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Perturbative triples correction for local pair natural orbital based
explicitly correlated CCSD(F12*) using Laplace
transformation techniques
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We present an implementation of pair natural orbital coupled cluster singles and doubles with per-
turbative triples, PNO-CCSD(T), which avoids the quasi-canonical triples approximation (T0) where
couplings due to off-diagonal Fock matrix elements are neglected. A numerical Laplace transforma-
tion of the canonical expression for the perturbative (T) triples correction is used to avoid an I/O
and storage bottleneck for the triples amplitudes. Results for a test set of reaction energies show
that only very few Laplace grid points are needed to obtain converged energy differences and that
PNO-CCSD(T) is a more robust approximation than PNO-CCSD(T0) with a reduced mean absolute
deviation from canonical CCSD(T) results. We combine the PNO-based (T) triples correction with
the explicitly correlated PNO-CCSD(F12*) method and investigate the use of specialized F12-PNOs
in the conventional triples correction. We find that no significant additional errors are introduced
and that PNO-CCSD(F12*)(T) can be applied in a black box manner. Published by AIP Publishing.
[http://dx.doi.org/10.1063/1.4972001]

I. INTRODUCTION

For a long time, it has been a pie in the sky for quan-
tum chemistry to provide theoretical methods with accurate
energy predictions for large molecules at affordable compu-
tational costs. Reaching this ambitious aim is hampered by
the steep cost scaling of correlated wavefunction methods and
the slow basis set convergence of the correlation energy. For
example, coupled cluster singles and doubles with inclusion of
perturbative triples,1 CCSD(T), “the gold standard of quantum
chemistry,” has in canonical implementations operation counts
that scale with O(N7), where N denotes the system size. This
means that the computational costs increase by a factor of 128
if the system size is doubled. On top of that, large basis sets of
quadruple- or quintuple-ζ quality are required to fully exploit
the accuracy of CCSD(T). This results in a huge computational
burden and limits accurate canonical CCSD(T) calculations to
systems with only a few atoms. Luckily, over the last decades
solutions for the steep scaling2–18 as well as for the basis set
convergence19–27 problems emerged. In the current work we
present one approach to combine both strategies to make accu-
rate CCSD(T) calculations on large molecules feasible with
moderate computational costs.

The slow basis set convergence originates from a poor
description of the electronic cusp provided by slater deter-
minants of orbitals. Often extrapolation schemes as the one
proposed in Ref. 28 are employed to alleviate this problem,
but they do not improve the underlying wave function and
sometimes fail for energy differences even for reactions of
simple molecules if the basis sets are not large enough. A

a)Author to whom correspondence should be addressed. Electronic mail:
gunnar.schmitz@rub.de

b)christof.haettig@rub.de

typical example is the hypothetical reaction of CH4 + 4 H2O2

to CO2 + 6H2O. The CCSD(T) results for the electronic con-
tribution to the reaction energy in the cc-pVTZ and cc-pVQZ
basis sets are, respectively, −1198 and −1188 kJ/mol. Extrap-
olation with E(X) = Elim − AX−3 from these two results leads
to −1181 kJ/mol as an estimate for the basis set limit. This
estimate deviates from the correct basis set limit (�1217 ± 0.5
kJ/mol, obtained from cc-pV5Z /cc-pV6Z extrapolation and
F12 calculations) even more than the raw basis set results in
the cc-pVTZ and cc-pVQZ basis sets. A more robust solu-
tion is to incorporate terms with an explicit dependence on
the interelectronic distance into the wave function ansatz to
enable a better description of the electron cusp as it is done in
the F12 methods.29 The latter approach enhances the basis set
convergence such that F12 calculations achieve with a basis set
cardinal number X typically the same accuracy as a conven-
tional calculation with a cardinal number X + 2. For the above
reaction CCSD(F12*)(T*) gives already in the aug-cc-pVTZ
basis with −1218.5 kJ/mol a result which is converged within
±1.5 kJ/mol (in the aug-cc-VQZ and aug-cc-pV5Z basis sets
results are, respectively, −1218.0 and −1217.5 kJ/mol).

The steep scaling of the computational costs of correlated
wavefunction calculations is not only clearly unfavorable but
also unphysical and arises from the delocalized nature of the
canonical molecular orbitals (CMOs). But one has not to rely
on CMOs. It is possible to transform the orbitals to a localized
basis, where contributions of distant electron pairs become
negligibly small. This paves the way for approximations that
reduce the scaling. Among the different approaches, the pair
natural orbital (PNO) formalism emerged as a very promis-
ing candidate to develop low scaling methods with a balanced
error control.9,12,30–32 In PNO methods each pair of local-
ized occupied orbitals gets assigned a set of virtual orbitals
which is pair-specific and obtained from the eigenvectors of a
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MP2-like pair contribution to a one-electron density matrix.
Only PNOs with an eigenvalue above a user-defined thresh-
old are kept. The number of PNOs per pair becomes quickly
independent of the system size, so that the computational costs
for contractions involving PNOs become asymptotically linear
scaling. The main advantage of the PNO formalism is that the
PNO construction from a density matrix adapts automatically
to the electronic structure of the underlying system and that
the accuracy can be controlled solely by the PNO truncation
threshold.12,31 In similar approaches, like the projected atomic
orbital (PAO) formalism,6,33 this is not the case. Here local
domains are determined using a basis set population analysis
and a distance criterion without exploiting much information
on the electronic structure. After revival of the PNO approach
by Neese and co-workers,12,32 a variety of PNO-based corre-
lation methods were presented. Many of them combine PNOs
with other local representations like PAOs or orbital specific
virtuals (OSVs).13,14,32,34–38 For approximate triples meth-
ods, however, an additional problem arises for local methods
because in the local basis, the Fock matrix loses its diago-
nal structure. The equations for the triples amplitudes have no
longer a simple analytic solution and have to be solved iter-
atively. Unfortunately, this is not feasible for the molecular
systems that are typically studied with PNO or other local cor-
relation methods. One route to solve this issue is to remove
the off-diagonal elements by diagonalizing the Fock matrix in
the selected local virtual basis and to neglect the off-diagonal
elements for the occupied space. This is an approximation
which is often referred to as quasi-canonical (T0) correction.39

In most cases it works quite well for energy differences. But
sometimes the errors are unbalanced. Therefore, we suggest
an alternative approach where the (T) correction is evaluated
through a numerical Laplace-transformation of the canonical
expression which does not neglect off-diagonal Fock matrix
elements.

The subsequent part of the paper is organized as follows:
In Sec. II the theory behind pair- and triples-specific natural
orbitals, PNOs and TNOs, and the triples corrections are pre-
sented. We will introduce an alternative PAO selection scheme
and the explicitly correlated PNO-CCSD(F12*) model. In
Section III we describe the technical details of the benchmark
calculations. This is followed in Section IV by a comparison
of the accuracies of PNO-CCSD(T) and PNO-CCSD(T0) with
and without intermediate PAO basis and an assessment of the
use of F12-PNOs in the triples correction for PNO-CCSD[F12]
and PNO-CCSD(F12*). In Sec. VI we draw our conclusion and
comment on future work.

II. THE PNO-CCSD(F12∗) MODEL
A. Index and naming conventions

In order to make the paper as self contained as possible, we
summarize the index conventions for orbital spaces in Table I.
In general we denote PAOs, PNOs, and TNOs with overbars.
OSVs or pre-PNOs are indicated with a tilde. If it is not obvi-
ous from the context to which localized occupied molecular
orbital (LMO) i, pair ij, or triple ijk the PAOs, PNOs, or TNOs
belong, we additionally make use of subscripts. Table I also
lists the naming convention for the specialized PNOs used in

TABLE I. Summary on index convention.

p, q, r, . . . HF orbitals
i, j, k, . . . Active occupied orbitals
a, b, c, . . . Active virtual orbitals
K , L, M, . . . Inactive and active occupied orbitals
P, Q, R, . . . Auxiliary functions for the DF approximation
a′, b′, c′, . . . Orbitals in the complementary space (CABS)
a′′, b′′, c′′, . . . Union of virtual orbitals and CABS orbitals
p′′, q′′, r′′, . . . Union of HF orbitals and CABS orbitals
µ,ν, κ, . . . Atomic orbitals of the MO basis
µ′,ν′, κ′, . . . Atomic orbitals of the CABS basis
µ′′,ν′′, κ′′, . . . Atomic orbitals of the MO and CABS basis
µ,ν, κ, . . . PAO basis
µi,νi , κ i, . . . PAO basis specific for a LMO i

aij , bij , cij , . . . PNOs/F12-PNOs for the virtual space
aijk , bijk , cijk , . . . TNOs for the virtual space
ãi, b̃i, c̃i, . . . OSVs for the virtual space
ãij , b̃ij , c̃ij , . . . Pre-PNOs for the virtual space

K ij , Lij , M ij , . . . OPNOs-1: Specialized PNOs for the occupied space.
K ij , Lij , M ij , . . . OPNOs-2: Specialized PNOs for the occupied space.
a′′ij , b′′ij , c′′ij , . . . CA-PNOs-1: Specialized PNOs for the union of virtual

and CABS space.
a′ij , b′ij , c′ij , . . . CA-PNOs-2: Specialized PNOs for the union of virtual

and CABS space.

combination with F12 theory which will be explained in more
detail in Section II D.

B. PNO construction
1. Hybrid OSV-PNO approach

In our code we use a hybrid OSV-PNO approach with an
iterative generation of the OSVs. Since it has already been
described elsewhere, we give here only a brief summary and
refer to Refs. 36 and 40 for further details. Orbital specific
virtuals and pair natural orbitals provide both tensor factoriza-
tions of the doubles space. While OSVs are specific for a given
occupied localized molecular orbital (LMO), PNOs are spe-
cific for pairs of LMOs. Both are generated by diagonalization
of approximate MP2 one-particle densities. Only such eigen-
vectors are kept which have eigenvalues above a user-defined
truncation threshold. In a PNO construction without intermedi-
ate OSV or PAO basis, the amplitudes tij

ab have to be generated
in the full virtual basis, which results in O(NpairN3

vir) scaling
costs for the PNO construction. This steep scaling is avoided
in hybrid schemes where the amplitudes are built in an already
truncated doubles space. In the hybrid OSV-PNO scheme first
OSVs are generated, which are then used to span the PNOs.
This reduces the cost-scaling for the PNO construction to
O(NpairNauxn2

OSV )+O(NpairNauxNbasisnOSV ), where Naux is the
size of the auxiliary basis for the density fitting (DF) approxi-
mation. If combined with local density fitting and the iterative
procedure for the OSV generation described in Ref. 36, the
whole procedure scales only quadratically with the system
size. In the iterative OSV generation we pick up an idea of
Almlöf and Häser41and replace the MP2-like amplitude equa-
tion by an equivalent Laplace transformed expression, which is
evaluated numerically on a grid with nL, points tz, and weights
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ωz. This allows us to factorize the expression for the dou-
bles amplitudes tii

ac and to derive a simple expression for a
matrix-vector product σk

a with a trial vector bk
c ,

σk
a =

∑
c

tii
acbk

c = −

nL∑
z

ωz

∑
ν

Cz
νa

∑
Q

(Q|νiz)

×
∑

P

[
(ii)V−1

]
QP

∑
µ

(P |µiz)
∑

c

Cz
µcbk

c , (1)

as required for the implementation of an iterative block
Davidson algorithm to solve only for the eigenvectors with
eigenvalues above the OSV truncation threshold. In the
last equation we introduced transformed MOs φiz = χµCz

µi
and modified occupied and virtual MO coefficients defined
as

Cz
µi =

∑
j

Cµje
εj tz Tij, (2)

Cz
µc = Cµce−εctz , (3)

with the canonical MO coefficients Cµp and orbital energies
εp and the LMO coefficients Tij in the CMO basis. (ii)VQP

= (Q|P) is the matrix with the coulomb integrals in the LMO-
specific DF basis.

2. PAOs as intermediate basis

For the triples correction (vide infra), we analyzed how
a hybrid PAO-OSV-PNO approach can be used to reduce the
computational costs for the AO to PNO (or TNO) integral
transformation. This idea is not new and was already pursued
by Neese and co-workers37,42 as well as by Werner and co-
workers,43 but in our approach the local PAO domains are not
selected solely based on information on the spatial structure
and the basis set but also on the electronic structure. This is
achieved by selecting the PAO domains on the fly during the
OSV generation in a way which ensures that the PAO space
is large enough to solve the OSV eigenvalue problem with
a pre-defined accuracy. In a first step, the OSV eigenvalue
problem ∑

b

tii
abdbã = τ

ãdaã, (4)

is expressed in PAOs ν as∑
ν

tii
µνdνã = τ

ã
∑
ν

SPAO
µν dνã, (5)

where dνã and tii
µν

are, respectively, the eigenvectors and the
amplitudes in the PNO basis,

dνã =
∑

c

Cνcdcã , (6)

tii
µν =

∑
a

Sµa

∑
b

tii
abSνb . (7)

Sµa is the overlap matrix between PAOs µ and virtuals MOs a.
The residual of the eigenvalue equation can be expressed as

Rã
µ =

∑
ν

(
tii
µν − τ

ãSPAO
µν

)
dνã =

∑
k

(
σk
µdred

kã − sk
µdred

kã τ
ã
)
, (8)

where dred
bã are the eigenvectors in the reduced space, and

σk
µ

and sk
µ

, respectively, the sigma and contravariant basis
vectors,

σk
µ =

∑
ν

tii
µνbk

ν , (9)

sk
µ =

∑
ν

Sµνbk
ν , (10)

for the current set of basis vectors bk
ν
.

The PAO selection proceeds as followed: For each LMO,
i in a first step a Löwdin population analysis is carried out.
If a PAO has a Löwdin charge >0.01, all PAOs at the same
atom are assigned to the local PAO domain. This initial set is
orthogonalized as ∑

µν

Sµνbk
µbl
ν = δkl (11)

and the bk
µ

are taken as initial basis vectors. Then addi-
tional PAOs are added in an iterative procedure until the
trace of the density Dii = tii · tii is converged. The contri-
bution of the not (yet) selected PAOs to the trace of Dii

can be decomposed as ∆(TrDii)= 2∆1 + ∆2, where ∆1 is lin-
ear and ∆2 is quadratic in the not (yet) selected PAOs. ∆2

is negligible compared to ∆1 as soon as a reasonable start
space has been chosen and the first-order contribution can
be split into contributions of individual PAOs as ∆1 =

∑
µ δµ

with

δµ =
∑

ã

Rã
µ

(∑
kν

Dvir
µνσ

k
νdred

kã

)
. (12)

In the last equation we used the short-hand notation
Dvir
µν
=

∑
a CµaCνa. Since Rã

µ
is orthogonal to the already

selected PAO space, this also holds for δµ. PAOs with δµ
larger than a user defined threshold TPAO are orthogonalized
onto the selected PAOs and added to the reduced space for
the next iteration. This procedure is repeated until no addi-
tional PAOs are selected. Afterwards the OSV eigenvalue
problem is solved in the selected PAO domain and the OSVs,
and later the PNOs are expanded in these PAOs. The pro-
cess of the PAO selection is sketched in the pseudocode in
Fig. 1.

C. F12-PNOs

For F12 methods, it is convenient to construct specialized
F12-PNOs which provide a more compact representation of
the virtual space by optimizing them to span primarily the part
of the virtual pair space which is not captured by the geminals.
This is achieved by calculating the PNOs as eigenvectors of a
pseudo-density build from difference amplitudes,44

∆
ij
ab = tij

ab − r ĩj
ab, (13)

where r ĩj
ab is the amplitude for the double excitation ij → ab,

which would be described by the geminal χij if they are not
orthogonalized to the orbital space. If ∆ij

ab is small, the excita-
tion is well approximated by the geminal and only few PNOs
are required to span the remaining difference.
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FIG. 1. Scheme for the PAO selection.

D. X-PNOs

Besides the F12-PNOs for the virtual space, additional
auxiliary PNOs (X-PNOs) are used for a compact pair-specific
representation of the strong orthogonality operator in the two
approximations AQ̂ and BQ̂. For BQ̂12, we use the ansatz from
Ref. 44,

BQ̂12 = V1V
′

2 + V
′

1V2 + V
′

1V
′

2, (14)

while for AQ̂12 we use the ansatz termed A3 Q̂12,

A3 Q̂12 = 1 − O1O2 − V1V2 − O1V
′′

2 − V
′′

1O2 . (15)

The symbols V , V
′

, V
′′

, and O indicate, respectively, projectors
onto virtual orbitals (V ), the CABS (CA) basis (V

′

), as well
as the union of the virtuals and the CABS basis (V

′′

), and the
occupied space (O). The overbars indicate that the projector
acts on PNO spaces. Since for the occupied space two kinds
of X-PNOs are used, additionally a double bar is introduced
to distinguish between both choices for PNOS, which will be
discussed in the following. As PNOs and F12-PNOs, also the
X-PNOs are constructed by diagonalizing (pseudo) densities,
which are defined as

(OPNOs-1) K
=

ij : Dij
KL = 2

∑
M

(
sĩj

KMr ĩj
LM + s j̃i

KMr j̃i
LM

)
, (16)

(OPNOs-2) K ij : Dij
KL = 2

∑
c′′

(
sĩj

Kc′′r
ĩj
Lc′′ + s j̃i

Kc′′r
j̃i
Lc′′

)
, (17)

(CA-PNOs-1) a′′ij : Dij
a′′b′′ = 2

∑
M

(
sĩj

a′′Mr ĩj
b′′M + s j̃i

a′′Mr j̃i
b′′M

)
,

(18)

and

(CA-PNOs-2) a′ij : Dij
a′ijb

′
ij
= 2

∑
cij

(
sĩj

a′ijcij
r ĩj

b′ijcij

+ s j̃i
a′ijcij

r j̃i
b′ijcij

)
, (19)

where sĩj
pq is a short-hand notation for 2r ĩj

pq − r j̃i
pq with r ĩj

pq

= 〈 pq|f12 |ĩj〉 and where the tilde on ij indicates the contrac-
tion with the geminal coefficients from the fixed amplitude
ansatz,26,45

|ĩj〉 =
3
8
φi(1)φj(2) +

1
8
φj(1)φi(2). (20)

The OPNOs 1 and 2 are both PNOs, which span the occupied
orbital space, but the K ij orbitals occur in the projector together
with the a′′ij orbitals, which span the union of complementary
space (CA) and virtual orbitals. The CA-PNOs-2 a′ij span the
union of CA and those virtual orbitals which are not included in
the F12-PNOs. In this way the most important virtuals screened
out in the construction of the F12-PNOs are included in an
extended CA space. The construction of the X-PNOs is again
combined with the hybrid OSV-PNO approach as described in
Ref. 40.

E. Correction for neglected PNOs and pairs

Besides the truncation of the virtual space also LMO pairs
are discarded. Initially a set of pairs for which PNOs are con-
structed is selected based on spin opposite scaled15 (SOS) MP2
pair energies evaluated in the OSV basis,34

eSOS-MP2
ij ≈ cOS

(
1 + δij

) ∑
ãi b̃j

2K ij

ãi b̃j
K ij

ãi b̃j

Fii − Fãi ãi + Fjj − Fb̃j b̃j

. (21)
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K ij

ãi b̃j
are the exchange integrals in the (semi-canonical) OSV

basis
(
ãii|b̃jj

)
and Fii and Fãi ãi the diagonal elements of the

Fock matrix. A further truncation of the pair lists is then done
based on the semi-canonical MP2 energy (SC-MP2) expres-
sion during the PNO construction. The effect of the pair trun-
cation can be controlled via a pair truncation threshold Tpair.
To reduce the error due to this truncation, the final energy is
corrected by adding the estimates for the pair energies of the
discarded pairs. Furthermore, we add for the non-F12 methods
a correction for discarded PNOs. This correction is calculated
as the difference between the SC-MP2 pair energies in the
PNO and pre-PNO basis, which is the initial basis in the PNO
construction obtained by merging the OSVs of two LMOs.
For the F12 methods the latter correction is not accessible
without substantial additional costs, since it would require
the evaluation of several F12 intermediates in the pre-PNO
basis. However, for F12 methods the geminal contributions
automatically correct partially for the truncation of the virtual
space.

F. Explicitly correlated contributions
for PNO-CCSD(F12∗)

Already in Ref. 40 we presented an implementation
of PNO-CCSD[F12]. Starting from the PNO-CCSD[F12]
Lagrangian L[F12] as well as the singles Ωi

a,[F12] and doubles

Ω
ij

ab,[F12]
residuals only a few terms are missing to arrive at

PNO-CCSD(F12*). These are

L(F12*) = L[F12] +
1
2

∑
abij

(
2V ij

ab −V
ji
ab

)
ti
at j

b, (22)

Ω
i
a,(F12*) = Ω

i
a,[F12] −

∑
k

V i
k tk

a , (23)

and

Ω
ij

ab,(F12*)
= Ω

ij

ab,[F12]
+

∑
kl

(
2V ij

kl −V
ji
kl

) (1
2

tkl
ab + tk

a tl
b

)
− P̂ij

ab

∑
k

(
2V ij

ak−V
ji
ak

)
tk
b − P̂ij

ab

∑
k

V j
k tik

ab. (24)

Only additional V intermediates appear. They can be evalu-
ated with relatively low costs from intermediates which are
already constructed for PNO-CCSD[F12]. For example V j

k

can be obtained from V j
µ (where µ is an AO index), which is

used in PNO-CCSD[F12] as an intermediate in the calculation
of V j

a.
The additional contribution to the singles residual in

Eq. (23) is computed straightforwardly without truncation
of the singles amplitudes. The structure of the last term in
Eq. (24) is analogous to a non-F12 contribution which involves
a dressed Fock matrix46,47 and is in PNO-CCSD(F12*) incor-
porated by adding−V j

k as a F12 correction to the dressed Fock
matrix.

In contrast to the terms discussed so far, the second term in
Eq. (24) is more involved because it depends on the indices of
three LMOs, which complicates the screening. It is known
from canonical implementations48 that this contribution is
small. Therefore we neglect it for the current PNO implemen-
tation. It is a F12 correction to a conventional term which is

also neglected in the LPNO-CCSD implementation described
by Neese and co-workers.47

Due to the four occupied indices, the first term also causes
complications for a PNO-based implementation, but it can-
not be neglected as it is the most important correction beyond
CCSD[F12]. Its structure has similarities with the conventional
disjoint pair interaction term to which it is a basis set incom-
pleteness correction. As for its conventional counterpart, the
pair information is used to restrict the set {kl, ij} to allow an
efficient implementation. Furthermore, the exact evaluation of

the integrals g
pijqij

kl with kl , ij is omitted by projection of the

integrals gpklqkl

kl onto the F12-PNO and X-PNO basis sets of

the pair kl. In a first step, the intermediate V ij
kl is computed

as

V ij
kl =

〈
kl | f12g12 |ĩj

〉
− (1 + P̂ij

kl)
∑
Lijc

′′
ij

r ĩj

Lijc
′′
ij

∑
Lklc

′′
kl

Sij,kl

LijLkl
Sij,kl

c′′ijc
′′
kl

gkl
Lklc

′′
kl

−
∑

K ijLij

r ĩj

K ijLij

∑
KklLkl

Sij,kl

K ijKkl

Sij,kl

LijLkl

gkl

KklLkl

−
∑
aijbij

r ĩj

aijbij

∑
aklbkl

Sij,kl
aijakl

Sij,kl

bijbkl
gkl

aklbkl
. (25)

The similarity of V ij
kl with its conventional counterpart is

exploited by using the same routines to evaluate it — just
with different orbital spaces for the contraction — and by
adding it to its conventional counterpart so that the contrac-
tion with the amplitudes is included without additional costs.
The coulomb integrals required for the computation of V ij

kl
are already available from the initial PNO-MP2-F12 step that
precedes the PNO-CCSD[F12] and PNO-CCSD(F12*) calcu-
lations. The contribution from the identity in the projector is
computed using local density fitting and the half transformed
integrals (Q|f12g12 |µi), which are also available from the PNO-
MP2-F12 part. To reduce the operation count by a factor of 2,
we exploit the permutational symmetry ofV ij

kl and the integrals
using a trick that has been used earlier in CCSD implementa-
tions.46,49 The integral matrices are split into their symmetric
(+) and antisymmetric (−) parts,

rij,(+)
pq = rij

pq + r ji
pq

and (26)
rij,(−)

pq = rij
pq − r ji

pq

and similar for gkl
pq. The contribution to V ij

kl = 2V ij
kl −V

ij
lk from

the projection onto the product space pq can then be calculated
as

V ij
kl = V ij

kl +
1
2

∑
p≥q

1
1 + δpq

rij,(+)
pq gpq,(+)

kl

+
3
2

∑
p≥q

1
1 + δpq

rij,(−)
pq gpq,(−)

kl . (27)

The remaining contribution to the Lagrangian can again
be obtained from quantities already evaluated for PNO-
CCSD[F12]. During the computation of the Lagrangian, V ij

ab
is read in and contracted with projected singles amplitudes,
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L(F12*) = L[F12] +
1
2

∑
abij

(
2V ij

ab
−V ji

ab

) ∑
a

dij
aati

a

∑
b

dij

bb
t j

b.

(28)

III. PERTURBATIVE CONNECTED TRIPLES
A. Triples selection and construction of TNOs

Crucial for an efficient triples correction in a local frame-
work is the prescreening of triples entering the computational
demanding steps. For that purpose it is important to take a look
at the equation for the triples amplitudes,

εabc
ijk tijk

abc = P̂ijk
abc

( Nv∑
d

gid
abt jk

dc −

No∑
l

gij
alt

lk
bc

)
, (29)

where εabc
ijk are the orbital energy differences, tjk

dc the converged

CCSD doubles amplitudes, and P̂ijk
abc is an operator, which cre-

ates a sum over all six permutations of the index pairs ai, bj,
and kc. The restriction in the pair lists for the doubles ampli-
tudes directly transfers to the triples. Furthermore it is evident
that the sum of occupied orbitals l is restricted to LMOs,
which form non-vanishing pairs with the LMOs i, j, and k. If
additionally the virtual space is spanned by TNOs, the ranges

of the summations in the local basis, Nv and No, will for large
systems become independent of the system size. At this point
the computational costs increase only linearly with the num-
ber of selected triples. Unfortunately there is, to the best of
our knowledge, no way to compute cheap estimates for the
integrals in the amplitude equation. Therefore we base our
screening on the CCSD pair energies. The products of the pair
energies should be a measure for the significance for a given
triple. The direct use of the arithmetic mean value of the pair
energy products gave no satisfactory results. We also tested
other averages. Fig. 2 shows for some of them the correlation
with the correlation with the exact PNO triples energy cor-
rections. After intensive numerical tests, we came up with a
simple estimate for the importance of a LMO triple based on a
modified logarithmic mean of the product of pair energies ei.
Its performance for the Gly4 examples is shown in Fig. 2(d). In
contrast to the other averages, it shows a better correlation and
the data points are distributed quite narrowly on the line down
to almost 10−7 a.u. Nevertheless it is solely an empiric estimate
and therefore we decided to couple Ttrip conservatively to TTNO

so that no decline in accuracy can be expected. Improvements
to these estimates are subject of ongoing research in our labo-
ratories since they pave the way for substantial computational
savings if the initial triples list can be further truncated. If all
three products differ at least by 10−12, the proposed estimate
is defined as

Eguess = 3.5

[
(e1 − e2) · (e2 − e3) · (e3 − e1)

2 ·
[
(e2 − e3) log e1 + (e3 − e1) log e2 + (e1 − e2) log e3

] ]0.4

. (30)

If only two products are not equal in this sense, it is given by

Eguess = 3.5

[
e1 − e2

log e1 − log e2

]0.9

. (31)

In our program the estimate is compared to a user defined
threshold Ttrip. After several test calculation, we chose it as
Ttrip = 10 · TTNO for routine applications.

The triples correction is in the spirit of the PNO frame-
work computed in a triple-specific triple natural orbital (TNO)
basis, which was introduced by Riplinger and Neese.37 With
some modifications, their idea can be combined with the hybrid
OSV-PNO approach. For the triple specific TNO construction,
we use as an intermediate step pre-TNOs, which are con-
structed by merging the OSVs of the LMOs i, j, and k. This
basis for triples ijk is than used to build the averaged density
matrix

Dijk

ãijk b̃ijk
=

1
3

(
Dij

ãijk b̃ijk
+Dik

ãijk b̃ijk
+D jk

ãijk b̃ijk

)
, (32)

calculated from the converged CCSD doubles amplitudes pro-
jected to the pre-TNO basis. This averaged density is after-
wards diagonalized to get initial TNOs. As for the PNOs only
TNOs with occupation numbers above the truncation thresh-
old TTNO are retained. In the next step, the Fock matrix is

projected onto this preliminary TNO basis and diagonalized
to obtain quasi-canonical TNOs.

B. Non-iterative (T0) triples correction

In the CCSD(T) model the perturbative triples correction
is defined in the canonical MO basis as

E(T) = E[T] + E5S, (33)

E[T] =
∑

i≥j≥k

∑
a,b,c

εabc
ijk tijk

abc

(
4tijk

abc+ tjki
abc+ tkij

abc− 2tjik
abc− 2tikj

abc− 2tkij
abc

)
,

(34)
and

E5S = −
∑

i≥j≥k

∑
a,b,c

(
tijk
abc − tijk

bac

) (
g jk

bcti
a − gik

bct j
a
)

+
(
tijk
abc − tijk

acb

) (
gki

cat j
b − gji

catk
b

)
+

(
tijk
abc − tijk

cba

) (
gij

abtk
c − gkj

abti
c
)
. (35)

For the construction of the triples amplitudes tijk

abc
, we follow

the approach proposed by Noga and Valiron.50 A central point
of their algorithm is the arrangement of the triples amplitude
equations into a super-matrix form

εabc
ijk tijk

abc = P̂ijk
abc

N∑
r

K ir
abLjk

rc = P̂ijk
abcΛ

ijk
abc. (36)
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FIG. 2. Tested averages (in a.u.) of pair energy products
for Gly4 in the def2-TZVP basis.

This leads to a better performance of matrix-matrix multipli-
cations (dgemm) and allows furthermore for a more efficient
arrangement of the computational steps with the auxiliary
super-matrices Λ constructed from the K and L matrices. We
do not repeat here the arguments and the derivation given by
Noga and Valiron and refer instead to their original work.50

Projecting Eq. (29) onto the quasi-canonical TNO basis leads
to

ε
aijkbijkcijk

ijk tijk

aijkbijkcijk
= P̂ijk

aijkbijkcijk

( Nv∑
dijk

g
idijk

aijkbijk

×

Nv∑
djkcjk

Sijk,jk

dijkdjk
Sijk,jk

cijkcjk
tjk

djkcjk

−

No∑
l

gij
aijk l

Nv∑
blkclk

Sijk,jk

bijkblk
Sijk,jk

cijkclk
tlk
blkclk

)
. (37)

In the last equation, we introduced the overlap matrices
between TNOs and PNOs,

Sijk,jk
aijkajk

=
∑

c

dijk
caijk

djk
cajk

. (38)

Eq. (37) can be cast into the form of Eq. (36) by defining K
and L in the TNO basis as

K ir
aijkbijk

=




−tir
aijkbijk

r ∈ [1, No]

g
i(r−No)ijk

aijkbijk
r ∈ [No + 1, N]

, (39)

Ljk
rcijk
=




gjk
rcijk

r ∈ [1, No]

tjk
(r−No)ijkcijk

r ∈ [No + 1, N]
, (40)

with the doubles amplitudes projected onto the TNO space as

til
aijkbijk

≈

Nv∑
ailbil

Sijk,il
aijkail

Sijk,il

bijkbil
til
ailbil

. (41)

With these adjustments, the algorithm from Ref. 50 can be
applied in the TNO basis, but Eq. (37) still assumes canoni-
cal occupied orbitals. In the LMO basis, the Fock matrix is no
longer diagonal and the equations would have to be solved iter-
atively which would require the storage of at least a few sets
of triples amplitudes. At this point often the semi-canonical
(T0) approximation is applied where the off-diagonal Fock
matrix elements in the occupied block are neglected.39,51 This
avoids an expensive iterative solution, but it is an additional
approximation. Reaction and interaction energies of CCSD(T)
and CCSD(T0) are often very close, but there are also cases
where they deviate significantly. Therefore it is desirable to
have the possibility to check if the (T0) correction might be
too incorrect. Schütz and co-workers proposed the (T1) cor-
rection for such cases, which can be seen as a modified first
iteration in an iterative solution of the amplitude equations,
and also demonstrated that it is in principle possible to solve
the amplitudes in a full iterative way, although this is extremely
costly.39

C. Laplace transformed CCSD(T)

We follow here a third alternative which applies instead
of the Laplace transformation technique. It has the advan-
tage that it requires only few modifications to a code
for the (T0) correction and allows us to solve the triples
equations within an accuracy which can be adjusted by
a single threshold without storage of the triples ampli-
tudes. As will be shown below, an accuracy which is suffi-
cient for most practical purposes is typically achieved with
computational costs which are only by a factor of 3–4
higher than for the (T0) correction. This is still accept-
able in cases where the (T0) correction is not sufficient.
Applying the numerical Laplace transformation to Eq. (29)
leads to
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tijk
abc = P̂ijk

abc

nL∑
z=1

ωz

(∑
d

e(εj+εk−εc)·tz tjk
dc(ai|bd)e(εi−εa−εb)tz

−
∑

l

e(εk−εb−εc)tz tlk
bc(ai|lj)e(εi+εj−εa)tz

)
, (42)

in the CMO basis. For the expression in the LMO and PNO
basis, we include the exponential factors in the integrals and
amplitudes and obtain grid point dependent quantities,

tijk

abc
≈ P̂ijk

abc

nL∑
z=1

ωz

(∑
d

tjzkz

dcz
(aziz |bzd) −

∑
l

tlkz

bzcz
(aziz |ljz)

)
.

(43)

To evaluate the modified integrals, we use for the LMOs again
the grid point dependent MO coefficients defined in Eq. (2)
and for the (modified) TNOs,

Cz
µc =

∑
c

Cµce−εctz dijk
cc , (44)

where dijk
cc are the TNO coefficients. To reduce the prefac-

tor for the evaluation of the modified TNO coefficients in the
AO basis, they are computed from grid point dependent OSV
coefficients in the AO basis. The computation of the modified
amplitudes is slightly more involved. The modification of the
TNO index can be easily achieved by adapting the overlap of
the PNO and TNO spaces,

Sij,ijk,z
aij,aijk

=
∑

a

dij
a,aij

e−εatz dijk
a,aijk

(45)

The transformation of the LMO indices is best carried out in
the PNO basis to reduce the generation of overlap matrices to
a minimum. We need amplitudes with just one and with both
LMO indices transformed to the grid point dependent basis.
The transformation of one LMO index can be expressed as

tijz

ab
= tij

ab
T z

jj +
∑
k,j

T z
kj

∑
aik ,bik

Sik,ij
aik ,aij

Sik,ij

bik ,bij
tik
aik ,bik

(46)

with the transformation matrix from the LMO space to the
Laplace modified LMO space,

T z
kj =

∑
j

Tije
εj tz Tij. (47)

To obtain tiz jz
, this step is repeated with tij replaced by tijz

.
In that way we avoid the calculation of overlap matrices for

disjoint pairs Sij,kl by approximating them implicitly as Sij,kl

≈ Sij,ikSik,kl. After the evaluation of the grid point dependent
integrals and doubles amplitudes, the calculation of the (T)
correction in the TNO basis proceeds as in the semi-canonical
approximation, just that these steps have to be repeated for
every grid point.

D. TNO integral generation

For the semi canonical as well as the Laplace-transformed
triples correction, we need the integrals (iaijk |bijkcijk) and
(iaijk |kl). These are calculated in the DF approximation from
the 3-index precursors (Qijk |aijk i), (Qijk |bijkcijk), and (Qijk |kl).
In (Qijk |kl) the index l can be restricted to the subset with non-
vanishing pairs il, kl, or jl. We use with a minor modification
the local density fitting approach that is also used for PNO-
MP2 and PNO-CCSD.36 Since no appropriate triples energy
estimate is available, the maximal CCSD doubles norm of the
pairs ij, ik, jk is used to bias the selection of a triples specific
auxiliary basis. A shell of auxiliary functions is selected if it
fulfills the condition

Qijk =
{

Q|max (SQi,SQj,SQk) · fijk ≥ TDF

}
, (48)

where SQi are the overlap criteria36 between auxiliary basis
functions and LMOs, TDF the density fitting truncation thresh-
old, and fijk the triple specific bias factor defined as

fijk = 2.5 · 10−3 ·

√
max

(
| |tij | |, | |tik | |, | |tjk | |

)
. (49)

The prefactor was determined by test calculations on large
glycine chains and confirmed to not significantly affect the
reaction energies presented in Section V C.

E. Triples corrections for the explicitly
correlated variants

As in the canonical implementations, the explicitly cor-
related CCSD variants are combined with a triples correction
which is computed without including geminal contributions.
To correct partially for this approximation, we take up the
(T*) correction proposed by Knizia et al.52 which scales
the so-computed triples correction by the ratio between the
PNO-MP2-F12 and PNO-MP2 correlation energies. To avoid
recomputation of the PNO-MP2 energy, it is exploited that
the PNO-MP2-F12 energy can be separated into an explicitly
correlated and a conventional part,

LPNO-MP2-F12 =
∑
i≤j

(
2 − δij

) ∑
ab

uij

ab
gij

ab︸                        ︷︷                        ︸
Ecorr

PNO-MP2

+
∑
i≤j

(
2 − δij

) (
Bij

ij − X ij
ij

(
εi + εj

)
+ 2V ij

ij + uij

ab
Cij

ab

)
︸                                                            ︷︷                                                            ︸

∆Ecorr
F12

. (50)

In contrast to the canonical case Ecorr
PNO-MP2 is in a PNO-MP2-

F12 calculation smaller than in a not explicitly correlated PNO-
MP2 calculation. This is due to the fact that in the F12 variant
the virtual space is spanned by the more compact F12-PNOs.
This leads to slightly larger scaling factors which implicitly
corrects for the fact that the doubles amplitudes in the smaller
F12-PNO basis are also used to compute the triples correction.

IV. COMPUTATIONAL DETAILS

All calculations were performed with a development
version of the TURBOMOLE package.53 The canonical
CCSD[F12](T) and CCSD(F12*)(T) calculations were car-
ried out with the ccsdf1248 module, whereas the local devel-
opment version of the pnoccsd program was used for the
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PNO-CCSD[F12](T) and PNO-CCSD(F12*)(T) calculations.
We used the correlation consistent cc-pVTZ and aug-cc-pVXZ
basis set families54–56 with X = D, T and the def2-XZVP
basis sets with X = T, Q together with the optimized auxil-
iary basis sets (CABS, C, and JK basis sets) from Refs. 57–60.
As correlation factor, we used in all calculations

f (r12) = −
1
γ

exp (−γ · r12) , (51)

where the exponential is approximated by a linear combination
of six gaussians as described in Ref. 27 and the exponent γ was
optimized for specific basis sets. In the current study a value
of 1.40 was used for the different basis sets.

V. RESULTS AND DISCUSSION
A. The TNO truncation threshold

To test how to choose the threshold TTNO as function of
the PNO threshold TPNO, calculations for a small test set of
dimers were carried out, where we investigated the relative
error in interaction energies and varied TPNO and TTNO. The
test set includes the water-water, the water-peptide, MeNH2-
peptide, MeNH2-water, and the AcOH-AcOH dimers from the
S66 set.61 The calculations were carried out in the aDZ and
aTZ basis sets. Figure 3(a) shows the mean relative error as a
function of the TNO truncation threshold for different values
of TPNO. The curves start to flatten out at TTNO = TPNO. After
that point tighter TNO truncation thresholds no longer improve
the accuracy. This observation is not unexpected since the dou-
bles space that is used in the triples correction is restricted via
TPNO. The range of eigenvalues in the TNO eigenvalue prob-
lem is predetermined by the range of the PNO eigenvalues.
Figure 3(b), which shows the mean relative error in the inter-
action energies as function of TPNO for various values of TTNO,
demonstrates how TPNO limits the accuracy. Based on these
results, we decided to set TTNO to the same value as TPNO for
the subsequent analysis of the accuracy and performance of
PNO-CCSD(T) and PNO-CCSD(F12*)(T).

B. Accuracy and performance of the Laplace triples
correction

The additional costs for the Laplace transformed PNO-
CCSD(T) variant is directly proportional to the number of
required Laplace grid points. Therefore it is important to study

how many grid points are needed to ensure converged energy
differences. For this purpose a test set of 11 reactions — listed
in Table II — was chosen. This test set will also be used in
further assessments.

In a first step, calculations with different convergence cri-
teria for the numerical Laplace transformation were carried out
in the def2-TZVP basis to study how reaction energies con-
verge with the accuracy of the Laplace transformation. The
grid points tz and quadrature weights ωz are determined by
minimizing the Laplace error function

Flap =

∫ xmax

xmin

dx*
,

1
x −

nz∑
z

ωze
−x ·tz +

-

2

. (52)

√
Flap is the root mean square deviation for the error in the

numerical integration.17,62 xmin and xmax are set, respectively,
to the smallest and largest orbital energy denominators and the
number of grid points nz is increased until the

√
Flap for the

optimized tz and ωz decreased below the required threshold
(vide infra).

As a reference to assess the accuracy of the numerical
Laplace transformation for the (T) correction, we used calcu-
lations, where it is ensured that

√
Flap ≤ 10−5. For the PNO

calculations, a TPNO and TTNO threshold of 10−7 was chosen.
Figure 4 shows the deviations relative to this reference point
as a function of

√
Flap. As comparison the lines for the (T0)

approximation are plotted as horizontal lines. The errors sys-
tematically decrease with

√
Flap. But differences in the slopes

can be observed. On the first view the distribution seems to
be quite broad, but this is due to the logarithmic scale. For√

Flap ≤ 10−2 the errors are smaller than 0.1 kJ/mol and thus
smaller than the expected error due to the PNO and TNO trun-
cations and the expected accuracy of the underlying method.
At this point the number of grid points is usually in the range
of 3–4.

C. Reaction and interaction energies

To investigate the effect of the difference between the (T0)
and the Laplace-transformed (T) triples correction on the accu-
racy of reaction energies, we carried out calculations in the
def2-TZVP and def2-QZVPP basis sets and compared them
with the canonical CCSD(T) results. First we want to discuss
the results in the def2-QZVPP basis, which are compiled in
Table III. For analysis the mean error ∆ and the mean absolute

FIG. 3. Averaged relative error in the
PNO-CCSD(T) interaction energies
plotted against the PNO and TNO
truncation thresholds. The errors are
given with respect to the total interac-
tion energy. The number of Laplace
points was determined by requiring that
the root mean square deviation in the
numerical integration for the Laplace
transformation

√
Flap (see Sec. V B) is

below 10−2.
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TABLE II. Numbering of the studied reactions.

Number Reaction

01 Neo-pentane→ n-pentane
02 Ethandiole→ dimethylperoxide
03 Benzene + 3H2 → cyclohexane
04 3H2 + N2 → 2NH3

05 Hexanoic acid→ methylpivlate
06 Dihydrofuran-2(3H)-one→ vinylacetate
07 Tetrahydropyran-2-one→ acetylacetone
08 2 2,3-dimethyl-2-butene→ octamethylcyclobutane
09 Pyrazole→ imidazole
10 CO + H2O→ CO2 + H2

11 Furane + NH3 → pyrrole + H2O

error |∆| are given. The absolute error |∆| for the whole test set
is the most important measure for the accuracy. PNO-CCSD
shows with 0.30 kJ/mol a quite small error; for PNO-CCSD(T)
the error is with 0.80 kJ/mol substantially larger, but still in
an acceptable range. One might assume that this indicates
that the TNO space should be increased, but as discussed
in Section V A, a decrease of TTNO below TPNO does not
significantly improve the accuracy anymore since the TNO
space is restricted by the PNO spaces of the contributing pairs.
The mean absolute error of the PNO-CCSD(T0) results is
about twice as large as for PNO-CCSD(T) but with 1.61 kJ/mol
still small. Large deviations occur mainly if highly symmet-
ric molecules are involved as it is the case for the reactions
03, 04, and 10. A reaction where PNO-CCSD(T0) as well
as PNO-CCSD(T) have exceptional large errors is reaction
08. This is because in contrast to the educt the product,
octamethylcyclobutan, is a very compact sterically overloaded
molecule, so that a larger intramolecular basis set superposi-
tion error (BSSE) than in the educt occurs. The double and
triple excitations which mainly cause the BSSE are the first

FIG. 4. Dependence of the absolute errors ∆E (kJ/mol) in reaction energies
on the square root of the Laplace error function

√
Flap. The errors of the T0

approximation are depicted as horizontal lines and share the same color as
the line for the reaction. For reactions 1–7 dashed lines are used, while for
reactions 8–11 dotted lines are used.

ones which are skipped in the truncated PNO and TNO expan-
sions. That the exceptional large deviations are related to
intramolecular BSSE is corroborated by the semi-empirical
geometrical counterpoise (gCP) correction developed by
Kruse and Grimme.63 The gCP correction is parameterized for
different basis sets for HF and DFT. The largest basis for which
gCP has been parameterized is def2-TZVP. At the HF/def2-
TZVP level the gCP correction for reaction 08 is 5.5 kJ/mol.
Of course it is only an empirical correction and it would be
smaller in the def2-QZVPP basis. Nevertheless it shows the
huge impact of intramolecular BSSE for this reaction. One
could argue that the PNO-based calculations deliver for this
kind of systems more accurate results, but this argumentation
is dangerous since it is hard to accurately quantify the BSSE

TABLE III. Errors in PNO-CCSD, PNO-CCSD(T0), and PNO-CCSD(T) reaction energies with TPNO = TTNO
= 10−7 relative to canonical CCSD and CCSD(T) calculations for the def2-QZVPP basis. As comparison also the
canonical reaction energies Ereac are given.

PNO-CCSD PNO-CCSD(T0) PNO-CCSD(T) Ereac
CCSD Ereac

CCSD(T)

Reaction kJ/mol

01 �0.02 �0.31 �0.10 �13.33 �15.97
02 0.43 1.40 0.82 �273.15 �264.93
03 �0.31 4.03 0.33 �309.41 �291.14
04 0.23 2.16 0.20 �125.42 �118.12
05 �0.41 �1.60 �1.06 39.30 35.08
06 0.04 �0.39 0.10 59.42 57.86
07 0.01 �0.65 �0.05 28.69 27.73
08 �1.11 �4.03 �4.60 �69.45 �80.38
09 0.03 0.29 0.14 �47.81 �45.49
10 �0.42 �2.68 �1.08 �16.03 �25.68
11 0.17 0.31 0.30 �73.98 �74.42

∆ �0.12 �0.13 �0.46
|∆ | 0.29 1.62 0.80
∆max �1.11 �4.03 �4.60

For TPNO = TTNO = 10=8:
08: �0.57 �2.19 �2.71 �69.45 �80.38
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TABLE IV. Deviations of PNO-CCSD, PNO-CCSD(T0), and PNO-
CCSD(T) reaction energies with TPNO = TTNO = 10−7 from untruncated
CCSD, CCSD(T0), and CCSD(T) reference results. As comparison also the
energy differences between CCSD(T) and CCSD(T0) are listed as ∆(T0) in
the last column. All results are for the def2-TZVP basis.

PNO-CCSD PNO-CCSD(T0) PNO-CCSD(T) ∆(T0)

Reaction kJ/mol

01 0.07 −0.07 −0.04 −0.22
02 0.32 0.63 0.65 0.69
03 −0.45 −0.09 −0.10 3.58
04 0.08 0 .22 0.26 1.94
05 −0.31 −1.02 −0.97 −0.69
06 0.08 0 .17 0.15 −0.54
07 −0.13 −0.17 −0.33 −0.60
08 −1.37 −4.39 −4.41 0.28
09 0.00 0.05 0.05 0.16
10 −0.48 −1.00 −1.01 −1.77
11 0.05 0.09 0.09 0.20

∆ −0.19 −0.51 −0.51 0.28
|∆ | 0.30 0.72 0.73 0.97
∆max −1.37 −4.39 −4.41 3.58

and its relation to the PNO error. With TPNO = TTNO = 10−8

the error reduces by roughly a factor of two. For this reaction
the contribution of the triples correction is quite large and,
although the absolute values of the errors are above the average
for the test set, the relative errors in the triples correction are
in the same ballpark as for the other reactions.

To investigate in more detail the relation between errors
from the PNO and TNO truncation and the error due to
the (T0) approximation, we repeated the calculations in
def2-TZVP basis64 for which we also computed CCSD(T0)
reference results without PNO or TNO approximation. The

results are listed in Table IV. If PNO-CCSD(T0) is com-
pared with CCSD(T0) and PNO-CCSD(T) with CCSD(T),
one gets essentially the same error statistics, which shows that
the larger deviations between PNO-CCSD(T0) and CCSD(T)
are due to error accumulation. The two errors have in the
majority of cases the same sign. PNO-CCSD(T) and PNO-
CCSD(T0) recover a different amount of the correlation energy
(see Table V). With a threshold of TPNO = 10−7 PNO-CCSD
recovers without correction for discarded pairs and PNOs
on average 99.86% of the CCSD correlation energy in the
def2-QZVPP basis, with a standard deviation of 0.03%. With
the correction, which slightly overshoots, the PNO-CCSD
correlation energy amounts on average to 100.02% of the
canonical value. The correction systematically improves the
results, which is also indicated by the smaller standard devia-
tion ∆STD of only 0.01%. PNO-CCSD(T0) recovers around
91.63% of the (T) contribution while PNO-CCSD(T) cap-
tures 96.77%, which is a significant improvement, but the
relative errors are nevertheless larger than for the CCSD con-
tribution. Furthermore the standard deviation of the errors is
larger, which will lead to a poorer error compensation for
energy differences. For the latter, however, the contributions
to the errors in the total correlation energy are more impor-
tant. From Table V it is evident that the error of the (T0)
approximation dominates at this level the overall error and
limits the accuracy, while the Laplace-transformed (T) correc-
tion reaches a similar accuracy as the uncorrected PNO-CCSD
results.

So far the analysis only dealt with variants of PNO-
CCSD(T) which did not use an intermediate PAO basis.
Analogous calculations for the same test set in the def2-
QZVPP65 basis were carried out with the OSVs expanded
in a preselected set of PAOs as described in Sec. II B 2.
The results compiled in Table VI show that the errors are

TABLE V. Percentage of the CCSD correlation energy and the perturbative triples correction (T) recovered by the
PNO methods for def2-QZVPP with TPNO = TTNO = 10−7. ECCSD is the PNO-CCSD result without and Ecorrected

CCSD
the result with the perturbative correction for discarded PNOs and pairs (see Sec. II E). The columns (T0) and (T)
list the results for the triples correction relative to the canonical (T) values as reference. The last three columns

show the contributions to the relative error δPNO
Y =

EY−EPNO-Y
ECCSD(T)

in the final CCSD(T) correlation energy.

Molecule ECCSD Ecorrected
CCSD (T0) (T) δPNO

CCSD δPNO
(T0) δPNO

(T)

Octamethylcyclobutane 99.80 100.01 91.68 95.25 0.19 0.29 0.14
Hexanoic acid 99.87 100.02 91.18 96.30 0.13 0.26 0.09
n-pentane 99.90 100.04 93.22 96.76 0.09 0.18 0.07
Dihydrofuran-2(3H)-one 99.85 100.01 90.41 96.31 0.15 0.30 0.10
Binylacetate 99.86 100.01 90.26 96.50 0.13 0.31 0.10
Tetrahydropyran-2-one 99.84 100.01 90.29 95.95 0.15 0.29 0.10
Acetylacetone 99.86 100.01 90.18 96.13 0.14 0.31 0.11
2,3-Dimethyl-2-butene 99.87 100.03 93.16 97.01 0.12 0.25 0.09
Pyrazole 99.84 100.01 92.05 97.76 0.15 0.40 0.12
Imidazole 99.85 100.01 92.05 97.74 0.15 0.39 0.11
Furane 99.86 100.02 92.27 97.78 0.14 0.36 0.10
Pyrrole 99.86 100.02 92.74 97.79 0.13 0.35 0.10
Ethandiole 99.91 100.03 92.10 96.97 0.08 0.20 0.06
Dimethylperoxide 99.89 100.01 91.28 96.61 0.11 0.24 0.07

∆ 99.86 100.02 91.63 96.77 0.13 0.29 0.10
∆STD 0.03 0.01 0.86 0.37 0.03 0.07 0.02



234107-12 G. Schmitz and C. Hättig J. Chem. Phys. 145, 234107 (2016)

TABLE VI. Errors of the PAO-based versions of PNO-CCSD, PNO-
CCSD(T0) and PNO-CCSD(T) in comparison to canonical CCSD and
CCSD(T) with TPNO = TTNO = 10−7 in the def2-QZVPP basis.

PNO-CCSD PNO-CCSD(T0) PNO-CCSD(T)

Reaction kJ/mol

01 −0.07 −0.48 −0.32
02 0.43 1.45 0.88
03 −0.39 3.94 0.24
04 0.18 2.11 0.15
05 −0.49 −1.70 −1.09
06 0.06 −0.29 0.20
07 0.02 −0.51 0.28
08 −2.28 −4.50 −5.17
09 0.02 0.33 0.46
10 0.23 −2.00 −0.38
11 0.13 0.27 0.32

∆ −0.20 −0.12 −0.40
|∆ | 0.39 1.60 0.86
∆max −2.28 −4.50 −5.17

only slightly increased. The overall accuracy is not signifi-
cantly affected by the restriction of the OSVs to preselected
PAO domains. We conclude that the intermediate PAO basis
can safely be used in production level calculations.

Finally, we studied the performance of the explicitly cor-
related variants for the same test set in the def2-QZVPP basis,
but with reaction 08 excluded because the canonical refer-
ence calculations could not not be done within reasonable
time for all CCSD(T) variants. As for the canonical meth-
ods the conventional triples correction is combined with an
explicitly correlated CCSD calculation. In the canonical case
it is known that the triples correction in this approach is often

the limiting factor for the accuracy relative to the CCSD(T)
basis set limit.52 Due to the smaller magnitude of the dou-
bles amplitudes in CCSD[F12] and CCSD(F12*) the triples
correction is smaller as well and not exactly as accurate as in
the conventional case. As discussed in Sec. III E this effect is
enhanced in the PNO implementation. Therefore, we studied
if the more compact F12-PNOs lead to a significant reduction
of the accuracy for the connected triples correction. Table VII
summarizes the results for the explicitly correlated PNO meth-
ods. As observed already in Ref. 40 the errors are somewhat
larger than for the conventional PNO methods, if one compares
for the latter with the result that includes the perturbative cor-
rection for discarded PNOs which is not available for the F12
methods. The mean average PNO and TNO truncation errors
of the explicitly correlated PNO methods are close to those
for the corresponding non-F12 PNO methods with this correc-
tion. Important is the comparison between the (T) corrections.
There is no large decline in accuracy with F12-PNOs although
the errors are slightly larger. Again it can be concluded that the
combination with the conventional (T) correction can be done
in a black box manner without further caution. As expected
the errors for the scaled triples correction are slightly reduced
compared to the unscaled variants since the scaling factors are
larger than in the canonical case. But the effect is small.

D. Performance using an intermediate PAO basis

For the efficiency of the hybrid PAO-OSV-PNO approach,
it is essential how many PAOs are on average required to obtain
an accurate basis of OSVs. Table VIII lists the statistics for a
series of polycyclic aromatic hydrocarbons in the cc-pVTZ
and aug-cc-pVTZ basis sets. It is evident that there is a sig-
nificant difference between the basis sets with and without
augmentation with diffuse functions. In the cc-pVTZ basis the

TABLE VII. Errors for the explicitly correlated PNO-CCSD variants in comparison to their canonical counterparts with TPNO = TTNO = 10−7 in the def2-
QZVPP basis for the test set without reaction 08. The last three rows list for comparison the result for the non-F12 methods for the same set of methods—in
parentheses without the correction for discarded PNOs which is not available for the F12 variants.

PNO-CCSD
(F12*) (F12*)(T0) (F12*)(T) [F12] [F12](T0) [F12](T) (F12*)(T0*) (F12*) (T*)

Reaction kJ/mol

01 −0.29 −0.83 −0.67 −0.27 −0.80 −0.64 −0.80 −0.63
02 0.76 2.30 1.79 0.51 1.99 1.47 2.23 1.68
03 −0.52 3.99 0.38 −0.77 3.64 −0.02 3.54 −0.37
04 −0.05 1.81 0.04 −0.06 1.78 −0.01 1.95 0.04
05 −1.04 −2.61 −2.12 −0.90 −2.45 −1.95 −2.49 −1.96
06 0.53 0.39 0.92 0.45 0.30 0.84 0.24 0.81
07 0.66 0.60 1.27 0.60 0.54 1.22 0.47 1.20
09 0.05 0.40 0.18 −0.03 0.31 0.08 0.30 0.06
10 −0.43 −1.86 −1.37 −0.56 −3.45 −1.96 −3.19 −1.56
11 0.19 0.40 0.26 0.21 0.43 0.29 0.49 0.32

∆ −0.01 0.46 0.07 −0.08 0.23 −0.07 0.27 −0.04
|∆ | 0.41 1.38 0.82 0.40 1.43 0.77 1.43 0.78
∆max 1.04 3.99 2.12 0.90 3.64 1.96 3.54 1.96

Non-F12 methods
∆ −0.03 (−0.06) 0.26 (0.23) −0.04 (−0.07)
|∆ | 0.19 (0.45) 1.26 (1.36) 0.38 (0.66)
∆max 0.43 (1.11) 4.03 (4.18) 1.08 (1.77)
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TABLE VIII. Average number of PAOs as intermediate basis for the OSVs. In parenthesis the percentage of the
full AO space is given. The PAO threshold was chosen as TPAO = 10−9.

Benzene (%) Naphthalene (%) Anthracene (%) Tetracene (%) Pentacene (%)

aug-cc-pVTZ 391 (94) 585 (91) 745 (85) 796 (72) 800 (60)
cc-pVTZ 238 (90) 340 (83) 408 (73) 458 (65) 493 (58)

percentage of required PAOs declines faster. For both basis sets
the asymptotic limit is not reached up to pentacene, but from
the trend it is clear that the number of PAOs becomes constant
at a certain system size and that a huge reduction is possible,
which can be exploited in the integral transformations.

To study the effect of the PAO selection on the scaling
of the computational costs, we carried out calculations for a
series of glycine chains in the def2-TZVP basis with using
CCSD(T), PNO-CCSD(T), and PAO-PNO-CCSD(T) and the
(T0) variants of PNO methods. For PNO-CCSD(T) the number
of Laplace points was 4 for Gly1–Gly4 and 5 for Gly8. The wall
timings are depicted in Fig. 5. Only for Gly1 the canonical
implementation is slightly faster. Already for Gly2, the benefit
of the PNO/TNO implementation is substantial. The curves for
PAO-PNO-CCSD(T) and PNO-CCSD(T) are in the beginning
very close, but start to diverge at around 500 basis functions.
It is evident that the difference between both implementations
increases with the system size, but up to 1000 basis functions it
is currently not that significant. This conclusion might change
if all parts of our code are adapted to an intermediate PAO
basis. Currently the benefits of the PAO basis are only exploited
for the computation of the connected triples correction. The
comparison of the calculation with and without Laplace triples
correction shows that the curves are only separated by an offset.
The slopes are nearly identical.

Table IX lists the parameters for power laws of the form
10A × NB

bas fitted to the data points for two different PNO and
TNO thresholds. At first glance it surprises that the effec-
tive scaling for PNO-CCSD(T) decreases if the thresholds
are tightened. This behaviour originates from the increased

FIG. 5. Wall timings (in seconds) for glycine chains (Gly)n with n = 1, 2, 4, 8
(def2-TZVP basis) using canonical CCSD(T), PNO-CCSD(T), and PAO-
PNO-CCSD(T) with a PNO- and TNO- threshold of TTNO = TPNO = 10−7.
For better comparison, the calculations were done without any parallelization.

prefactor of the TNO integral constructions, which scales
quadratically with the system size. For the variants with an
intermediate PAO basis we observe the expected opposite
behaviour which is that the exponent increases. A closer look
at the power laws reveals that for canonical CCSD(T) the
asymptotic scaling of O(N 7) is not yet reached.

E. Large scale example

As a large scale example we present results for a
calix[4]arene-water complex (Fig. 6). Calix[n]arenes are an
interesting application since they are used for molecular
machines67 and are models for ion pumps.68 They have indus-
trial as well as biological relevance, and theoretical methods
can help to get a deeper insight into the underlying mecha-
nisms. With PNO methods, it becomes possible to carry out
accurate CCSD and CCSD(T) calculations on these large sys-
tems. For the calix[4]arene water complex, the binding energy
of the water molecule is calculated as

Eint = EC4A–H2O
C4A–H2O (C4A–H2O) − EC4A

C4A (C4A) − EH2O
H2O (H2O),

(53)

where the superscripts indicate the basis and the subscripts the
structure. Since a large BSSE can be expected, counterpoise
corrected energies were calculated as

ECP
int = E int + ∆ECP, (54)

where ∆ECP was obtained as

∆ECP = EH2O
C4A–H2O(H2O) − EC4A–H2O

C4A–H2O (H2O)

+EC4A
C4A–H2O(C4A–H2O) − EC4A–H2O

C4A–H2O (C4A–H2O).

(55)

This system was studied before by Hontama et al. in Ref. 66.
They have done (non-F12) DF-MP2 calculations up to the
aQZ basis, which allows a good comparison with our PNO-
MP2-F12/aDZ results (Table X). We were able to do calcula-
tions from the PNO-MP2-F12 up to the PNO-CCSD(F12*)(T)
level of theory in this basis. The PNO-MP2-F12/aDZ values
agree quite well with the DF-MP2/aQZ values and show the
expected enhancement in basis set convergence due to F12

TABLE IX. Fitted power laws for the wall time of the different PNO-
CCSD(T) implementations and canonical CCSD(T) (def2-TZVP basis).

TPNO PAO-PNO-CCSD(T) PNO-CCSD(T) CCSD(T)

10−7 10−2.02N2.47
bas 10−2.82N2.79

bas 10−9.96N5.79
bas

10−8 10−1.53N2.50
bas 10−1.98N2.67

bas 10−9.96N5.79
bas
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FIG. 6. The calix[4]arene water complex.

theory. For the other methods we expect a similar agreement
with their canonical counterparts.

From the results we can conclude that the structure of
the complex is only stable because of the dispersion inter-
action. On the HF level we see a repulsive interaction. All
other methods show an attractive interaction, but the results
vary in magnitude. As often observed, MP2 overestimates
the dispersion interaction. A substantial deviation from the
PNO-CCSD(F12*) and PNO-CCSD(F12*)(T) results can be
observed. For this system we see a close agreement of the
(T) and (T0) approximations. The deviation of 0.1 kcal/mol is
insignificant. On the other hand, the contribution of the coun-
terpoise correction is still significant, especially for the CCSD
variants which include a triples correction. The conventional
calculation of the triples correction leads to a larger BSSE
than at the CCSD level. PNO-SCS-MP2-F12 agrees reason-
ably well with PNO-CCSD(F12*)(T) and could be used as a
cost efficient alternative if PNO-CCSD(F12*)(T) calculations
are not possible. The time determining calculation on the dimer
took 34 days with OpenMP parallelization on 6 CPU of an Intel
Xeon X5670 CPU with 2.93 GHz and 48 GiB main memory.
The PNO-CCSD(F12*)(T0) calculation could be finished in
around 16 days. It has to be noted that these timings refer to an
older version of our code, where some rearrangements in the
integral evaluation were not included, which lead to a further

TABLE X. Counterpoise corrected ECP
int and uncorrected Eint binding ener-

gies for the water molecule in the calix[4]arene water complex using TPNO
= 10−7. The PNO calculations were done in the aDZ basis. The DF-MP2
results are from Ref. 66.

Method ECP
int (kcal/mol) Eint (kcal/mol)

HF 4.26 2.27
PNO-MP2-F12 �7.72 �8.50
PNO-SCS-MP2-F12 �4.95 �5.70
PNO-CCSD(F12*) �4.13 �5.03
PNO-CCSD(F12*)(T0) �5.16 �6.56
PNO-CCSD(F12*)(T) �5.26 �6.65
PNO-CCSD(F12*)(T*) �5.60 �7.02
DF-MP2/aTZ �7.97 �10.29
DF-MP2/aQZ . . . �8.94

increase in efficiency. But already with this preliminary imple-
mentation PNO-CCSD(F12*)(T0) calculations on this kind of
systems became a standard task, which can be finished in a bit
more than two weeks.

VI. CONCLUSION AND OUTLOOK

We presented an implementation of explicitly correlated
PNO-based local coupled cluster singles and doubles with
inclusion of a perturbative triples correction within the hybrid
OSV-PNO scheme, which does not neglect the off-diagonal
elements of the Fock matrix by using Laplace transformation
techniques. While the virtual pair space is spanned by PNOs
and in the explicitly correlated variants by F12-PNOs, the vir-
tual space in the triples correction is spanned by TNOs, which
are obtained by merging the PNO spaces. In contrast to the
often used semi-canonical (T0) approximation, our method
can in the limit of no PNO and TNO truncation converge to
the canonical result. For routine application, 3–4 grid points
for the numerical Laplace transformation are usually sufficient
to ensure converged energy differences. Compared to the (T0)
approximation, the Laplace transformed (T) approach reduces
the mean absolute deviation (MAD) for reaction energies sub-
stantially. The required TNO integrals can be obtained from
AO or PAO integrals. For the selection of the PAO domains
we use a procedure, which determines the domains on the fly
during the OSV construction. The use of PAO intermediates
speeds up the integral transformation step. This effect starts to
become significant if more than 800 basis functions are used,
while the error due to the intermediate PAO basis is negligible.
The combination of the conventional triples correction in the
PNO/TNO framework can be safely combined with explicitly
correlated PNO-CCSD models although in that case the more
compact F12-PNOs are used. The effect of smaller F12-PNO
space on the accuracy of the triples accuracy is negligible.
With the PNO implementation, we could perform accurate
calculations on a calix[4]arene water complex from the PNO-
MP2-F12/aDZ level up to PNO-CCSD(F12*)(T*)/aDZ level
of theory, which yielded a binding energy of around −5.60
kcal/mol. The calculation could be finished in a bit more than
a month while it is out of reach for canonical methods. A
comparison of the PNO-MP2-F12 results with conventional
DF-MP2 results in the aQZ basis shows a good agreement,
which can also be expected to hold for the higher correlated
methods.
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