subspace of the full virtual space,
i.e., to local correlation domains. Different local correla-
tion methods mainly differ by the way the virtual subspaces
are determined and represented. Pioneering work on these
methods has been done by Saebø and Pulay1–6 by introduc-
ing projected atomic orbitals (PAOs) as representation for
the virtual space. Later, Werner, Schütz, and co-workers7–12

implemented, refined, and extended these ideas to linear-
scaling local coupled cluster (CC) methods implemented in
the Molpro13 package. An alternative approach to exploit
the locality of electron correlation uses pair natural orbitals
(PNOs) where each pair of occupied orbitals gets its own
virtual space assigned which is truncated based on an anal-
ysis of approximate densities. The idea was already proposed
and implemented in the 1970s by Meyer,14–17 Ahlrichs,18,19

a)Author to whom correspondence should be addressed: Marius.Frank@rub.de
b)christof.haettig@rub.de

Kutzelnigg,18 and Staemmler and co-workers18,20 but was then
discontinued due to large computational demands for the trans-
formation of two-electron integrals from the atomic orbital
(AO) to the PNO basis. In 2008, Neese et al. realized that
the aforementioned computational bottleneck can be circum-
vented by making use of the resolution-of-the-identity (RI)
approximation21,22 also known as density-fitting (DF). Com-
bining the PNO and PAO approaches led Neese and co-workers
to the development of improved linear scaling coupled cluster
variants.23–28

Werner and co-workers29 as well as Hättig and co-
workers30,31 proposed to use orbital specific virtuals32 (OSVs)
as an intermediate basis to reduce the computational costs for
the construction of PNOs. An advantage of OSVs is that they
share many properties with PNOs and can straightforwardly
be generalized to different orbital spaces which is exploited in
explicitly correlated F12 variants of PNO-MPn and PNO-CC
methods.30,33–35 This is also crucial for PNO-based coupled
cluster response methods with state- or perturbation-specific
PNOs and OSVs.36–38

The extension of PAO-based local correlation methods
to excited states in the framework of response theory is not
straightforward since excitation processes are usually delo-
calized over at least one chromophore. Describing ground
and excited states with common domains for the virtual
space would result in huge correlation domains that would
need to contain local and non-local excitations (depending
on the character of the excited states) and would grow in
size with the number of states included. Apart from the
CC2 method,39,40 where an explicit treatment of the double
excitation space can be avoided by partitioning techniques,
the development of PAO-based response methods, e.g., cou-
pled cluster singles and doubles (CCSD),41,42 has been given
up.
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Dutta et al. recently presented an implementation43 of
equation of motion CCSD (EOM-CCSD) for excitation ener-
gies where domain-based local PNO-CCSD (DLPNO-CCSD)
is used to solve the ground state amplitude equations with
linear-scaling costs in the PNO basis and then the cluster
amplitudes and other intermediates are back-transformed to
the canonical virtual basis, the so-called back-transformed
PNOs (bt-PNOs). The excited state problem is then solved
in the canonical basis. This approach requires only minor
modifications of an existing canonical code. On the other
hand, it only reduces the prefactor of the computational costs
but not the scaling with the system size. Combining the
bt-PNO approach with similarity transformed EOM-CCSD
(STEOM-CCSD) reduces the cost scaling but sacrifices impor-
tant advantages of EOM-CCSD as, e.g., a qualitatively cor-
rect description of double excitations and its black-box char-
acter due to the introduction of an active space for single
excitations.

Multilevel coupled cluster methods44 also aim at a reduc-
tion of the prefactor of the computational costs. They divide the
orbital space into active and inactive MOs which are treated at
different levels of coupled cluster theory. Myhre and Koch45

presented a multilevel CC3 model where CCSD is used for
the inactive orbital space while the (smaller) active orbital
space is treated at the computationally more demanding CC3
level. Even though this leads to a significant reduction of the
prefactor of the computational costs, it does not reduce the
steep scaling of the costs with the size of the chromophore
and partially sacrifices the black-box character of the standard
coupled-cluster methods.

Approaches to reduce the computational costs of cou-
pled cluster response methods for excitation energy calcu-
lations that employ natural orbitals46 and natural transition
orbitals (NTOs)47 either do not achieve the cost reductions
and the compactness of the wavefunction parameters of PNO-
based methods or only yield computational savings for local
excitations which limits their applicability.

Hättig and Helmich,36 in contrast, proposed to solve the
eigenvalue problem for the excitation energies in a state-
specific PNO basis to fully exploit the compactness of the
parameter space that is achieved with PNOs in coupled clus-
ter response calculations. In this approach, the excited state
PNOs are generated separately for each excited state from den-
sities calculated from configuration interaction singles with
perturbative doubles [CIS(D)]-like doubles amplitudes. The
number of amplitudes then scales linearly with the chro-
mophore size and, equally important, the PNO truncation
errors are small and decrease rapidly36 for the perturbative
CIS(D) method as well as for the iterative second order meth-
ods ADC(2) and CC2.37 At the example of ADC(2)-x, it was
furthermore shown that this strategy can straightforwardly be
applied to higher-order methods with a non-diagonal doubles-
doubles block of the Jacobian matrix. The most important

feature of the state-specific PNO ansatz is that there are no
conceptual limitations to achieve linear scaling operation
counts and memory and disk space demands. In the present
paper, we report the extension of this approach to the CCSD
model including an analysis of the convergence of the PNO
truncation errors with the occupation number threshold and
demonstrate its computational efficiency compared to a canon-
ical implementation.

II. THEORY AND IMPLEMENTATION
A. The coupled cluster singles and doubles model

In the following, we follow the notation introduced by
Christiansen et al.48 for the coupled cluster singles and doubles
(CCSD) model49–53 within the framework of linear response
theory. In the CCSD model, the cluster operator is trun-
cated after the double excitation operator T2. This leads to
the following cluster equations for the singles and doubles
amplitudes:54

Ωµ1 = 〈µ1 |Ĥ + [Ĥ , T2]|HF〉, (1)

Ωµ2 = 〈µ2 |Ĥ + [Ĥ, T2] +
1
2

[[Ĥ , T2], T2]|HF〉, (2)

where the T1-similarity transformed Hamiltonian54

Ĥ = e−T1 HeT1 =
∑
pq

ĥpqEpq +
∑
pqrs

(pq |̂rs)epqrs, (3)

with T1 =
∑
µ1

tµ1τµ1 and T2 =
∑
µ2

tµ2τµ2 , has been used.
Here and in the following we present the equations for the
closed-shell case and use the spin-free one- and two-electron
operators Epq and epqrs and the excitation operators τai = Eai

and τij
ab = EaiEbj. Greek letters denote atomic orbitals (AOs),

Latin letters denote molecular orbitals (MOs), and capital let-
ters P, Q auxiliary functions. The indices µ1 and µ2 run over,
respectively, all single and double replacements.

The T1-transformed integrals ĥpq and (pq |̂rs) can be evalu-
ated from the respective AO integrals using t1-dressed particle
and hole MO transformation matrices,54

Λp = C
(
1 − tT

1

)
, (4)

Λh = C (1 + t1) , (5)

as
(pq |̂rs) =

∑
µνκλ

Λ
p
µpΛ

p
νrΛ

h
κqΛ

h
λs(µκ |νλ). (6)

The matrix t1 in the above equations is defined as54

t1 =

(
0 0
{ti

a} 0

)
. (7)

In response theory, excitation energies are obtained as eigen-
values of the Jacobian,55 which for CCSD is readily obtained
from the cluster equations (1) and (2) as48

Aµiνj =
∂Ωµi

∂tνj

=
*.
,

〈µ1 |[Ĥ + [Ĥ, T2], τν1 ]|HF〉 〈µ1 |[Ĥ , τν2 ]|HF〉

〈µ2 |[Ĥ + [Ĥ , T2], τν1 ]|HF〉 〈µ2 |[Ĥ + [Ĥ , T2], τν2 ]|HF〉

+/
-

. (8)
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The eigenvalue problem is solved iteratively—usually using
a block Davidson algorithm56—which requires an imple-
mentation of linear transformations of trial vectors with the
Jacobian,

ρµi =
∑
νj

Aµiνj Rνj . (9)

To obtain a compact notation for the transformed vectors ρµi ,
we introduce the operators Ri =

∑
µi

Rµiτµi and the R1-dressed
Hamiltonian

H̄ =
[
Ĥ, R1

]
=

∑
pq

h̄pqEpq +
∑
pqrs

(pq |̄rs)epqrs, (10)

with corresponding integrals

(pq |̄rs) = Ppr
qs

∑
µνκλ

(
Λ̄

p
µpΛ

h
νq + Λp

µpΛ̄
h
νq

)
Λ

p
κrΛ

h
λs(µν |κλ),

(11)
and modified particle/hole MO transformation matrices

Λ̄
p
µa = −

∑
i

Ri
aCµi, (12)

Λ̄
h
µi =

∑
a

Ri
aCµa. (13)

In Eq. (11), the symmetrization operator Pqs
pr is defined by

Pqs
pr f qs

pr = f pr
qs + f sq

rp . With this notation the transformed vectors
ρµi can be written as

ρµ1 = 〈µ1 |H̄ + [H̄, T2] + [Ĥ, R2]|HF〉, (14)

ρµ2 = 〈µ2 |H̄ + [H̄, T2] + [Ĥ + [Ĥ, T2], R2]|HF〉. (15)

B. Ground and excited state PNOs

PNOs are defined as linear combinations of virtual
orbitals

|āij
〉
=

∑
a

|a
〉
dij

aā, (16)

where the expansion coefficients are the elements of the
eigenvectors of the contribution Dij

ab of a LMO pair ij to a
one-electron density matrix,∑

ab

dij
aāDij

abdij
bb̄
= nij

ā δāb̄. (17)

Here and in the following, indices i, j, k, l denote occupied
orbitals, a, b, c, d virtuals and PNOs and OSVs are denoted
by, respectively, bar and tilde accents.

For the ground state, Dij
ab are approximate MP2 densities

calculated as

Dij
ab = 2

∑
c

(
t̃ij,(1)
ac tij,(1)

bc + t̃ij,(1)
ca tij,(1)

cb

)
, (18)

with t̃ij,(1)
ab = 2tij,(1)

ab − tij,(1)
ba and the first order amplitudes

tij,(1)
ab =

(ai|bj)
Fii + Fjj − εa − εb

, (19)

where F ii are the diagonal Fock matrix elements in a localized
molecular orbital (LMO) basis and εa are canonical orbital
energies.

For excited state PNOs, the MP1 ground state amplitudes
in Eq. (18) are replaced by first-order doubles amplitudes

Rij,(1)
ab =

(ai |̄bj)
Fii + Fjj − εa − εb + ω

(20)

calculated in a CIS(D)-like way from the current guess for
the excitation energy ω and the singles amplitudes via the
R1-transformed integrals (ai |̄bj). The pair density is then
constructed analogously to the ground state as

Dij
ab = 2

∑
c

(
R̃ij,(1)

ac Rij,(1)
bc + R̃ij,(1)

ca Rij,(1)
cb

)
, (21)

with R̃ij,(1)
ab = 2Rij,(1)

ab − Rij,(1)
ba . In addition, pairs for which the

second-order correlation energy contribution evaluated with
tij,(1)
ab for the ground state and with Rij,(1)

ab for excited states is
less than a pair energy threshold Tpair are discarded.

The construction of the pair densities has the complexity
O(N 5) if done for all pairs ij and in the full virtual basis.
To reduce the complexity the pair densities are constructed
in a preselected pair-specific semi-canonical pre-PNO basis
{ãij} obtained by merging the OSV spaces for the LMOs i
and j and then diagonalizing the Fock matrix in this space.
The approximate doubles amplitudes for Eqs. (18) and (21)
are then evaluated as

tij,(1)
ãij b̃ij
=

(ãiji|b̃ijj)

Fii + Fjj − ε ãij − ε b̃ij

, (22)

Rij,(1)
ãij b̃ij
=

(ãiji |̄b̃ijj)

Fii + Fjj − ε ãij − ε b̃ij
+ ω

, (23)

where ε ãij are the eigenvalues of the Fock matrix in the pre-
PNO basis.

In addition we pre-screen the list of pairs ij based on an
estimate for the second-order pair contributions to the correla-
tion energies for the ground e(2)

ij or the excited stateω(2)
ij which

is evaluated in the OSV basis,

e(2)
ij =

∑
ãi b̃j

(ãii|b̃jj)2

Fii + Fjj − ε ãi − ε b̃j

, (24)

ω(2)
ij =

∑
ãi b̃j

(ãii |̄b̃jj)2

Fii + Fjj − ε ãi − ε b̃j
+ ω

. (25)

The ground state pairs with e(2)
ij < 1

3 Tpair and the excited state

pairs with ω(2)
ij < 1

3 Tpair are discarded. The factor 1
3 ensures

that in this step no pairs are discarded for which the more
accurate pair correlation energy estimates obtained from tij,(1)

ab

for the ground state and from Rij,(1)
ab for excited states are above

Tpair .
Combined with a local RI approximation this leads to a

quadratic cost scaling of the PNO construction for ground and
excited states.31,37,57
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TABLE I. Explicit expressions for the contributions to the doubles result vector. ρµ2 is split into contributions as
ρµ2 = ρ

A
µ2

+ ρB
µ2

+ ρC
µ2

+ ρD
µ2

+ ρE
µ2

+ ρF
µ2

and Pij is a permutation operator defined by Pij f ij = f ji.

Scaling

Contribution CCSD PNO-CCSD

ρ
A,ij
āb̄
=

∑
kl

Γ
T2+E,ij
kl

∑
ā′

Sij,kl
āā′

∑
b̄′

Sij,kl
b̄b̄′

Rkl
ā′b̄′

+
∑
kl

Γ
R2+Ē,ij
kl

∑
ā0

Sij,kl

āā0

∑
b̄0

Sij,kl

b̄b̄0 tkl
ā0 b̄0

+
∑
kl

tk
ā tl

b̄

∑
c̄d̄

Rij
c̄d̄

∑
c̄0 d̄0

Sij,kl

c̄c̄0 Kkl
c̄0 d̄0 Skl,ij

d̄0 d̄

O
(
N 6

)
O

(
N

)

ρ
B,ij
āb̄
=

∑
c̄d̄

Rij
c̄d̄

(āc̄ |b̄d̄) − Pij
āb̄

∑
k

tk
b̄
Ω

B(R2),ij
āk − Pij

āb̄

∑
k

Rk
āΩ

B(T2),ij

k ˆ̄b
O

(
N 4

)
O

(
N 2

)

ρ
C,ij
āb̄
= − Pij

āb̄

(
1
2 + Pij

) ∑
k

∑
c̄

Cik
āij c̄kj

∑
b̄′

Rjk
c̄b̄′

Sjk,ij
b̄′b̄

− Pij
āb̄

(
1
2 + Pij

) ∑
k

∑
c̄0

C̄ik
āij c̄

0
kj

∑
b̄0

tjk

c̄0 b̄0 Sjk,ij
b̄0 b̄

O
(
N 6

)
O

(
N

)

ρ
D,ij
āb̄
= 1

2 Pij
āb̄

∑
k

∑
c̄

Dik
āij c̄kj

∑
b̄′

R̃jk
c̄b̄′

Sjk,ij
b̄′b̄

+ 1
2 Pij

āb̄

∑
k

∑
c̄0

D̄ik
āij c̄

0
kj

∑
b̄0

t̃jk

c̄0 b̄0 Sjk,ij
b̄0 b̄

O
(
N 6

)
O

(
N

)

ρ
E,ij
āb̄
=Pij

āb̄

∑
c̄

Rij
āc̄

∑
b

dij
bb̄

∑
c

Ebcdij
cc̄

+ Pij
āb̄

∑
ā0

Sij,ij
āā0

∑
c̄0

tij

ā0 c̄0

∑
b

dij
bb̄

∑
c

Ēbcdij

cc̄0

O
(
N 5

)
O

(
N 3

)

ρ
F,ij
āb̄
= (āi |b̄j) O

(
N 4

)
O

(
N

)

C. Implementation of transformations
with the CCSD Jacobian in a PNO basis

For the transformations with the CCSD Jacobian, we
follow a similar approach as proposed by Christiansen
et al.,48.i.e., we introduce global (tµi -dependent) intermedi-
ates, which are only computed once after the ground state CC
equations are converged, and local (Rµi -dependent) interme-
diates, which have to be computed for each trial vector. For an
easier discussion, we split the doubles part of the transformed
vector ρµ2 into contributions denoted by ρA

µ2
, ρB

µ2
, . . ., ρF

µ2

(compare Table I).
To account for the different pair lists in ground and excited

states and the state-specific PNOs, some of the tµi -dependent
intermediates become state specific and are recomputed for
each state and whenever the excited state PNO basis is updated
(vide infra). To distinguish between the different PNO basis
sets we denote in the following ground state PNOs with ā0 and
excited state PNOs with ā.

The implementation of the CCSD ground state equations
has been described in the context of PNO-CCSD[F12] in
Ref. 34. The CCSD singles part of the transformed vectors
is evaluated in the same way as for CC2. Therefore, we do
not repeat the equations here but refer to Ref. 37 for further
details. Table I summarizes how the contributions to the dou-
ble excitation part of the transformed vectors ρµ2 are evaluated

with state-specific PNOs. The intermediates used in Table I
are defined in Tables III and IV in the Appendix. We follow a
similar route as proposed by Neese and co-workers23 for the
residual of the ground state amplitude equations: The general
strategy of the implementation is to pre-compute all integrals
and intermediates for the Jacobian transformations which do
not depend on Rµi prior to the Davidson procedure. Depending
on the intermediates this is done for the ground or the excited
state PNO basis and/or the respective pair lists. Some interme-
diates, as, e.g., the overlap matrices Sij,kl

c̄c̄0 and the intermediates

C̄ik and D̄ik for the ring terms, are needed with some indices
in the ground and some indices in the excited state PNO basis
and for a combination of the respective pair lists. During the
evaluation of the result vector ρµ2 , the amplitudes and inter-
mediates are in some places projected from the PNO space of
a pair ij to the PNO space of a pair kl using the PNO overlap
matrices Sij,kl

āij b̄kl
or the respective matrices between ground and

excited state PNOs.
As indicated in Table I, all steps which in a canonical

implementation have operation counts scaling with O
(
N 6

)
(the contributions ρA

µ2
, ρC

µ2
, and ρD

µ2
) have in the PNO-based

implementation a linear cost scaling. We currently still accept a
cubic cost-scaling for the transformation of Ebc and Ēbc from
the full virtual basis to the PNO basis since this step has a
very small prefactor and does not yet contribute significantly
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to the overall wall time. The computation of the Ē intermedi-
ates themselves (see Table III) in each iteration also scales as
O

(
N 3

)
but again with a small prefactor. For large-scale calcu-

lations, the O
(
N 3

)
-scaling transformations of the Coulomb

and exchange integrals (ik |lc̄kj) =
∑
µ dkj

µc̄kj
(ik |lµ) and (il |kc̄kj)

=
∑
µ dkj

µc̄kj
(il |kµ) from the AO the PNO basis dominate

in the current implementation the overall costs during the
iterations.

The calculation of the state-specific two-electron integrals
(āc̄|b̄d̄) currently scales quadratically with the system size due
to the calculation of (Q|µν) in the full auxiliary basis {Q}. But
also this step has a very small prefactor. The calculation of
the 3-index PNO integrals (Q|āc̄), their density fitting, and the
final contractions to (āc̄|b̄d̄) are done in a pair-specific aux-
iliary basis. These steps are linear scaling but have a large
prefactor and currently dominate together with the computa-
tion of W ij

Qd̄0ā
for small to medium sized systems the costs

for the calculation of the state-specific intermediates after
each PNO reconstruction. For larger systems, the computa-
tion of (Qij |kd̄0

ij) =
∑
µ(Qij |µd̄0

ij)Cµk becomes dominant due

to its O
(
N 3

)
scaling. This is then the computationally most

demanding contribution to the B terms ρB
µ2

. But it should
be mentioned that these integrals only need to be computed
once as global intermediates since they do not depend on
any excited state quantities in contrast to the O

(
N 2

)
scaling

intermediate W ij
Qd̄0ā

. The time-determining steps for large-

scale applications are in our current implementation the gen-
eration of some t1- and R1-dressed integrals for the ring
terms, ρC

µ2
, ρD

µ2
, and ρB

µ2
. The computation of all other

global, local, and state-specific intermediates for the Jacobian
transformations scales at most quadratically with the system
size.

D. Solution of the eigenvalue problem in a PNO basis

For the solution of the eigenvalue problem, we use
a single-state solver which determines the eigenvalues and
eigenvectors of only one state at a time.37 Because the space
spanned by the excited state doubles amplitudes and thus the
respective PNOs depend on the excited state singles ampli-
tudes which are not known prior to solving the eigenvalue
problem, we determine the PNOs in a self-consistent manner
while solving the eigenvalue problem. Whenever the overlap
s = R(0)

µ1 Rµ1/(| |Rµ1 | | · | |R
(0)
µ1 | |) between the singles part of the

start vector R(0)
µ1 for which the PNOs were constructed and the

current singles guess Rµ1 significantly deviates from 1 so that

1 − s ≥ 10 · | |σ | | (26)

is no longer fulfilled (where σ denotes the residual vector of
the eigenvalue problem), updated PNOs are generated and the
Davidson procedure is restarted.

To obtain a suitable start guess for the doubles part of
the eigenvector in the new PNO basis, the solution vec-
tor from the previous iteration is projected onto the new
PNO basis. To enhance the convergence rate and minimize

the number of PNO reconstructions for PNO-CCSD, a PNO-
ADC(2) calculation followed by the perturbative correc-
tion PNO-ADC(2)-(D)38 is carried out prior to the PNO-
CCSD calculation. The PNO-ADC(2) eigenvectors are then
resorted according to the PNO-ADC(2)-(D)38 excitation
energies and used as start for the PNO-CCSD excitation energy
calculation.

III. COMPUTATIONAL DETAILS

The calculation of PNO-CCSD excitation energies has
been implemented in a development version of the pnoccsd
program31,34 of the TURBOMOLE package.58 Hartree-Fock
calculations have been carried out with the dscf program,59

density functional theory (DFT)60,61 geometry optimizations
with ridft,62–66 and canonical CCSD reference calculations
with the ccsdf12 program of TURBOMOLE. For the DFT
geometry optimizations of the alkene chains (see Sec. IV C),
we have used the B3LYP functional,67–71 the def2-TZVP
orbital basis set,72 and the corresponding auxiliary basis for
the RI approximation of Coulomb integrals73 (RI-J approxima-
tion). Test calculations have been done using the def2-TZVP,72

cc-pVDZ,74 and d-aug-cc-pVDZ75 orbital basis sets. If not
explicitly mentioned, the corresponding standard auxiliary
basis sets76,77 for the RI approximation of two electron inte-
grals have been used in post-HF calculations. The occupied
orbital basis has either been localized using Pipek-Mezey78

localization or intrinsic bond orbitals (IBOs)79 (vide infra).
Furthermore, we used the frozen core approximation with the
1s orbitals of second row atoms excluded from the correlation
treatment.

The thresholds for the pair correlation energy, Tpair , and
the truncation of the OSV basis, TOSV, are coupled to the
PNO truncation threshold, TPNO, as Tpair = (0.1 · TPNO)2/3

and TOSV = 0.1 · TPNO. In all calculations we use iden-
tical truncation thresholds for the ground and the excited
states.

IV. RESULTS
A. Accuracy of PNO-CCSD

To investigate the accuracy of PNO-CCSD with respect
to canonical CCSD we use the test set developed by Schreiber
et al. in Ref. 80. It comprises 153 vertical singlet excitations
in 28 organic molecules. The structures were taken from the
supplementary material of Ref. 80.

The errors introduced by the PNO approximation were
evaluated with respect to canonical CCSD as it is imple-
mented in the ccsdf12 program in TURBOMOLE, where
4-index electron repulsion integrals are used for the ladder
terms (ρA

µ2
, ρB

µ2
) and ρF

µ2
and the intermediates Eki and Ēki

and the RI approximation is used for all remaining electron
repulsion integrals. Test calculations showed that the devi-
ations due to the different use of the RI approximation in
the PNO-based and the canonical implementation are in the
order of 10�3

� 10�4 eV and thus irrelevant for practical
purposes.
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TABLE II. Statistical measures for the errors in PNO-CCSD excitation ener-
gies in the def2-TZVP basis. The abbreviations ME, MAE, and MAX stand
for mean error, mean absolute error, and maximum error, respectively, and σ
denotes the standard deviation with respect to the ME.

ME MAE MAX σ

TPNO = 10�6 0.040 0.041 0.089 0.022
TPNO = 10�7 0.007 0.008 0.033 0.008
TPNO = 10�8

�0.002 0.003 0.011 0.003

Table II and Fig. 1 summarize the results obtained from a
statistical analysis of the PNO truncation error for the CCSD
excitation energies. All statistical measures decrease monoton-
ically with the PNO threshold. The mean errors (ME) reveal
that loose and moderate PNO thresholds (TPNO = 10�6, 10�7)
tend to slightly overestimate the excitation energies. Already
with the moderate PNO threshold TPNO = 10�7 the mean abso-
lute error (MAE) drops below 0.01 eV which is a promising
result for a future implementation of PNO excitation energies
for methods including connected triple excitations where such
an accuracy is required to maintain the intrinsic accuracy of
these methods.

Figure 2 compares mean absolute and maximum PNO
truncation errors of PNO-CCSD to those for PNO-CC2 and
PNO-ADC(2)-x. The latter were taken from Refs. 37 and 38.
The comparison shows that both statistical measures are for
PNO-ADC(2)-x much larger than for PNO-CC2 and PNO-
CCSD; only for the loose threshold TPNO = 10�6 the MAE
for PNO-CCSD and PNO-ADC(2)-x are close. In general, we
observe that the PNO truncation errors for PNO-CCSD are
only by a factor of two larger than for PNO-CC2 and that
the convergence to the canonical results is for both methods
almost identical. The fact that the errors for PNO-ADC(2)-x
are substantially larger than for PNO-ADC(2) or PNO-CC2
has already been observed previously.38 In Ref. 38, it was
argued that this is caused by an unbalanced treatment of corre-
lation effects from the ground and excited state wavefunctions

FIG. 1. Normal distributions of PNO errors in excitation energies from the
test set of Schreiber et al.80 (def2-TZVP basis).

FIG. 2. Comparison of mean absolute and maximum errors of PNO-CC2,
PNO-ADC(2)-x, and PNO-CCSD in the def2-TZVP basis.

on the excitation energies in the PNO-ADC(2)-x method.
ADC(2)-x includes in the secular matrix 〈µ2 |[H, τν2 ]|HF〉,
which accounts for correlation effects from the excited state
wavefunction on the excitation energy, but neglects its coun-
terpart 〈µ2 |[[H, T2], τν1 ]|HF〉, which accounts for similar cor-
relation effects from the ground state wavefunction on the
excitation energy. Including only one of the two terms destroys
an error balance between them which is reestablished at the
PNO-CCSD level when both terms are included. As shown
in Ref. 38, the unbalanced treatment of ground and excited
state correlation effects in ADC(2)-x is also the source for
the sizeable systematic red shift of ADC(2)-x excitation
energies.

B. Charge transfer and Rydberg excitations

Charge transfer (CT) excitations are a challenge for local
correlation methods since these excitations are not only by def-
inition non-local but pose for PNO-based methods in addition
the problem that due to a very low rank of Rµ1 the PNO basis
obtained from the non-negligible eigenpairs of the density in
Eq. (21) is very small and thus inflexible.37 For long range CT
states, Rµ1 has usually only a rank of 1 so that

Ri
a ≈ βaσv βiσo , (27)

where βiσo are the coefficients of the occupied natural transi-
tion orbital (NTO) and βaσv are the coefficients of the virtual
NTO. The R1-dressed integrals (ai |̄bj) from which the dou-
bles amplitudes and the densities for the PNO construction are
evaluated become in this case

(ai |̄bj) ≈ Pij
ab

[
βiσo (aσv |bj) − βaσv (σ

oi|bj)
]
. (28)

They are non-negligible for only two kinds of pairs ij: Those
where i is close to the occupied NTO and j is close to the vir-
tual NTO or vice versa and those pairs where both i and j are
close to the occupied NTO. The contribution Pij

ab βiσo (aσv |bj)
has a rank which can be as large as the number of virtu-
als (rank-V) in the electron acceptor chromophore but only
contributes if one LMO is close to the virtual NTO and the
other LMO is close to the occupied NTO. The contribution
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Pij
ab βaσv (σoi|bj) is of rank 1 and only non-negligible if both

LMOs are close to the occupied NTO. If occupied and vir-
tual NTOs are localized in the same chromophore, both terms
contribute for all pairs close to this chromophore. For CT
states where the virtual and the occupied NTO are spatially
separated, in contrast, only rank-1 terms contribute to (ai |̄bj)
if both LMOs are close to the occupied NTO. For such
rank-1 pairs, (ai |̄bj) has only two non-negligible singular vec-
tors and, hence, decreasing the PNO threshold will not enlarge
the PNO basis for these pairs. To prevent that this effect lim-
its the accuracy of PNO-based response calculations it is for
the second-order methods CIS(D), ADC(2), and CC2 suffi-
cient to ensure that the amplitudes, from which the density in
Eq. (21) is computed, can converge to the correct limit which
can be implemented, e.g., using a numerical Laplace transfor-
mation of the orbital energy denominators to avoid the neglect
of off-diagonal elements of the Fock matrix.37 For higher-order
methods with a more complex doubles-doubles block of the
secular matrix, it is, however, no longer feasible to ensure this
convergence.

To investigate this problem at the PNO-CCSD level we
chose the two lowest ππ∗ CT states in the C2H4· · ·C2F4 model
system in the cc-pVDZ basis and compared the convergence
of the excitation energies with the PNO threshold with that
for the two lowest lying local ππ∗ excitations (LE). For these
calculations, we used the large aug-cc-pVQZ auxiliary basis76

to exclude that the analysis of the errors is affected by devi-
ations from the different use of the RI approximation in the
PNO and the canonical code. The black colored graphs in
Fig. 3 show the results obtained for PNO-CCSD using the
Laplace transformation (as implemented for PNO-CC2) for
rank-1 pairs. Apparently, the LE states show errors and a
convergence behavior very similar to the one observed for
the Schreiber test set. For the πC2H4 → π∗C2F4

CT transition,
the PNO truncation error decays similarly fast as for the LE

FIG. 3. Absolute errors in CT and LE states of C2H4 · · ·C2F4 in the cc-pVDZ
basis. The black lines show the results obtained with the PNO construction
proposed in Ref. 37 for second-order methods. The red lines show the absolute
error obtained by keeping for rank-1 pairs the pre-PNO basis without further
truncation. For the LE states, there are no red lines visible since these are
congruent with the black lines (due to the absence of rank-1 pairs).

states. For the πC2F4 → π∗C2H4
CT transition, the PNO trun-

cation errors are significantly larger than for the other states
and the convergence is much slower. That the results for the
πC2F4 → π∗C2H4

transition are more sensitive to the PNO con-
struction for the rank-1 pairs than the results for the other CT
transition is due to the fact that for this transition the occupied
NTO is located at C2F4 which has far more LMOs than C2H4

and, hence, the number of rank-1 pairs is much larger than for
the πC2H4 → π∗C2F4

transition.
The red colored graphs in Fig. 3 show the results obtained

using for rank-1 pairs the pre-PNO basis without further trun-
cation of the virtual space, i.e., using for these pairs the
pre-PNO basis as PNO basis.

That the error for the πC2H4 → π∗C2F4
transition is excep-

tionally small for TPNO = 10�7 but for TPNO = 10�8 again
of the same order of magnitude as for the πC2H4 → π∗C2F4
transition is due to a fortunate error cancellation for this par-
ticular state and threshold. Figure 3 shows that the accuracy
of the LE states is not affected by using the pre-PNOs with-
out further truncation (due to the absence of rank-1 pairs). For
both CT states, the errors are significantly reduced and decay
rapidly.

We also investigated the accuracy of the excited state PNO
construction for Rydberg states, which is a second class of
non-local transitions where the occupied and virtual NTOs
are located in different regions of space. As show case we
chose the lowest lying Rydberg state (11A) of 1,1,2-trifluoro-
1-hexene in the d-aug-cc-pVDZ75 basis. For the occupied
orbitals, we used IBOs. The red colored graph in Fig. 4 shows
the errors obtained when using for rank-1 pairs the pre-PNO
basis without further truncation as described above and the
black colored graph shows the MAE obtained for Schreiber’s
test set (compare Sec. IV A and Table II). The convergence
behavior for the Rydberg state is essentially the same as for
CT states: If for rank-1 pairs the pre-PNO basis is used with-
out further truncations, the PNO truncation errors decrease fast
with TPNO.

FIG. 4. Absolute errors of the first Rydberg state (11A) of 1,1,2-trifluoro-
1-hexene in the d-aug-cc-pVDZ basis compared to the MAE obtained for
Schreiber’s test set (see Sec. IV A).
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The results suggest that for rank-1 pairs the pre-PNO
basis presents a simple and efficient possibility to obtain a
PNO space which is flexible enough to allow for a reliable and
rapid convergence of the PNO truncation errors in excitation
energy calculations with higher-order methods. The identifi-
cation of the rank-1 pairs is a simple and cheap black-box
procedure described in Ref. 37. It should at this point be
stressed that already the number of pre-PNOs scales linearly
with the chromophore size. Hence, using for rank-1 pairs the
pre-PNO basis without further truncation does not affect the
scaling of the computational costs and increases the prefactor
only insignificantly.

C. Performance of the implementation

To investigate the performance of the PNO-CCSD imple-
mentation for excitation energies we carried out calculations
on alkene chains in the def2-TZVP basis set using IBOs for
the occupied space. Figure 5 shows the wall times obtained for
thread-parallel calculations on a machine with 2 Intel Xeon
E5-2609 8-Core CPUs for the well-parallelized canonical
CCSD code and the yet only partially parallelized PNO-CCSD
implementation.

The Jacobian transformations for canonical CCSD scale
for the largest systems as O

(
N 5.59

)
with the chain size. In

the PNO-CCSD implementation, the scaling is reduced to
O

(
N 2.87

)
(obtained from the last two points shown in Fig. 5).

The time-determining steps in both the canonical and the
PNO-CCSD calculations arise from the same terms but for
different reasons: For canonical CCSD calculations on small-
to medium-sized molecules, the calculation of the B term ρB

µ2

represents the time-determining step, while for larger systems
this term becomes negligible compared to the ring terms C
and D (ρC

µ2
, ρD

µ2
) due to an asymptotic O

(
N 4

)
-scaling for

FIG. 5. Wall-time of a single Jacobian transformation for canonical and PNO-
CCSD for alkene chains CnHn+2 in the def2-TZVP basis. The calculations
have been done Open-MP parallel on 2 Intel Xeon E5-2609 8-Core CPUs (1.7
GHz) and 64 GB of Ram. For the PNO-CCSD calculations, a PNO threshold
of 10�7 has been used. The dashed line for canonical CCSD was obtained by
an extrapolation according to the power law 4.4 · 10−13 · N5.59

bf , where Nbf

denotes the number of basis functions (for details see text).

the contraction
∑
µν tij

µν(µκ |νλ) which is evaluated in the AO

basis. For large calculations, the strictly O
(
N 6

)
-scaling C

and D terms become time-determining. For PNO-CCSD, the
evaluation of the B terms also has a large prefactor and is
time-determining for medium-sized molecules but these con-
tributions soon become linear and quadratic scaling since
they are rather short-ranged.81 For larger systems, the time-
determining step in our current PNO-CCSD implementation
is the evaluation of the R1-dressed integral matrices JR1o and
LR1o in the PNO basis (compare Table III in the Appendix)
which has a cubic cost-scaling. For example, for C48H50, about
50% of the wall time is spent for the calculation of these
integrals. But still, the PNO-CCSD implementation performs
impressingly well even when taking the computational costs
for the PNO reconstruction and the recalculation of the state-
specific intermediates into account. For example, for C32H34,
the PNO-CCSD excitation energy calculation was completed
before a single canonical CCSD ground state iteration was
finished.

V. SUMMARY AND CONCLUSIONS

We presented an efficient and accurate implementa-
tion of PNO-CCSD for the calculation of vertical excita-
tion energies. Using state-specific PNOs to solve the excited
state eigenvalue problem it could be demonstrated that
the wall time for the Jacobian transformations scales at
most cubically with the chromophore size and that PNO-
CCSD outperforms canonical CCSD even for small molecular
systems. For long-range charge transfer states, a smooth
convergence with TPNO is ensured by using for the prob-
lematic rank-1 pairs the pre-PNO basis, which is obtained
from merging the OSVs of the respective LMOs with-
out further truncation. This does not affect the scaling of
the computational costs with the system size since already
the pre-PNO basis scales linearly with the chromophore
size.

We find a fast decay of the PNO truncation errors with the
cutoff threshold. Already with a moderate threshold of TPNO

= 10�7 the mean absolute error in the excitation energies for
a test set of 153 singlet excitations in 28 organic molecules
decayed blow 0.01 eV. These are much smaller errors than
observed previously for PNO-ADC(2)-x, for which apparently
the unbalanced treatment of correlation effects from the ground
and the excited state wavefunction retards the convergence
with the PNO cutoff threshold.

These findings are encouraging for a future development
of PNO-based iterative and perturbative triples methods such
as CC382,83 and CCSDR(T) or CCSDR(3)84 for highly accu-
rate excitation energies which require PNO truncation errors
of less than 0.01 eV to exploit the full accuracy of these
methods.
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APPENDIX: DEFINITION OF INTERMEDIATES FOR THE PNO-CCSD JACOBIAN RIGHT TRANSFORMATION

TABLE III. Global and local intermediates needed for the CCSD Jacobian right transformation. For ease of notation, the short-hand notation Lpq
rs = 2(pr |qs)

− (pq |rs) is used.

Global Local

Eki = F̂ki +
∑

jā0 b̄0

t̃ij

ā0 b̄0

∑
c̄0 d̄0

Sij,jk
b̄0 c̄0 (c̄0j |d̄0k)Sjk,ij

d̄0 ā0 Ēki = F̄ki +
∑
jāb̄

R̃ij
āb̄

∑
c̄0 d̄0

Sij,jk
b̄c̄0 (c̄0j |d̄0k)Sjk,ij

d̄0 ā

F̄ki =
∑

c

F̂kcRi
c +

∑
µν

Λ
p
µkΛ

h
νiF̃µν

Ebc = F̂bc −
∑
ijb̄0

dij

bb̄0

∑
d̄0

t̃ij

b̄0 d̄0

∑
c̄0

Kkj

d̄0 c̄0 dij

cc̄0 Ēbc = F̄bc −
∑
ijb̄

dij
bb̄

∑
c̄0

dkj

cc̄0

∑
d̄

R̃ij
b̄d̄

∑
d̄0

Kkj

d̄0 c̄0 Skj,ij
d̄0 d̄

F̄bc = −
∑

j

RbjF̂jc +
∑
µν

F̃µνΛ
p
µbΛ

h
νc

F̃µν =
∑
dl

[
2(µν |ld) − (µd |lν)

]
Rdl

Γ
T2 ,+E,ij
kl = (ik |̂jl) − δkiElj − δljEki

+
∑
c̄0 d̄0

tij

c̄0 d̄0

∑
c̄′0 d̄′0

Sij,kl

c̄0 c̄0′
(c̄′0k |d̄′0l)Skl,ij

d̄′0 d̄0

Γ
R2 ,+Ē,ij
kl = (ik |̄jl) − δkiĒlj − δljĒki

+
∑
c̄d̄

Rij
c̄d̄

∑
c̄′0 d̄′0

Sij,kl

c̄c̄0′
(c̄′0k |d̄′0l)Skl,ij

d̄′0 d̄

C̄āij c̄
0
kj
= JR1o,ik

āij c̄
0
kj

+
∑
ā′c̄′

Sij,ki
āij ā
′
ik

CR2,ik
ā′ik c̄′ik

Ski,kj

c̄′ik c̄0
kj

D̄āij c̄
0
kj
= LR1o,ik

āij c̄
0
kj

+
∑
ā′c̄′

Sij,ki
āij ā
′
ik

DR2,ik
ā′ik c̄′ik

Ski,kj

c̄′ik c̄0
kj

CT2,ik

ā0
ik c̄0

ik

= − 1
2

∑
lā0

li d̄
0
li

(c̄0
kil |d̄

0
lik)

(
tli
ā0

li d̄
0
li

+ 2tl
ā0

li
ti
d̄0

li

)
Sli,ik

ā0
li ā

0
ik

+ JT1v ,ik

ā0
ik c̄0

ik

CR2,ik
āik c̄ik

= − 1
2

∑
lāli d̄li

(c̄kil |d̄lik)
(
Rli

āli d̄li
+ 2Rl

āli
ti
d̄li

+ 2tl
āli

Ri
d̄li

)
Sli,ik

ā0
li āik

+ JR1v ,ik
āik c̄ik

DT2,ik

ā0
ik c̄0

ik

= 1
2

∑
lā0

li d̄
0
li

L
kd̄0

li

c̄0
ki l

(
tli
ā0

li d̄
0
li
− 2tl

ā0
li

ti
d̄0

li

)
Sli,ik

ā0
li ā

0
ik

+ LT1v ,ik

ā0
ik c̄0

ik

DR2,ik
āik c̄ik

= 1
2

∑
lāli d̄li

L
kd̄li
c̄ki l

(
Rli

āli d̄li
− 2Rl

āli
ti
d̄li
− 2tl

āli
Ri

d̄li

)
Sli,ik

ā0
li āik

+ LR1v ,ik
āik c̄ik

JR1o,ik

āij c̄
0
kj

= −
∑

l

Rl
āij

∑
µ

dkj

µc̄0
kj

(ik |lµ)

LR1o,ik

āij c̄
0
kj

= −2
∑

l

Rl
āij

∑
µ

dkj

µc̄0
kj

(il |kµ) − JR1o,ik

āij c̄
0
kj

JT1v ,ik

ā0
ik c̄0

ik

=
∑
d̄0

ik

(id̄0
ik |ā

0
ik c̄0

ik)
∑

d

dik
dd̄0

ik
tk
d JR1v ,ik

āik c̄ik
=

∑
d̄ik

(id̄ik |āik c̄ik)
∑

d

dik
dd̄ik

Rk
d

LT1v ,ik

ā0
ik c̄0

ik

= 2
∑
d̄0

ik

(iā0
ik |d̄

0
ik c̄0

ik)
∑

d

dik
dd̄0

ik
tk
d − JT1v ,ik

ā0
ik c̄0

ik

LR1v ,ik
āik c̄ik

= 2
∑
d̄ik

(iāik |d̄ik c̄ik)
∑

d

dik
dd̄ik

Rk
d − JR1v ,ik

āik c̄ik

Ω
B(R2),ij
āk =

∑
c̄d̄

(āc̄ |kd̄)Rij
c̄d̄

TABLE IV. State-specific intermediates needed for the CCSD Jacobian right transformation. For ease of notation,
the short-hand notation Lpq

rs = 2(pq |rs) − (ps |rq) is used.

Cāij c̄kj = JT1o,ki
āij c̄kj

+
∑
ā0 c̄0

Sij,ki

āij ā
0
ki

CT2,ik
ā0 c̄0 Ski,kj

c̄0
ki c̄kj

Dāij c̄kj = LT1o,ki
āij c̄kj

+
∑
ā0 c̄0

Sij,ki

āij ā
0
ki

DT2,ik
ā0 c̄0 Ski,kj

c̄0
ki c̄kj

JT1o,ik
āij c̄kj

= (ik |āij c̄kj) −
∑

l

tl
āij

∑
µ

dkj
µc̄kj

(ik |lµ)

LT1o,ik
āij c̄kj

= Lik
āij c̄kj

− 2
∑

l

tl
āij

∑
µ

dkj
µc̄kj

(il |kµ) +
∑

l

tl
āij

∑
µ

dkj
µc̄kj

(ik |lµ)

Ω
B(T2),ij
kā =

∑
PijQij

∑
d̄0

W ij

Pij d̄0 ā

[
V−1

]
PijQij

(Qij |kd̄0)

W ij

Qij d̄0 ā
=

∑
µν

(Qij |µν)tij

µd̄0Λ
p,ij
νā
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Phys. 136, 144105 (2012).
33D. P. Tew and C. Hättig, Int. J. Quantum Chem. 113, 224 (2013).
34G. Schmitz, C. Hättig, and D. P. Tew, Phys. Chem. Chem. Phys. 16, 22167

(2014).
35G. Schmitz and C. Hättig, J. Chem. Phys. 145, 234107 (2016).
36B. Helmich and C. Hättig, J. Chem. Phys. 135, 214106 (2011).
37B. Helmich and C. Hättig, J. Chem. Phys. 139, 084114 (2013).
38B. Helmich and C. Hättig, Comput. Theor. Chem. 1040-1041, 35 (2014).
39O. Christiansen, H. Koch, and P. Jørgensen, Chem. Phys. Lett. 243, 409

(1995).
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