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Abstract

We present a Gaussian process regression (GPR) scheme with an adaptive regularization

scheme applied to the QM7 and QM9 test set, several protonated water clusters and

specifically to the problem of atomic hydrogen adsorption on graphene sheets. For the

last system our goal is to achieve good predictive accuracy with only a few training points.

Therefore, we assess for these systems a self-correcting multilayer GPR model, in which

the prediction is corrected by a chain of additional GPR models. In our adaptive regulari-

zation scheme, we impose no noise on the training data, but use an approach based on

the data itself to account for its impurity. The strength of this strategy is that the data

points are treated differently based on their importance and that the regularization can

still be controlled by a single parameter. We assess how the accuracy of the prediction

depends on this parameter. We can show that the new regularization scheme as well as

the multilayer approach results in more robust predictors. Furthermore, we demonstrate

that the predictor can be in good agreement with the density-functional theory results.
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1 | INTRODUCTION

Machine learning (ML) algorithms have gained a lot of interest in the

recent years and also found their way into quantum chemistry as shown

by recent work from different groups1–8 and recent special issue on this

topic9 as well as reviews,10–12 which indicate the impact of ML on theo-

retical chemistry. Algorithms like neural networks (NNs) as well as Ker-

nel based methods like support vector regression (SVR), Kernel ridge

regression (KRR) and Gaussian process regression (GPR)1have been

adapted for chemical usage. For example, NN potentials (NNPs) were

successfully used in molecular dynamic (MD) simulations for describing

surface reactions.13–15 Other applications show the usage for excited

state dynamics.16–18 Additionally, methods like NNs and GPR/KRR have

been successfully applied for the simulation of vibrational spectra,19–23

adsorption spectra24 and other types of spectra. There is work on train-

ing GPR based ML potentials on the fly.25–27 ML algorithms can be used

to accelerate geometry optimizations,28–30 to accelerate the conver-

gence in self-consistent-field methods31 or to estimate the Coupled

Cluster correlation energy based on approximate MP2 like doubles

amplitudes.32 There are definitely many more applications, but we

wanted to illustrate that ML techniques are NNs are very popular, but

more and more work on GPR/KRR continues as viable alternative. Often

the research objective gives an indication which algorithm to use. For

example, some guidelines can be found in Ref. 33. NNs are a parametric

form of fitting, while GPR/KRR perform non-parametric fitting. Having

only limited training data GPR/KRR often yields a better accuracy than
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NNs, but on the other hand NNs scale better with large training data

sets. However, also linear scaling GPR approaches have been pro-

posed34 and are also partially used in Theoretical Chemistry.35,36 An

important concept in GPR is noise which one can attribute to the data.

This noise can originate from experimental uncertainty or numerical pre-

cision, but is ultimately a tool to add flexibility to the model since the

regressor has not to pass to every training point exactly anymore. In

most cases, a constant noise is assigned to all data points. This is an

homoscedastic approach, for example, it is assumed that all data points

have the same finite variance. However, it would be beneficial if the

magnitude of the noise added is based on the importance of the data

point.37,38 However, this is a rather complicated task, but when going a

step back and take a general look at regularization, one can derive a sim-

ple approach to adapt the regularization based on the underlying data.

This can be achieved by a further analysis of the co-variance matrix,

which encodes the correlation of data points in the framework of

GPR/KRR. An eigenvalue decomposition (EVD) of this matrix can be

used to determine the number of significant training points, which are

required to represent the model. By taking a look at the Eigen spectrum

one usually observes that at some point the eigenvalues rapidly fall to

zero. These small eigenvalues represent points, which are less important

for the model, but also cause numerical problems. For example, the

matrix might then be (numerically) not positive definite and the condi-

tion number gets large. Usually these problems are accounted for by

adding a constant to the diagonal of the co-variance matrix, which is

interpreted as noise imposed on the data and shifts the eigen spectrum

by this value. Thus a small value should be applied in order to only intro-

duce minimal changes to the original co-variance matrix. In this work we

test a scheme in which the importance of a point is taken into account

and the regularization differs based on the eigenvalue decomposition.

The co-variance matrix is reconstructed using the EVD and a damped

noise added to the diagonal, which mostly affects small eigenvalues and

results in a new co-variance matrix which is closer to the original one.

Additionally, to this new regularization scheme we combine it

with a multilayer GPR approach, in which different GPR models are

chained together, where each layer tries to correct the remaining error

of the previous layer(s) to the reference output signal. A similar idea

was already presented in Ref. 39, but we combine it with an automatic

deactivation of layers and the new regularization to achieve a stable

predictor with high accuracy.

We apply the new regularization scheme to various well-known test

sets for validation of the approach, but our main goal is to train poten-

tials for hydrogen adsorption on graphene sheets. This will pave the

way to answer questions in catalysis related to hydrogen spill over,

which is interesting for hydrogen storage and hydration. Here, we want

to emphasize that in the past decade hydrogen spillover from for exam-

ple metal nanoparticles onto carbon material has gained interest since

the spillover effect significantly enhances the carbon material's capabil-

ity of storing hydrogen.40–43 The first time hydrogen spillover was

reported in 1964 by Khoobiar in Ref. 44, where he observed a transport

of hydrogen atoms from Pt to WO3. A potential application of this

effect is in future fuel cell technology as hydrogen storage. Therefore,

several experimental groups have tried to get a deeper understanding of

the details of the hydrogen spillover mechanism, which however turned

out quite difficult due to the complicated characterization of the carbon

support and the generated hydrogen spillover species. Recently, Li

et al.45 and Wang et al.46 showed that some functional groups on the

surface as well as residual moisture can enhance the hydrogen spillover

on platinum/nitrogen-doped mesoporous carbon composites. The pro-

cesses caught also the interest of theoretical groups. For example Psofo-

giannakis et al.47 shed light on the hydrogen spillover mechanism on Pt-

Doped graphite using Density-functional Theory (DFT) using the coro-

nene molecule and a Pt4 cluster as model system. Furthermore, Wu

et al.48 studied the hydrogen storage capabilities on B-doped graphene

with DFT and could show that the B-doping enhances the adsorption

strength. There is for example a recent computational study on this

matter,49 where model systems of carbon-supported palladium nanopar-

ticles are used to investigate the hydrogen spillover and the influence of

nitrogen doping on this process by means of DFT. It was found that gra-

phitic nitrogen atoms and also water molecules facilitate the hydrogen

spillover and serve as anchoring sites for the spillover hydrogen atoms.

However, further insight is needed and here ML techniques pave the

way for long-termMD simulation or to tackle larger systems.

The paper is organized as follows. First, we will give a basic over-

view about the Theory behind GPR and the adaptive regularization we

are introducing. This is followed by a recap of the self-correcting GPR

framework and available Kernel functions, which can be used in differ-

ent layers. Afterwards, it will be explained how GPR can be used to learn

properties. In the current context of atomistic potentials, by a combina-

tion of using atom centered symmetry functions (ACSFs) and Kernel

contraction. After this theory part, the computational details are out-

lined; and in the Result section, we first focus our attention on known

quantum mechanical (QM) test sets as the QM7, QM9 test set as well

as previously reported protonated water clusters. Based on these data-

bases we assess the parameters in our regularization scheme and then

apply it for the study of H adsorption on graphene sheets.

2 | THEORY

2.1 | Gaussian process regression

Gaussian process regression belongs to a class of ML algorithms based

on Bayesian inference34 and by definition a Gaussian process (GP) is a

statistical distribution of functions, for which every finite linear combi-

nation of samples has a joint Gaussian distribution. Thus, we assume

that our observed function is distributed according to a normal distri-

bution of functions.

f�N 0, Kþσ2n I
� � ð1Þ

In order to simplify things without effecting the generality of the

approach a zero mean function 0 is assumed. The term K is the co-

variance matrix, which elements i, j are obtained from a Kernel func-

tion Kij = k(xi, xj), which encodes the correlation/closeness of the data

points. The only crucial requirement of a Kernel function is that it is
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positive definite. The term σ2n I is often added as regularization term

and imposes a noise on the observations and can increase numerical

stability. This trick helps especially if the co-variance matrix is (numeri-

cally) not strictly positive definite. This approach usually works, but in

this work we will propose a scheme where this term is set to zero and

an adaptive regularization scheme is used, which we describe in more

detail in Section 2.2 and has the advantage that the changes to the

original co-variance matrix is smaller.

In order to make predictions in the framework of GPR, we condi-

tion distribution to observations f� j f�N μ, Σð Þ, which results in a

new normal distribution with new mean function,

μ xið Þ¼
Xntrain
j¼1

ωjk xi, xj
� � ð2Þ

and co-variance matrix,

Σ¼K X�, X�ð Þ�K X�, Xð ÞK X, Xð Þ�1K X, X�ð Þ , ð3Þ

where the weights are obtained as ω = K�1f and can be obtained by

solving the linear systems of equations Kω = f for which we use the

Bunch-Kaufmann decomposition which is numerically more stable than

Cholesky decomposition, which is otherwise often applied for GPR.

The co-variance matrix of the posterior distribution can be used to

judge the accuracy, since its diagonal elements represent the variance.

 f�i
� �¼Σii : ð4Þ

This is not an error bar in an absolute sense, but it is an indication if

predictions might not be trustworthy. We found that a good conser-

vative choice is to disregard predictions, when the variance is larger

than 1 � 10–1 σ2n.

2.2 | Adaptive regularization

The term in Equation (1) is a regularization term, which is interpreted

as a noise for the data. It gives GPR more flexibility since the predictor

has not to pass through each point exactly anymore. Mathematically

this term just shifts the eigen spectrum of the co-variance matrix by a

(small) constant and cures numerically instabilities if the co-variance

matrix is numerically not fully positive definite. A drawback of this

approach is that the same noise is added to each point. It would be

more beneficial if it would only be added to those having a small

eigenvalue. With this in mind, we apply a regularization scheme

known in the multi-configuration time-dependent Hartree

(MCTDH)50–52 community, which is based on the eigen decomposi-

tion of the matrix and reconstructs the co-variance matrix as:

eK¼U Dþε � exp �D=εð Þ½ �UT , ð5Þ

where ε is the term which controls the strength of regularization. U are

the eigenvectors of K, and D its eigenvalues. The new regularization

scheme is extremely attractive since the re-constructed co-variance

matrix is closer to the original one in the sense that the variance of the

data, which can be extracted from the trace is less altered. If one mea-

sures the error as the difference in the trace of original matrix K and the

re-constructed matrix eK, which is either obtained by adaptive regulari-

zation (Equation 5) or by adding the noise eK¼Kþσ2n I,

δ¼ TrK�TreK ð6Þ

the error in the conventional case is then,

δσ2n ¼ TrK�Tr Kþσ2n I
� �¼ n�σ2n ð7Þ

and for the adaptive case,

δε ¼ TrK�Tr U Dþ ε � exp �D=εð Þ½ �UT
� �

¼
X
n

εexp �Dii=ε , ð8Þ

which likely to be better since it does not directly scale with the num-

ber of training points n, but with the number of insignificant training

points, which will also scale at some point with n, but the prefactor is

largely reduced. To illustrate this for general matrices, we constructed

random positive definite 5000 � 5000 matrices and calculated the

errors in the traces with σ2n = ε= 1 � 10–8 and gathered the results

in Table 1. The average error using the adaptive regularization scheme

is three orders of magnitude smaller. Additionally, we plotted the error

in dependence of the size of the matrices in Figure 1. From this data,

it is evident that first the error introduced with the adaptive regulari-

zation scheme is smaller and that the error scales better with the

number of training points.

Note that in this study, the parameter ε will remain a user-defined

parameter, but it is possible to treat this parameter as hyperparameter

and optimize it. This can be an attractive option in the future.

2.3 | Self-correcting GPR

The adaptive regularization should give a more robust predictor since

it gives a bias to the well-represented points in the training set. An

additional ingredient for higher accuracy is to chain GPRs in layers to

correct for the error in a previous layer on input each GP has the dif-

ference of the previous layer to the output signal.

v 0ð Þ
� j v�N μ 0ð Þ, Σ 0ð Þ

� �
ð9Þ

v 1ð Þ
� j v�v 0ð Þ �N μ 1ð Þ, Σ 1ð Þ

� �
ð10Þ

v nð Þ
� j v�

Xn�1

i

v ið Þ �N μ nð Þ, Σ nð Þ
� �

ð11Þ

The same idea was presented in the context of KRR by Dral and co-

workers.39 A strength of the multilayer approach is that different
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Kernel functions can be applied to the different layers accounting for a

different type of signal. The number and types of layer (Kernel) are cho-

sen by the user. Since the self-correction scheme becomes unstable if

the correction is small we deactivate a layer when the learned signal falls

below a certain threshold Tδ, where the default is 1 � 10�7.

2.4 | Kernel functions

The Kernel function encode a measure for the closeness of data

points. We implemented the following Kernel functions, which can be

used in the different layers. The length scale specific squared expo-

nential Kernel (SCEXP):

kxy ¼ σ2f exp �0:5
Xd
i

xi�yið Þ2
l2i

 !
ð12Þ

The length scale specific Matérn 5/2 Kernel (SC52):

kxy ¼ σ2f 1þ
ffiffiffi
5

p Xd
i

j xi�yi j
li

þ5
Xd
i

xi�yið Þ2
3l2i

 !

� exp �
ffiffiffi
5

p Xd
i

j xi�yi j
li

 !
ð13Þ

The length scale specific Matérn 3/2 Kernel (SC32):

kxy ¼ σ2f 1þ
ffiffiffi
3

p Xd
i

j xi�yi j
li

 !
exp �

ffiffiffi
3

p Xd
i

j xi�yi j
li

 !
ð14Þ

The squared exponential Kernel (SQEXP):

kxy ¼ σ2f exp �0:5
x�yk k2
l2

 !
ð15Þ

The Matérn 5/2 Kernel (SC52):T
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F IGURE 1 Absolute error in the trace of random positive definite
matrices plotted against the size of the matrix.
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kxy ¼ σ2f 1þ
ffiffiffi
5

p
x�yk k
l

þ5 x�yk k2
3l2

 !
exp �

ffiffiffi
5

p x�yk k
l

	 

ð16Þ

And the Ornstein Uhlenbeck Kernel (OUEXP):

kxy ¼ σ2f exp � x�yk k
l

	 

ð17Þ

2.5 | Atomistic GPR potential

Our aim is to construct atomistic potentials using GPR. Employing

atomistic potentials, we assume that the energy of a system E can be

represented as53:

E¼
X
α

X
i � α

εαi , ð18Þ

where the sum runs over the atoms α, i are descriptors/features of

atom α and are local atom specific energy functionals. As descrip-

tor, we will employ atomic centered symmetry functions,54 which

will be described in more detail in Section 2.6. In this work, we

apply this descriptor to the several test sets, but are also inter-

ested in the H adsorption on graphene sheets. For this specific

case, it is enough to restrict the descriptor to a single atom and

therefore the sum in Equation (18) only runs over the correspond-

ing atom index. For this particular case the energies for training

are calculated as:

Eads:H2

2
¼ ESupportþH� ESupportþ1

2
EH2

� �
, ð19Þ

where ESupport + H the energy of the support including the adsorbed H

atom, ESupport only the energy of the support and the energy of molec-

ular hydrogen.

2.6 | Atomic centered symmetry functions

We implemented a slightly modified version of the atomic centered

symmetry function (ACSF) G1
i ,G

2
i , and G4

i of Behler and co-workers as

outlined in Ref. 54. The function G1
i is essentially a cut-off function

and describes the range of interactions,

G1
i ¼

X
j≠ i

fc Rij

� � ð20Þ

while the G2
i robes the angular environment around an atom,

G2
i ¼

X
j≠ i

exp �exp ηð Þ2R2
ij =R

2
c

� �
fc Rij

� � ð21Þ

and the G4
i function the angular part.

G4
i ¼21�ξ

X
j,k ≠ i j≠ kð Þ

1þ λcosθijk
� �ξ

�exp �exp ηð Þ2=R2
c R2

ij þR2
ik þR2

jk

� �� �
�fc Rij

� �
fc Rikð Þfc Rjk

� �
:

ð22Þ

In the equation, above fc is a cutoff function defined as:

fc Rij

� �¼ 0:5 1þ cos
πRij

Rc

	 

, ifRij ≤Rc

0, ifRij >Rc

8<: ð23Þ

and θijk is the angle between the triplet of atoms i, j and k. The parame-

ter λ is either 1 or � 1 and one should include both in a descriptor. The

parameter Rc the cut-off radius and η and ξ control the sensitivity with

respect to radial and angular information around atom i. Additionally, we

propose the following modifications and introduce the functions,

G2,m
i ¼

X
j≠ i

ZiZj

Rij
exp �exp ηð Þ2 Rij�Rs

� �2
=R2

c

� �
fc Rij

� � ð24Þ

And,

G4,m
i ¼21�ξ

X
j,k ≠ i j≠ kð Þ

ZiZjZk

RijRikRjk

� �d 1þλcosθijk
� �ξ

�exp �exp ηð Þ2=R2
c Rij�Rs
� �2þ Rik�Rsð Þ2þ Rjk�Rs

� �2� �� �
�fc Rij

� �
fc Rikð Þfc Rjk

� �
,

ð25Þ

where Rs is a shift, d a hyperparameter and Zi the nuclear charge

(weighted case) or set to 1 (non-weighted case). Having functions with

the same parameters, but varying the shift helps to efficiently probe

the environment around an atom.

2.7 | Coulomb matrices

A different way to represent molecular systems for use in ML applica-

tions are Coulomb Matrices.55 A coulomb matrix is calculated as follows:

Cij ¼
0:5 �Z2:4

i , if i¼ j

ZiZj

Rij
,

8><>: ð26Þ

where Zi and Zj are the nuclear charges of atoms i and j. The Coulomb

matrix gives an electrostatic descriptor for the system and the diagonal

can be interpreted as the self-interaction of an atom. Coulomb matrices

depend on the size of the molecular system and are thus not applicable

to systems with varying sizes, but one can arrive at a more transferable

descriptor by sorting the entries of the Coulomb Matrix column wise

and add zeroes for systems which have less atoms.56 We follow a similar

path, but truncate the number of atoms per column to a value ncut and

refer to this in the subsequent parts as truncated Coulomb matrices.
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This choice reflects a cutoff criterion to only consider interactions in a

given vincinity. We want to note in passing that there are many choices

on how to represent the chemical structure for use in ML. We restricted

ourselves to ACSFs and Coulomb matrices, but there are many possibili-

ties. For a recent overview, we refer to Ref. 57.

3 | KERNEL CONTRACTION

We want to learn a functional of the energy w.r.t. to atomic features.

This type of decomposition is not accessible via quantum chemical

calculations. Still, it is possible to learn the relation of different fea-

tures and one observation at once following the ideas presented by

Csányi and co-workers35,53,58 and adapted by others.59 To solve this

issue let us assume a vector P of atomic features pα so that,

P¼

pα
pβ

..

.

pω

0BBBB@
1CCCCA¼

pα,1

..

.

pα,n
pβ,1

..

.

pβ,n

..

.

pω,1

..

.

pω,n

0BBBBBBBBBBBBBBBBBBBBBBB@

1CCCCCCCCCCCCCCCCCCCCCCCA

, ð27Þ

where n is the number of features per atom (e.g., number of atom cen-

tered symmetry functions) and the atom indices run from α to ω. We

choose here ACSFs or truncated Coulomb matrices, but other choices

are possible and found in the literature. It is only important to relate

the features on the different atoms simultaneously to one observa-

tion, for example, the total energy we can modify the expression for

the co-variance matrix as:

Kij ¼
X
α � i

X
β � j

k p ið Þ
α , p jð Þ

β

� �
, ð28Þ

where p ið Þ
α are the features on atom α in the data point i. In the follow-

ing, this should be denoted as Kernel contraction. The Kernel contrac-

tion allows to learn the atomic energy contribution of a single atom by

learning the full energy. The only requirement is that the number of

features and the used functional form (e.g., parameters of the ACSFs)

are the same for all atoms.

The Kernel contraction allows to learn atom-wise properties and

makes it possible to apply GPR to any chemical system. The basic

steps for using GPR for molecular systems are summarized in

Figure 2. Given the molecular structure as Cartesian coordinates, they

have to be transformed in a set of descriptors, which in our case is

done via ACSFs. A Kernel functions is used to correlate data points

and Kernel contraction paves the ways for decompose a learned out-

put to atomic contributions. The regression step is then plain applica-

tion of GPR and the application falls again into the realm of quantum

chemistry, where properties like energies and forces can be predicted.

4 | COMPUTATIONAL METHODS

All quantum chemical calculations were performed with the Turbomole

program package60 version 7.5.61 For the DFT calculations, the ridft

module was used. Basis sets applied in the DFT calculation include the

def2-SVP62 basis set. Furthermore, Grimme's D3 dispersion correction63

was added. As functional the TPSS64 (Tao, Perdew, Staroverov, and Scu-

seria exchange and correlation functional) was chosen.

The GPR generation was done using a local development version

of the MidasCPP65 program package. The GPR hyperparameters are

optimized by maximizing the logarithm of the marginal likelihood34

using the iRprop algorithm66 as described in Ref. 28.

For the assessment of the regularization, we use the QM7 test

set55,67 and QM9 test68,69 for atomization energies and the training sets

of Schran et. al70 which contains several conformations of the proton-

ated water clusters H2O, H3O
+, H5O2+, H7O3+, H9O. The data sets

contain 6593, 7200, 9926, 10,329 and 20,664 structures, respectively.

These test sets were partitioned in training and validation sets by apply-

ing a random shuffle and extracting 5% as validation set.

To generate the training set for the H adsorption on graphene

sheets we created different graphene sheets and optimized a reaction

path for the H atom approaching the graphene sheet using the woelfling

program in the Turbomole package. For each point on the reaction path,

we performed a short molecular dynamic simulation with 256 steps to

get a configurational sampling. In the created data sets, high energy

structures are removed to arrive at a more balanced training set.

Represent System

Descriptor/Correlation Regression Application

Compare Systems

- Atomistic Properties
- Tensorial Properties
- Error Estimates

F IGURE 2 Schematic
illustration about the steps
involved in applying Gaussian
process regression to chemical
problems. First the molecular
structure has to be represented
and data points need to
correlated via a Kernel, second
the regression is performed and
third the prediction is used for
applications.
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5 | RESULTS AND DISCUSSION

5.1 | QM7 and QM9 test systems

We varied the input noise σ2n (sig) as well as the regularization parame-

ter ε (eps) for the QM7 test set of atomization energies. The hyper-

parameters remained fixed for this study for a better comparison. The

dependence of the mean absolute error (MAE) to these parameters is

shown in Figure 3. We see that with both approaches it is possible to

reach chemical accuracy, but we also see that smaller errors are

obtained for the adaptive regularization scheme compared to the reg-

ularization via noise term in case of larger values for σ2n and ε. There is

not much improvement when tightening the parameters below

1�10�7 and although the results look good in this case too tight

values can cause over-fitting. Judging from the data a value of

1�10�6 to 1�10�7 seems to be a reasonable choice.

The QM9 test set contains 133,730 structures. This is exceed-

ingly large. For our purposes, we randomly extracted 26,746 points

for training. For our assessment, we will again use the MAE w.r.t to

the validation set. Figure 4 shows the MAE for the varied regulariza-

tion parameters. Deviating from the previous test we did not go tigh-

ter than 1 � 10�9 since then over fitting occurred. We reach an MAE

around 1.5 kcal/mol. It is to note that more accurate predictions were

reported in the literature,71 but we did not extensively optimize the

hyperparameters in the GPR model nor the ACSFs. Thus, we can defi-

nitely still improve our results, but the main objective here is the com-

parison of both regularization schemes.

Setting the regularization to 1 � 10�6 seems to be a reasonable

choice. For this choice, we studied how the amount of data influences

F IGURE 3 Mean absolute error (kcal/mol) of the GPR prediction
of atomization energies based on the regularization parameters σ2n
and ε for the QM7 test set. As Kernel the SCEXP Kernel was used. In
this assessment only predictions were included for which the variance
is lower than 1�10�1 σ2n or 1�10�1 ε.

F IGURE 5 Dependence of the RMSD with respect to the amount
of data for the QM9 data set using the adaptive regularization (eps)
and the conventional (sig) approach. As Kernel the SCEXP Kernel was
used. In this assessment only predictions were included for which the
variance is lower than or 1 � 10�1 ε.

F IGURE 4 Mean absolute error (kcal/mol) of the GPR prediction
of atomization energies based on the regularization parameters σ2n
and ε for the QM9 test set. As Kernel the SCEXP Kernel was used. In
this assessment only predictions were included for which the variance
is lower than 1�10�1 σ2n or 1�10�1 ε. As descriptor we use a
combination of different ACSFs including G2

i ,G
4
i , and weighted G2,m

i

and G4,m
i functions.

TABLE 2 Number of neglected predictions for both regularization
schemes.

ε,σ2n (kcal/mol)

Nscreen

(eps) (sig)

1 � 10�3 0 0

1 � 10�4 0 0

1 � 10�5 0 1

1 � 10�6 0 2

1 � 10�7 1 7

1 � 10�8 2 14

1 � 10�9 3 17
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(A) (B)

F IGURE 6 Mean absolute error MAE (Eh) of the GPR prediction of total energies based on the regularization parameters and ε as well as the
RMSD per atom (kJ/mol) for systems of protonated water clusters. As Kernel the SCEXP Kernel was used. In this assessment only predictions
were included for which the variance is lower than 1 � 10�1 σ2n or 1�10�1 ε.

(A) (B)

F IGURE 7 Dependence of
the RMSD with respect to the
amount of data using the adaptive

regularization (eps) and the
conventional (sig) approach. As
Kernel the SCEXP Kernel was
used. In this assessment only
predictions were included for
which the variance is lower than
1 � 10�1 σ2n or 1�10�1 ε.

F IGURE 8 Examples of
considered system for the H
adsorption on graphene. Different
functionalizations are accounted for
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the accuracy of the predictor in form of the root-mean-square devia-

tion (RMSD) for both regularization schemes. For this purpose, we

randomly selected smaller subsets of the training data and re-trained

the predictor. The trend is depicted in Figure 5. Both regularization

scheme perform equally well. For small amounts of the data, the con-

ventional one is a bit more accurate and for large amount of data the

adaptive one works slightly better.

Overall, the accuracy is quite similar, but the adaptive scheme has

the more robust predictor. This can also be shown by our exclusion

criterion, where we do not include predictions for which the variance

is lower than or 1 � 10�1 σ2n 1�10�1 ε. In production calculations,

one would treat these predictions with caution and likely retrain the

model including the exact data for these points. Table 2 lists the num-

ber of excluded predictions for both schemes. We observe that only

very few points are removed using the adaptive regularization. Espe-

cially for low values for the regularizer the difference becomes appar-

ent. This is an important feature for applications in Bayesian

optimization and will likely result in fewer points being re-calculated.

5.2 | Protonated water clusters

In an next assessment step we considered the protonated water clus-

ters mentioned in the computational details section. Again we varied

the regularization parameters and calculated the MAE in a.u. and the

RMSD per atom in kJ/mol. The data is depicted in Figure 6. The error

statistics for the smaller systems are a bit better, but further tuning of

the hyperparameters in GPR or in the ACSFs will most likely fix this

issue. Furthermore, the main objective is to compare the two regulari-

zation scheme. Again, we observe a similar behavior. As expected the

MAE and RMSD decreases when tightening the parameters and for

larger parameters the adaptive scheme results in improved error sta-

tistics. The differences between both schemes are still somewhat

small, but the adaptive regularization systematically works better. The

curves start to flatten out around values of 1 � 10�6 for the regulari-

zation parameters. Like for the QM9 test set we studied how the

amount of data influences the accuracy of the predictor. The trend is

shown in Figure 7 and a bit more clear than in the case of the QM9

test case. We see that the adaptive regularization results in a more

accurate predictor. It is to note that the differences are still small, but

it is also to note that the differences are more pronounced for larger

training sets. This makes sense since the adaptive scheme should put

more emphasize on points, which are consistent with the model.

5.3 | H adsorption on graphene

5.3.1 | Initial test set

For the QM7 and QM9 test sets, we observed a good predictive accu-

racy and could asses computational settings. For the H adsorption on

graphene we first want to explore how one can increase the accuracy

of the ML model when only minimal amount of data is available. T
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Examples for the used systems are depicted in Figure 8. Therefore,

we will in a first step combine the adaptive regularization with the

self-correcting multilayer GPR approach. To indicate the benefits of

the multilayer scheme, we discuss results from very initial explorations

on data assembled from reaction path optimizations and single snap-

shots to calculate the H adsorption energy. We did calculations

involving one, two, and three layers and employing the adaptive regu-

larization scheme as well as the conventional noise scheme. In model

1 (m1) we employed a SCEXP Kernel, in model 2 (m2) a SCEXP Kernel

and a SQEXP Kernel and in model 3 (m3) a SCEXP Kernel followed by

a SQEXP and SC32 Kernel. The error statistics are gathered in

Table 3. The error statistics contain the mean absolute deviation

(MAD), the standard deviation (SD), the relative error (REL) and the

root mean square deviation (RMSD).

We limit the assessment to values for the regularization of

1 � 10�5 and 1 � 10�6. Using only one layer the accuracy is rather

okay considering the limited amount of data used to train the model.

However, the accuracy increases when adding more layers to the model.

For the three layer system, we essentially reach chemical accuracy for

the predictor with an RMSD around 4 kJ/mol. The relative error to the

DFT reference is below 10%, which is good enough for most applica-

tions, especially considering that the evaluation of the predictor (once

trained) virtually takes no time compared to a DFT calculation.

In this reported case, the adaptive regularization scheme and the

conventional noise scheme behave equally well. In the next section,

we want to target a larger training and validation set to examine the

performance.

5.3.2 | Larger test sets

For the general test set and assessment, we followed the same recipe

as in Section 5.3.1, but optimized the reaction path for more systems

and performed small MD simulations for the points in the path to get

a better configurational sampling. On the gathered data, we applied

farthest point sampling to select the most diverse points and choose

to remove close lying points This resulted in total in 6989 points. In

our database, we added different functionalization and defects in the

sheet. For this part, we rely on a single layer. We also experimented

using in the self-correction multiple layers, but could only marginally

improve the accuracy.

As first stage, we report the results using a single SCEXP layer

and the values 1 � 10�5 and 1 � 10�6 for the regularization. For this

study we employed ACSFs including the newly introduced G2,m and

G4,m functions without weighting since we found them to perform

better than the conventional ACSFs. Additionally, we employed trun-

cated Coulomb Matrices for comparison. The error statistics can be

found in Table 4. In this case, the adaptive regularization scheme and

the conventional noise scheme perform quite well, and we can reach

a relative error around 0.62%–3.4% compared to the DFT reference.

We observe that we can achieve a better accuracy with truncated

Coulomb matrices and that in this case the conventional regularization

scheme gives a better accuracy, but this is only due to the fact that in

our assessment we exclude as safeguard predictions, where the vari-

ance of the prediction is larger than 10�1 the input regularization

parameter. It becomes evident that in the cases of the truncated Cou-

lomb Matrices, much more predictions are screened out by this crite-

rion. This also holds for the comparison of adaptive and conventional

regularization scheme. Using the adaptive scheme the number of

screened out predictions is at least reduced by a factor of 7. Recon-

structing the co-variance matrix by altering the correlation to specific

points increases the stability of the predictor. The RMSD is a bit larger

than for the smaller test and training set, but this is due to the added

diversity, which puts more emphasize on transferability.

The better performance of the adaptive regularization scheme

can be explained by the increased amount of data. The increased size

and diversity makes it mandatory to balance the data in order not to

spoil the accuracy by a few badly represented points. This is achieved

by our new regularization scheme by incorporating knowledge of the

significance of a single data point. It is to be expected that the regular-

ization scheme will in general perform better for larger data sets. The

downside of this approach is the necessity of performing an eigen

decomposition, which is more expensive than the usually used Cho-

lesky decomposition. However, the arithmetic complexity is in both

cases O n3
� �

, where n is the number of training points and both

approaches can be combined with linear scaling variants34 of GPR,

TABLE 4 Error statistics for the single layer models m1 (SCEXP). Energies are given in kJ/mol or for REL the relative error is reported in %.

ACSFs Truncated coulomb matrix

ε (kJ/mol) σ2n (kJ/mol) ε (kJ/mol) σ2n (kJ/mol)

1 � 10�5 1 � 10�6 1 � 10�5 1 � 10�6 1 � 10�5 1 � 10�6 1 � 10�5 1 � 10�6

Nscreen 1 1 7 14 129 158 269 330

MAD 5.81 5.39 5.83 5.02 5.21 1.85 3.15 0.44

STD 9.57 8.54 9.06 7.27 5.20 3.06 5.37 0.52

REL �2.58 �3.43 �0.62 0.15 �0.23 �0.29 �1.10 �0.01

RMSD 10.66 9.57 9.07 7.27 5.21 3.07 5.38 0.58

Note: In this assessment only predictions were included for which the variance is lower than 1 � 10�1 σ2n or 1� 10�1 ε. the number of neglected validation

points is given as Nscreen. The validation set contained 412 points. Both ACSFs and truncated coulomb matrices are compared as descriptor. In the latter

case, we included up to 60 entries per column in the matrix for hydrogen.
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which removes this downside. In our current implementation the reg-

ularization scheme is used to reconstruct the co-variance matrix and

afterwards it is decomposed again using the Bunch-Kaufmann decom-

position. However, this is not necessary. It is possible to maintain the

EVD decomposed form also for solving for the weights, which will

boost the efficiency. Furthermore, it is to note that our model was

trained on the “full “energy. It can be expected to increase the accu-

racy by using the delta-learning trick as shown in various Refs. 72, 73.

In this context one can also expect to train a correction to the current

model based on a fewer number of single points since the variations

of the difference surface are smaller than those of the potential

energy surface. As further validation for our approach we performed

for one trained predictor a one-dimensional cut through the potential

energy surface (PES) and calculated the adsorption energy of hydro-

gen using the predictive model and on the DFT level. Similar cuts are

included in the training set for less dense intervals. A schematic illus-

tration of the chosen distances are given in Figure 9. The x coordinate

was fixed and the y coordinate was incremented from point to point

by 0.1 a.u. Two cuts are depicted in Figure 10. For most parts of the

cut the GPR results nicely follow the DFT reference and barriers are

well reproduced. There is however a small double well minimum in

the second cut not present in the DFT data and in general the agree-

ment in the second cut is a bit worse. However, the error is still rela-

tively small and a further sampling in this region and retraining will

most likely solve the issue. Most barriers are nicely reproduced and

overall the qualitative agreement is very good, although the shape of

adsorption energy varies strongly with the position. It is noteworthy

F IGURE 9 Schematic illustration of the scan along the distance of
an H atom parallel to the graphene sheet. The x coordinate was fixed,

and the scan went along the y-axis. Relaxation along the z-axis (not
depicted) was possible.

(A) (B) (C)

F IGURE 11 Different
positions of the H atom identified
as minima and maxima on the
PES. Additionally the errors
compared to DFT (TPSS/
def2-SVP) are given. These points
refer to the first minima and
maxima of Figure 10B.

F IGURE 10 Different one-dimensional scans along the distance of H atom parallel to the graphene sheet. Depicted are the adsorption
energies for the H atom. Shown are results based on GPR and DFT.
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that barriers are mainly large at the edge regions. Once adsorbed the

energy landscape is on a small level and later the H atom can essentially

even move freely on the surface. Based on this data structures, which

can be associated to minima and maxima on the PES were extracted

and analyzed. Examples are depicted in Figure 11 alongside the predic-

tion errors compared to the DFT calculation using TPSS/def2-SVP. The

errors are only a few kJ/mol. Looking at the identified structures, there

are no surprises, but the introduced machinery is a first stepping stone

to generate atomistic potentials, which can be used in MD simulations

to investigate the H spillover effect. This will be part of a subsequent

study where we train the potentials on a higher level of theory and

include further defects on the graphene sheets. One current weakness

of our trained potentials is that it is sort of two-dimensional in nature

since it was trained mainly for the adsorbed H atom. To also get further

information a next step would be to scan along the normal mode of the

adsorbed H atom and generate additional data. However, this is work

for a subsequent study and will at least double the amount of training

data. We want to note in passing that this will be quite challenging since

it turns out that the vibrational frequencies of the adsorbed H atoms

vary largely based on the adsorbed position. On a different note, the

building blocks of our work can be used in the reaction path optimiza-

tion. Currently, we used optimized reaction paths a part of our training

set, but only kept the optimized one. However, it is possible to turn this

around and train a GPR based predictor on-the-fly during a reaction

path optimization with the obtained energies and gradients to build a

surrogate potential which is used for the relaxations and updated when

the variance of the prediction gets too large.

6 | CONCLUSION

We presented a new regularization scheme for GPR, which adapts the

regularization depending on the importance of a data point. This is

achieved by an eigenvalue decomposition of the co-variance matrix

and re-construction using a damped noise term. We assess the accu-

racy compared to the conventional regularization of adding a constant

to the diagonal of the co-variance matrix, which can be interpreted as

noise imposed on the data. In general cases the adaptive regulariza-

tion scheme introduces smaller errors in the reconstructed co-

variance as measured by the deviation in the trace. Furthermore, the

error has a smaller dependence of the size of the matrix. This will

especially be important for large- scale training sets. For the assess-

ment, we use standard test sets like the QM7 and QM9 test sets as

well as our own database for the H adsorption on graphene sheets.

We observe that our new adaptive regularization scheme is numeri-

cally more stable and usually gives a better accuracy than the noise

based scheme. Especially for large data sets the adaptive scheme is

superior, which is already evident from the smaller dependence of the

error on the size of the co-variance matrix. For our training data, we

used a rather cheap level of theory, but this study was meant as

proof-of-concept. In the future, we want to apply our approach to

problems in catalysis and will create training data on a higher level of

theory like Coupled Cluster. In this field, ML techniques combined

with quantum chemical methods are game changer since the

Machine-Learning model can be trained on smaller systems and then

applied to larger systems to study the influence of structural parame-

ters in long-term MD simulations. For this purpose, we want to com-

bine our adaptive regularization scheme with linear scaling GPR

variants. Work on this issue is already in progress in our laboratories.

An additional ingredient will be a recent workflow we presented,

which extracts reaction events in molecular dynamic simulation and

post-processes them with DFT calculations. Combined with configu-

rational sampling this will automatize the generation of training sets

and the adaptive regularization will weight the data points according

to their importance. Additionally an interesting perspective is to

regard the regularization parameter as hyperparameter and optimize it

alongside the other hyperparameters.
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