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The Cotton-Mouton effect~magnetic field induced linear birefringence! has been studied for neon
and argon using state-of-the-art coupled cluster techniques. The coupled cluster singles, doubles and
triples~CCSDT! approach has been used to obtain static benchmark results and the CC3 model with
an approximate treatment of triple excitations to obtain frequency-dependent results. In the case of
neon the effect of excitations beyond triples has also been estimated via coupled cluster calculations
including quadruple excitations~CCSDTQ!, pentuple excitations~CCSDTQP!, etc. up to the full
configuration-interaction level. The results obtained for the anisotropy of the hypermagnetizability
Dh~v!, the molecular property that determines the magnetic field induced birefringence of
spherically symmetric systems, areDh52.89 a.u. for neon andDh524.7 a.u. for argon, with a
negligible effect of frequency dispersion. For neon we could estimate an absolute error onDh of 0.1
a.u. The accuracy of these results surpasses that of recently reported experimental data. ©2004
American Institute of Physics.@DOI: 10.1063/1.1805491#

I. INTRODUCTION

When linearly polarized electromagnetic radiation
traverses a region of space where a magnetic induction field
perpendicular to its direction of propagation exists, it ac-
quires an ellipticity. This is the result of a linear birefrin-
gence, or anisotropy of the refractive index,Dn5ni2n' ,
whereni and n' refer to the refractive indices parallel and
perpendicular to the applied magnetic field. The effect was
first observed in fluids almost a century ago, and has been
given the name Cotton-Mouton effect~CME!, after the sci-
entists who first performed a systematic detailed
investigation.1–3 A fundamental contribution to the theoreti-
cal understanding of the effect was given by Buckingham
and Pople.4 A comprehensive discussion of the theoretical
foundations and practical aspects, including a thorough ac-
count of the literature from the discovery of the effect to the
end of last century can be found in Ref. 5.

During the last ten to fifteen years there has been a
growing interest in the CME, both theoretically and experi-
mentally. The CME of helium was calculated in 1991 by
Bishop and Pipin,6,7 using explicitly correlated wave func-
tions, giving an accuracy that exceeded by several orders of
magnitude that of an experiment performed the same year by
Cameron and co-workers.8 The CME of neon was measured
in 1991 also by the same group.9 The following year Bishop
and Cybulski,10 using second-order Møller-Plesset perturba-
tion theory ~MP2!, and Jaszun´ski and co-workers,11 using

multiconfigurational self-consistent-field~MCSCF! response,
calculated an effect more than twice as large as the one ob-
served by Cameron and co-workers. The CME of argon has
been measured by Carusotto and co-workers12 and it is in
good agreement with both the MP2 calculation of Bishop
and Cybulski10 and the MCSCF response estimate of Jaszun´-
ski, Jørgensen, and Rizzo.13

Recently Muroo and co-workers have performed a new
experimental investigation of the CME for helium, neon, and
argon.14 Previous data for helium and argon were confirmed.
For neon the discrepancy between calculations and experi-
ment was only partly resolved as the reported experimental
results still had large error bars. The large difference between
the experimental and the calculated CME for neon has thus
been present for the last thirteen years, a rather unique oc-
currence in a field where theory and experiment have other-
wise reached reasonable agreement.

In the last two decades noticeable advancements have
been made inab initio methods for studying higher-order
nonlinear optical response properties. Coupled cluster~CC!
theory,15–19 in particular, nowadays represents an accurate
and powerful tool for predicting the properties for systems of
increasing complexity. The development of hierarchies of
electronic structure models and basis sets has allowed to ef-
ficiently monitor the effect of multiple excitations in the
cluster amplitudes, and coupled cluster response theory20 has
evolved to become an extremely appealing and accurate
method to account for electron correlation effects in the cal-
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culation of frequency-dependent higher-order properties.
Furthermore, CC models which consider triple excitations
have been demonstrated to be the methods of choice for ob-
taining quantitative accuracy. Among these, CC singles and
doubles~CCSD! ~Ref. 21! with a noniterative correction for
triple excitations—CCSD~T! ~Ref. 22!—is currently the
most popular choice for structural studies and prediction of
static properties. For frequency-dependent properties, how-
ever, iterative approximations such as the CC3 model23,24

have been proven an adequate approximation to the full
treatment of triple excitations at the CCSD triples~CCSDT!
level.25–27

Successful efforts have been made to provide analytical
derivatives for models beyond the CCSD and CCSD~T! level
of theory.28–30 For example, in Ref. 30 highly accurate
nuclear magnetic shieldings have been obtained for a series
of diatomic and triatomic molecules by means of analytic
second derivatives for the full CCSDT model. Extension to
first and second analytic derivatives for general coupled clus-
ter schemes31,32 within the framework of a string-based
many-body formalism33 represents the most recent progress.

In the present contribution, we report a determination of
the CME of neon and argon using the Hartree-Fock self-
consistent-field~HF-SCF!, MP2, CCSD, CCSD~T!, CC3,
and CCSDT electronic structure models by finite~electric!
field techniques based on the analytic determination of
magnetizabilities.34 The use of various hierarchies of
correlation-consistent basis sets up to quintuple-z level en-
sures the benchmark quality of the results. The effect of ex-
citation levels beyond triples is analyzed in some detail for
neon, where for basis sets of d-aug-cc-pVDZ quality static
CME results with full inclusion of quadruple@CCSDT qua-
druples ~CCSDTQ!# and quintuple excitations@CCSDTQ
pentuples~CCSDTQP!# in the cluster operator as well as at
the full configuration-interaction~FCI! level were obtained.
For the d-aug-cc-pVTZ basis, results of corresponding CCS-
DTQ calculations are also given. It should be noted that
these are the first calculations where fourth derivatives of
higher-order CC as well as FCI energies are computed.

CC3 first-order properties,28,35,36excitation energies,37–39

transition moments,39 linear,40–42 and quadratic41,43–45 re-
sponse properties have been calculated at several instances
where a proper account of electron correlation effects has
proven to be of importance. Very recently the first implemen-
tation of CC3 cubic response functions has been
completed.46,47 In the present work CC3 quadratic and cubic
response theory is used for a detailed study of the dispersion
of the CME. Calculations have been carried out for a wave-
length of 632.8 nm, employing basis sets of up to t-aug-cc-
pV5Z quality for neon and d-aug-cc-pV5Z quality for argon.
As a result, we obtain estimates for the CME of neon and
argon gas where electron correlation and dispersion effects
are accounted with an accuracy higher than currently pro-
vided by experiment.

II. THEORY

In a Cotton-Mouton experiment the observable is the
ellipticity acquired by a linear polarized light beam in the
birefringent medium. For weak field strengths, the ellipticity

is proportional to the anisotropy of the refractive indexDn
5ni2n' , whereni andn' refer, respectively, to the refrac-
tive indices parallel and perpendicular to the external applied
magnetic induction fieldB.

Buckingham and Pople4 showed that the anisotropy of
the refractive index in a diamagnetic system can be ex-
pressed as

Dn5
1

4pe0

27B2

2Vm
mC~v!, ~1!

if Vm is the molar volume,v the laser frequency, ande0 the
vacuum permittivity. For closed shell atoms the so-called
Cotton-Mouton constantmC(v) becomes5 (z arbitrary!

mC~v!5
2pNA

27
Dh~v!5

2pNA

27
@hzzzz~v!2hzzxx~v!#,

~2!

whereNA is Avogadro’s number andDh is the anisotropy of
the hypermagnetizabilityh. The tensorh can be defined
through a perturbative expansion of the frequency-dependent
electric dipole polarizability a(2v;v) in the external
~static! magnetic induction fieldB.48 The second-order term
in the expansion ofa(2v;v)ab

B 2a(2v;v)ab
0 determines

the hypermagnetizabilityh:

h~2v;v,0,0!abgd5
]2a~2v;v!ab

]Bg]Bd
. ~3!

It contains two contributions,5,49 a paramagnetic (habgd
p ) and

a diamagnetic (habgd
d ) term, which, in the notation of ana-

lytic response theory,50,51 can be written as

habgd
p ~2v;v,0,0!52^^ma

e ;mb
e ,mg

m ,md
m&&v,0,0, ~4!

habgd
d ~2v;v,0!5^^ma

e ;mb
e ,jgd

d &&v,0 , ~5!

habgd~v!5habgd
p ~2v;v,0,0!1habgd

d ~2v;v,0!, ~6!

i.e., as a combination of a quadratic and a cubic response
function. The electric dipole operatorma

e , is given as

ma
e52(

i
r i ,a

G , ~7!

where r i ,a
G is the a component of the position operator for

electroni , and the superscriptG denotes the choice of the
gauge origin,r i ,a

G 5r i ,a2RG,a if RG,a is thea component of
the gauge origin. The magnetic dipole operatorma

m is given
as

ma
m52 1

2(
i

l i ,a
G , ~8!

where l i ,a
G 5eabgr i ,b

G pi ,g is the a component of the angular
momentum operator for electroni , eabg is the Levi-Civita
alternating tensor andpi ,g is the g component of the linear
momentum operator. Finally,jab

d denotes the diamagnetic
magnetizability operator

jab
d 52 1

4(
i

@~r i
G!2dab2r i ,a

G r i ,b
G #. ~9!

The change of the anisotropyDh~v! when the origin changes
from RG to RG8 5RG1OG has been discussed, for example,
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by Cybulski and Bishop.52 The CME can easily be seen to be
gauge-origin independent following the procedure outlined
in Ref. 53 and discussed in detail in Ref. 54. The interested
reader will find a discussion of this aspect in the Appendix.

The dependence on the gauge origin is nonphysical and
vanishes for exact states, whereas it occurs in general in
approximate calculations, where finite basis sets are used.
The gauge-origin dependence can be removed in finite basis-
set calculations by the use of gauge-including atomic orbitals
~GIAO’s!, also known as London atomic orbitals
~LAOs!.55–57 For atoms, choosing the gauge-origin at the
nucleus is equivalent to the use of GIAO’s.

Equation 3 provides a first clue on a possible pathway to
the ab initio study of the CME in isolated systems. The
frequency-dependent electric dipole polarizability can be
computed in the presence of the perturbation due to a mag-
netic induction field, and the hypermagnetizability is ob-
tained by finite difference. This approach, applied by Cybul-
ski and Bishop in Ref. 52, unfortunately resorts to complex
algebra, as the perturbation is purely imaginary, and is not
available in a more general context of standard electronic
structure codes where wave functions are usually constrained
to be real. We therefore use a different finite-field approach
introduced in the CME studies in Ref. 34, where the magne-
tizability j is calculated in the presence of the external elec-
tric field F. The static hypermagnetizabilityhabgd is then
obtained using numerical differentiation as

habgd5S ]2jgd

]Fa]Fb
D U

F50

. ~10!

This technique is exploited in the present work to obtain the
static hypermagnetizabilities from magnetizabilities obtained
as analytical second derivatives for HF-SCF, MP2, CCSD,
CCSD~T!, CC3, CCSDT, CCSDTQ, and higher excitation
wave functions. In these calculations the derivatives are—
unless noted differently—obtained with orbital relaxation ef-
fects included, i.e., the Hartree-Fock orbitals are allowed to
relax to the applied fields. This approach is used in the fol-
lowing to obtain benchmark values for the static limit of the
birefringence.

The magnetic field induced birefringence may also be
obtained from analytic calculations of the frequency-
dependent quadratic and cubic response functions in Eqs.~5!
and ~4!. The analytic evaluation of the quadratic response
function has been available since the beginning of the 1990s
at the HF-SCF and MCSCF level,58 and later at the CC2,
CCSD,59 CC3,43 and DFT ~Ref. 60! levels, whereas cubic
response was first coded at HF-SCF and MCSCF level61 in
1996, and is nowadays available at the CC2, CCSD,62 and
DFT levels.63 In the present work, we employ a newly imple-
mented analytical quadratic and cubic response code46,47 for
CC3 to obtain the frequency-dependent hypermagnetizability
anisotropies. In these calculations, orbital relaxation is not
included to avoid artifacts from the uncorrelated frequency-
dependence of the Hartree-Fock orbitals.

For atoms the evaluation of the CME in terms of qua-
dratic and cubic response functions may be reduced to the
calculation of the Cauchy momentsS(22n) and the dipole-
dipole-quadrupole hyperpolarizability dispersion coefficients

B(2n).4,6,7 This technique is not used here, as the Cauchy
MomentsS(22n) and the dipole-dipole-quadrupole disper-
sion coefficientsB(2n), are currently only available for the
CC2 and CCSD models.64,65

III. COMPUTATIONAL DETAILS

As described above, the calculations of the static hyper-
magnetizabilities of neon and argon have been carried out at
the HF-SCF, MP2, CCSD, CCSD~T!, CC3, and CCSDT lev-
els using analytically evaluated magnetizabilities30,32,66–68

together with a finite electric field approach. In these calcu-
lations, the molecular orbitals are allowed to relax with re-
spect to both the electric and the magnetic field. Particular
care has been taken to ensure numerical stability. While in
previous studies of hypermagnetizabilities34,69,70an electrical
field strength of 0.01 a.u. was used and derivatives were
obtained using a simple three-point procedure, field strengths
of 0.0001 a.u. together with sufficiently tight convergence
thresholds both in the HF-SCF and the coupled cluster cal-
culations are employed in the present work.71

As a result the calculated hypermagnetizabilities are nu-
merically stable to at least four decimal digits for neon, and
at least three decimal digits for argon. The finite-field calcu-
lations were carried out using a local version of theACESII

program package,72 while the CCSDTQ, CCSDTQP, and
FCI calculations were performed using a string-based many-
body code31–33 interfaced toACESII.

Both the static and frequency-dependent hypermagnetiz-
abilities were also calculated from analytic quadratic and cu-
bic response functions~for CC methods with unrelaxed or-
bitals! for HF-SCF, CC2, CCSD, and CC3 using a local
version of theDALTON package.73

A wide range of correlation consistent basis sets, ranging
from doublez to quintuplez and from singly augmented to
triply augmented, was employed.74,75For neon and argon, we
present results obtained also with the t-aug-cc-pCVXZ (X
5T,Q) core-valence sets.74–77 Unless otherwise stated, no
frozen-core approximation has been used, i.e., all electrons
were correlated.

IV. RESULTS AND DISCUSSION

A. Neon

In Tables I–IV the results for the static hypermagnetiz-
ability componentshzzzzandhzzxxand the anisotropyDh are
given for neon. In Table I static MP2, CCSD, CCSD~T!,
CC3, and CCSDT results are given using the orbital-relaxed
finite field approach. Table II gives CCSD, CCSDT, CCS-
DTQ, CCSDTQP, and FCI results using the same finite-field
approach and the d-aug-cc-pVDZ and~up to CCSDTQ!
d-aug-cc-pVTZ basis sets. In the latter set of calculations the
occupation of the 1s2 core has been kept frozen. For com-
parison, orbital-unrelaxed results are also given for the
d-aug-cc-pVDZ basis set in Table II.

Tables III and IV report results using the CCS, CC2,
CCSD, and CC3 coupled cluster hierarchy based on analyti-
cal calculations of the quadratic and cubic response function
together with the corresponding analytic HF-SCF values.
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Table III gives the static and Table IV the corresponding
frequency-dependent results for a wavelength of 632.8 nm.

1. Basis-set convergence

Since basis-set convergence is similar in the orbital-
relaxed and the orbital-unrelaxed calculations and basically
independent of the frequency argument ofh, we will discuss
this aspect only for the static orbital-relaxed results. In Figs.
1 and 2 the basis-set convergence of thehzzzz and hzzxx

components is shown for the electronic structure methods
HF-SCF, MP2, CCSD, CCSD~T!, CC3, and CCSDT. For
both hyperpolarizability components and for all augmenta-
tion levels the convergence is basically monotonic with in-
creasing cardinal number.

For hzzzzthe singly augmented basis sets converge from
above, whereas the doubly and triply augmented basis sets
converge from below. In particular the triply augmented ba-
sis sets converge fast. From the results in Table I the
CCSD~T!/t-aug-cc-pV5Z result may be estimated to be
,0.01 a.u. away from the basis-set limit result~judged and
estimated by the corresponding difference between the X
5Q and X55 result!. The basis-set convergence forhzzxx is
similar to that ofhzzzz, except that the convergence for all
augmentation levels is from above. It appears that the
CCSD~T!/t-aug-cc-pV5Z result is,0.03 a.u. away from the
basis-set limit~again judged by the difference between the
X5Q and X55 result!. For Dh we may expect the
CCSD~T!/t-aug-cc-pV5Z result to not differ more than
'0.05 a.u. from the basis-set saturated value.

2. Convergence in the electron-correlation treatment

In Table II CCSD, CCSDT, CCSDTQ, CCSDTQP, and
FCI results are given for the doubly augmented basis sets
with cardinal numbers X5D, T. They clearly show that
electron-correlation effects beyond CCSDT can be neglected
for the orbital-relaxed approach. For bothhzzzzandhzzxx the
difference between the CCSDT/d-aug-cc-pVDZ and FCI/d-
aug-cc-pVDZ results is,0.01 a.u. and therefore of no im-
portance for the accuracy we are aiming at in this investiga-
tion. The CCSDT results may thus be viewed as basically
identical to the fully correlated hypermagnetizability results
for neon. Comparison of the CCSDT and CCSD results
shows that including triples leads to an increase of the an-
isotropy by 3%–5%, slightly increasing with the cardinal
number X and the augmentation level.

3. Orbital-relaxed vs orbital-unrelaxed results

Of particular interest in this study is a comparison of
orbital-relaxed~Table I! and orbital-unrelaxed~Table III! re-
sults. The CCSD orbital-unrelaxed results for both the paral-
lel and perpendicular component of the hypermagnetizability
are about 5%–10% larger in absolute terms than their re-
laxed counterparts. These percentages are approximately five
times smaller at the CC3 level.

A further reduction by a factor of 2 appears when triple
excitations are rigorously included at the CCSDT level, cf.
CCSDT/d-aug-cc-pVDZ results in the orbital-relaxed and
orbital-unrelaxed approximations in Table II. Inclusion ofTA
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higher excitations leads~as expected! to a further decrease in
the differences between the orbital-relaxed and-unrelaxed re-
sults, see again Table II.78

4. All-electron calculation in valence basis sets

The results reported in Table I have been obtained with
valence basis sets in the all-electron calculations. This may
lead to an unbalanced description of the core effect. For ex-
ample in all-electron calculations of equilibrium geometries
using a cc-pVTZ basis artificially large core effects have
been observed.19 For higher cardinal numbers this artificial
large core effect tends to vanish as the description of the
core-valence region improves. To investigate the conse-
quences of using valence basis sets in all-electron calcula-
tions we report in Table III also all-electron results obtained
using the t-aug-cc-pCVTZ and t-aug-cc-pCVQZ core-
valence basis sets. Forhzzzz the difference between all-
electron CCSD values using the t-aug-cc-pCVTZ and the
t-aug-cc-pVTZ basis sets is only'0.032 a.u. For the
quadruple-z basis sets ~t-aug-cc-pCVQZ and t-aug-cc-
pVQZ! the difference lowers to'0.014 a.u., i.e. about half
of the difference for X5T. For the quintuple-z basis sets we
expect the differences to become again smaller.

5. Dispersion

The frequency dispersion of the hypermagnetizability
tensor components and of the anisotropy can be determined
by comparing the data of Table IV computed for a wave-
length of 632.8 nm with the corresponding static results of
Table III. Both hzzzz and hzzxx have for this wavelength a
similar and very small frequency dependence. At the CC3/t-
aug-cc-pV5Z level the difference between 632.8 nm and the
static limit is for hzzzzandhzzxx, respectively, only 0.0634
a.u. and 0.0651 a.u. For the anisotropy~i.e., the difference
between these two components! the dispersion thus basically
vanishes. The same trend is seen also for the lower-level
models in the coupled cluster hierarchy.

The two measurements of the CME of neon reported in
the literature have been performed at wavelengths of 514.5
nm ~Ref. 9! and 790 nm,14 respectively. Due to the small
effect of dispersion seen at 632.8 nm, the frequency depen-
dence may be also safely neglected for these frequencies.

6. Best estimates for Dh

We will now derive ‘‘best estimates’’ for the hypermag-
netizability anisotropy aiming at a total accuracy of 0.1 a.u.
The CCSDT results were shown to reproduce the FCI results
to within 0.01 a.u. for both components of the hypermagne-
tizability. Our starting point will thus be the CCSDT/d-aug-
cc-pV5Z result in Table I, i.e.,Dh(0)52.8375 a.u. To this
value we add the difference between the CCSD~T! results in
the same table obtained with the t-aug-cc-pV5Z~2.8887 a.u.!
and the d-aug-cc-pV5Z~2.8403 a.u.! basis sets. This leads to
a value of Dh(0)52.8859 a.u. Basis set effects beyond
t-aug-cc-pV5Z, the largest source of uncertainty in the
present study, are significantly below 0.1 a.u. The same is
expected for the relativistic effects which have been ne-
glected in the present work. All the other sources of error,
correlation effects beyond triples, convergence of orbital-
relaxed and orbital-unrelaxed approaches, the fact that va-
lence basis sets were used in all-electron calculations, each
estimated to be lower than'0.01 a.u., have no significant
effect and the final estimate of the static anisotropyDh~0! is
thus'2.89 a.u. with an absolute error that can be conserva-
tively estimated to be of 0.1 a.u. This value should be com-
pared to the CC3/t-aug-cc-pV5Z value of'2.91 a.u. in Table
III, giving a correlation error in CC3 of'0.02 a.u.

As discussed above, the dispersion of the anisotropy can
be neglected and our final estimate of theDh is thus
'2.89 a.u.~with an absolute error of 0.1 a.u.! for both the
wavelengths of 514.5 and 790 nm.

With the exception of relativistic effect, not considered
at this stage, these best estimates should account for all pos-
sible contributions to the observable in the CME of neon,
and should then be as accurate as it is possible to obtain with
current available state-of-the-art techniques.

B. Argon

The hypermagnetizability results for argon are given in
Tables V–VII. Parallel to Table I for neon, Table V includes
the static hypermagnetizabilitieshzzzz(0;0,0,0) and
hzzxx(0;0,0,0) and the anisotropyDh(0)5hzzzz(0;0,0,0)
2hzzxx(0;0,0,0), obtained using a finite-field approach in
the MP2, CCSD, CCSD~T!, CC3, and CCSDT models.
Tables VI and VII include the hypermagnetizabilities
hzzzz(2v;v,0,0), hzzxx(2v;v,0,0), and the anisotropy
Dh(v)5hzzzz(2v;v,0,0)2hzzxx(2v;v,0,0) obtained for

TABLE II. Neon. The static hypermagnetizabilitieshzzzz(0;0,0,0) andhzzxx(0;0,0,0), and the anisotropyDh(0)5hzzzz(0;0,0,0)2hzzxx(0;0,0,0) computed
using a finite electric field approach, analytically evaluated magnetizabilities, and the frozen core approximation.

d-aug-cc-pVDZ d-aug-cc-pVTZ

Orbital-relaxed Orbital-unrelaxed Relaxed

hzzzz hzzxx Dh hzzzz hzzxx Dh hzzzz hzzxx Dh

CCSD 23.4666 25.0121 1.5455 23.8068 25.4205 1.6137 23.1481 25.2679 2.1198
CCSDT 23.6642 25.2582 1.5939 23.6944 25.2942 1.5997 23.3743 25.5786 2.2043
CCSDTQ 23.6604 25.2536 1.5932 23.6598 25.2531 1.5932 23.3739 25.5782 2.2043
CCSDTQP 23.6571 25.2499 1.5928 23.6566 25.2493 1.5927
FCI 23.6568 25.2496 1.5927
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the HF-SCF, CCS, CC2, CCSD, and CC3 hierarchy of ana-
lytic response functions in the static case and at a wavelength
of 632.8 nm, respectively. As for neon, the results presented
in Table V are obtained in an orbital-relaxed approximation,
whereas those of Tables VI and VII~except at the HF-SCF
level! are obtained using an orbital-unrelaxed approach.

1. Basis-set and correlation convergence

The basis-set convergence is similar though somewhat
less regular for argon than for neon, see Table V and Figs. 3
and 4 forhzzzz(0) andhzzxx(0), respectively. The conver-
gence is rather smooth already with doubly augmented basis
sets of triple-z quality for hzzzz(0), whereas small oscilla-
tions can be seen forhzzxx(0) as the size of the basis in-
creases. The differences between CCSDT/t-aug-cc-pVQZ
and CCSDT/t-aug-cc-pVTZ results are'0.6 a.u. for
hzzzz(0), '1.0 a.u. forhzzxx(0), and'0.4 a.u. forDh~0!,
corresponding to changes in the order of 1%–2% upon in-
creasing the cardinal number at this level.

The basis-set convergence is very similar for all the cor-
related wave function models. As for neon, absolute values
of both tensor components and the anisotropy increase by
'3% – 4.5% when going from CCSD to CCSDT. For the
t-aug-cc-pVQZ basis set, the increase is of'0.8 a.u. For
argon we have no estimates for the effect of excitations be-

FIG. 1. Neon. The dependence of the hypermagnetizability tensor compo-
nenthzzzz(0) ~in a.u.! on the basis set. Cardinal number on the abscissa.

FIG. 2. Neon. The dependence of the hypermagnetizability tensor compo-
nenthzzxx(0) ~in a.u.! on the basis set. Cardinal number on the abscissa. TA
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yond triple excitations. As the effect of triple excitations for
the anisotropy of the hypermagnetizability is of the same
relative size for argon and neon, it is probably justified to
assume that for argon the effect of excitations higher than
triples is also small and may be neglected.

2. Orbital-relaxed vs orbital-unrelaxed results

As for neon, an analysis can be made for argon concern-
ing the relationships between orbital-relaxed and orbital-
unrelaxed results by comparing the CCSD and CC3 columns
of Tables V and VI. CCSD orbital-unrelaxed results for the
tensor components are on the average 4% to 5% larger than
their orbital-relaxed results. Negligible differences, at most
0.2%–0.3%, appear for the CC3 values corresponding to ab-
solute differences not greater than 0.02–0.03 a.u. These are
far smaller than the uncertainties resulting from the basis set
and correlation treatment. It is thus reasonable to expect that
for all practical purposes, CCSDT orbital-relaxed and
orbital-unrelaxed results are essentially identical.

3. All-electron calculation in valence basis sets

For argon we have, as for neon, performed all-electron
calculations with triply augmented valence and core-valence
sets, see Tables VI and VII. The differences between the

results in core-valence and valence basis sets decrease when
increasing the cardinal number from T to Q. At the CC3
level, the difference between the t-aug-cc-pCVTZ results and
t-aug-cc-pVTZ is'0.38 a.u. forDh. For the corresponding
quadruple-z basis sets the difference lowers slightly to
'0.32 a.u. For all wave function models, the use of core-
valence correlation consistent sets leads to a decrease in the
absolute value of the hypermagnetizability anisotropy.

4. Dispersion

The frequency dispersion of the hypermagnetizability
tensor components and of the anisotropy can be discussed by
comparing the analytic response data of Table VII, computed
at a wavelength of 632.8 nm, with those of Table VI. The
parallel component changes by at most'5%, and the per-
pendicular component by'2.5% for basis sets of reasonable
good quality and are rather independent of the electronic
structure model. Once again, the anisotropy, due to a cancel-
lation of the contributions to dispersion, is basically unaf-
fected. Thus for the d-aug-cc-pV5Z basis set, at the CC3
level, the increase of the anisotropy of the hypermagnetiz-
ability when going froml5` to l5632.8 nm is only 0.016
a.u., corresponding to about 0.065%.

For argon, as for neon, two measurements have been
reported for the CME, one at 514.5 nm~Ref. 12! and one at
790 nm.14 Using the same arguments as for neon, the fre-
quency dispersion can be neglected when comparing the
present results with experiment.

5. Best estimates

Our best estimate for the static hypermagnetizability an-
isotropy is obtained by adding to the CCSDT/t-aug-cc-pVQZ
result~25.005 a.u.! the difference between the CC3/t-aug-cc-
pCVQZ ~24.776 a.u.! and CC3/t-aug-cc-pVQZ~25.097 a.u.!
values, thus considering explicitly the correction due to the
use of core-valence sets in all-electron calculations. The
‘‘best static estimate’’ thus obtained isDh(0)'24.7 a.u. The
frequency dispersion can be neglected. In the case of argon
we do not specify an absolute error, as done for neon, since
above we could only speculate on the quantitative effect of
the limitations in our approximations. For example and in
particular, we miss in this case information on the effect of
excitations beyond triples in the cluster expansions, which
we can only expect as being small. A precise value for the
absolute error cannot in our view be substantiated.

C. Comparison with previous calculations
and with experiment

Table VIII contains our best estimates for the hyperma-
gnetizability anisotropyDh and, for comparison, previous
theoretical results and experimental results.

1. Ne

The CME of neon has been studied by Jaszun´ski and
co-workers using MCSCF response methods,11 and their es-
timate, for a wavelength of 514.5 nm, is of 2.670
60.145 a.u. Bishop and Cybulski, using MP2 perturbation
theory, determined a value of 3.029 a.u. atl5632.8 nm,
which becomes 3.034 a.u. at 514.5 nm.10 Their static limit

FIG. 3. Argon. The dependence of the hypermagnetizability tensor compo-
nenthzzzz(0) ~in a.u.! on the basis set. Cardinal number on the abscissa.

FIG. 4. Argon. The dependence of the hypermagnetizability tensor compo-
nenthzzxx(0) ~in a.u.! on the basis set. Cardinal number on the abscissa.
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estimate wasDh(0)53.017 a.u.10 Hättig and co-workers,79

using CCSD with a q-aug-cc-pV5Z basis set and with all
electrons correlated obtained values ofDh of 2.869 a.u. (l
5`), 2.868 a.u. (l5632.8 nm) and 2.866 a.u. (l
5514.5 nm). Coriani, Ha¨ttig, and Rizzo80 have published
values of Dh52.841 a.u. (l5`), Dh52.838 a.u. (l
5632.8 nm), andDh52.836 a.u. (l5514.5 nm), obtained
again using a CCSD response approach and a d-aug-cc-
pV5Z basis set with the 1s electrons frozen.

The analysis of the results of measurements of the CME
of neon atl5514.5 nm, a temperature of 298.15 K, and
extrapolated at a pressure of 1 atm leads to an experimental
estimate ofDh51.2560.07 a.u.9 Very recent measurements,
employing different experimental conditions (l5790 nm, a
pressure of 1.523105 Pa and temperatures in the range 285–
293 K! yield an estimate ofDh of 3.261.2 a.u., see Ref. 14,
as a value estimated for an average of 289 K.

Our currentab initio result, Dh52.89(10) a.u., con-
firms and sets a precise and reliable interval of confidence for
the previous CCSD estimates of Refs. 79 and 80. The
MCSCF response result of Ref. 11 underestimateDh,
whereas MP2 theory10 overestimates it. Concerning compari-
son with experiment, the current benchmarkab initio value
is quite close to the center of the distribution of the measure-
ments of Ref. 14. Agreement with experiment is on the other
hand guaranteed by the huge error bars in the experimental
results. As far as the experimental results in Ref. 9 is con-
cerned, the current study confirms that the estimate these
authors obtain is probably flawed due to some undetected
systematic error.

2. Ar

Previous theoretical values forDh of argon were com-
puted by Bishop and Cybulski, using a pseudoenergy MP2
approach (Dh525.68 a.u. atl5632.8 nm,Dh525.70 a.u.
at l5514.5 nm),10 by Jaszun´ski and co-workers, who em-

ployed MCSCF response (Dh524.15 a.u., at l
5514.5 nm) ~Ref. 13! and by Coriani, Ha¨ttig, and Rizzo
(Dh524.40 a.u., l5`, Dh524.39 a.u., l5632.8 nm,
Dh524.36 a.u.,l5514.5 nm).80

Carusotto and co-workers have measured aDh530.0
64.5 a.u., forl5514.5 nm.12 Muroo and co-workers very
recently measured a value ofDh52765 a.u., at a wave-
lengthl5790 nm, a pressure of 1.523105 Pa, and tempera-
tures in the range 285–293 K.14 As for neon, the value is
estimated for an average of 289 K.

The presentab initio estimate, 24.7 a.u., including the
effect of triple excitations, corrects upward by a fraction of
an atomic unit the previous CCSD values of Ref. 80, thus
placing the CC value in between the MCSCF response13 and
the pseudoenergy MP2~Ref. 10! estimates. Agreement be-
tween theory and experiment for the CME of argon has never
been apparently a problem, and this study is no exception.

D. Digression. Change of the origin of the magnetic
induction field

When the origin of the gauge for the magnetic induction
field is changed, the anisotropy of the hypermagnetizability
changes as discussed in the Appendix, see Eq.~A6!. The
dependence on the vector describing the change of origin can
be written explicitly as a function of the coordinates of the
displacement and of two response functions, i.e.,G i

5^^mz
e ;mz

e ,m i
p ,m i

p&& with i 5z and i 5x. These response
functions vanish for complete one-electron basis sets, when
the hypervirial relationship holds. The extent to which these
responses are different from zero and approach zero as the
quality of the basis set improves can be used as an indicator
of the degree of completeness of the one-electron basis set.
In Table IX these response functions are listed for the range
of correlation-consistent basis sets employed throughout this
study.

TABLE VIII. Comparison of present results for the hypermagnetizability anisotropyDh with previousab initio
estimates and with experiment.

l This worka Otherab initio Expt.

Neon ` 2.89~10! 2.841,b 2.869,c 2.687,d 3.017e

790 nm 3.261.2f

632.8 nm 2.838,b 2.868,c 3.029e

514.5 nm 2.836,b 2.866,c 2.67060.145,d 3.034e 1.2560.07g

Argon ` 24.7 24.40h

790 nm 2765,f

632.8 nm 24.39,h 25.68e

514.5 nm 24.36,h 25.70,e 24.14i 30.064.5j

aThe number in parentheses, when present, indicates the estimated absolute error on the last digit. Frequency
dependence negligible, see text.

bReference 80, orbital-unrelaxed CCSD/d-aug-cc-pV5Z with frozen 1s orbital.
cReference 79, orbital-unrelaxed CCSD/q-aug-cc-pV5Z with all electrons correlated.
dReference 11, MCSCF response.
eReference 10, pseudoenergy MP2.
fReference 14, pressure of 1.523105 Pa, temperatures in the range 285–293 K. The value is estimated for an
average of 289 K.

gReference 9, temperature of 298.15 K and extrapolated at a pressure of 1 atm.
hReference 80, orbital-unrelaxed CCSD/d-aug-cc-pV5Z with frozen core.
iReference 13. MCSCF response.
jReference 12.
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From the data in the table it can be seen that theGx and
Gz response functions do indeed become smaller and smaller
as the basis-set quality increases. The observed trend is slow
but quite smooth.

V. CONCLUSIONS

We have performed a detailed study of the hypermagne-
tizability anisotropy of neon and argon. To this end we have
used the most recent state-of-the-art wave functions and
property models, and a wide range of correlation-consistent
basis sets. The static hypermagnetizability has been calcu-
lated, using a finite~electric! field procedure from analyti-
cally obtained magnetizabilities using approaches ranging
from HF-SCF, MP2, CCSD, CCSD~T!, CC3, CCSDT, CCS-
DTQ, CCSDTQP up to FCI. Frequency dependence has been
analyzed through analytical response-function calculations
by employing a hierarchy of coupled-cluster models ranging
from CCS to CC2, CCSD, and CC3.

We have established the convergence toward FCI results
for Ne and have shown that excitations beyond triples yield
negligible contributions to the hypermagnetizability tensor
components. For both neon and argon, a comparison of
CCSDT and CCSD results shows that inclusion of triple ex-
citations increases the anisotropy by roughly 3%–5%. As for
neon, the effect of excitations beyond triples is expected to
have only a rather small effect on the CME of argon.

Basis-set completeness has been studied in depth, and
the use of core-valence sets in all-electron calculations has
allowed to determine the effect of core correlation which has
been found to be small. An interesting part of this study has
been the comparison of results obtained at correlated level
with and without relaxation of the orbitals to the externally
applied electric field. The differences of the two approaches,
which go to zero at the FCI limit, are still sizable at CCSD
level, but the difference reduces quite rapidly as soon as
higher excitations are considered. The frequency dispersion
was analyzed, and it was found to be negligible. The only
foreseeable source of uncertainty left out of our analysis is
the effect of relativity, which has so far not been studied for
mixed electric and magnetic birefringences.

The best estimates obtained,Dh(0)52.89(10) a.u. for
neon andDh(0)524.7 a.u. for argon, with negligible fre-
quency dependence, allow to set precise, benchmark quality
references for the CME for these two gases. The accuracy
exceeds that of experiment, and the results may be used as
reference values in further measurements of the CME. The
current estimates confirm that the value measured in Ref. 9
probably is flawed due to an undetected systematic error.
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APPENDIX: MAGNETIC GAUGE DEPENDENCE

For a change of magnetic origin described by the vector
OG , the following changes apply to the expressions in Eqs.
~4! and ~5!—DGP below indicates@P(RG8 )2P(RG)#—

DGhabgd
p ~2v;v,0,0!

51 1
2 egshOG,s^^ma

e ;mb
e ,mh

p ,md
m&&v,0,0

1 1
2 edtrOG,t^^ma

e ;mb
e ,mg

m ,mr
p&&v,0,0

2 1
4 egsnedtrOG,sOG,t^^ma

e ;mb
e ,mn

p ,mr
p&&v,0,0, ~A1!

DGhabgd
d ~2v;v,0!51 1

4 OG,g^^ma
e ;mb

e ,md
e&&v,0

1 1
4 OG,d^^ma

e ;mb
e ,mg

e&&v,0

2 1
2 OG,edgd^^ma

e ;mb
e ,me

e&&v,0 , ~A2!

where we have introduced the operator

TABLE IX. Dependence of the hypermagnetizability anisotropy~response functionsG i5^^mz
e ;mz

e ,m i
p ,m i

p&& with i 5z and i 5x; see the Appendix! on the
change of origin of the magnetic gauge.

Basis set

Neon Argon

CCSD CC3 CCSD CC3

Gx Gz Gx Gz Gx Gz Gx Gz

aug-cc-pVDZ 21.5760 20.9420 21.6207 20.9313 225.9216 26.0506 226.4575 26.0407
aug-cc-pVTZ 23.3526 21.4104 23.4932 21.5137 223.9340 210.7063 225.3344 211.5164
aug-cc-pVQZ 23.4075 21.1984 23.6684 21.4128 216.3580 22.6349 218.0929 23.6218
aug-cc-pV5Z 21.9414 20.4680 22.2667 20.7428 26.5109 21.7477 28.0154 22.6843

d-aug-cc-pVDZ 27.0890 20.8201 27.2565 21.1331 245.2861 210.3237 246.5400 210.9706
d-aug-cc-pVTZ 22.7177 20.4982 23.0566 20.8250 26.7734 20.9979 28.3438 22.1474
d-aug-cc-pVQZ 21.0103 20.1421 21.3545 20.4540 22.0054 0.8912 23.3642 20.6462
d-aug-cc-pV5Z 0.1565 0.1941 20.1820 20.1100 0.6643 1.0434 20.5482 0.1477
t-aug-cc-pVDZ 27.4263 21.6757 27.5861 21.9632 245.5828 211.4102 246.8420 212.0695
t-aug-cc-pVTZ 20.6398 0.4388 20.3681 0.9686 0.5231 2.2251 20.8064 1.1726
t-aug-cc-pVQZ 0.2764 0.3902 20.6241 0.7809 1.5871 2.2980 0.3834 1.4106
t-aug-cc-pV5Z 0.2671 0.2431 20.6864 20.5967 1.2159 1.2554
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ma
p52(

i
pi ,a

G . ~A3!

See Eqs.~42! and ~43! in Ref. 54. For atoms, see detailed
discussion in Ref. 54, symmetry considerations simplify the
above equations to

DGhabgd
p ~2v;v,0,0!52 1

4 egsnedtrOG,sOG,t

3^^ma
e ;mb

e ,mn
p ,mr

p&&v,0,0, ~A4!

DGhabgd
d ~2v;v,0!50, ~A5!

and the effect of a change of magnetic gauge on the anisot-
ropy of the hypermagnetizability for spherical systems can
be written explicitly as

DGDh~v!5
~OG,z

2 2OG,x
2 2OG,y

2 !

4
^^mz

e ;mz
e ,mx

p ,mx
p&&v,0,0

1
OG,y

2

4
^^mz

e ;mz
e ,mz

p ,mz
p&&v,0,0. ~A6!

This equation expresses the exact dependence on the choice
of magnetic gauge in approximate calculations. When a com-
plete one-electron basis set is employed, and thus the com-
mutation relationships

@ma
e ,H#5 ima

p ~A7!

apply ~H is here the Hamiltonian!, the response function
^^ma

e ;mb
e ,mg

p ,md
p&&v,0,0 vanishes exactly,54 and, as expected,

the observable~the birefringence! becomes magnetic gauge
invariant. To prove that we make use of the symmetry of the
response functions upon a simultaneous interchange of both
the indices and the associated frequencies, and write

^^ma
e ;mb

e ,mg
p ,md

p&&v,0,05^^mg
p ;mb

e ,ma
e ,md

p&&v,2v,0 .
~A8!

Then we apply the relationship holding for cubic response
functions51,54

^^@Vv0,H#;Vv1,Vv2,Vv3&&v,2v,0

52 1
2P123̂ ^@Vv0,Vv1#;Vv2,Vv3&&2v,0 , ~A9!

whereVv denotes a perturbation associated to frequencyv,
andP( i , j ,...) generates the sum of responses with the indi-
cesi , j ,... permuted. We then recognize that in the limit of a
complete one-electron basis set, besides Eq.~A7!, also the
following relationships hold (Ne is the total number of elec-
trons!

@ma
e ,mb

e #50, ~A10!

@ma
e ,mb

p#5 iNedab , ~A11!

and end up proving trivially that the response function in Eq.
~A8! vanishes in the limit of a complete one-electron basis
set.
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33M. Kállay and P. R. Surja´n, J. Chem. Phys.115, 2945~2001!.
34A. Rizzo, T. Helgaker, K. Ruud, A. Barszczewicz, M. Jaszun´ski, and P.

Jørgensen, J. Chem. Phys.102, 8953~1995!.
35O. Christiansen, C. Ha¨ttig, and J. Gauss, J. Chem. Phys.109, 4745~1998!.
36K. Hald and P. Jørgensen, Phys. Chem. Chem. Phys.4, 5221~2002!.
37O. Christiansen, H. Koch, P. Jørgensen, and J. Olsen, Chem. Phys. Lett.

256, 185 ~1996!.
38O. Christiansen, H. Koch, A. Halkier, P. Jørgensen, T. Helgaker, and A.

Sánchez, J. Chem. Phys.105, 6921~1996!.
39F. Pawlowski, P. Jørgensen, and C. Ha¨ttig, Chem. Phys. Lett.389, ~2004!.
40O. Christiansen, J. Gauss, and J. F. Stanton, Chem. Phys. Lett.292, 437

~1998!.
41O. Christiansen, J. Gauss, and J. F. Stanton, Chem. Phys. Lett.305, 147

~1999!.
42K. Hald, F. Pawlowski, P. Jørgensen, and C. Ha¨ttig, J. Chem. Phys.118,

1292 ~2003!.
43J. Gauss, O. Christiansen, and J. F. Stanton, Chem. Phys. Lett.296, 117

~1998!.

9472 J. Chem. Phys., Vol. 121, No. 19, 15 November 2004 Rizzo et al.

Downloaded 03 Nov 2010 to 134.147.252.238. Redistribution subject to AIP license or copyright; see http://jcp.aip.org/about/rights_and_permissions



44A. Rizzo, S. Coriani, B. Ferna´ndez, and O. Christiansen, Phys. Chem.
Chem. Phys.4, 2884~2002!.

45S. Coriani, A. Halkier, D. Jonsson, J. Gauss, A. Rizzo, and O. Chris-
tiansen, J. Chem. Phys.118, 7329~2003!.

46F. Pawłowski, P. Jørgensen, and C. Ha¨ttig, Chem. Phys. Lett.391, 27
~2004!.

47F. Pawlowski, Ph.D. thesis, Aarhus University, A˚ rhus, Denmark, 2004.
48A. D. Buckingham, Adv. Chem. Phys.12, 107 ~1967!.
49D. M. Bishop, S. M. Cybulski, and J. Pipin, J. Chem. Phys.94, 6686

~1991!.
50J. Olsen and P. Jørgensen, J. Chem. Phys.82, 3235~1985!.
51J. Olsen and P. Jørgensen, inModern Electronic Structure Theory, Part II,

edited by D. R. Yarkony~World Scientific, Singapore, 1995!.
52S. M. Cybulski and D. M. Bishop, J. Chem. Phys.101, 424 ~1994!.
53S. Coriani, M. Pecul, A. Rizzo, P. Jørgensen, and M. Jaszun´ski, J. Chem.

Phys.117, 6417~2002!.
54A. Rizzo and S. Coriani, J. Chem. Phys.119, 11064~2003!.
55F. London, J. Phys. Radium8, 397 ~1937!.
56H. F. Hameka, Mol. Phys.1, 203 ~1958!.
57K. Wolinski, J. Hinton, and P. Pulay, J. Am. Chem. Soc.112, 8251~1990!.
58H. Hettema, H. J. A. Jensen, P. Jørgensen, and J. Olsen, J. Chem. Phys.97,

1174 ~1992!.
59C. Hättig, O. Christiansen, H. Koch, and P. Jørgensen, Chem. Phys. Lett.

269, 428 ~1997!.
60P. Sałek, O. Vahtras, T. Helgaker, and H. A˚ gren, J. Chem. Phys.117, 9630

~2002!.
61D. Jonsson, P. Norman, O. Vahtras, and H. A˚ gren, Theor. Chim. Acta93,

235 ~1996!.
62C. Hättig, O. Christiansen, and P. Jørgensen, Chem. Phys. Lett.282, 139

~1998!.
63B. Jansik, P. Salek, D. Jonsson, O. Vahtras, and H. A˚ gren, J. Chem. Phys.

~to be published!.
64C. Hättig, O. Christiansen, and P. Jørgensen, J. Chem. Phys.107, 10592

~1997!.

65C. Hättig and P. Jørgensen, Theor. Chim. Acta100, 230 ~1998!.
66J. Gauss, Chem. Phys. Lett.191, 614 ~1992!.
67J. Gauss and J. Stanton, J. Chem. Phys.104, 2574~1996!.
68J. Gauss and J. Stanton, Chem. Phys. Lett.276, 70 ~1997!.
69S. Coriani, A. Rizzo, K. Ruud, and T. Helgaker, Mol. Phys.88, 931

~1995!.
70S. Coriani, A. Rizzo, K. Ruud, and T. Helgaker, Chem. Phys.216, 53

~1997!.
71It should be noted that sufficient convergence in the CCSDT calculations

is only achieved by including triple excitation amplitudes into the DIIS
extrapolation procedure, something most often not done due to the addi-
tional storage requirement. Care is also required when using perturbed
canonical orbitals@J. D. Watts, J. Gauss, and R. J. Bartlett, Chem. Phys.
Letters,200, 1 ~1992!#, as numerical instabilities might spoil the required
convergence. All calculations have been therefore performed with either
the standard choice for perturbed orbitals~CCSD, CC3, CCSDT! or im-
posing the canonicity condition only on the occupied-occupied block of
the perturbed Fock matrix@CCSD~T!#.

72J. F. Stanton, J. Gauss, J. D. Watts, W. J. Lauderdale, and R. J. Bartlett, Int.
J. Quantum Chem., Quantum Chem. Symp.26, 879 ~1992!.

73T. Helgaker, H. J. A. Jensen, P. Jørgensenet al., DALTON, an ab initio
electronic structure program, Release 1.2~2001!, see http://
www.kjemi.uio.no/software/dalton/dalton.html.

74T. H. Dunning, J. Chem. Phys.90, 1007~1989!.
75D. E. Woon and T. H. Dunning, J. Chem. Phys.98, 1358~1993!.
76D. E. Woon and T. H. Dunning, J. Chem. Phys.103, 4572~1995!.
77K. A. Peterson and T. H. Dunning, J. Chem. Phys.117, 10548~2002!.
78It should be noted that due to the used frozen-core approximation, a slight

difference between the orbital-relaxed and unrelaxed results should persist
even at the FCI level.

79C. Hättig, O. Christiansen, and P. Jørgensen, J. Chem. Phys.107, 10592
~1997!.

80S. Coriani, C. Ha¨ttig, and A. Rizzo, J. Chem. Phys.111, 7828~1999!.

9473J. Chem. Phys., Vol. 121, No. 19, 15 November 2004 Cotton-Mouton effect

Downloaded 03 Nov 2010 to 134.147.252.238. Redistribution subject to AIP license or copyright; see http://jcp.aip.org/about/rights_and_permissions


