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ABSTRACT: It is demonstrated that frequency-dependent response functions can
conveniently be derived from the time-averaged quasienergy. The variational criteria for
the quasienergy determines the time-evolution of the wave-function parameters and the
time-averaged time-dependent Hellmann—Feynman theorem allows an identification of
response functions as derivatives of the quasienergy. The quasienergy therefore plays the
same role as the usual energy in time-independent theory, and the same techniques can
be used to obtain computationally tractable expressions for response properties, as for
energy derivatives in time-independent theory. This includes the use of the variational
Lagrangian technique for obtaining expressions for molecular properties in accord with
the 2n + 1 and 271 + 2 rules. The derivation of frequency-dependent response properties
becomes a simple extension of variational perturbation theory to a Fourier component
variational perturbation theory. The generality and simplicity of this approach are
illustrated by derivation of linear and higher-order response functions for both exact and
approximate wave functions and for both variational and nonvariational wave functions.
Examples of approximate models discussed in this article are coupled-cluster, self-
consistent field, and second-order Moller—Plesset perturbation theory. A discussion of
symmetry properties of the response functions and their relation to molecular properties
is also given, with special attention to the calculation of transition- and excited-state
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1. Introduction

R esponse theory [1-7] has become a valuable
theoretical tool for accurate calculations of
atomic and molecular properties. For exact theory,
it is straightforward to obtain abstract expressions
for molecular properties, while it is more compli-
cated to identify computational tractable expres-
sions in an approximate theory. Molecular proper-
ties for an approximate model can be identified
based on an analogy with response theory for an
exact state. From the linear response function, ex-
pressions are obtained for frequency-dependent
second-order molecular properties and a pole and
residue analysis gives expressions for the determi-
nation of excitation energies and transition matrix
elements. The quadratic response function deter-
mines third-order molecular properties, second-
order transition matrix elements and transition
matrix elements between excited states, and so on.
The response functions according for the response
of the electronic degrees of freedom to external
perturbations enter as fundamental constants in
the interpretation of molecular spectroscopy exper-
iments. An important example is the field of linear
and nonlinear optics [8-16] where the fundamen-
tal molecular properties are the molecular polariz-
ability and the first and second hyperpolarizabi-
lities, which are determined from the linear,
quadratic, and cubic response functions, respec-
tively. It is therefore important to establish a for-
malism where response functions can be obtained
for any approximate theory in a simple and
straightforward manner.

In the time-independent limit, response func-
tions give properties that can be obtained by dif-
ferentiation of the total energy. The wide range of
frequency-independent properties that are not di-
rectly related to transition processes is thus a sub-
set of the properties that can be obtained from
response theory. The determination of energy-de-
rivative properties is, however, often discussed
within a framework that is not related to response
theory in spite of the similarities. For variational
wave functions, the energy derivative technique
gives straightforwardly expressions for molecular
properties that are in accordance with Wigners
2n + 1 rule, that is, the wave-function response to
order n determines the molecular properties to

order 2n + 1. For nonvariational theories, similar
simplifications can be obtained by formulating the
differentiation in terms of a variational Lagrangian
[17, 18]. The variational Lagrangian energy func-
tional incorporates the equations for the wave-
function parameters as constraints multiplied by
Lagrangian multipliers. Similar to variational the-
ory, a 2n + 1 rule is obtained for wave-function
parameters and the Lagrangian multipliers satisfy
the stronger 21 + 2 rule. The Lagrangian approach
automatically comprises the Dalgarno—Stewart in-
terchange theorem [19]. In quantum chemistry, the
interchange technique is often employed for sim-
plifying expressions for calculating molecular gra-
dients for nonvariational wave functions under the
name of the Handy-Schaefer Z-vector technique
[20].

In this article, we developed a unified approach
for the determination of response functions, cover-
ing both exact theory and approximate theory and
applicable for variational as well as nonvariational
models. For the latter, it becomes a straightfor-
ward generalization of the Lagrangian technique
of time-independent theory. The time-dependent
and time-independent cases are thus treated in
similar ways and the time-dependent case gives
the time-independent results in the limit of a static
perturbation.

In time-dependent theory, there is no well-de-
fined energy. However, assuming that the pertur-
bation can be decomposed into Fourier compo-
nents, the quasienergy can be introduced as the
time-averaged expectation value of H, — i[d/(dt)]
over the phase-isolated time-dependent wave
function. The quasienergy reduces to the usual
energy in the limit of a time-independent per-
turbation. The variational condition for the
quasienergy functional determines the time evo-
lution of the wave function [21] and the time-
averaged time-dependent Hellmann—Feynman
theorem can be used to show that frequency-de-
pendent response functions can be obtained as
derivatives of the quasienergy [21-23]. The funda-
mental achievement in this formulation is that the
variational conditions and the response functions
are determined from differentiation of the same
functional: the quasienergy. For perturbations peri-
odic in time, the Fourier component variational
perturbation theory is a natural extension of ordi-
nary variational perturbation theory for time-inde-
pendent properties. The well-known techniques
and formulations of energy derivative theory, for
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example, the 2n + 1 and 2n + 2 rules, carry over
to the response functions using Fourier component
variational perturbation theory.

The lack of a well-defined energy and varia-
tional condition in time-dependent theory has led
to some confusion on how to determine the time-
evolution in approximate theories and different
approaches have been proposed [21, 24-30]. We
follow a route leading to the time-dependent vari-
ational principle in the formulation of Langhoff
et al. [21]. For perturbations periodic in time,
Langhoff et al. advocated the use of a time-aver-
aged formulation.

Some confusion has also existed about how to
obtain response functions as derivatives of some
generalized “energy” functional. It was first in the
work of Sasagane et al. [7] that the correct fre-
quency combination for the Fourier components of
the field strength parameters was identified for
general polychromatic perturbations. Sasagane et
al. did not use time-averaging in their work but
still relied on periodicity in the perturbations. The
wave-function parameters were determined using
the time-dependent variational principle without
time-averaging. This means that the time-evolu-
tion of the approximate states was not obtained
from the functional that was used for determining
the response functions by differentiation. Results
in agreement with the 2n + 1 rule could therefore
first be obtained after manipulations.

In this article the time-averaging is central both
for the determination of the time evolution of the
state and in the identification of the response func-
tions. We find that the time-average theory is the
natural extension of the time-independent theory
for periodic perturbations and adequate to de-
scribe the time evolution of all observables in the
presence of periodic perturbations. We may treat
variational and nonvariational wave functions in
the same manner. In fact, a wave function need not
be defined in any rigorous sense. A definition of
the quasienergy and the time-dependent parame-
ter equations is sufficient. No complications arise
from the non-Hermitian nature of the i[d/(dt)]
operator. This may in some sense be seen as a
consequence of the close connection with the Flo-
quet theorem [31, 32] and the extended Hilbert
space approach by Sambe [33], recently also advo-
cated by Kutzelnigg [31]. Our choice of approach
was directed by (1) simplicity in the derivation of
the response function, (2) clear exposition of what

is necessary to describe the relevant physical con-
tent of the time-dependent Schrodinger equation,
(3) the highest possible equivalence between the
treatment of exact and approximate wave func-
tions, (4) similarity between the treatment of varia-
tional and nonvariational wave functions, and
(5) close connection to ordinary energy deriva-
tive techniques for time-independent properties.
To achieve these objectives, we combined Fourier
component variational perturbation theory with a
quasienergy Lagrangian. The Fourier components
of the wave-function parameters and the La-
grangian multipliers become, then, the variational
variables and intermediates in response equations
and response functions are most naturally defined
in terms of partial derivatives of the quasienergy
Lagrangian with respect to these variables and the
perturbation strengths. This leads to a very gen-
eral, compact, and mathematical transparent nota-
tion that allows one to derive expressions for re-
sponse equations, response functions, transition
moments, excited state properties, etc., in a formu-
lation which is independent of the method used to
obtain the wave function.

Using this approach, the derivation of response
functions for exact theory as well as for approxi-
mate theories such as self-consistent field (SCF),
multiconfigurational self-consistent field (MCSCEF),
coupled-cluster (CC), and second-order Moller-
Plesset (MP2) theories become a matter of straight-
forward differentiation after the quasienergy La-
grangian has been defined. We derive response
functions for SCF, CC, and MP2 with emphasis on
the fundamental structures, symmetries, etc., of
the obtained response functions. Expressions for
variational methods are related to the more gen-
eral expressions for nonvariational methods by
straightforward simplifications.

We discuss the use of response theory tech-
niques for the calculation of transition- and ex-
cited-state properties. Common for both varia-
tional and nonvariational methods is that the ex-
cited states are not represented by a variational
wave function. However, it is demonstrated how
variational Lagrangian techniques can be used to
derive expressions for excited-state properties, and
computationally tractable expressions are identi-
fied for the calculation of excited-state properties
and transition probabilities. Particularly interest-
ing special cases are the excited-state molecular
gradients and Hessians that are important for an
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efficient calculation of excited-state gradients and
vibrational frequencies. Excited-state gradients for
coupled-cluster theory have previously been de-
rived in other contexts [34-36]. The Lagrangian for
an excited state is another example of the strength
of the variational Lagrangian technique. Here, a
new carrier functional is defined by incorporating
the appropriate constraints multiplied by La-
grangian multipliers and the usual Lagrangian
machinery then assures that the 2n + 1 and 2n + 2
rules are obeyed. The definition of intermediates
in terms of partial derivatives of a quasienergy
Lagrangian combined with the 27 + 1 and 2n + 2
rules also provides the means for a flexible and
computational efficient implementation.

In Section 2 we discuss general aspects of the
response theory and describe the basic theory,
allowing the determination of response functions
using Fourier component variational perturbation
theory. In Section 3, we discuss the derivation of
response function in an explicit but yet not speci-
fied parametrization, and in Section 4, we apply
the results to the derivation of response functions
for exact and SCF response functions. In Section 5,
we discuss the derivation of CC response functions
as well as give a brief discussion on the evaluation
of MP2 dynamic properties. In Section 6, the eval-
uation of molecular properties from response the-
ory is discussed. Finally, section 7 contains some
concluding remarks.

2. Response Theory for Exact and
Approximate Wave Functions

2.A. RESPONSE FUNCTIONS

Consider a molecular system described by a
time-independent Hamiltonian H, and apply a
general time-dependent perturbation V'. The time
development of the wave function is determined
by the time-dependent Schrodinger equation

_ J _
HI0) =i—10), 2.1
07 z&t|> (2.1
where
H=H,+ V" 2.2)

It is understood that [0) is a function of time.
For ease of notation, we suppress the explicit time
dependency. We consider perturbations that can

be described as a sum of periodic perturbations:

N
Vi= Y exp(—iw )V
k=-N
N
= Y expl—iot)) elw)X. (2.3)
k=-N X

Thus, the perturbation may contain several
monochromatic oscillating perturbations V ¢, con-
sisting of a sum of perturbation operators X and
strength parameters &,(w;). The perturbation
operator is Hermitian:

vi=vH, (2.4)
This is fulfilled if
X' =X, (2.5)
w_ = —w, (2.6)
and
e (w) = e,(w_)). 2.7)

The summation index k in Eq. (2.3) runs over
2N + 1 frequencies. When nothing else is indi-
cated, we will assume that such summations al-
ways are from —N to N as in Eq. (2.3). The
strength parameters are at our disposal and we
may thus treat &,(w,) and &,.(—w,) as indepen-
dent variables. If we express the strength parame-
ters in terms of real and imaginary components,

e(w) = eXw) +iel(w). (2.8)

The pairing of frequencies in Eq. (2.7) gives that
the periodic perturbation in Eq. (2.3) can be writ-
ten as

Vi=Y e (0)X

N
+ ) (exp(—iwgt) + exp(+iwt))
k=1

X Y efw) X

N
+i ) (exp(—iwgt) — exp(+iwgt))
k=1

XY el(w) X
) N
=Y e (X+2) cos(wt)Y ef(w)X
x k=1 X

N
+2 ) sin(w, 1)) el(w) X, (2.9)
k=1 X
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where the sum over frequencies is now restricted
to positive frequencies. The form of the perturba-
tion (2.9) is adequate for describing the pertur-
bations most commonly encountered in molecular
physics. The first term represents the static pertur-
bations, for example, the Fermi contact operator or
static magnetic field. The next two terms describe
periodic perturbations. The second term can, for
example, be used to represent the perturbation
from a homogeneous periodic real electric field.
Equation (2.9) is also appropriate for describing
optical activity [11, 37]. We have not included in
the perturbation operator any switching functions,
since we have assumed that these converged to
unity. Furthermore, no terms depending quadrati-
cally or in higher order on the strength parameters
have been included. This simplifies the equations
that we derive later and the relevant perturbations
of this form are usually more appropriately de-
scribed by a compound strength parameter and
related frequency.

Differentiating the perturbation operator in the
form in Eq. (2.3) with respect to one particular
strength parameter &,(w,) gives a simple periodic
perturbation

av'!t

m (2.10)

= X exp(—iw;t).

The sum over frequencies contains all the consid-
ered physical fields. However, we may also choose
to include in the sum fields that are not among the
applied physical perturbations, but are introduced
with the sole purpose to simplify the identification
of the response functions. It is legitimate to include
these fields because the application of these fields
is controlled by the strength parameters. The im-
portance of introducing such fields will be clear
later.
We may write the wave function in the phase
isolated form as
0) = e="F®I0), (2.11)
where F is a function of time. The [0) wave func-
tion will, of course, in general, still be a function of
time. We require that 0) reduces to the time-inde-
pendent [0) wave function in the unperturbed
limit, and Eq. (2.11) is in this limit the usual
separation into a time-dependent phase and a
time-independent wave function. We will later see
that the phase can be related to the calculation of
molecular properties as the stationary energy in

time-independent theory. By introducing the
ansatz in Eq. (2.11) into the time-dependent
Schrodinger equation, we obtain

d . -
efF(f)(H - iﬁ - F(t))|0> =0, (212

or, in phase isolated form,

J . -
(H - iz - F(t))lO) =0. (2.13)
Projection onto (0| determines F(t) as
. - d \ |-
F(t) = <O‘(H - iz)‘0>. (2.14)

Before we switch on the perturbation, we assume
that [0y is the solution to the time-independent
Schrodinger equation:

H0|0> = Eo|0>/
(0[0) = 1.

(2.15)
(2.16)

Let X be a Hermitian operator describing an ob-
servable. The time evolution of |0) can be obtained
from the time-dependent Schrodinger equation and
response functions may be determined by expand-
ing the average value of X in orders of the pertur-
bation

(X)(t) = (0| X[0) = <0I XI0)
= (X)o + Y exp(—iwt)

ky

X YUK Yo e, (@)
Y

1
+- Y exp(—ilwy, + w)t)
2 ks

X Z« XY, Z>>"-’k1r W, 3y(wk1)8z(wk2)
Y,z

+ - (2.17)

We assume that X does not contain differentia-
tion with respect to time and the reference to F
therefore cancels in the expectation value. The
linear response function, {{X;Y >>wk], the quad-
ratic response function, {(X;Y, Z >>wk1,wk2r and
so on are the expansion coefficients of the Fourier
components. For time-independent perturbations
where the frequency parameters of the perturba-
tions are zero, Eq. (2.17) reduces to an ordinary
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Taylor expansion of the static expectation value of
X where the response functions {(X;Y ))o,
«X;Y,Z >0, -+ are the expansion coefficients.

The complex conjugated of the expectation value
in Eq. (2.17) becomes using Egs. (2.6) and (2.7)

(XO*(t)

=(X) + Zexp(+iwklt)
5

X XY o 88 (wy)
y

1
+5 Y exp(+ilwy, + o )t)

ki, ky
X Z<< XY, Z>>>l;k1/wk28;k(wkl)8;k(wk2)
Y,z
+ cee
= (X)o + Lexp(—iwt)
ky

XU X YN 0, 6, ()
y

1
+= 2 exp(—ilwy, + o )t)
2 ks

X Y UX; Y, Z0W w,, —wkzey( wkl)gz((ukz)
Y,z

+ (2.18)

The expectation value of a Hermitian operator is
real. Comparing Eqgs. (2.17) and (2.18) show that
the response functions satisfy the following sym-
metry properties:

(XY =<(X)§ (2.19)

UX YD a, =X YD (2.20)

UXY, ZY e, o0, =L XY, Z0E 0, -0, (2.21)
«UX;Y,Z, "'>>wk1,wkz/'“

=UXY, Z, 0 oy o (222)
These are fundamental symmetry properties of the
response functions that are crucial for a successful
determination of molecular properties from the
response functions. Although well known for the
response function in the special case of the fre-
quency-dependent polarizability, the symmetry re-
lations have been discussed in the literature only
superficially for higher-order response functions.
We shall return to the importance of these symme-
try relations in Section 6. We may also straightfor-
wardly impose symmetries between combined op-

erator and frequency sets (Y, wkl), (Z, “’kz)' and
(U, w; ). We discuss the symmetry relations be-
tween combined operator-frequency sets in Section
2.C where the background is given for a more
complete discussion of these symmetries.

Various routes have been followed to obtain
solutions to the time-dependent Schrodinger equa-
tion and to subsequently identify the response
functions. In this article, put emphasis on a route
that straightforwardly can be used also when [0)
is not an exact state [Eq. (2.15)], but one of
the commonly used approximate wave-function
models.

2.B. VARIATIONAL TIME-DEPENDENT
THEORY

We now return to the solution of the time-
dependent Schrodinger equation. In the absence
of the perturbation, we find

F(t) = E,, (2.23)

in agreement with the fact that we can take the
solution of the time-dependent Schrodinger equa-
tion as

0) = e~%0'0). (2.24)

In general, F is a real function of time:

Fay = aony + | - 12
t)* = <{HOI0) + { — ZE 0
d{010) <-

5 90
dt ot

AV
= <0‘(H - zz) ‘0> =F(t), (225

= (0lHD) + i[

since the time-dependent Schrodinger equation en-
sures that the norm is conserved and, therefore,

d o d . 90 ~
E<0|0>—E<0|0>— ’n — )=0.

90 |. 3
0)+ (0
t at

If the phase is known before we turn on the
perturbation, for example, as given by Eq. (2.24),
and if we have determined the time evolution of
I0), then we can integrate E(t) and determine the
absolute phase F(t). The wave function that satis-
fies the time-dependent Schrodinger equation can,

(2.26)
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in turn, be obtained from Eq (2.11). Therefore, the
determination of [0) and F(t) is equivalent to
solving the time-dependent Schrodinger equation.
Since F(t) reduces to E, in the time-indepen-
dent limit [Eq. (2.23)], we denote this quantity,

Q(t) = F(t) = <6‘(H — z%) ‘0> (2.27)

the time-dependent quasienergy. The time-depen-
dent quasienergy is what Langhoff et al. denoted
level-shift [21] and other names have been pro-
posed [31]. Q(t) was denoted quasienergy by
Sasagane et al. [7], however, we reserve the term
quasienergy for the time-average of Q(t) in agree-
ment with earlier work [33]. We shall see later that
it is the time-averaged quasi-energy that in the
deviation of response functions takes the role clos-
est to the one of the energy in usual time-indepen-
dent theory. The time-dependent quasienergy can
be obtained from Eq. (2.27) once we have deter-
mined [0). We shall therefore concentrate on the
determination of the |0> wave function in the re-
mainder of this subsection. The time-dependent
Schrodinger equation in the phase-isolated form
becomes according to Eq. (2.13)

" (9 ~ _
(H il Q)IO) _o. (2.28)

Projecting this ansatz onto a first-order variation
|80) of the complete wave function [0) gives

_ 4 S\
<80‘(H —i Q) ‘0> =0. (2.29)

In accordance with Eq. (2.11), we may separate the
variation |80) into
|80) = e~F|80) — i6Fe™l0y.  (2.30)

Since |80) and SF are independent variations, we
obtain by inserting Eq. (2.30) into Eq. (2.29)
Frenkel’s time-dependent variational principle [24]:

N 9 N\
<80‘(H s Q) ‘o> -0. (231

together with the equation for Q in Eq. (2.27).
From the normalization condition on 0|,

(0j0y = <0y =1, (2.32)

an allowed variation of (80| must fulfill that

(800) + €0/80) = 0. (2.33)

The reference to the Q can be eliminated from Eq.
(2.31) if we write the allowed variations |60) as

[60) =80+ ) + idal0), (2.34)

where |80+ ) is orthogonal to 0, and S« is real
according to Eq. (2.33). From the definition of Q in
Eq. (2.27), we see that in Eq. (2.31) the contribution
from variations along I0) vanish and we may thus
write Egs. (2.31) and (2.33) in the equivalent forms:

- d |-
<80L H - i—‘0>=0
at

(80+10) = 0. (2.36)

These equations are equivalent to those of Moc-
cia [28]. If all variational parameters have indepen-
dent real and imaginary orthogonal variations, we
thus have an equation similar to Eq. (2.35) with the
variation i(80*|. These equations are equivalent
to the symmetrized form of Frenkel’s variation

principle:
- Jd |-
Re<50‘H — i—‘0> =0,
Jt

where (60 *| may be substituted by i{ S50+ Using
that ia(0|H — z(&/&t)lO) is purely imaginary, we
can reintroduce [0) and write Eq. (2.37) as

~ d\ |~
Re<60‘(H — i—) ‘0> =0,
at

without any explicit requirement of the variation
to be orthogonal to 0), but only the normalization
requirement Eq. (2.33). The discussion of the time
evolution of [0) has up to this point followed
closely the one of Olsen and Jergensen [6]. Ex-
panding Eq. (2.38), we obtain

o - o -

(2.39)

(2.35)

and

(2.37)

(2.38)

which may be expressed in the form of Langhoff et
al. [21]:

i Y A
6<0‘(H - zz)‘0> + i—(0180) = 0. (2.40)
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In the time-independent limit, Eq. (2.35) corre-
sponds to

(80HI0Y =0, (2.41)
while Eq. (40) becomes
8(0|H0Y = 0. (2.42)

In the time-independent limit, Eq. (2.40) thus cor-
responds to the usual variational criterion, while
Eq. (2.35) corresponds to projected equations which
may or may not be equivalent.

The above Egs. (2.35), (2.38), and (2.40) for the
time evolution are completely general and deter-
mine the same solution to the time-dependent
Schrodinger equation for a sufficiently flexible trial
function. Thus, they are obviously equivalent in
exact theory. In approximate theories, Eqs. (2.40)
and (2.35) may determine different time evolu-
tions, depending on whether it holds that if (80|
is an allowed variation then (80| is an allowed
variation [6, 29] [due to the step from Eq. (2.35) to
Eq. (2.37)]. We are here seeking a formulation that
is as closely related to the usual variational formu-
lation in time-independent theory as possible.
Equation (2.42) is obviously the variational condi-
tion for the energy, and in agreement with this, we
thus choose Eq. (2.40) as the appropriate time-de-
pendent variational principle. However, while Eq.
(2.42) clearly corresponds to a variational criterion
in the time-independent limit, Eq. (2.40) is not, in
general, the stationary criterion of a functional.
In particular, it is not equivalent to requiring that
the time-dependent quasienergy is variational as is
easily seen in writing Eq. (2.40) as

d . .
Q) + i5(0|80> = 0. (2.43)
So far, we have thus accomplished to separate
the determination of the phase factor from the

equations that determine [0) and relate the time
evolution of [0) to the time-dependent variational
principle. Response functions may therefore be de-
termined from the average value of an operator X
as in Eq. (2.17) without any explicit reference to
the time-dependent quasienergy. This procedure
has often been used to identify response functions
for variational wave functions.

For static perturbation, response functions can
be obtained using variational perturbation theory
by differentiation of an energy or Lagrangian func-
tion. Response equations and response functions

are thus determined by differentiation on the same
functional, and as a consequence, the response
functions are in agreement with the 2n + 1 rule.
For variational wave functions, the static response
functions obtained as energy derivatives are equi-
valent to the ones obtained from expansion of an
expectation value [Eq. (2.17)]. This follows from
the time-independent Hellmann-Feynman theo-
rem:

dE d(OIHIO) ‘
de <

>, (2.44)

which is a trivial consequence of the variational
principle in Eq. (2.42). In time-dependent theory, a
similar rigorous link between derivatives of some
functional and the expansion of the expectation
value in Eq. (2.17) is less straightforward. We shall
here investigate such a connection.

From the time-dependent variation principle,
we obtain straightforwardly the time-dependent
Hellmann—Feynman theorem:

w0 l-7)l)

de de

-l

P . > (2.45)

Considering perturbations of the form in Eq. (2.3),
we find that

JH

9o (@) (2.46)

= Xexp(—iwt),

where o is the frequency for a corresponding
Fourier component that is yet arbitrary. For any
wave function that satisfies the time-dependent
variation principle, we thus have

dQ(t) 9 <

5 do
de () * 15 de (w) |’
(2.47)

(01 X10Yexp(—iwt) =

The fundamental difference between time-depen-
dent theory and time-independent theory is seen
comparing the time-dependent equations [Egs.
(2.43) and (2.45)] and the time-independent ones
[Egs. (242) and (2.44)]. In the time-dependent
equations, the time-dependent quasienergy Q has
replaced the ordinary energy E. However, the
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time-dependent equations contain, in addition, one
extra term consisting of the derivative i[ J/(dt)] of
the scalar product of the wave function and wave-
function variations or wave-function responses.
The extra term in Egs. (2.43) and (2.47) shows that
the time-dependent quasienergy does not straight-
forwardly take over the role of the energy in time-
dependent theory. Langhoff et al. [21] showed that
the last term in Eq. (2.43) vanishes if we take the
time average of this equation. Sasagane et al. [7]
demonstrated that in time-dependent theory the
last term in Eq. (2.47) can be eliminated by a
judicious choice of the frequency w for periodic
perturbations. We consider here a time-averaged
approach where the last term in Eq. (2.47) as well
as the last term in Eq. (2.43) vanishes. In this way,
a close connection between time-independent and
time-dependent theory is established, and it comes
out naturally which frequency components & (o)
are required in Eq. (2.47) to determine the response
functions.

2.C. TIME-AVERAGED VARIATIONAL
TIME-DEPENDENT PERTURBATION THEORY

Assume that the perturbation in Eq. (2.3) con-
tains a finite set of frequencies and a least common
multiple of periods T can be determined such that
the Hamiltonian is periodic in time with the pe-
riod T of the perturbation:

Vit +T)=Vi1). (2.48)

These criteria imply that the frequencies in Eq.
(2.3) are an integer times a fundamental frequency:
w; = n;0, where o = (27)/T. Therefore, w;/w; =
n;/n;. This is not strictly valid for two general
physical frequencies but does not pose a practical
problem as n; and 1, can be any large integer. In
any case, the procedure can be used to formally
identify the expression for the response functions.
Introducing the time average of a function f(t),

1
(D) = = j_T; jzf(t) dt. (2.49)

we obtain the time average of Eqs. (2.43) and (2.47)
as

{Q(H}r =0, (2.50)
d{Q(H)}r

de (w)

= {<6| X |6>exp( — iwt)}T. (2.51)

In Egs. (2.50) and (2.51), we have used that the
time average of a time-differentiated periodic
function Z(t) is zero:

dZ(t)
=0
5,

Equations (2.50) and (2.51) are the time-averaged
analogs of Eqs. (2.43)-(2.47). Equation (2.50) is the
time-averaged variational condition that deter-
mines the time evolution of 0Y, and Eq. (2.5D) is
the time-averaged Hellmann—Feynman theorem,
which may be used to relate the determination of
response functions to the time-averaged quasi-
energy {Q(#)};, which we shall simply denote the
quasienergy [33]. We shall examine Egs. (2.50) and
(2.51) in more detail since they are the fundamen-
tal equations of the Fourier component variational
perturbation theory.

Given that we consider perturbations of the
form in Eq. (2.3) with a periodicity as in Eq. (2.48),
we find that a similar periodicity will enter in the
10> wave function. To see this, consider, for exam-
ple, Eq. (2.40) in the form

(2.52)

5<O‘(HO — 15)‘0> + 15<0|50> = — 80|V D).
(2.53)

To order n in the perturbation V, the right-hand
side only contains contributions from the (n — Dth
and lower-order wave function, while the left-hand
side also contains reference to the nth-order wave
function. To first order, the wave function has the
form

0D(F)) = Z|6(1)(wk1)>exp(_iwk1t)‘ (2.54)
Ky

It now follows from induction that the higher-order
wave function will have similar structures origi-
nating from products of sum over oscillations in
accordance with the perturbation in Eq. (2.3):

|6(2)(t)> = Z |6(2)(wk1/ wk2)>

ky, ky
X exp(—i(wy, + @ )t) (2.55)
|6(m)(t)> _ Z |6(m)( Wy, O, wkm)>
kl,kz"'km

X exp(—i Y wk”t). (2.56)
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Thus, the mth-order wave-function response 0y
is a product of factors oscillating with frequencies
corresponding to the form of the perturbation in
Eq. (2.3). Since it is built from products of func-
tions with the periodicity in Eq. (2.48), the mth-
order response will also be periodic with period T.
Note that [0) and not [0) has this periodic behav-
ior. Since [0) is periodic to all orders in V with a
similar periodicity as V, it may be expanded in
terms of Fourier components similar to the pertur-
bation in Eq. (2.3). We may further separate the
contributions from the time-dependent variational
principle in Eq. (2.43) into a zero-phase part and an
oscillating part. The zero-phase part is the time-
averaged form in Eq. (2.50). The remainder vanish
when we take the time average. This remainder is
not necessary for determining the time evolution
of 0). An order-by-order expansion of the zero-
phase part will include to higher and higher order
all the Fourier components of the perturbed wave
function and is sufficient to uniquely determine
these Fourier components. Since we showed
above that [0) has the oscillatory form in Egs.
(2.54)-(2.56), we thus have that the time-averaged
time-dependent variational condition is sufficient
to determine the correct time evolution of [0) in
the case of periodic perturbations. The time-depen-
dent quasienergy can then be obtained from Eq.
(2.27) and we have the complete solution to our
problem.

Response functions are conveniently identified
from Eq. (2.51) as we will now demonstrate. At
this stage, it is appropriate to return to the discus-
sion of the form of the perturbation in Eq. (2.3). As
stated previously, we may include in the expan-
sion perturbations that are convenient for the
derivation of response functions. We therefore also
include the field X with frequency w, correspond-
ing to the sum of a number of frequencies for the
perturbations in Eq. (2.3). In this way, X may be
treated with a similar basis at the other perturba-
tions. Inserting expansion Eq. (2.17) that defines
the response functions into Eq.(2.51) gives

Xe,(w)e,(w )0(w+ o + o)
(2.57)

where the symbol 6(w) means a factor of one, if
w = 0 and zero otherwise. The response functions
can thus be identified as derivatives of the
quasienergy as follows:

+ e,

d{Q}r
(X) = m, (2.58)
d*Q}r

UXY Doy, = de(wy) day(wkl);

w,= —w,, (2.59)

~ dXQ)r _
Cdew)) de(w) de(w,)’

wy = T~ O, (2.60)

UX5Y, Z Doy, o,

LX;Y, Z,- 0

Opy s Ofysoe-

_ d" H{Q}r ‘
- dgx(wg) d(‘)y((l)kl) d{;‘z(wkz) 7

n
wy=— ) Wy,
i=1

We note that it is the time average of (0| X[0)
exp(—iwt) that provides us with the possibility to
identify response functions from the quasienergy
and dictates which frequency w of &,(w) can con-
tribute to each order. If we instead had chosen to
expand the time-averaged expectation value

(2.61)

{(f)IXI())}T, we could not have obtained response
functions with general frequency indices, but
would have the restriction 0 = ¥;,_; w, on the
frequency indices for the response functions. The
time average of {0/ X[0)exp(—iwt) gives the con-
nection to the quasienergy through the time-de-
pendent Hellmann—Feynman theorem. The physi-
cal interesting part of the time-dependent
quasienergy, that is, the part that determines the
response functions and thus all observables, is
obtained to each order by taking the frequency w
of the “measured’” response to be minus the sum
of the “external” perturbations. To derive the nth-
order response function describing the nth-order
response of the expectation value of X, the appro-
priate choice of frequency w of £ (w) is

n
wy =~ ) w, (2.62)
i=1

where w, is the frequency of the ith perturbation.

a{Q(t)}
MO _ vy L L UXY N,
dé‘x(ﬂ)) y kK 1
XEy(wkl)S(w + wkl)
1
+5 1 L LXKY, 20w,
y,Z kl,kz
10
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The derivative expressions for the response
functions show that there exist permutational sym-
metry between operators and related frequencies.
For the linear response function, Eq. (2.59) gives
the symmetry relation

UX,Y D =LY, X D)0

Similar symmetry relations hold for the higher-
order response functions as a consequence of
identifying the response functions by the differen-
tiation’s in Egs. (2.59)-(2.61). For the quadratic
response function,

LXK, Z Yy o,
= ULZ, XY Do oo
= LXK, ZY Vo on
= LZ,Y, X Doy —or o,
= Y, X Z D) oo,
= (Y, Z, X Do, - -,

(2.63)

(2.64)

In general, permutational symmetry exists be-
tween the operators and associated frequencies:

Operator: X Y V4 u

Frequency: N o wy, oy,

Interchanging, for example, (X, w,) with (Y, wkl)
gives the same response function. It is cumber-
some to obtain these underlying symmetry rela-
tions from the response functions when they are
determined from the average value of X; see, for
example, [6]. Identifying the response functions as
derivatives of the quasienergy, we obtain these
symmetry relations straightforwardly, and we see
clearly how they arise as the Fourier component
generalizations of the corresponding symmetry re-
lations of time-independent theory.* The use of
derivative expressions guarantees these symmetry
relations for both exact response functions and for
approximate models.

From Egs. (2.23) and (2.57), it follows that the
quasienergy can be written

{Q}r =E, + Y (X)e (0

1
t5 L L UXY Ny e~ ) e (@)

X,y ky

*A point of interest in some special situations is that the
symmetric form for the cubic and higher-order response func-
tions may have extra poles at certain frequencies; see for
example, the expressions for the cubic response functions in [6].

1
+g Z Z <<X;Y/Z>>wkl/‘”k2

X, Y,z ky, ky

Xe (= — o e (o )e,(wp)

4+ o (2.65)

According to Eq. (2.25), the quasienergy is real for
an exact state. If we take the complex conjugate of
Eq. (2.65), we see that the real nature of the
quasienergy is directly related to the symmetry
relations of the response functions in Egs. (2.19)-
(2.22):

{Q*}r = {Q}T = E; + L A(X)*,(0)

1
+- 2 LUXY N, s (- o )e, (o)

2 X,y ky

1
+— Z Z << Xr Yr Z >>>l:wk1, Ok,
6 xyz ky, k,
Xe (— W, — wkz)ey( wkl) &,( wkz)
+ e
= {Qr. (2.66)
To obtain Eq. (2.66), we used Egs. (2.6) and (2.7)
and the symmetry relations in Egs. (2.19)-(2.22).
The symmetry relations in Egs. (2.19)-(2.22) and
the fact that the quasienergy is real are, of course,
trivial in exact theory. However, they will not
automatically be fulfilled in an approximate the-
ory. Assume, for example, that we have the more
general form for Q:
J
),
Jat

OF —
© (0,00,

62>
. (2.67)

This type of form is relevant for deriving response
functions for CC and Moller—Plesset perturbation
theory. When 0, = 0, where the ““left wave func-
tion” is equal to the “right wave function,” we
obtain the usual expression Eq. (2.27), where we,
in addition, explicitly have taken care of the nor-
malization in Eq. (2.67). We note that when 0, = 0,
the imaginary part of the quasienergy can be writ-
ten as

19, ..
Im[Q(t)] = —Ez(ln@lIOl)). (2.68)
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Thus, even if the wave function is not normalized
as was assumed in deriving Eq. (2.25), the
quasienergy is real:

{Q(1)}r = {Re[Q(H)]}1. (2.69)

In variational theories, 0; = 0, and the quasi-
energy is real. The symmetry relations in Egs.
(2.19)-(2.22) are therefore fulfilled. For some non-
variational methods (not all), 0, # 0, and we are
not ensured that the quasienergy is real. This prob-
lem is not confined to time-dependent theory. For
example, if we have complex functions in a time-
independent theory, for example, due to magnetic
perturbations, then the energy evaluated from Eq.
(2.67) is not real even in the static limit. In time-de-
pendent theory, this asymmetry, 0, # 0,, has, as a
consequence, that the quasienergy is not necessar-
ily real and that the fundamental symmetry rela-
tions in Egs. (2.19)—(2.22) are not fulfilled. Since
the symmetry relations are necessary to have a real
expansion of the expectation value of a Hermitian
operator, they are crucial for a meaningful identifi-
cation of physical properties. (See also the discus-
sion in Section 6.) We must therefore enforce these
symmetry relations explicitly if they are not
straightforwardly satisfied. This can be done in
several ways: One way is simply to ignore this
artifact in the derivation of response functions and
identify the response functions as derivatives of
the quasienergy as indicated up to this point. The
expansion in Eq. (2.17) may then have a complex
part while only the real part has a physical signifi-
cance. Accordingly, the true response properties
may be determined from the symmetrizations,

1
(X)0 < E(<X>° +{(X)0), (2.70)

1
XY Dy, =5 (KXY Dy, + LXGY D)0,),
(2.71)
1
LXY, Z Doy, 0, = 5 (KXY 200, 0,
+UXY, 20V —0y,), (272)
LXY, Z, Wy, o,
! X;Y,Z
« E(<< 7 7 s >>mk1/“’kz

XY, 2 a0y, -), (273

which are the analogs to what is done in the
time-independent theory by taking only the real
part of the energy

1
E « E(E + E*). (2.74)

If a new quasienergy is constructed from Eq. (2.65)
using these symmetrized response functions, this
new quasienergy will be real. The symmetrizations
of the response functions will in the state limit
give properties that are consistent with the finite-
field results of the symmetrized energy in Eq.
(2.74).

An equivalent approach to obtain symmetrized
response functions is to require the quasienergy to
be real from the outset. Since the quasienergy is
real in exact theory, this gives an equally valid
analogy between exact theory and approximate
theory. The fundamental equations become in this
case

8{ReQ(t)}r =0 (2.75)

d{Re Q(t)}r

e~ (OWep(ivn)r. (276)

This starting point automatically introduces the
symmetrizations of the response functions in Egs.
(2.70)-(2.73). However, it also introduces many
complex conjugate terms in the derivation, which
has as only consequence to enforce the sym-
metrizations in Egs. (2.70)—(2.73). 1t is also impor-
tant to note that taking the real part does not mean
taking the real part of each term since the response
functions themselves do not have to be real in
general. We wish to emphasize again that the
lacking symmetries of the response functions are
artifacts of our approximation and consequences of
a different “left wave function” and “right wave
function.” Although this, of course, is an indica-
tion of the inappropriateness of using the term
“wave function” in this case, it may be convenient
for the discussion of molecular properties first to
determine the original asymmetric response func-
tions. This corresponds to determining directly the
expansion coefficients in the original expansion of
the expectation value in Eq. (2.17). In obtaining the
final expressions for the response properties, the
appropriate symmetrization should then be ap-
plied. Although other theoretical work have used
the explicitly enforced real quasienergy approach
[21, 38—-40], it is more standard to work with the

12

VOL. 68, NO. 1



RESPONSE FUNCTIONS FROM PERTURBATION THEORY

original expressions Egs. (2.17) and (2.65). For these
reasons, we shall continue to use the original form
for the quasienergy in our derivations, but enforce
the symmetrizations in Egs. (2.70)-(2.73) when
necessary.

We note that Eq. (2.65) is completely analogous
with the energy expansion in time-independent
perturbation theory. If we restrict the expansion in
Eq. (2.3) to perturbations of zero frequencies, we
obtain

{Qlr = Ey + X (X)e,(0)

1
5 XX D08, 02,0
X,y

1
Fo T UXY, 200008 02,002.0)

X, Y,z

+ (2.77)

In this case, we have that

{Qlr = Q=E(e),

where E(e¢) is the usual energy depending on
some frequency-independent strength parameters.
In this case, it is obvious how the symmetry rela-
tions come about since they correspond to inter-
changes of the order of differentiation:

(2.78)

d*E(e) B d*E(e)
de,(0)de,(0)  de,(0)de,(0)
(2.79)

XY Do =

The symmetries of the frequency-independent re-
sponse function correspond to simple permuta-
tions of operators X,Y, Z, etc.,, and are special
cases of the symmetry relations for frequency-de-
pendent response functions, where the symmetries
are generalized to permutations of operators and
associated frequencies: (X, w,), (Y, wkl), (z, wkz),
etc. If only the operators are interchanged, a differ-
ent frequency-dependent property is obtained. For
example,

KXY Z Wy, # CXZY Dy, (2.80)

when Y and Z are different operators and w; and
wy, are different frequencies. If this difference is
neglected and the inequality is replaced by an
equality, the response functions are assumed to
have the so-called Kleinman symmetry. This ap-
proximation may be reasonably for very small

frequencies but can, in general, not be recom-
mended [6].

3. Response Theory for an Explicit
Parameterization

In this section, we derive response functions for
a model that depend explicitly on some parame-
ters, but where the explicit dependency is not
specified. The derivation is carried out at an ab-
stract level to make apparent the similarities be-
tween different models, as well as the general
differences between variational and nonvariational
approaches. For the non-variational models, we
use a Lagrangian technique similar to the one used
by Helgaker and Jergensen for obtaining energy-
derivatives of nonvariational energies in time-in-
dependent theory [17, 18]. This allows variational
and nonvariational models to be treated very simi-
larly. The general expressions that we derive are
used in the following sections to obtain expres-
sions for response functions in exact theory and in
SCF, CC, and MP2 theory. However, we empha-
size that the obtained expressions can be used for
any model that has a well-defined quasienergy
and where the determination of the parameters is
specified in a unique way.

2.A. FOURIER DECOMPOSITION OF
PARAMETERS AND QUASIENERGY

We denote the parameters in our model com-
monly as A and we assume that the time-depen-
dent quasienergy (Q(A, A)) and the time-depen-
dent equations [e(A, A) = 0] are functions of these
parameters and their time derivative. We intro-
duce accordingly the time-dependent Lagrangian

LA, A, A) = Q(A, Q) + Ae(A, d),  (3.1)

where A are time-dependent Lagrangian multipli-
ers. Variational wave functions are treated as the
special case where A = 0. A comment on the nota-
tion is in place. Throughout the remainder of this
article, we use normal types for vectors, while
bold face is preserved for matrices and supermatri-
ces. We use a supermatrix notation where vectors
and matrices are multiplied in order—thus, ABAA?

denotes the scalar T, A;B,; AjA;. We use bars to
denote multiplier vectors. In accord with the dis-
cussion in the preceding sections, we proceed to
the time-averaged formalism and derive the re-

sponse functions using Fourier component varia-
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tional perturbation theory. The parameters are ex-
panded in orders of the periodic perturbation,

M) = 2O + XD + AP) + -+, (3.2)
A1) = 2O £ AD() + AD(8) + -, (3.3)

where the zeroth-order parameters do not depend
on the perturbation. The higher-order parameters
are expanded in the Fourier components of the
perturbation in Eq. (2.3).

N
XD = Y expl—img HA(w;), (3.4)
k= —
N
A = Y exp(—ilwy, + o )t)
ki ko= —N

XA (w, , @), (3.5)

and so on. The Fourier components depend on the
perturbation-strength parameters,

/\(])(wh) = st(wkl))\x((ukl), (3.6)

1
/\(2)((1),(1, wkz) == Z SX(wkl)EY(wkz)
2. Y
XA (0, ). (3.7)

Similar expressions are introduced for the multi-
pliers. Instead of the Fourier decomposition in
Egs. (3.2)-(3.5), we may alternatively write the A
parameters as a sum over possible frequency
combinations:

M) =Y exp(—io) M), (3.8)
1
where

N
Mo) = Y Mo )8(w, — o)

k= —N
N
+ Y A Wi, wkz)
ky ko= —N
X8(wy, + o, — o) + -+ (39)

The Fourier coefficients A w;) do not explicitly
refer to any specific order but only to the sum of
the involved frequencies. This notation is conve-
nient in some cases.

In variational perturbation theory for a time-
independent perturbation, the change of vari-
ables from field-dependent variables A(¢) to the
variables in each order of the perturbation
AD,AD A ... s carried out in one step. In
Fourier component variational perturbation the-
ory, the corresponding change of variables is car-
ried out in two steps: First, the introduction of the
time average implies a shift from the time-depen-
dent variables and their derivatives with respect to
time, A(t, &), A(t, &), to the Fourier components
Ao, &), \w,, w,, &)+ [or the set of Mw,, &)
parameters]. These parameters depend on the field
strengths, here explicitly written out as a func-
tional dependency of &, and are the analogs
to AMe) in time-independent theory. Second, we
introduce the parameter responses A'(w,),
/\YZ(wl, w,), -+ to the specific perturbations. These
parameters do not depend on the field strengths as
they are defined as derivatives taken for zero-field
strengths. They are, thus, the analogs to the
A, A@, A® parameters of time-independent the-
ory.

We now proceed to derive the response func-
tions from Fourier component variational pertur-
bation theory by carrying out an expansion of the
quasienergy Lagrangian similar to the one just
described for the parameters

L(t) = LO + LD(t) + LO() + LO(t)

+ ID(t) + -+ (3.10)

We obtain the time-averaged quasienergy La-
grangian to each order as

{Lr = LO(0),
{LY}r = Y £, (0 LX(0),

(3.11)
(3.12)

1
{L?}r = 2 Y L ex(wp ey (0 )L (wg, o );

ki x,y
wo = _wkl’ (313)
s 1
{(I®); = — Z gx(wo)é‘y(wkl)gz(wkz)
6 ki, ky, x, v,z

><LXYZ(('OQ/ wklr wkz);

w, = —(wkl + wkz), (3.14)

14
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([¥)r = —

r X

ki, ko ks x,y,z,u

ex(wy)ey (wy )

X ez(w )ey(wy)
X LXY2U( ), Wy, O, wk3);

w, = —(cuk1 + o, + wka). (3.15)

Note that the L(t), in general, contain a sum-
mation over n frequencies and that this sum is
reduced to a sum over n — 1 frequencies when
the time averaging is carried out. The parameter
responses are determined from the variational
criterion

8{Lir=0, (3.16)
which in the Fourier component variational per-
turbation theory becomes variational -criteria
for the Fourier components of the quasienergy
Lagrangians L©, L*(0), L*Y(w,, o), LY %(w,,
wp, o), and LX Yy, o, o), o, ) with respect
to variations in the parameter and multiplier re-
sponses. When the variational equations have been
solved, the Fourier components of the quasienergy
Lagrangian become equal to the response func-
tions as is clear from Egs. (2.57)-(2.61). The re-
sponse functions are thus determined as deriva-
tives of {L"}; with respect to the field-strength
variables &, (wy); for example, the linear response
functions become

A {1}y
dé‘x( wo) dé‘y( wkl) ’

wy = _(,()kl.

UXGY Doy, =

(3.17)

The response functions can be obtained in a form
that satisfies the 2n + 1 rule for the wave-function
parameters A and the 2n + 2 rule for the multipli-
ers A. This is shown explicitly in a later subsection.
We wused the nomenclature L©, L*(0),
L*Y (w,, ), etc., for the immediately obtained
Fourier components of the quasienergy and where
the simplifications due to 2n + 1 and 2n + 2 rules
have not been introduced. In the final expressions
for the response functions ({(X;Y, - >>wk1,-~- , we
assume that the response equations have been
solved and the 21 + 1 and 27 + 2 rules may then
be used to simplify these expressions. In the fol-
lowing subsections, we demonstrate this for the
low-order Lagrangians {L®};, {L};, and {L®};
and show how the physical content can be ex-

tracted: the energy from {LO);, average values
from {L™};, and second-order molecular proper-
ties from {L®};. We later prove the 2n + 1 and
2n + 2 rules for general frequency-dependent re-
sponse functions.

3.B. THE ZEROTH-ORDER LANGRANGIAN

The zeroth-order Lagrangian becomes

LOA®, A®) = EO()\®) 4 A@pO(\©)  (3.18)

where we have used that in the zeroth-order limit
the quasienergy reduces to the usual total energy
E®. The variational condition with respect to the
zeroth-order Lagrangian multipliers gives the
equation for the zeroth-order parameters A

aL(O)(A(O) 7\(0))
0 = _—/ = 8(0)()\(0)).
X

(3.19)
This ensures that the usual energy is obtained in
the zeroth-order limit. The variational condition
for the A” parameters determines the zeroth-order
multipliers

ALO(A® AO) JEO(\®) 9e@O(\®)
’ - 30)

IANO - IANO® +A AN
(3.20)

The unperturbed reference parameters A are re-
quired to calculate the energy and all other proper-
ties. The zeroth-order multipliers are required to
calculate all ground-state properties except the en-
ergy. We do not need to calculate the unperturbed
energy from Eq. (3.18), but may calculate it from
E@(A®). The use of the variational functional is a
great advantage for all properties except the
ground-state energy. The zeroth-order multipliers
in the Lagrangian formalism are the analog of the
so-called Z-vector in the interchange technique for
calculation of analytical first derivatives of nonva-
riational energies [19, 20]. In the Lagrangian ap-
proach, the Z-vector arises automatically without
resorting to the interchange technique.

Variational theory becomes the special case of
the nonvariational theory where the second term
in Eq. (3.20) vanishes. We obtain the standard
variational criterion for the unperturbed parame-
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ters A©:

&E(O)(A(O))
0= W (3.21)

Note that in a variational theory the equation that
follows from differentiation of the quasienergy La-
grangian with respect to A’ now determines A
and not A as in non-variational theory. In the
following, we treat the zeroth-order multipliers
A9 on equal footing with the zeroth-order parame-
ters A© and we will not refer explicitly to the
dependency of these parameters.

3.C. THE FIRST-ORDER LAGRANGIAN

The first-order Lagrangian becomes

ALYy ALDYr  HLDYr
X _ _ X
PO=720 ~ 5,0 ~ oo @
— HLD}r
A0 5 S ok (3.22)

The variational criterion for the first-order multi-
pliers gives an equation for the reference ampli-
tudes, since

ILX(0)  {LD)r

Cao T awoe 8P

This equation is, in fact, identical to the one ob-
tained from 0 = [H{L®};1/[JA®] in Eq. (3.19) as
we will see later. The variational criterion for the
first-order parameters gives

dLX(0) B LV} r
AX0)  aAD0)’

(3.24)

where we again note that this equation is identical
to 0 = (HL};)/(9A?) in Eq. (3.20). From Egs.
(3.21)-(3.24), we obtain in accordance with the
2n + 1 and 2n + 2 rules the following expression
for the first derivative that only depends on the
zeroth-order parameters and multipliers:

H{ LD}y

(X) = 7o) (3.25)

This is the generalized Hellmann—Feynman theo-
rem stating that all first-order properties including
molecular gradients can be calculated from the

zeroth-order parameters, A” and A

B HQWYy =
(X) = —ﬁgx(o) + A

0 {eW}r

7500 (3.26)
We note that for some nonvariational methods the
symmetrization in Eq. (2.70) may be relevant—see
the discussion in the previous section and the next
subsection. In variational theory, the second term
vanishes and the usual Hellmann—-Feynman theo-
rem expression is obtained:

HQW} ¢

(X0 = dey (0)

(3.27)

For standard wave functions, as, for example, in
the SCF method, this becomes a simple expecta-
tion value of the operator X.

3.D. THE SECOND-ORDER LAGRANGIAN

The expression for the second derivative of the
time-averaged second-order Lagrangian becomes

L (g, )

d*{L®)r

- dey(wy) dey ()

1 9 { [P}y

= P(X(wo)/ Y(wk1)) E &SX((UO) 0’)‘9Y(wk1)

21?1
+
7ox (@) AV (w0, )

/\Y(wkl)

1 9*{LP}r
T2 I (wy) A (w,)
9L}
IAD(wy) dey (w,)

dH{LP}r
IAD(wy) AV (w,)

M (w) M (o)

+7\X(w0)

+ 2% () N (o)

LR () T
+— w0y, W, ) =
2 0 TR (w,y, ) )
1
1 AHAL®)r

t - 3.28
2 AP (w,, o) (3:28)

MY (wq, @)},

where P(X(w,), y(w) )) is symmetric with respect
to the interchange of X and Y and associated
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frequencies,

P(X(wo), Y(wkl))fxy(wo, wy,)
= (wy, o) + (w0, 0)). (3.29)

From the variational criteria for the second-order
parameters and multipliers, we obtain again equa-
tions for the zeroth-order parameters:

AL (wy, )

B XY (w,, wy)

KL}y
A w,, wy)

, (3.30)

HLP}r
IND( ), wkl) ’

B r}’LXy(wO,wk]) B

B &Axy(wo,wkl) B

(3.31)

The variational condition for the frequency-depen-
dent first-order multipliers gives an equation for
the first-order A-parameters:

IL* (w,, “’kl)
T ()
PL)r
AV (w) dey (w,)
I LP)r
T A wg) A g )

N (o). (3.32)

The variational criterion for the first-order parame-
ters, in turn, determines the first-order multipliers:

L (@, )
A (w,y)
I L}y
- IND(wy) dey (@)
9 [P}r
T A Cay) A (w, )

)\Y(Cl)kl)

d*{L?}r
aAD( ‘”kl) AV (w,) '

+ X (@) (3.33)

Using the zeroth [Egs. (2.30) and (2.31)] and the
first [Eq. (3.32) and (3.33)]-order response equa-
tions to simplify the expression for the second-
order quasienergy, we obtain the linear response
function in accordance with the 2n + 1 and 2n + 2

rules as
(X, Y Mo, = P(X(wy), Y(w))

IH{LP}r
(98X ( wo) &)\(1)( wkl)

)\Y(wkl)

1 oL}
+ j—
2 AV (wy) AV (w,)

X)\X(wo))\y(wkl)}. (3.34)

Note that the first term in Eq. (3.28) vanishes
because the Hamiltonian in Eq. (2.3) was restricted
to terms first order in the perturbation strength
parameters. We carried out the complete deriva-
tion up to this point in terms of quantities given
explicitly as derivatives. It is convenient to define
some of these derivatives as vectors and matrices.
This is done in Table IV, and in Tables I-III, we
give the linear, quadratic, and cubic response func-
tions and related response equations in terms of
the matrices for variational and non-variational
theories. In analyzing and implementing these ex-
pressions, it is convenient to use a slightly simpler
nomenclature where the connection between oper-
ators and related frequencies are introduced ex-
plicitly. We therefore denote wy for w,, w, for
wy,, etc., in the tables and in the following.

At this point, it is relevant to return to the
discussion in Section 2 concerning the symmetry of
the response functions with respect to simultane-
ous change of sign of frequencies and complex
conjugation [Egs. (2.19)-(2.22)]. If the response
functions do not satisfy these relations, we need to
enforce them [Egs. (2.70)-(2.73)]. This can most
conveniently be done by introducing in Egs. (3.26)
and (3.34) the operator C * © that symmetrices with
respect to simultaneous complex conjugation and
inversion of the sign of the frequencies

CiwaY(wX, wy) :fXY(wx; wy)
+ (X (—wy, —wy))*. (3.35)

This operator is applied to the response functions
in Table I, although, in some cases, it may be
unnecessary.

3.E. THE 2n+ 1 AND 2n+ 2 RULES AND

HIGHER-ORDER RESPONSE FUNCTIONS

The 2n + 1 and 2n + 2 rules for frequency-in-
dependent properties are well known (see [17, 18]
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TABLE |
Response functions in a general nonvariational theory.?

Linear XY Yy = %ctwp(x(wx),Y(wy)){nx + %F(wy)AX(wx)}AY(wy)

Quadratic UK, Z o0, = %Ciwp(x(wx),y(wy), Z(wz)){[%F" + %G(wy, wz))\x(wx)})\y(wy))\z(wz)
R |& 4 By, wz)mwy)}v(wz)}

Cubic

1
<<X; Y/ Z/U >>wy,(uz,wu = ECiMP(X(wx)/Y(wy)/ Z(wz)/ U(wu))
1 1
{EF(wZ + wU))\XY(wX, wy)/\zu(wz, wU) + EFX/\Y(wY))\ZU(wZ, wU)
+

G(wy, wz; + wu))\x(wx) A’Y(wY)AZU(wZI wu)

+ 7\X(wx)[Ay + B(wy, w; + wU))\Y(wy)])\ZU(wZ, wU)

Y
_

+ [EGX + 21—4H(a)y, wz, wU))\X(wx)]/\Y(wy))\z(wz)/\u(wu)

+ 2% (wy) [%BY + éC(wy, Wz, wu)AY(wy):|/\Z(wZ)/\U(wu)}

#The appropriate matrices are defined in Table IV, and the response equations are given in Table lll. The permutation operator P is
defined in Eq. (3.29) and complex conjugation and the frequency sign inversion operator is defined in Eq. (3.35).

TABLE Il
Response functions in a general variational theory.?
1
Linear UX Y Dy = P(X(wy), Y(wy)){nx + EF(wY)/\X(wX)})\Y(wy) = A (wy)
1 1
Quadratic KXY, Z Yoy, 0, = PX(wy), Y(wy), Z(wz))[EFX + EG(wy, wz))\X(wX)} Moy A% (w,)
Cubic LXY, Z,U Dy, w0y, 0, = P(X(wy), Y(wy), Z(w;), U(wy))

1 1

{gF(a}z + w )N (wy, 0y ) A% (wz, wy) + EFX)\Y(wy)/\ZU(a)Z, wy)
1

+ ZG((DY’ w0y + 0D (0 )N (0 )M (0, o)

1 1
+ [EGX + zH(wy, wz, wu)/\x(wx)] )\Y(wy)/\z(wz)/\u(wu)}

#The appropriate matrices are defined in Table IV, and the response equations are given in Table lll. The permutation operator P is
defined in Eq. (3.29).
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TABLE Il

Response equations in a general response theory.?

Nonvariational theory
Zeroth-order equations

e® =0

AOA@0) - =0
Alw)N(wy) + 7=

First-order response equations

N(w)A(—wy) + 77 + Floy) X (0y) =0

Second-order response equations

Alwy + 0) N (wy, wy)

1
+P(Y(wy), Z(wz)){AY)\Z(wZ) + EB((DY, wz)/\Y(wY))\z(wz)} =

N wy, w)A(—wy — ©y)

1
+P(Y(wy), Z(wz)){FY/\Z(wz) + EG(wy, w) N (wy) A\ (w;)

1 _
+§F((uy + wz))\yz(a)y, wz) + /\Y((uy)[AZ + B(w;, a)X))\Z(wz)]} =

Variational theory
Zeroth-order equations n=0
First-order response equations 7" + Flwy) XY

Second-order response equations

=0
Floy + 0) N (wy, 0z)

1
+P(Y(wy), Z(wz)){F’?\Z(wZ) + EG((l)y, wz)/\y(wy)/\z((uz)} =0

2The appropriate matrices are defined in Table IV, and the permutation operator P is defined in Eq. (3.29).

and references therein). A 2n + 1 rule was previ-
ously derived for monochromatic perturbations
(see footnote 87 of [21]). We derive here the 2n + 1
and 2n + 2 rules for general frequency-dependent
response functions.

To derive the 2n + 1 and 2n + 2 rules, it is
convenient to introduce the not too short notations
[N =1V Ve r(w,, w,,..., w,_,) for the Fourier
components of the quasienergy Lagrangian
and AP = AV ﬂ(wl,...,w) and A =
A1 ﬂ(wl,.. @,) for the response amplitudes.
Bars and tildes are used to distinguish the opera-
tors and frequencies in the response vectors from
those of the Nth-order quasienergy derivative. The
multipliers can be treated in an analogous way.
The first derivative becomes

JLN J

A" A (B, ®,)

« d"{L}r
c?svo(wo)&avl(wl)

931/“,1( ®,_1)

Introducing the frequency w = X}/ ; w; and the
M) notation of Egs. (3.8) and (3.9), we obtain
using the chain rule:

JLN d

N &svo(wo)&svl(w)"' 078‘/”_1((1)”_1)

M)

A V(@ @,

AL}t
) M)

d
(9.9‘/0( wo)ﬁsvl(wl)

‘9‘9vn,1( wn—])

N L}r

o) (3.37)

Xnav(w

Introducing the grand symmetric G ; ..,_, which
generates all permutations of operators with asso-
ciated frequencies, V(w;), i =0,n — 1, and the
heavy side step function 6(j) =0 for j <0 and
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TABLE IV
Vectors and matrices for general response
functions.?

Quantity Derivative expression
, 73(L@)r
n
(?A(l)(a)x) ﬂsy(wy)
£ L@y
NV (wy) dey(wy)
2L}y
Alwy) A (arg) A wy)
a¥H{L®}r
Bloy, oz) D (ag) A wy) A ()
PO
Cloy w0z, 00) S A wy) I arg) I )
P {L®}r
Floy) NV (arg) Ay )
a*{L®}r
Gloy, wz) AV (wy) AV (wy) AV (w)
aHL D}y
HCwy, 02, 00) G S A Cwy) X wy) A )
AZ 3L ®}r
IAN( wy) r?)\(1)(wy) dez(w5)
i PO
D wy) XV (wy) N w0,) dey(wy)
> a¥{L®}r
NV wy) IXV(wy) de,(wz)
oY IHLDYr
INV(wy) IXV(wy) XV (wy) dey(wy)
HQ)r
n oA©

#Expressions for the matrices for a variational theory are
obtained simply by replacing L with Q. Matrices referring to
derivatives with respect to multipliers (e.g., A,B-:-) are
identical zero for variational methods. The sum of the fre-
quencies occurring in the derivative expressions is zero;
wy + wy=0 0y + vy + w,=00rwy + wy + w; + vy =0.

otherwise 1, we obtain

LN
G =G(0,1 ..... n—1)

an-r

&evo(wo)&avl(wl)--- dey (wn_p_l)

n—p-1

0{L}T
0(n —p)
IM®) P
P
xTogy, , 0@~ 0, 1) (338)
Similarly, we obtain the second derivative as
LN
AP arQ = G(0 ..... n—1)
gn=r=a
c?svo(wo)&svl(wl)--- ﬁsvn_p_q_l(wn_p_q_l)
AT L )
X —_— — —
@) @) P
p
X HBV,VV,,;,,H (L_‘)z Wy, p71+1)

iVi-p—g- 1+,6(&)f B wn7p7q71+],), (3.39)

where & = XI_; o,

From Eq. (3.39), it is apparent that there exist
relations between the derivatives of LY with re-
spect to A” and A9 for different 1, p, and g and a
different set of operators and frequencies. It is
instructive here to compare them with the time-in-
dependent limit of Eq. (3.38) in the case where
there is only one external perturbations X:

aLy "y

PG G(O,l ..... n—1) (agx(o))nfp an . (3.40)
In the time-independent limit, it is obvious that
the variational equations obtained from (JLV)/
(9A") = 0 for all n and p are not all independent.
The independent sets of equations are character-
ized only by the difference n — p. In other words,
the same response equations are obtained straight-
forwardly in different orders, for example,
(0L?)/(0A") = 0 and (9L%) /(9X*) = 0 determine the
same set of equations for the first-order responses,
and, therefore, the same set of first-order responses
is required for evaluating the linear and quadratic
response function in the frequency-independent
limit. This behavior is carried over to the fre-
quency-dependent case, with only minor modifica-
tions. The essential sets of response equations are
again not all independent as seen from Eq.
(3.38)—again, the difference n — p is characteristic
of the set of independent equations. However, not
only the operators, but both operators and fre-
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quencies for the n — p (remaining) perturbation
strengths in Eq. (3.38) are required to be identical
to give the same response equations. For the re-
maining p frequencies, the sum has to be the same
to give exactly the same response function. This
means that, overall, the same forms of the response
equations are obtained in different order; however,
the required set of frequencies for the responses
may be slightly different for different order re-
sponse functions.

For example, the equations for the zeroth-order
amplitudes and multipliers found in the previous
sections [Egs. (3.19), (3.23), and (3.30)] are all
equivalent as n — p = 0 and, therefore, obviously,
w = 0:

aL®  gL*(0)  ILX(—wy, ©y)

A0 T A0 X (—wy, oy)
= eO(\?), (3.41)

The same comment also applies for the zeroth-
order multiplier equations. The same form of
equations for the first-order response equations are
obtained to each order, for example, the equation
for AY(w,) for a nonvariational method is deter-
mined from

ILXY (—wy, ®y)
&XX(—wy)
ALY (—wy — 0y, 0y, ©,)

= —— . (342
N (—wy — 0, w,)

Similarly, the same set of equations is seen to be
obtained for A*(w,). For A*(wy), the only differ-
ence is due to the in general different frequency
assigned to X in linear and quadratic response
theory:

A L}r
© ey (—wy) A,

ILXY (—wy, wy) 3 d

A a) , (3.43)

I (—wy — w,, wy, ©y)
(9)\YZ((1)y, wz)
d L}t

= . (3.44
dex(—wy — wy) A (3.44)

wytwy

Thus, the form of the response equations is the
same. A different frequency wy in A*(wy) is re-
quired in each order, unlike for the responses

referring directly to the “external” perturbations
M(wy), M(w,) .

Our next task is to prove the 2n + 1 and 2n + 2
rules based on the above results. The characteristic
order for the set of equations obtained from
(aLN)/(9A") = 0is n — p. We have from Eq. (3.39)
that the second derivative is zero for n > p + g.
Thus, LV is linear in all A" collectively, where
p > Int(n/2). Since we require L" to be stationary
with respect to these A" parameters also,
(aLN)/(9A") = 0, the coefficient for the A" param-
eters must be zero. Therefore, the final result—the
stationary value—which we will denote the nth-
order response function, does not depend on the
parameters A" for p > Int(n/2). In other words,
the frequency-dependent parameter responses
through nth order determine the frequency-depen-
dent response functions through order 2n + 1. This
is the 2n + 1 rule for frequency-dependent re-
sponse functions. The above considerations are
trivially extended to the treatment of both the A
parameters and the Lagrangian multipliers. How-
ever, for the Lagrangian multipliers, we can even
strengthen the 21 + 1 rule to a 2n + 2 rule: To
obtain the frequency-dependent response func-
tions through order 2n + 2, only the nth-order
frequency-dependent responses to the Lagrangian
multipliers are required.

The 2n + 2 rule for the Lagrangian multipliers
can be realized as follows: From the definition
of the Lagrangian, the Lagrangian multipliers
occur linear to every order. Consider now the
(2n + 2)th-order Lagrangian. The terms including
the (n + Dth-order multiplier will depend on A"
for p=0,1,-- n,n + 1 but not on higher-order
responses than AM*!. Therefore, the use of the
response equations to obtain an expression in ac-
cordance with the 21 + 1 rules does not affect the
terms linear in ANT?, as the used response equa-
tions are obtained as derivatives of the Lagrangian
with respect to A’p > n + 1 and A7g > n + 1. We
can therefore, without consequence for the reduc-
tions obtained in using the 2n + 1 rule, use the
variational criteria (412N *2) /(dAN*1) = 0 to elimi-
nate AN*1. We thus obtain that we can evaluate
(2n + 2)-order properties using only A, p <n + 1
and A9, g <n + 1. Thus, we have proved the
2n + 2 rule for the Lagrangian multiplier.

The use of the 2n + 1 and 2n + 2 rules have
already been exemplified in the previous section
by explicitly writing up the Lagrangian to a spe-
cific order and including all terms. After applying
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the variational criteria, we used the resulting equa-
tions to eliminate the terms that were not in accord
with the 21 + 1 and 21 + 2 rules. Having realized
this, in general, we know a priori that these terms
do not contribute. They can, thus, be safely ig-
nored from the beginning of the derivation of the
response functions to any order. The lower-order
response equations can still be obtained according
to the variational criteria for the required re-
sponses. The use of a variational Lagrangian and
the 2n + 1 and 2n + 2 rules thus greatly simplify
the derivation, as can be seen by reexamining the
derivations in the previous subsections. We know,
for example, a priori, that the average value for a
molecular property in a nonvariational theory can
be evaluated from zeroth-order parameters and
multipliers, and we obtain straightforwardly Eq.
(3.25) by simply ignoring all terms depending on
first-order responses. Similarly, for the determina-
tion of frequency-dependent second-order proper-
ties, we can from the outset discard the response
terms in Eq. (3.28) depending on second-order
parameters and multipliers and obtain the linear
response function directly in the form in Eq. (3.34).

3.F. SYMMETRY RELATIONS FOR THE
RESPONSE FUNCTIONS

The reduction from the nonvariational method
as given by Egs. (3.30)-(3.34) to a variational
method is obtained neglecting all terms containing
A and replacing L with Q. Equation (3.34) then
becomes

XY Doy
= P(X(wx)/Y(wy))
3*{QP}r y
Fee(wg) (@) (Y
1 9%{Q®
Q0 A (w0 )N (wy) b

+ j—
2 IAV(wy) A (wy)
(3.45)
The response equation [Eq. (3.32)] is not defined in

a fully variational theory, whereas Eq. (3.33) is
replaced by

B 92{Q®};
—aN( wy) dey (wy)

a{Q%}¢
+
N wy) IAD(wy)

N (wy). (3.46)

Using the variational response equation in Eg.
(3.46), a further simplification can be introduced in
Eq. (2.45), such that the linear response functions
can be written in a form requiring only the re-
sponse parameters with respect to one of the oper-
ators X, Y. We thus obtain

3*{QP}r

UX,Y N, = dex (wy) AV (wy)

We have thus rewritten the expression for the
linear response function from a form explicitly
exhibiting the symmetry of the linear response
function with respect to the interchange of opera-
tors and related indices to a form that has built-in
this symmetry implicitly and where the response
function is evaluated in an asymmetric manner,
requiring only the parameter responses with re-
spect to the perturbation Y. The expressions given
in Table II for response functions for variational
wave functions are symmetrized explicitly, since
they are obtained directly from Fourier component
variational perturbation theory applied to the
quasienergy. As stated above, the derivation of
response functions from expansion of the expecta-
tion value gives expressions that do not explicitly
show the symmetry between X and the remaining
operators with corresponding frequencies. As a
consequence, the expressions are less symmetric
and the deviation is more complicated.

The practical advantage of using the asymmet-
ric form is that in some cases fewer response
equations need be solved as exemplified by the
reduction above for the linear response function.
On the other hand, when the symmetric form is
used for evaluating the linear response function,
the accuracy of the response function will be
quadratic in the accuracy of the response vectors.
A disadvantage of the asymmetric form is that the
quadratic accuracy is lost and replaced by a linear
scaling with the error in the response vector. See
discussion in [17, 18, 41]. Rewriting the “explicit
symmetry form’ Eq. (3.45) in terms of the “im-
plicit symmetry form” Eq. (3.47) is rather simple
for the linear response functions, but less trivial for
the higher-order response functions. For the
quadratic response function, nothing is gained us-
ing an asymmetric form since a similar number of
response equations are required in both cases.
For the cubic response function, the number of
second-order responses is different in the two cases
as can be seen by comparing the expressions in

22

VOL. 68, NO. 1



RESPONSE FUNCTIONS FROM PERTURBATION THEORY

Table II with the expressions for SCF and MCSCF
cubic response functions in, for example, [4, 42,
43]. The explicit symmetric form requires 10 re-
sponse equations to be solved while the implicit
symmetric form requires only seven. The differ-
ence is minor but may be relevant in some cases.
Also, the issue of accuracy in the response prop-
erty in terms of accuracy in the response vectors
may be relevant in this context. The above consid-
erations are rather specialized and different forms
may be preferred for different purposes. For exam-
ple, for calculating the full polarizability tensor, it
is unimportant whether Eq. (3.45) or Eq. (3.47) is
used since the numbers of X and Y perturbations
are identical, whereas for calculation of nuclear
magnetic shielding constants, the number of X
perturbations (reflecting the number of different
magnetic nuclei) may be considerably larger than
the number of Y perturbations (reflecting the three
components of the magnetic field) and the asym-
metric form must be preferred.

For nonvariational models, the discussion is
again different. The response of the parameters
with respect to one of the perturbations cannot be
removed without breaking the 2n + 2 rule for the
multipliers. For example, by eliminating the re-
sponse A*(wy), we obtain the following form for
the linear response function for a nonvariational
model:

UXY Do,
L ey
=3 Teta) A0 (wy (v
_ 9 L?
X (wy) el . (3.48)

dex(wy) A (wy)

Instead of A*(wy) and A'(w, ), we thus need the
response of both the wave-function parameters
and the multipliers with respect to Y. We remem-
ber that a symmetrization with respect to the in-
version of the sign of the frequency and complex
conjugation of the response function may be rele-
vant for some approximate models. This gives, in
general, twice as many equations to be solved
[N (wy), A (wy), (A (= w0y ), A (—wy )*]. The
asymmetric form may still be advantageous in
some cases, where, again, nuclear magnetic shield-
ing constants are the most obvious example [44],
while when the number of X’s and Y’s are equal,
in general, twice as many equations are required
in the asymmetric form. Different strategies may

thus be advantageous depending on the particular
model and property under study [45]. However, in
our opinion, the easiest derivation and the most
convenient and general starting point for the anal-
ysis of computational efficient strategies are ob-
tained by using a derivative approach as in the
Fourier component variational perturbation theory
where results in agreement with the 2n + 1 and
2n + 2 rules are obtained straightforwardly and
then modify the obtained expressions according to
the special needs.

4. Response Theory for Variational
Wave Functions

4.A. RESPONSE FUNCTIONS IN A
VARIATIONAL EXPONENTIAL
PARAMETRIZATION

As a parametrization covering both the exact
state and the class of approximate variational wave
functions that can be described in terms of a single
unitary transformation, we chose the exponential
ansatz,

0y = exp(A(£)[0), (4.1

where A(t) is an anti-Hermitian operator. A self-
consistent field (SCF) wave function can be de-
scribed by the parametrization in Eq. (4.1) with the
operator A as [3]

A(t) = Y (A, (Dgl, — X5(B)g,), (4.2)

where (g, g,,) are orbital rotation generators
P _F g4t i
G = Epg = 0y, + @pa,p, (4.3)

and where we require that p > ¢, such that g/, is
an excitation operator and ¢, is a deexcitation
operator. For an exact state or a configuration
interaction (CI) state,

A = Y (A (ORE — X (HR,), (4.4)

m>0

where R,, are state-transfer operators:
R = |m){0l. (4.5)

For an approximate CI wave function, this
parametrization describes an “‘unrelaxed” ap-
proach—the set of molecular orbitals used to build
the relevant configurations is fixed. A “relaxed”

INTERNATIONAL JOURNAL OF QUANTUM CHEMISTRY 23



CHRISTIANSEN, JORGENSEN, AND HATTIG

CI approach can be described in terms of a
double-exponential parametrization and an appro-
priate set of orbital constraints: for example, the
SCF or multiconfigurational self-consistent field
(MCSCEF) equations. In this case, the wave function
is nonvariational (in the orbital rotation parame-
ters). SCF response functions have been derived in
other contexts and implemented to high order [27,
28, 42, 46-53]. Response functions for MCSCF wave
functions can be derived in an equivalent fashion
using a double-exponential unitary transformation
describing rotations in both the orbital and config-
uration spaces. Theory and implementation of
MCSCEF response functions have been described in
detail in the literature in other contexts [43, 54—57].

Using a unified notation, Egs. (4.2) and (4.4)
may be expressed as

A =Y (A(DQ — X¥(D)Q,) = Y A,()O,,

m>0 m

(4.6)

where we have absorbed the summations over
excitation and deexcitation parts in one summa-
tion over both positive and negative m, such that
the definition of A, is extended to

m>0

Am
)\m = { _)\;i m <0 (47)

and the operators O,, are defined,

t >0
o |9 m
Q.. m < 0.

m

(4.8)

The time-dependent quasienergy becomes accord-
ing to Eq. (2.27)

17
exp(—A(t))(H - iz)exp(/\(t))‘0>.
4.9

Q(t) = <0

The determination of response functions and re-
sponse equations follows now straightforwardly
from the quasienergy {Q(#)}; in agreement with
the expressions for the response functions, re-
sponse equations, and matrices in Tables II-IV.
We shall here exemplify the derivation and subse-
quent analysis through second order.

The starting point in the derivation is the Baker—
Campbell-Hausdorf expansion

J
exp(—A(t))(H - iz)exp(/\(t))

J
- (H—i—) +
at

1
+_
2

H 0 A(t)
—ZE), (t

+ -

9
(H— 15),/\0)},/\0)

(4.10)

and the commutator relation
J .
[(H — iz),A(t)} =[H,A(t)] —iA(t). (4.11)

The zeroth-order quasienergy becomes simply the
usual unperturbed stationary energy

QO = E, = <0|H,0). (4.12)

The variational requirement for the zeroth-order
Lagrangian therefore becomes

HOO®
0=m = % =(0l[Hy, O;110). (4.13)
For an SCF state, Eq. (4.13) is the well-known
Brillouin condition.

The first-order quasienergy is obtained by in-
cluding all terms in the expansion Eq. (4.10) which
are first order in V! However, as discussed in
Section 3, we know a priori that only the terms
that are in agreement with the 2n + 1 rule are
required. The first-order A responses are therefore
not needed to determine first-order properties. Ac-
cordingly, we limit ourselves to considering only

2IQM(t) = {0IV[0).

The 2n + 1 form of the first-order quasienergy
becomes

(4.14)

{rriQmm), = <olve=lo),

where V? is the zero-frequency part of the pertur-
bation in Eq. (2.3). We obtain from Eq. (2.58) the
expectation value
QYM),
a dey (0)

(4.15)

(X7 = (0/X107. (4.16)

For determining the linear response function and
the first-order response equations, it is similarly
sufficient to consider the 2n + 1 form of the sec-
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ond-order quasienergy. We collect, accordingly,
only the terms of the time-dependent quasienergy
that are needed to obtain the time-averaged
quasienergy in a form that satisfies the 2n + 1
rule:

1
2Ot = <o‘[vnAﬂ>(t>] + 5[ [Ho, AV

—iAD(t), AD(D)] ‘0> (4.17)

We now expand the perturbation in terms of
Fourier components as in Eq. (2.3) and the parame-
ters—and, thus, the A operator—as in Egs. (3.4)

and (3.5) and we obtain an expansion for *" ' Q®(t)
decomposed into Fourier components:

2n+1Q(2)(t) - E exp(—i(wkl + wkz)t)

kq, ko

o

1
A, )

[Von, AV, )

— w, A w,), A“)(wk)] ‘0>. (4.18)

We obtain, accordingly, the 2n + 1 rule expression
for the second-order quasienergy as

{Z"HQQ)(’?)}T = Z <()‘[V— Ok A(1>( wkl)]

ky

e

+
+ o, AV(—w; ), AV( a)k])] ‘0> .
(4.19)

From the definitions in Table IV, we obtain (with

L=0)
9*{QP)r
I (wy) dey (wy)

7*{Q%);
IAND( wx)c?)\ﬁ-l)(wy)

”’Iz‘y =

=(0I[Y, 0,110y, (4.20)

Fi]‘((l)y) =

1
= S P(Oi(wy), O(wy))

x[(0l[tH,, 01, 0,][0)

+o,(0I[0;, 0,110)],  (421)
where we remember that wy + wy =0. The F
matrix can be written in the following form:

Ewy) = —EF + 0,88, (422
where we have introduced the E! and SP?! matri-
ces

2] — 1
B’ = —EP(Oi,O]-)<0|[[H0,Oi],O]-] 0), (4.23)

S =(ol[o;, 0;110). (4.24)

Introducing the ordering where index j is or-
dered with excitation before deexcitation (j > 0
before j < 0) and i is ordered deexcitation before
excitation (i < 0 before i > 0), we can write EP!
and SP! in the following form:

2] — A B

E (B* ) (4.25)
e = A )

S (_A* e (4.26)

The last equation implicitly defines A, B, %, and
A= S[,Z],-,]-.) Using the Jacobi identity, we may

rewrite the EP! matrix:

ollt 01,010}

—(0|[t0;, 0,1, Hy]|0)
—(0|[t0;, H,y1,0,]|0)

—(0|[0;, [Hy, O]1][0).
(4.27)

To obtain the last equality, we have assumed that

(0l[[O,,, 0,1, Hy1l0) = Y c"0I[ Oy, Hy1l0)
k

= 0. (4.28)

The sum over k in Eq. (4.28) may be over both
redundant and nonredundant generators in config-
uration or orbital space for CI and SCF and is
therefore an extension relative to the original man-
ifold in Eq. (4.8). The identity in Eq. (4.28) is
fulfilled for exact theory, approximate CI, and SCF,
where the first equality follows from the form of
the operators and the second follows from the
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variational criteria. The matrices A, B, 2, and A
can now be written in the form

Ay =(ol[e [Hy Qo) @29
B, = (0][Q. [H,, Q1][0),  (430)
s, = (0][Q. Q!][0). (4.31)
A, =(0I[Q;, Q;110). (4.32)

It can be realized using the Brillouin condition [Eq.
(4.13)] and the Jacobi identity that A and 3 are
hermitian, B is symmetric, and A is antisymmetric
and EP! and S in Egs. (4.25) and (4.26) are
therefore Hermitian. To introduce the ordering of
Egs. (4.25) and (4.26) on the right-hand side of the
linear response equations, we introduce the vector

g = (nyi) _[corvQlio ) (4.33)
U (ol[Y, a0}
The response equation for A'(w ),
N(wy) = —(Fwy) 7Y,  (4.34)
can thus be written as
AN (wy) = (B — 0, 82) oY (4.35)
The linear response function becomes
UX,Y N, = 20 (wy). (4.36)

The derivations of the quadratic, cubic, and
higher-order response functions proceed in a simi-
lar way. The relevant expressions for the linear,
quadratic, and cubic response functions are listed
in Tables II-V. In Table II, the expressions are
given for the response functions in a variational
theory in terms of A responses and response matri-
ces. The response equations determining the re-
sponse vectors are given in the second part of
Table III for the variational wave function. The
matrices are defined in Table IV in general, and in
Table V, the relevant matrices are specialized to a
single-exponential variational ansatz. These ex-
pressions will be used for discussing the structures
of the response functions for exact and approxi-
mate variational models.

4.B. RESPONSE FUNCTIONS FOR AN EXACT
WAVE FUNCTION

In the case of exact theory, we assume that we
have the complete set |i) of solutions to the time-
independent Schrodinger equation

Hyli) = Ejli). (4.37)
Using these states in the state-transfer operators in
Eq. (4.5), we obtain expressions for the S®! and E!*!
matrices. For the SP?! matrix, we find the elements

SE1 = 0lL0)<il, Ij)<onloy = 5, (4.38)

+i
TABLE V
Vectors and matrices for a single exponential parametrized variational wave function.?
Quantity
n o[y, 0,10
Fi{wy) %P(Oi( wy), 0j(wy)I(OI[[Hy, O;1,0;110) + wy{0I[O;, O;110)]

Gijk( Wy, wz)

1
EP(O,‘((D)(), O/'(wy); Ok(uz))Kol [[[Ho, O,] y O], Ok] |O>

+(wy+ wz)<0|[[O,-, O/]’ Ok] |0>]

Hi/’kl( Wy, Wz, “’U)

1
ap(o,‘(wx)/ Oj(wy)/ok(wz)/ O/(wu)[<0|[[[[ HO/ O,’]/ O,']/ Ok]/ O/] |0>

+(wy + w; + oy)OI[[O;, 01,041, 0,110)]

)
Fif 5P(0,,0)¢0Il[Z,0,0,110)

1
Gijk 5P(01,0,,00¢0Il[1U,0,1,0,1,0,110)
n; (0l[Hy, O;1l0)

#The sum of the frequencies occurring in the derivative expressions is zero; wy + wy = 0, wy + wy + w; = 0 or Wy + wy + wy +

wy = 0.
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and
A;; =<0I00)<l, 0)< /1oy = 0. (4.39)
For the E®! matrices, we find
AR =(0I[10)<il, [ Hy, 17><0N110)
= (E,— E)8, = 5, (4.40)

and
B,; =<0IL0)<il, [ Hy, 0)(jl110y = 0. (4.41)

Finally, the ¢" vector becomes

ARG
g¥ = (niy) = ( (O|Y|i>)' (4.42)

The linear response equations therefore become

(w,.—wy))\i,.(wy)) (—(ilYlO}

(0 + o)A (o) <0|Y|z'>)' (443)

Inserting these expressions in Eq. (4.33), we obtain
the exact linear response functions in the usual
sum-over-states representation:

01 X1i)<ilY'[0)
Wy — W;
01Y i )<il X10)

wy + w;

UXY Wy = ¥

i>0

i>0
=P(X(wy), Y(wy))

x y, XA =
i>0 Wy = 0;
The parametrization in Eq. (4.5) may equally

well describe a limited CI expansion with the

corresponding approximate states entering the
state-transfer operators. In the diagonal representa-
tion, the linear response function will thus also
have the structure in Eq. (4.44). It is characteristic
of a wave function that contains only state-transfer
operators (in contrast to many-body operators; see
discussion later) that the coupling of excitation

and deexcitation operators through the B and A

matrices vanishes. Another special feature of this

type of wave function is that the G matrix (see

Table V) vanishes since it contains an odd num-

ber of state-transfer operators. The form of the

quadratic response function is easily obtained from
the general expressions in the Table II and consid-
erations similar to those above. An expression for
the F* matrix is obtained straightforwardly from

the expression in Table V introducing the state-
transfer operators. The quadratic response function
becomes

<<X/ Y/Z >>wy,wz= —P(X(wX),Y(wY), Z(wz))
OIX1iy<ilY1j><jlZ10)
¥ J1728]

i, j>0 (wX + wi)(wz — wj) ’

(4.45)

where
Y =Y - {0|Y|0). (4.46)

The cubic response function becomes, in a similar
way,

<< XrY/ Z/ u >>wy,wz,wu
=P(X(wy),Y(wy), Z(w,), U(w;))

X

- X

i,j, k>0

OIX 1Y 1y GIZIk < kIU o)
(wX + wi)(wz + w; —

iy (0ICXi)<ilY 0y

iso (ox + 0)(0y — o)

X( > 0lZ1j¥<jluioy

>0 (o — )

o) (wy — @)

(4.47)

4.C. RESIDUES OF EXACT RESPONSE
FUNCTIONS

The exact linear response function has poles for
wy equal to plus or minus an excitation energy
and only for these values. The residue for the pole
at wy = wy is obtained from Eq. (4.44):

im (0, — o)X, Y Vo, = TITY =S¢,

Wy wf

(4.48)

where we have introduced the transition strength
matrix S%), and the left and right first-order tran-
sition matrix elements

T = (fIY[0),
T = C0IXIf).

(4.49)
(4.50)

The left and right transition moments for a Hermi-
tian operator are related to each other by a com-
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plex conjugation: T, = (T} )*. The residue for the
linear response function at oy, = —o; is easily
obtained by interchanging the X and Y operators
and related frequencies w, and wy in Eq. (4.48):

lim (wy + o)X, Y )0,

Wy — g

= —TTa = (8¢ y)*. (45D
The residues in Egs. (4.48) and (4.51) are therefore
related by complex conjugation and the change of
sign. This is as expected since the exact response
function should fulfill the symmetry relation
UX, Y Do, = KX, Y ))*,a,y. The transition
strength matrix can be written in following form:

1
¥, =TT - 5 [T3TL + (Tmd)], s

where we now consider X and Y as indices. The
transition strength matrix is Hermitian and thus
has real eigenvalues. The diagonal elements of S
can be written as [0| X|f 5%, The eigenvalues of
the transition strength matrix are thus real and
positive in exact theory. Since the diagonal ele-
ments represent transition probabilities for transi-
tions between the states O and f, the above result
is not surprising. The last equality in Eq. (4.52) is,
of course, completely redundant in exact theory;
however, it is relevant to establish these two dif-
ferent ways of writing the transition strength ma-
trix for the later discussion of analogous forms in
approximate theories.

The quadratic response function has poles where
the absolute value of one of the two external
frequencies is equal to an excitation energy, w, =
twp w; = Ty, or their sum is equal to an exci-
tation energy: w, + w, = t+ w,. Substituting —w,
for wy in the w; = w; residue, we obtain

lim (wZ - wf)<<X/ Y,Z >>—my,wz

wz = wf

= —TO);Y(—wY)ng, (4.53)
where we have introduced the second-order tran-
sition matrix elements

TO>;Y(_wy) = P(X(wx)/Y(wy))

« ¥ <0|X|j><j|Y|f>’ (4.58)

j>0 w; — Wy

where now o, = &; — @,. When both wy and o,

are nonzero, we may write T, (— w,) in the form

QIXIGIYIf

USRS

j=0 W — Wy
QOIY [7><IXIf>
oy SOYDGIXID ) o)
>0 w; — Wy

where we have used wy + 0y = o, The w; =
— wy residue becomes

lim (w, + wf)<<X;Y, Z oy, o,

wz = — o
=TT "(wy), (4.56)
where
TX(wy) = (TS (mwy))*.  (457)

The residues in Egs. (4.53) and (4.56) are related
as a consequence of the symmetry of the quadratic
response function [Eq. (2.21)], giving Eq. (4.56) as
minus the complex conjugate of Eq. (4.53). As for
the residue of the linear response function, we
may introduce a generalized transition strength
matrix in a form which explicitly introduces the
adjoint symmetry of the above residues:

Sg{xy(a’y) To%‘Tfé(Y(wY)

1
= S (T5T3 (o))

+(TE (—wy)TZ)*). (458)

The residues for w, or wy equal to an excitation
energy are trivially related to those of Egs. (4.53)
and (4.56) by permutation of operators and related
frequencies. We note that the residues of the
quadratic response functions in Egs. (4.54) and
(4.56) have poles when w, = w; or wy = w;. The
first of these double residues becomes

lim (0, — ;)

1
Wy ™ W;

X{ hm (U)Z + wf)<<X, Y/Z >>u)y,(uz}
w7 — o
= —TZTXTY, (4.59)

where

TX = (fIX|iy — 8,€01X[0).  (4.60)

The residue for wy = w; is obtained by interchang-
ing X and Y. The residue of Eq. (4.56) gives
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similarly

lim (0, + ;)

wY% — wW;

x{ lim (o, = o)XY, Z 0, )

w7z wf

—_ _TYTXTZ
= —T)T}TZ.

oi I; (4.61)
These double residues of the quadratic response
function are thus products of transition matrix
elements between excited states and transition ma-
trix elements between the ground state and an
excited state. For i # f, we can thus find the transi-
tion strength matrix between states different from
the reference state:

1
o = TXTY = E[T,.;‘Tff + (TITX)], (4.62)
where the second equality is again somewhat re-
dundant in exact theory but will be useful for the
discussion of approximate theories. For i = f, Eq.
(4.60) contains information on the difference of
first-order properties in the excited state and in the
ground state:

1
(X)i=AX) + TS = §(<X>o + (X))
1
+ E(Ti,,X +(T,)*). (4.63)

Finally, we note that the residue search

lim (wy - wi)

(l)y‘) w;

{ lim (@, — 0){(X;Y,Z >>wy,wz} -0

w7z~ wf

(4.64)

gives zero for an exact state (unless there exist a
state j such that the difference in energy between
states j and i is equal to the excitation energy for
state f: w; = w; — w)).

The cubic response function has poles where the
absolute value of one of the three external frequen-
cies is equal to an excitation energy, wy = oy,
w; = tw; or w; = tw;, or when the sums of
two or three of these frequencies are equal to an
excitation energy. For later reference, we note that
the following residue search in the cubic response
function gives information on the cross section for

second-order transitions:

hm ((()Z+wu_a)f)<<X;Y/Z/u>>7(uy,wz,wu

wy+ w0y w5

= o);Y(_wY)Tf%u(wu)

1
= E(T());Y(—wy)ngu(wu)

HIF)TE (@0)7)

= S% su(wy, o). (4.65)

Other residues of the cubic response functions are
related to third-order transition matrix elements
and excited-state dynamic second-order proper-
ties, but will not be discussed here.

4.D. RESIDUES OF RESPONSE FUNCTIONS
FOR A SINGLE EXPONENTIAL VARIATIONAL
PARAMETRIZATION

The identification of molecular properties in re-
sponse theory is based on analogy arguments. In
the previous subsections, we developed the re-
sponse functions for an exact state and found poles
and residues of the exact response functions. In
doing so, we identified expressions relating sec-
ond- and higher-order frequency-dependent re-
sponse properties, excitation energies, and transi-
tion properties to the linear, quadratic, and cubic
response functions. In response theory, expressions
for the evaluation of these properties for an ap-
proximate method is found from a development
analogous to the one above for an exact wave
function, and expressions for the evaluation of the
molecular properties are inferred from analogy
with the response function for the exact state.

The linear response function for an exact wave
function has poles for w” equal to plus or minus
an excitation energy. In analogy with this, the
poles of the response function for an approximate
method determine the response theory excitation
energies for this approximate method. From Egs.
(4.31)-(4.33), we see that for any variational model
the response vectors and thus the response func-
tions have poles when F(w, )" is singular. From
Eq. (4.32), we find that the poles are determined
from the generalized eigenvalue equation

EPU = sPluQ, (4.66)

where U contains the eigenvectors and £ is a
diagonal matrix containing the eigenvalues. The
generalized eigenvalue equation [Eq. (4.66)] has
implicit a paired structure that is transparent when
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the specific ordering of the excitation and deexcita-
tion operators is used where the matrices E?! and
Sl have the structure in Egs. (4.25), (4.26), and
(4.29)-(4.32). The paired structure is thus obtained
for a single exponential variational ansatz for the
wave function for any kind of operator manifold.
The eigenvalue equation Eq. (4.66) only deter-
mines the eigenvector within a normalization. We
require that the eigenvectors in U satisfy the nor-
malization condition,

U's?u = o, (4.67)
where o is a diagonal matrix with o; as diagonal
elements. From Egs. (4.66) and (4.67), we see that
this representation simultaneously diagonalizes
E™ and S, such that in addition to Egs. (4.67) we
obtain

U'EPU = o, (4.68)
where w is a diagonal matrix with w; as diagonal
elements. The existence of such a representation
has been discussed elsewhere (see [4, 6] and refer-
ences therein). We can relate the eigenvalues of the
generalized eigenvalue equation in Eq. (4.66) to @
and o:

o) =o. (4.69)
If we assume that the diagonal elements in o are
nonvanishing, we can scale the eigenvectors such
that the o; elements have absolute value 1. With
o; = t1, we obtain that the linear response func-
tion has poles for wy = + w;. We chose to order
the eigenvectors with o; = +1 with a positive
index and o_; = —1 with a negative index. We
denote in the following the eigenvector with exci-
tation energy w, as U’. From Egs. (4.25)-(4.26) and

(4.66), it is seen that if U/ = ({1) is an eigenvector
with excitation energy w; then U™/ = (%) is an

eigenvector to Eq. (4.66) with eigenvalue Q_; =
— W;.

f
Using Egs. (4.67)-(4.69), we find
(E? - »,82) " = Ulw — wy0) U (4.70)

From Eq. (4.70) and the linear response equation in
Eq. (4.32), we see that the linear response vectors
have poles for plus and minus the eigenvalues

with the following residues:

lim (w, — wf)/\y(a)y) = llf”ng, 4.71)

Wy = of

lim (wy, + wf)AY(wY) =UT01;U*f, 4.72)

wy= —of
where we have introduced

“TY = — YUY, 473)
+i

T = Z nyu/. (4.74)
*1

The residues of the linear response function be-

comes

lim (w, —

(,!)Yi) ﬂ)f

im  (oy + ©)(X, Y M, = — THT.

Wy — W

0 )XY Do, =T Ty, (4.75)

(4.76)

By comparing with the corresponding exact theory
in Egs. (4.52), we are led to identify the transition
strength matrix in variational theory:

S =TT = 5 [T+ (T
(4.77)

This is the expression for calculation of transition
properties in variational theory. We note that vari-
ational theory has several features in common with
exact theory: The left and right transition moments
in Egs. (4.73) and (4.74) are adjoint. The transition
strength matrix is Hermitian and we may choose
between the simple product of a left and a right
transition matrix element or the explicitly sym-
metrized expression in Eq. (4.77). From the
residues, we can, in principle, only determine the
transition matrix elements within a sign: however,
only the product of transition matrix elements as
given by the transition strength matrix in Eq. (4.77)
is required to calculate the physical observable.
We also note that this is not different from exact
theory where transition matrix elements only are
determined up to a complex phase factor, since the
wave functions only are determined up to a phase
factor.

We now investigate the poles of the quadratic
response function in variational theory. The
quadratic response function has residues for w, =
T or w; = £ o, or when the sum of these two
frequencies is equal to an excitation energy, in
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accord with exact theory. We obtain the residues

lim ((DZ - (Df)<<X/ Y/Z >>—my,wz

Wz = wf
= T} (—wy)'TZ, (4.78)
lim (w, + wf)<<X;Y, Z Ny, 0,
wz = —wf
=TT (wy), (4.79)

where we have introduced the second-order tran-
sition matrix elements,

Z’T(,)}Y(—C')y)
= —P(X(wy),Y(wy))

X

1
F* + EG(—wy, wf)/\x(—wx)}
XA (—wy)U/,
UTfffy(wX, wy)

= P(X(wy),Y(wy))

(4.80)

X

1
FX + EG(wy, —a)f)/\X(a)X)}

XA (0 )U, (4.81)
where, again, wy = w; — wy. These are the analogs
of Egs. 4.54) and (4.57) for a variational theory.
The residue of the quadratic response functions in
Egs. (4.78) and (4.79) have poles when w, = + w,.
The residue becomes

lim (wy - (U,')

qu ;

x{ lim (wz+wf)<<x,-Y,z>>wy,wz}

wZ~> - (l)f

= —"TL'T{ Ty, (4.82)
lim (0, + ;)

wY% — wW;

x{ lim (o, = )XY, 2000,
(I.)Z_)(Uf
_ _vTO);vTinTfEI (4.83)

where

Tf = (F* + G(~w;, o)\ (w; — 0 )U U,
(4.84)

This provides us with the means to calculate the
transition strength between excited states. The spe-

cial case i = f is particularly interesting since this
is related to the evaluation of an excited-state
expectation value. We discuss this in the next
subsection.

Finally, we note that the residue search in Eq.
(4.64) that gives zero for an exact quadratic re-
sponse function in general gives a nonvanishing
result for an approximate variational approach.
This is related to the fact that the G matrix is
nonvanishing, while it vanishes for an exact state.

4.E. EXCITED-STATE PROPERTIES FROM
RESIDUES OF RESPONSE FUNCTIONS

The evaluation of excited-state properties such
as expectation values, molecular gradients, and
Hessians are interesting, as they are the key to the
characterization of excited states in the same way
as for the ground state where they have long been
calculated efficiently. The analytical evaluation of
the molecular gradients for excited states are im-
portant for an efficient optimization of excited-state
geometries. The second-derivative matrix allows
for analytical calculation of excited-state harmonic
frequencies. Higher-order derivatives can be used
to investigate the anharmonic force field. There-
fore, we give particular attention to the calculation
of excited-state properties in light of the results
derived in the previous section. In particular, we
discuss the use of Eq. (4.84) for the evaluation of
excited-state first-order properties.

In the previous sections of this article, we used
Fourier component variational perturbation theory
with emphasis on obtaining response functions in
a form consistent with the 2n + 1 and 2n + 2
rules. Therefore, computationally tractable expres-
sions are obtained for second- and higher-order
frequency-dependent properties. The question is
whether similar computational tractable expres-
sions are obtained for properties determined as
residues of the response functions. For i = f, we
obtain Eq. (4.84) in the following form:

Y =<Yoo ="Tj;
= (FY + G(— 0, o)X O)U U
(4.85)

To evaluate expectation values for excited states,
we thus have to solve one set of equations for each
property according to Eq. (4.85). This is not in
agreement with a 2n + 1 rule for the excited state,
but we have to remember that our response func-
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tion and the 2n + 1 rules refer to the ground-state
properties. In response theory, the excited state is
obtained not from a variational calculation on the
excited state, but from a variational calculation on
the ground state followed by a solution for the
appropriate root in a generalized eigenvalue equa-
tion. The excited states as described by response
theory for a variational model for the ground state
are not variational. While the expressions for tran-
sition properties obtained directly from the
residues appears to be computationally efficient,
those for calculations of properties in the excited
state are not. We will here investigate this issue a
bit further. It seems natural to take the energy of
the excited state to be
E;=E, + . (4.86)
As usual, our approach is based on an analogy
with exact theory where the sum of the excitation
energy and the ground-state energy is trivially
equal to the excited-state energy. The parametriza-
tion in Eq. (4.1) with the chosen set of operators,
along with the variational principle, determine first
of all the ground-state energy in a usual varia-
tional calculation. The excitation energies are
determined, in turn, through response theory. Fi-
nally, Eq. (4.86) defines the excited-state total en-
ergy and thus all static properties in the excited
state that can be obtained as energy derivatives.
We strictly use the analogy argument above to
determine the excited-state properties. The first
step is thus to construct a variational Lagrangian
that gives the correct total energy. For this pur-
pose, it is convenient to write the excitation energy
as
;= (U EA, (4.87)
where U/ is the eigenvector with excitation energy
w; and where we have assumed that the U’ vector
satisfies the normalization, (Uf)'SAUf = 1. E@
and S®! are defined in Eqs. (4.23) and (4.24). The
ground state is constrained to fulfill the variational
condition in Eq. (4.13), which we can write as
n = 0. The total ground-state energy is obtained
according to Eq. (4.12) as E, = {0|H,|0). The La-
grangian representing Eq. (4.86) therefore becomes

L, =E, + (U)'EPU’

+&(UH)'sPUf — 1) + Ay, (4.89)

where @ and A/ are Lagrangian multipliers. All
matrices in this expression are defined for zero-
field strength in the previous subsections. To be
useful in this context, we need to extend the defi-
nition of the Lagrangian to arbitrary values of the
field strength. We do so by replacing H, with H,
the reference state [0) with exp(A)[0), and, finally,
the operators O; with exp(A)O; exp(—A). This al-
lows us to use Eq. (4.88) to calculate energy
derivatives of the excited-state surface for general
perturbations—dipole operators, geometrical per-
turbations, and so on. We require the Lagrangian
to be variational in all parameters —(U/)", U/, A,
@, and A and obtain

0 Ly (4.89)
v ‘
dL
0=— =WH'sPu -1,  (4.90)
da
dL
= —L —EPUuS + s, (491
du’)
dL . .
= _ uNHTe? + s7H s
0= %= WH'ED +auN's?, (492
and
dL, dE AER]
- Loy wh) ——u
Ar  dA A
dst _.dn
+auhH’ U+ M—. (4.93
a(U’) T T (4.93)

The variational condition for the A/ multipliers
gives the constraint that ensures that the ground
state satisfies the Brillouin condition and is varia-
tional. The variational condition for the & multi-
plier Eq. (4.89) give back the normalization condi-
tion on the excitation vectors. We have treated U/
and (U/)" as independent variables. Since E!*! and
Sl are Hermitian, the variational condition for
(U/)" [Eq. (4.91)] is satisfied if U/ is an eigenvector
of the generalized eigenvalue problem and « is
chosen as the excitation energy. The variational
condition for U/ [Eq. (4.92)] is the Hermitian ad-
joint of Eq. (4.91) and thus fulfilled under the same
assumptions. The variational condition for A [Eq.
(4.93)] determines the A multipliers.

In agreement with the 2n + 1 and 2n + 2 rules,
we obtain the following expression for the first
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derivative of the excited-state total energy:

dL JE JEM _.4d
_ 20 fep—2
dex(0)  dex(0) dex (0) dex (0)
(4.94)

where it is understood that the derivatives are
taken for zero-field strength. Note that [dS?!]/
[de,(0)] = 0. At zero field, the equations for the
zeroth-order multipliers are found from Eq. (4.93)
as

[2]

_ dE
AE? = — ()’

u’, 4.95
R (4.95)

where we have used that at the optimal point
(dEy)/(d)) =0 and (dn)/(dA) = EP), using Eq.
(4.27). Furthermore, we have used that (dS?!)/
(d)) = 0.

We may write this in a form more easily com-
patible with Eq. (4.84) [using (U/)(JE®) /(94 (0))
=F*Uu-'l

(X)r=(XDo+ FXU U + Mn*. (4.96)

We see that the G term of Eq. (4.84) was replaced
by a Lagrangian multiplier term in Eq. (4.96). This
could also easily be obtained from Eq. (4.84) di-
rectly by interchange techniques. We find the above
procedure more general as higher-order properties
of the excited state can easily be obtained and in
a form that fulfills the 2n + 1 and 2n + 2 rules.
Also, it is illustrative that a variational functional
exists for the excited-state total energy, although
the excited state is not variationally optimized.
Similarly, the expression [Eq. (4.84)] for evaluating
the transition probability between excited states
can be rewritten in a form requiring only the
solution of one additional set of equations for the
evaluation of the transition probability for all oper-
ators X.

The property evaluated in Eq. (4.84) is the
derivative of the excitation energy with respect to
the strength of the perturbation Y. we are thus, in
fact, evaluating the derivative of a property al-
ready determined from a simpler response func-
tion—namely, as the poles of the linear response
function. We showed above that this property is
more efficiently evaluated by using the derivative
expression together with a variational Lagrangian
than by using Eq. (4.84) obtained from the residues
and it is similar for the second derivatives. An
expression for these can be derived from the sec-

ond residue of the cubic response function, which
will depend on both first- and second-order A
responses. A similar second derivative expression
of the Lagrangian in Eq. (4.88) depends only on
first-order A responses, but will now instead de-
pend on first-order responses to U. This suggests
that for the evaluation of properties that formally
can be described as derivatives of low-order prop-
erties it may be advantageous to evaluate these as
derivatives of the low-order property rather than
from the expressions for higher-order residues. This
statement obtains even more weight when we later
discuss the similar aspects for nonvariational
methods.

It is important here to note the limitations of the
analogy with the exact theory used above. In exact
theory, the excited-state wave functions are eigen-
vectors of the Hamiltonian problem Eq. (4.37). In
response theory, the excitation energies are ob-
tained by solving the response theory generalized
eigenvalue equations. For an exact state, we have
seen that the excitation energies obtained as poles
of the response functions are just the ordinary
energy differences. However, in general, the exci-
tation energies obtained from the response theory
generalized eigenvalue equations are both concep-
tually and numerically quite different from the
result obtained by diagonalizing a Hamiltonian
matrix. For (orbital unrelaxed) CI calculations, the
two approaches become equivalent and we indi-
rectly have an explicit representation of the excited
states in terms of eigenvectors of a CI matrix. This
is not true for SCF and MCSCF response functions
where it is not possible to generate an explicit
representation of the excited-state wave function
from the excitation vector and the SCF or MCSCF
reference function. For the SCF response function
—also commonly denoted RPA—there has been
some discussion on how to determine a reference
state that is consistent with the basic assumptions
of the RPA approximation [58-60]. The present
approach does not solve this problem. Although it
is important to note that the analogy with exact
theory is not complete in all respects, it is also
worth noting that response theory does not rely on
an explicit representation of the excited states, and
the response theory representation of the ground
and excited state (though not a wave-function rep-
resentation) is joined together by the fact that the
ground state and the response function follow from
the same parametrization. All physical properties
of the excited states are obtained in a consistent
way either from residues of higher-order response
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functions or by differentiation of the total energy
of the excited state as described previously in this
subsection.

5. Response Theory for Nonvariational
Wave Functions: Coupled Cluster
Response Theory

Some of the simplest and most widespread
methods for treating dynamical electron correla-
tion are nonvariational. In this section, we will
discuss various aspects of response theory for sin-
gle-reference coupled cluster (CC) theory to
demonstrate some of the most important consider-
ations that are required for developing response
theory for nonvariational methods. Different
strategies for the evaluation of molecular proper-
ties in CC theory have been proposed [40, 44, 45,
61-77]. Our recent implementations of CC re-
sponse functions [67-71] are based on the ap-
proach advocated here. We discuss the determina-
tion of response properties in CC theory without
and with orbital relaxation. Expressions for fre-
quency-dependent polarizabilities in the context of
second-order Mgller—Plesset perturbation theory
were derived recently [22, 38] using also
quasienergy Lagrangians, but a more complicated
formulation of the intermediates. We briefly dis-
cuss how in the present approach frequency-
dependent response properties in Meller—Plesset
perturbation theory can be obtained as approxima-
tions to orbital relaxed CC response properties.

5.A. THE CC QUASIENERGY LAGRANGIAN

The time-dependent CC state is parametrized as

exp(—iF(1))[CC(#))
exp(—iF(D)exp(T(H)IR), (5.1)

ICC(t))

where the reference |R) typically is the SCF state.
In this subsection, we consider the “unrelaxed”
approach where the reference R is fixed and not
time-dependent. F(t) is a function of time and
T(t) is the time-dependent cluster operator con-
sisting of single, double,..., and up to m-tuple
excitations:

T(t) =T\(t) + T,(t) + - T, (t). (5.2)

In the case where m = N = the number of elec-
trons, the exponential CC parametrization is an

alternative representation of the exact state in the
chosen one-particle basis set—the FCI state. The
cluster operators can be written in shorthand nota-
tion:

T(t) = ZT(t) = Y t, (D7, (5.3)

i,y

The summation is over both excitation levels i and
excitations 7, within this excitation level.

We will in the following derivations assume
several properties for the 7, excitation operators
to be fulfilled. We assume they commute

[’TMZ, ’TV]] =0 (5.4)
and satisfy the killer condition
(Rlz, = 0. (5.5)

Furthermore, it is convenient in the derivation to
use a biorthonormal representation. This implies
that we have defined the excitation (7, ) and deex-
citation (7)) operators such that the metric matrix
Sis equal to the unit matrix:

=0,,6

ij%uv

(5.6)

— — T —
Suw, = Cmilm, IR) = (RIz)7, IR) =5, ,

The deexcitation operators are not necessarily the
adjoint of the excitation operators, but are often
chosen as a linear combination of the adjoint of the
excitation operators with scaling coefficients cho-
sen to satisfy Eq. (5.6). Equations (5.4)—(5.6) are not
crucial to derive response functions in the ap-
proach we take here; however, they are important
in closed-shell single-reference CC theory as they
simplify the derivation significantly and further
make the theory much more computationally
tractable. In the case of the closed-shell CC ansatz,
the above assumptions appear rather natural and
are no restriction. To develop response theory for a
more general CC ansatz, the criteria can be relaxed
without fundamental consequences except for an
increased complexity of the equations.

Introducing the ansatz Eq. (5.3) into the time-
dependent Schrodinger equation and transforming
with exp(—T(t)), we obtain

J . —_—
exp(— iF(t))exp(— T(t))(H—iE —F(t))|CC(t)>

= 0. (5.7)
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Projection onto the reference determines the time-

dependence of F:
H- il |&@m
( _Zat)

= (RIHICC(1)). (5.8)

Q(t) = F(t) = <R

We denote Q(t) as the CC time-dependent
quasienergy. Projecting Eq. (5.7) onto { u,| = (RIz,
we obtain the time-dependent cluster amplitude
equations

(o

The time-dependent cluster amplitudes are ob-
tained without reference to Q(t). When the cluster
amplitudes have been found, Q(t) can be obtained
from Eq. (5.8). It is noted that in the time-indepen-
dent limit Eq. (5.9) reduces to the usual cluster
amplitude equations

J \|[—
exp(—T(t))(H - iz) ‘CC(t)> ~0. (5.9

Q, = (ulexp(=T)Hexp(T)IR) =0 (5.10)

and Eq. (5.8) becomes the usual CC ground-state
energy

E, = (RIH exp(T)IR). (5.11)

We may express the time-dependent quasienergy
in Eq. (5.8) with the time-dependent constraints in
Eq. (69) in terms of a time-dependent CC
quasienergy Lagrangian [67]:

L = (RIH exp(T(t)IR)

+ T %Mi<t><ui

L, i

1%
vexp(—T(t))(H - E)

><exp(T(t))‘R>. (5.12)

From this point, the determination of the CC re-
sponse functions and response equations is a sim-
ple application of the theory developed in the
preceding sections. For approximate CC models,
response functions are simply obtained by intro-
ducing the corresponding approximated CC equa-
tions as constraints in the Lagrangian. The above
procedure can be applied to any CC model with a
well-defined quasienergy and with well-defined
time-dependent amplitude equations. This is cru-
cial for using the theory for, for example, the CC2
and CC3 models as discussed before [67, 68].

From the considerations in Section 2 [in particu-
lar, the discussion following Egs. (2.67)-(2.69)], it
is clear that the CC quasienergy is not necessarily
real. We should have this in mind and ensure that
the expressions for molecular properties satisfy the
symmetry relations in Egs. (2.19)-(2.22). We thus
have to apply the symmetrization procedure in
Egs. (2.70)—(2.73) using the symmetrization opera-
tor C*“ in Eq. (3.35).

5.B. CC RESPONSE FUNCTIONS

The zeroth-order Lagrangian becomes

L@ = (AlH,ICC), (5.13)
where we from the zeroth-order amplitudes and
multipliers have defined the unperturbed CC wave
function:

ICC) = exp(T™)IR), (5.14)
as well as the auxiliary combination of the projec-
tion onto the reference state and the transformed
excited configurations:

(Al = [(RI+ X ¢ plexp(=T@)|. (5.15)

i, @

The variational condition with respect to the ze-
roth-order Lagrangian multipliers gives the cluster
amplitude equations

JL©

0 = 5 = Culexp(~TO) Hy exp(TO)| HE),
i

(5.16)

and the variational condition for the amplitudes
determines the zeroth-order multipliers

aL®

0= 50
vj

= {a][Ho. %] Jec)

= ((RI + 2 X ,ul-lexp(—T(O)))
i, @
x[HO,TVj]|cc>. (5.17)
When the cluster amplitude equations Eq. (5.16)
are solved, the zeroth-order Lagrangian is varia-
tional with respect to the zeroth-order multipliers
and the Lagrangian gives the usual CC energy.
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Equation (5.17) ensures that the Lagrangian is vari-
ational with respect to the cluster amplitudes,
thereby giving an equation for the multipliers.

Following the outline in Section 3 for nonvaria-
tional methods, we obtain the standard expres-
sions for an expectation value in CC theory:

HLY()}r

de

(X) = = {(AlX|CC). (5.18)

Equation (5.18) requires only the zeroth-order
amplitudes and multipliers for the determination
of all first-order properties. The form of the energy
in Eq. (5.13) and first-order properties in Eq. (5.18)
show that a real energy and real expectation value
are not guaranteed. In modern electronic structure
theory, the unperturbed solution to the molecular
Schrodinger equation is most often obtained using
real arithmetic. For most practical purposes, this is
therefore not a problem that needs to be consid-
ered. However, the expressions for the first-order
property in Eq. (5.18), in principle, also gives a
nonzero contribution even if X is a purely imagi-
nary Hermitian operator and the wave function is
real. This means that the standard expression used
in CC theory in some sense is unphysical; how-
ever, usually, we do not ask for such an expecta-
tion value since its value is zero in exact theory. In
any case, this artifact is corrected for when the
symmetrization in Eq. (2.70) is carried out:

(XD

1
ECi *(AlX|CC)

1
5(<AIX|CC> + (AlXI|CC)). (5.19)

Consider the case where the reference wave func-
tion is purely real. For a one-electron operator, the
expectation value in the form in Eq. (5.18) can
be written in terms of a real asymmetric density
matrix D:

D,, = (AlE,,ICC). (5.20)

Denoting the integrals of the one-electron operator
as X,,, we obtain the following expression for the
first-order property from Eq. (5.18):

(X)=Y¥.D,,X,, (5.21)

Pq

while Eq. (5.19) becomes
1 *
(X) = ZDME(XP‘? + Xw)
ra

1
= %E(DM +D,)X,,. (522

For a real Hermitian operator and a set of real
orbitals, Egs. (5.21) and (5.22) are equivalent due to
the symmetry properties of the integrals. For a
purely imaginary Hermitian operator, the symme-
try properties are different and only Eq. (5.22)
gives the correct zero result. The conclusion of this
discussion is that the standard expression Eq. (5.21)
is valid for real operators; however, Eq. (5.22) is, in
general, more appropriate. Expressions of the type
in Eq. (5.18) have often been denoted generalized
Hellmann—Feynman theorems. It is, however, clear
that Eq. (5.18) is fundamentally different from a
Hellmann—-Feynman theorem since (Al is not the
adjoint of |CC), but only an auxiliary state that
contains the Lagrangian multipliers. This is further
substantiated by Eq. (5.19), showing that the phys-
ical expectation value appears in a somewhat dif-
ferent form than as the usual expectation value in
the Hellmann-Feynman theorem. Care should
therefore be exercised in using Eq. (5.18) as a
generalized Hellmann—Feynman theorem. Only
when the symmetrized form in Eq. (5.19) is replac-
ing Eq. (5.18) in the derivation of [53] is the same
result obtained as in the present derivation. Using
the Lagrangian technique, the concept of a general-
ized Hellmann—Feynman theorem becomes some-
what redundant as Egs. (5.18) and (5.19) are just
the lowest-order realization of the 2n + 1 and
2n + 2 rules and the difference between Eq. (5.19)
and Eq. (5.18) becomes a matter of imposing the
symmetrizations of Egs. (2.70)-(2.73) or not. A
similar discussion holds for the higher-order re-
sponse properties. In contrast to our previous
derivation [67], we will impose the symmetriza-
tion C* “ explicitly here.

From the expression above, we see that for the
calculation of all first-order properties only the
solution of one additional set of parameters is
required: the zeroth-order multipliers. We can
write the equation for the zeroth-order multipliers
[Eq. (5.17)] as

[OA = —, (5.23)
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where A is the nonsymmetric CC Jacobian,
= —TO®
A/.L,V’ - </‘Li|exp( T )[HQ, TV]] |CC>, (524:)
and the vector 7 is

n, = (R|[Hy, 7,]|cC). (5.25)

The second-order quasienergy becomes
o)

- {{sfve oo

+l[[H TO(H)], TO(H]|CC
21 '

—i Y IO

i,

* SR+ [ 70l
i, M

(5.26)
In Eq. (5.26), we have introduced

(Rl = Cpilexp(=TO). (5.27)

As discussed in Section 3 we only need to
consider the 2n + 1 form. We could also have
neglected the terms depending on the first-order
multipliers by applying the 2n + 2 rule. We have
kept these terms in the derivation at this point
since they allow us in a simple way to derive the
first-order response equations and expressions for
relevant matrices. Note that this exemplifies that
the 2n + 1 rule can be applied without affecting
the (n + Dth-order multiplier terms, but if we
used the 2n + 2 rule for the multipliers, we re-
move terms linear in the first-order it responses,
and, therefore, the 21 + 2 form cannot be used to
derive the nth-order response equations. Only
terms where frequencies are equal in magnitude
but of opposite sign can contribute to the time
average:

o)

- ¥

k=—n

<A‘ [v=er TOCw))]

1
" 5HHO'T“’<—wk>],T“><wk>l\CC>

-y fﬁ(}’,)( — wk)[ y t/.(Ll,')( wk)]

M

+ Z}S,)( - wk)< l_’«i|vwk
K

+[ Hy, TO(w)]|CC)|- (5.28)
From the expression in Table III, we obtain
*{ LD}z
A = G a1y~ P~ O
(5.29)

where A (without frequency argument) is again
the nonsymmetric CC Jacobian. The CC linear re-
sponse equations become

(A - oD (wy) +£Y=0, (530

for the first-order amplitude responses and
Foy)A + oyD + 7" + Ft'(w,) =0. (5.31)

for the first-order multipliers. We have here intro-
duced the CC vectors ¢ ¥ and 1" and the matrix F.
They arise naturally from the derivative expres-
sions in Table IV and specialized expressions for
CC theory are compiled in Table VI. We note that
the expressions in Table VI are valid for models
where the cluster expansion has been truncated,
but do not apply for models where, in addition,
approximations have been introduced in the
ground-state CC amplitude equations. Thus, they
are adequate for CCS, CCSD, and CCSDT, but, for
example, not strictly valid for CC2 and CC3 [67,
68]. Note that this is not due to restrictions in the
theory, but a limitation of the notation introduced
for the sake of conciseness. For models like CC2
and CC3, the appropriate expressions are easily
obtained by returning to the derivative definitions
in Table IV and tracing the approximations intro-
duced in the cluster equations to the relevant ma-
trices. The present approach is thus well defined
for any iterative CC model.

The linear response functions for any iterative
CC model can be written in the common form
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TABLE VI

Vectors and matrices for CC response functions.?
m, (ALY, 7,11C0)

&) ( ulYICC)

Auv (ullH,, 7,11CC)

B.vo (ulllHy, 7,1,7,11CC

Crvos (mllllHy, 7,1, 7,1, 711CC)

Fu (AlllHy, 7,1,7,1ICC)

(C (Alll[H,,7,1,7,1,7,1ICC
Hyves (AIlll[H,, 7,1, 7,1,7,1, 75 11CC
AZ, (mllz,1,1Ico

Zh (EllU,,1,7,1Ico)

Fi, (AlllZ,1,],7,1ICO)

Giw (ALY, 7,1,7,1,7,11CC)

m, (RI[Hy, 7,1ICC)

#Here, 7, denotes a j-fold excitation operator indexed by »
for brevity. R is the reference state for the CC parametriza-
tion. |CC) = exp(T(®)|R) denotes the zeroth-order refer-
ence CC wave function. {7l = (Rl7 exp(—~T®), where
the deexcitation operators TJI, are the biorthogonal left mani-
fold corresponding to 7, satisfying <R‘TJITVI|R> = 9,,, Fur-
thermore, the auxiliary combination A is defined: (A|=
(RI+ £, t9¢ p; exp(~T®). Note that relations exist
between F and B,G and C, and so on: FW,/,
=< R_l[[ Ho, Tﬂf]’ T"/] |R> 8i1 61'1 + Zkr Pk t!gg)BPWf”/’ G#/'V/Uk =

L, t,g?>cmw,k,-~. These expressions cover CC models
that are truncated in the cluster approximation, but where
the CC amplitude equations have not been further approxi-
mated. Thus, for example, CCS, CCSD, and CCSDT are
straightforwardly obtained by limiting the operator manifold
to i, j,k =1 for CCS, 1 and 2 for CCSD, and 1, 2, and 3 for
CCSDT. The expressions are not adequate for, for example,
the CC2 and CC3 models where the zeroth-order CC equa-
tions are approximated in addition to the cluster expansion
being truncated. For models where approximations have
been introduced in the cluster equations, the corresponding
terms should also be neglected in the matrix definitions, in
accord with the original derivative definitions in Table IV.
Note that for closed-shell CC theory the commutator expres-
sions in the tables vanish for more than four commutators
since the Hamiltonian is a two-electron operator. Thus,
higher-derivative matrices than H do not exist, and GY and
HY are vanishing if U is a one-electron operator.

using also the 2n + 2 rule for the multipliers:
1
(X, YD)oy = 5CHP(X(0x), Y(wy))

X

1
n* + EFtX(wX)}tY(wY). (5.32)

The C*“ symmetrizer of Eq. (3.35) is used for
ensuring that the appropriate symmetry relations
are fulfilled. The response functions will contain
this symmetrizer in the rest of this section. We

note that in CC theory the F-matrix becomes inde-
pendent of the frequencies. This follows from the
fact that the excitation operators commute and,
therefore, terms like [T™V(¢), TV(#)] vanish identi-
cally. All matrices defined using two or more
differentiations with respect to the cluster ampli-
tudes on the CC quasienergy do not contain any
frequency dependence. This is the case for the
F,G,H and B, C,D matrices. Therefore, the
quadratic CC response function can be written in
the following rather compact form using the ex-
pressions in Table I:

UX Y, Z Dy, 0,

1
= ECi “P(X(wy),Y(wy), Z(w,))

|

+1*(wy)

1 1
EFX + thX(O)X)}tY((I)y)

1
A+ EBtY(wY)}}tZ(wZ).
(5.33)

The cubic and higher-order response functions are
obtained in a similar way. Several implementa-
tions of CC linear response theory have been re-
ported [65, 66, 69, 72]. Our most recent one is
based on the formulas in this article [69]. We
describe in detail the theory and the first imple-
mentation of frequency-dependent quadratic and
cubic response functions for CCS, CC2, and CCSD
in [70, 71].

5.C. POLES AND RESIDUES OF CC
RESPONSE FUNCTIONS

Excitation energies and transition moments are
obtained as poles and residues of the response
function. The nonsymmetric CC Jacobian can be
diagonalized:

0. =w?b

= w5, (5.34)

LAR = Q;
The columns of R thus contain the right eigenvec-
tors of A, and the rows of L contain the left
eigenvectors. When the eigenvectors span the com-
plete space L = R™!, we will denote single eigen-
vectors with eigenvalue w; as R/ and L' R;{, =
R,s L;{; = Ly, . Transformation to the representa-
tion where the Jacobian is diagonal [Eq. (5.34)]
implies a transformation of the right operator man-
ifold—the excitation operators—to the diagonal
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representation as follows:

.= ¥ 7, RE (5.35)
i, p

and similarly for the left operator manifold—the
deexcitation operators:

i _ k .t
Tk = ZLH—;‘TM:'

1, Wi

(5.36)

Greek indices refer to the elementary basis, and
roman, to the diagonal basis. This determines un-
ambiguously the transformation of all relevant
matrices and vectors to the diagonal representa-
tion (“t" = LtY, %Y = L¢Y,n¥ = n*R,“F = FRR,
etc.). In the diagonal representation, we obtain the
following form of the first-order CC amplitude
response equations [Eq. (5.30)]:

(wy — )t (w,) =€, (5.37)
We can thus write the response function in Eq.
(5.32) in the diagonal representation as

1
LX, YN, = ECi “P(X(—wy),Y(wy))

d XxXdey de X d dey
Tk Sk 1 S S
L4 o¥

L Wy — o 2= (wy + o )0y — w,) |’
(5.38)

It is evident from Eq. (5.38) that the CC linear
response function has poles when o, = t o,
where w, is one of the eigenvalues of the CC
Jacobian. We note that relative to the exact linear
response function in the diagonal representation in
Eq. (4.44) the CC linear response function has an
additional term—the F matrix term. As discussed
in Section 3, this term can be eliminated for varia-
tional theories (and thus also exact theory) while
this is only possible in nonvariational theory at the
expense of introducing the first-order response of
the Lagrangian multipliers. However, we observe
that in the case of the CC linear response function
as derived from the Lagrangian in Eq. (5.12) the
extra F term does not give additional poles and
that the poles are only first order. As we will
discuss later in this section, this is not so for many
other nonvariational approaches, and these re-
sponse functions thus do not have a correct pole
structure that can be used for an unambiguous
identification of excitation energies and transition
properties. The pole structure of the CC linear

response function is in agreement with the one of
the exact response functions, and the F term causes
no ambiguity in the determination of the poles and
residues of the CC linear response function. Rather,
the F matrix term in the linear response function
arises naturally because of the nonvariational ex-
ponential parametrization in exactly the same way
as it enters ordinary time-independent energy
derivatives.

From the usual response theory analogy argu-
ments, we identify the CC excitation energies as
the poles of the CC linear response function. To
determine CC excitation energies, we need to solve
for the eigenvalues of the CC Jacobian from either
the right

ARS = w,R! (5.39)

or the left

L'A = oL/, (5.40)
where the vectors are chosen to fulfill the biortho-
normality condition

L"R" = §,, (5.41)

e
For determining the excitation energies, we only
need to solve for either the left or the right eigen-
vectors. However, when we wish to determine
other properties, for example, one- or two-photon
transition probabilities or excited-state properties,
we need both the left and the right eigenvectors.

Another comment applies to the determination
of excitation energies in the CC response theory.
Since the Jacobian is nonsymmetric, it may have
complex eigenvalues. Complex eigenvalues and
thus complex excitation energies are unphysical
and an artifact of the way the approximations are
introduced. In all cases where the CC approxima-
tion is a good approximation for the reference
state, it may be expected that these complex eigen-
values do not pose a problem. This is in agreement
with our previous experience, although no rigor-
ous relationship exists that ensures the CC excita-
tion energies of Eq. (5.39) are real.

In the following, we will identify expressions
for the residues and discuss the analogy with exact
theory. To obtain the residues of the response
functions, we will not use a strategy where the
response functions are expressed in the diagonal
representation as done in Eq. (5.38) since this may
lead to the misconception that a complete diago-
nalization should be carried out, even though it, of
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course, is trivial to back transform the residues to
the original basis of excitation and deexcitation
operators. We will instead take a route where we
first determine the residues of the response vec-
tors, and subsequently use those to determine the
residues of the response functions. This gives a
more transparent structure of the equations and
expresses the equations in the original basis of
excitation and deexcitation operators where the
calculations are carried out. Let us initially intro-
duce the scalar quantities

“Tpo =g = (L&), (5.42)
“Tor="[n" + Ft'(~w))],
= ([n" + F'(~wp|Rf).  (5.43)

The reason for the notation will soon become ap-
parent. Furthermore, we introduce the auxiliary
vector

M/ () = —(FRN(0 1 + A7, (5.44)

Using the definitions in Egs. (5.42)-(5.44), we
obtain the following residue vectors of the ampli-
tude and multiplier first-order response vectors
from Egs. (5.30) and (5.31):

lim (0, — 0)t (0y) = RI“Ty, (5.45)

Wy wf

lim (o, + a)f)ty(wy) =0, (5.46)

©y— —of

lim (0, — 0)t(0,) =“TE M/ (o), (5.47)

wy— of
lim (wy + wf)fy(wy) = —CCTO}K(wf)Lf.
wy— —wf

(5.48)

Assume that a function a(w,, w,) has first-order
residues f,(w,) for w; = + w,; and a residue —f,(w,)
for w; = —w,;, where all o, are real and positive.
If we define the function W w;, w,) = (a(—w,,
—,))*, then b(w,, w,) has residues (f,(—w,))*
for w; = +w; and (—f,(— w,))* for w; = —w,. The
function 1/2(a(w,, ®,) + b(w;, ®,)) therefore has
residues 1/2(f(w,) + (f,(—w,))*) for w; = + o,
and —1/2(f,(w,) + (f(=w,))*) for w; = —w;. It
is instructive to have this in mind when taking the
residues of the CC response functions.

The residues of the linear response function
become

lim (@, — @)X, YDa,

wY% (Uf

1
= S(TETL + (THTR)?) =S¥

(5.49)
im (o) + o)X, Yo,

= _%(Cc 0\}CCTf§ + (CC O);cchlg)*)

= —(“Sgh)*, (5.50)
where the second residue is trivially related to
the first residue by interchanging X and Y and
a change of sign. At this point, it is interesting
to note the similarities and differences relative
to exact theory. The obvious difference is that
“T, #“Tp*. This is connected to the asymmetry
of the CC quasienergy leading to the necessity of
introducing the symmetrization with respect to
complex conjugation and sign reversal of the fre-
quencies [Eq. (3.35)]. When this symmetrization
was carried out, we obtained that the two residues
in Egs. (5.49) and (5.50) are adjoint with the excep-
tion of an overall sign. Furthermore, the CC transi-
tion strength matrix is Hermitian as are the exact
transition strength matrix. Thus, the transition
strengths in the diagonal representation are real.
However, in CC theory where there exists an in-
herent difference between ““left and right” due to
the projection approach, and we cannot argue as in
Section 4.C for exact theory that in the diagonal
representation the CC transition strengths equal
the squared norm of some transition matrix ele-
ments. This means, for example, that we cannot
prove that the CC transition strengths are positive!
The arguments are the same as for possible imagi-
nary excitation energies: We do not expect and
have not found this to be a problem in any sensi-
ble calculation. However, a word of caution is
proper to the extent that in any approximate the-
ory certain relations that are fulfilled in exact the-
ory are not ensured in the approximate theory and
this may, in principle, lead to unphysical results.
We now pass on to the residues of the quadratic
response functions. First, we note that the quadratic
response function has poles when o, = twy,
w; = to;, where the poles for the positive sign
originate from both amplitude and multiplier re-
sponses, while the one for the negative sign origi-
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nate exclusively from the poles of the first-order
multipliers. Since wy = —w, — w;, the CC
quadratic response function also has poles when
wy + w; = t o, This is in agreement with the

exact quastatic response function. The w; = w;

residue of the CC quadratic response function be-
comes (substituting — w, for w,)

lim (Q)Z - (l)f)<<X/ Y/ Z >>fwy,(uz

wy— wy
1 ccpr XY Crmz ccprZee XY *
- _5( Tof " (=) T + (“THT (wy)) )’
(5.51)

while the w, = —w; residue becomes

lim (w, + a)f)<<X,'Y, Z oy, 0,

wz— — of
T + (T 0 T
(5.52)

We have introduced here the second-order transi-
tion matrix element,

“TXY(wy) = ~P(X(wy), Y(wy )L

X

1
AX + EBtX((UX)]tY((Dy))/

(5.53)
CCTO);Y(_wy)
= —P(X(wy),Y(wy))

|

+EX(—wy)[AY + BtY(—wy)])Rf

1
FX + EGtX(—wX)}tY(_wy)

-H\_/If(a)f)

1
AX + EBt"(—mx)}ty(—coy)},
(5.54)

where wy = w; — wy. As for the linear response
functions, the residues do, in principle, not allow
for a determination of transition matrix elements;
however, the structure is suggestive—we have
different left and right transition matrix elements
and expect again that the correct expression for the
molecular property is obtained by an appropriate
symmetrization. We will see this confirmed when

taking the residue of the cubic response function
in the next subsection. We note that the residues of
the quadratic response functions in Egs. (5.51) and
(5.52) have poles when, respectively, w, = —w; or
wy = w;. The first of these double residues be-
comes

lim (w, + ;)

wy~> —w;

x{wlim (0, — 0)UXY, Z >>wy,wz}

7 O

_ _%(ccTolgccTi;(cchi + (cc Oljffcchg(ccTig)*),

(5.55)
where
cc ij‘( _ LI(AX + BtX(wi — wf))Rf (556)

In agreement with exact theory and the symmetry
properties of the response functions, we obtain

that the w; = —w;, wy = w; residue is the com-
plex conjugate of the v, = w;, wy = —w, residue
in Eq. (5.55).

We introduce the symmetrized transition
strength between two excited states i # f as

CCS;{Y _ %[CCT‘XCCTJ‘? + (CC]—;chTf?()*], (557)

1

in analogy with the explicitly symmetrized ex-
pressions of exact theory [Eq. (4.62)]. Note that
this expression has the Hermitian property
(“Si,)* =“Sif,, while this is not true for the
primitive produce (“T, Ty )* #“T,f T

Finally, we note the residue search of the
quadratic response function

lim (0, — ;)

1
Wy wW;

x{ tim (= o)XY, 2,0, )

wz = wf

# 0. (5.58)

Thus, there exists a residue search that gives iden-
tically zero for the exact quadratic response func-
tion but a nonvanishing result for the CC quadratic
response function. This is similar to SCF (see
Section 4).
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5.D. ALTERNATIVE EXPRESSIONS FOR
RESPONSE FUNCTIONS AND RESIDUES IN
CC THEORY

In this subsection, we discuss alternative forms
of the response functions and residues with em-
phasis on the differences in structure and compu-
tational requirements. The CC linear response in
Eq. (5.32) can be rewritten in an asymmetric form
requiring only response equations with respect to
the perturbation Y to be solved:

1
UX, Y Yoy = Eciw[nxty((uy) + P (wy)EX].

(5.59)

As discussed in Section 3.F, Eq. (5.59) may be
advantageous relative to Eq. (5.32) in some cases.
Since the linear response function in the form Eq.
(5.59) is a reformulation of the one used in the
residue analysis in the previous subsection, an
alternative but equivalent residue is obtained from
Eq. (5.59). Using Eq. (5.59), we obtain again the
equations Egs. (5.49) and (5.50); however, the T}
element now has a slightly different form:
“T) = "R+ M/(wp) &Y. (5.60)
Using the interchange technique, the two differ-
ent forms of “T.} in Egs. (5.43) and (5.61) are seen
to be equivalent [ M/(w,)¢ " = — FR/(w,1+ A)"' X
EY = FthY(—wf) = FtY(—wf)Rf]. Consider now
the calculation of the transition strength using Eq.
(5.49) together with either Eqgs. (5.42) and (5.43) or
Eq. (5.42) in combination with Eq. (5.60). Using the
first set of equatlons we need to solve for
RS, LS, tY(— ), and (¢ *(— w;))* to calculate CCSXW
while using the latter, we need to solve for R/, L/,
and M/. The latter form thus requires only the
solution of one set of equations for M/ to deter-
mine CCS§fY for all operator sets, while the first
requires the solution of first-order response equa-
tions for each different operator X or Y. Thus, M/
has the role of a Lagrangian multiplier. For X = Y
= a real operator, the same number of equations
must be solved using either of the two approaches;
in all other cases, the approach utilizing the M’
vector is the most efficient. The apparent paradox
is therefore that the 2n + 1 and 21 + 2 rule ex-
pressions for the linear response function give
first-order transition matrix elements that are not
in accord with the 2n + 1 rule, while the expres-
sion that does not fulfill the 2n + 2 rule for the

multiplier responses gives first-order transition
matrix elements that satisfy the 2n + 1 rule. The
2n + 1 rule for transition matrix elements refers to
that the (2n + Dth-order transition matrix ele-
ments can be calculated from only nth-order re-
sponse vectors. The above paradox is simply a
consequence of the fact the 2n + 1 and 2n + 2
rules refer to the derivatives of the quasienergy
functional—and these rules are not transferable to
the transition matrix elements that are not deriva-
tives of the quasienergy Lagrangian. In fact, we
have already seen this for variational theory (see
Section 4). This is thus a feature common for
response theory both for variational and nonvaria-
tional wave functions and not a speciality of the
nonvariational theories.

Next, we will discuss the evaluation of the
two-photon transition matrix elements and two-
photon transition strengths. According to exact
theory, the two-photon transition matrix elements
can be found from the residue of the quadratic
response function [Egs. (5.51)-(5.54)], while the
two-photon transition strength itself is obtained as
a residue of the cubic response functions [Eq.
(4.65)]. The residue of the cubic response function
in the 2n +1 and 2n + 2 rule form in Table I
becomes

Iim (w,+o,—
Wzt oy of

wf)<< X/ Y/ Z/ u >>7wy,wz,wu

1
- 5 (T o) T )

2

T T ) e

“T"(wy) is found in the same form as in Eq.
(5.53), while “T,}"(~ w,) becomes

ccTO);y(_wy)

= — P(X(wy), Y(wy))

dl

+1X(—wy)[AY + Bt (—wy)] ) R/

1
FX + EGtX(—wX)}ty(_wy)

+FtXY(—wX,—wY)Rf}. (5.62)

This expression differs from Eq. (5.54) in that it
contains a term depending on the second-order
amplitude responses. The expression from the
quadratic response residue in Eq. (5.54) is thus
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preferable since it does not involve the second-
order response and instead the M/( ) vector is
required. We find again consistency between the
two expressions as is easily checked by using the
interchange technique since

Ft*Y(—wy, —wy,)R/
=FR/ItX (—wy, —wy)

= —(FR)(A + (0y + 0y)D) "

1
AX + EBtX(—wX)]tY(—wy)

X
— 1
=M/ (wy + 0y)|AX + EBtX(—wX)}

We note that wy + wy = o, for the evaluation
of the second-order transition moment and the
M/(w,) vector are thus required only for this one
frequency to calculate all two-photon processes for
different X and Y and different related frequen-
cies.

The residues obtained from the CC response
functions have the structure J[TATE + (TET)*].
In a rigorous sense, this has as a consequence that
we cannot identify the individual transition matrix
elements since we do not have a simple product of
the transition matrix elements, but a more general
structure. However, in Section 4.C, we wrote the
residues of the exact response function in a fashion
that is consistent with this form, suggesting that in
CC we have to work with different left and right
transition matrix elements and that the final ex-
pression for molecular properties must be appro-
priately symmetrized. This is confirmed in the
sense that the definitions of the left and right
transition matrix elements are consistent. We have
seen this above for the one- and two-photon transi-
tion strengths for the transition between the ground
state and an excited state, where the residues of
the linear, quadratic, and cubic response functions
have different meaning, but give equivalent left
and right transition matrix elements. We have used
this picture of a left and right generalization with
confidence in Egs. (5.56) and (5.57).

The expression for “T,f that is required for
evaluating the transition strength between excited
states can be rewritten using the interchange tech-

nique:
“Tf = L'(A¥ + Bt *(w; — wp))R/
= L'AXR/ — (L"BRf)(A + (o) — w,.)l)gx
= UA*R/ + NYO(w;, w) €%, (5.64)

where

®)1) + LBR/ = 0.
(5.65)

N (o, (uf)(A + (o —

For i=f, “T} is related to the evaluation of
excited-state first-order properties. We will discuss
this in more detail in the next subsection.

In this section, we have seen how it in some
cases may be advantageous to manipulate the
residue expressions to obtain computationally
tractable expressions. This is a consequence of the
fact that the 2n + 1 and 2n + 2 rules for the re-
sponse functions do not carry over to the residues,
but only hold for the response functions them-
selves that are obtained as derivatives of the car-
rier quasienergy functional. A closer analysis is
required to obtain the computational most efficient
expressions for properties determined as residues,
leading ultimately to rules of the 2n + 1 and 2n +
2 type for the properties determined from the
residues as demonstrated above. In the next sub-
section, we exemplify another approach where we
derive the expressions for molecular properties
from a property-oriented carrier functional, here
specialized to excited-state properties. Similar car-
rier or property-oriented Lagrangians can, in prin-
ciple, be constructed for other molecular proper-
ties, in some cases requiring a generalization
to time- or frequency-dependent properties, but
we defer further examinations of this subject to
another publication [78].

5.E. EXCITED-STATE PROPERTIES FROM CC
RESPONSE THEORY

In this section, we consider the calculation of
molecular properties for excited states. In particu-
lar, we determine the molecular gradient since the
gradient is required for an efficient calculation of
excited-state geometries and properties. The inves-
tigation of excited states in CC response theory
proceed through several steps. First, the reference
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state is determined. Usually, the Hartree—Fock
(HF) state is chosen as the reference state. Thus,
we require that

en() = (HE[[E

H,]HF) (5.66)

mn’

for the nonredundant orbital rotation operators
denoted by E,,. Next, the ground-state ampli-
tudes of the CC wave function is obtained by
solving the cluster amplitude equations [Eq. (5.10)].
The excitation energy and the excitation vectors
are then obtained by solving the CC response
eigenvalue equations [Egs. (5.39) and (5.40)], and
from the expressions for the residues given in the
previous subsections, we can evaluate various
transition properties and excited-state properties.
In this subsection, we will derive expressions for
excited-state properties in an alternative but for-
mally equivalent way as derivatives of the
excited-state total energy. We also discuss various
aspects related to the evaluation of excited-state
properties as well as aspects of response theory for
non-variational wave functions. We denote the
amplitude constraint by Q,(t, k), where t and «
refer to the dependency on the CC amplitudes and
the orbital rotation parameters. When the left and
right eigenvectors satisfy the biorthonormality
constraint in Eq. (5.41), the excitation energy can
be written as

w; = LIA(t, k) R/, (5.67)

The Lagrangian for the total energy E; =
of the excited state becomes

E0+wf

Ly(t, tf,k, &/, L/, R/, @)
= E,(t, k) + L/A(t, k)RS
+ ) },{iﬂm(t, K)
i,

+ a(L'RF = 1) + Y k[ e, (k). (5.68)

mn

Requiring the Lagrangian to be variational in all
parameters, f, / k, %/, L7, R/, and @ we obtain
the following equations:

dL
0=—2 =[/RF =1, (5.69)
da
dL
0=—L = A(t, k)R + aRf,  (5.70)

dL’

dL
0=—2L = L/A(t, k) + &L/,

5.71
R (5.71)
dL
0= dtf =Q,(t, ), (5.72)
de dE,(t, k) N LfdA(t, K)Rf
dt dt,,j dt,,j
dQ (t K)
+ Z ”"d—_’ (5.73)
i, B Vi
de
0= a7l =e,,(k), (5.74)
0 de _ dE (t, k) N LfdA(t,K)Rf
dk,,, dxk,,, dxk,,,
. dQ (¢, k)
+ Z t‘/:i”’—
i,y,,. den
de,, (K)
+Z <), d (5.75)

Equation (5.69) is the biorthonormality condition
for the excited-state vectors, Equations (5.70) and
(5.71) are satisfied with @ being the excitation
energy, and L/ and R/, the corresponding left and
right eigenvectors. Equations (5.72) is the ground-
state CC equations. Equation (5.73) is the equation
for the amplitude multipliers. Equation (5.74) en-
sures that the orbitals of the reference states are
optimized, while Eq. (5.75)a determines the orbital
multipliers for the excited-state Lagrangian. When
these equations are fulfilled, the Lagrangian gives
the total energy of the excited state as the sum of
the CC ground-state energy and the CC response
theory excitation energy. Neglecting all terms de-
pending on L/ and R/, the Lagrangian in Eq. (5.68)
reduces to the ground-state energy Lagrangian.
The gradient for the excited state becomes in
accordance with the 2n + 1 and 2n + 2 rules

dA(t, k)

de:lciw ﬁEo(t,K)+Lf RS
dey dey dey
Q, (t K)
+ Y ———
i &SX
ey, (k)
+ ZK
dey
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1 JdE (t, k)
— + o o~ X 7 X
c* ( + L/AXRS + Y 1 &X

2 dey i
de, (k)
+ YR, T, (5.76)
— oex

where AX and £ are identical to the ones defined
in Table V. We will now discuss some of the
implications of the above analysis. Neglecting
the orbital relaxation contribution, we obtain

+ L/AXRS + Y #f £X .
ng 2 Z/J'ié:i

M

dL, 1C¢w( JE,(t, k)
ey

(5.77)

The expression Eq. (5.77) is equivalent to the ex-
pression obtained by adding the ground-state
first-order property [Eq. (5.19)] to the expression
found [Eq. (5.56) with i = f] from the residue of
the quadratic response function if we apply the
C*“ symmetrizations in Eq. (4.63):

(X)p=AX>+{X—-X)
1 JE,(t, k)

2 dex

)

+ FOgX

2

+L/AXR/ + L/Bt*R/

+ L/AXR/

1 Cto JE (t, k)
2

dex

+(O - LfBRfAl)gx), (5.78)

where #© are the ground-state zeroth-order multi-
pliers. Since Eq. (5.73) can be expressed as

=10 - L/'BRAA"'= —(n+ L/BRH)A},
(5.79)

it is seen that Eq. (5.78) is equivalent to Eq. (5.77).
In the case where we do not include orbital relax-
ation in the Lagrangian in Eq. (5.68), the two
derivsations thus agree as they should in a consis-
tent theory. We note that the structure of Eq. (5.77)
is similar to the one obtained in variational theory,
Eq. (4.94).

We may summarize the above discussion as
follows: For calculation of excited-state first-order

properties, it is advantageous to consider the
derivative of the excited-state energy as defined by
the ground state plus the excitation energy. The
excited-state properties may then be obtained us-
ing linear response theory, rather than from the
residue of the quadratic response function as was
done previously. The advantages of this approach
are twofold: (1) A more computational advan-
tageous expression that satisfies the 2n + 1
and 2n + 2 rules is obtained straightforwardly.
(2) The derivative approach allows us to turn on
or off the orbital relaxation term in a simple way,
where the orbital relaxation terms also satisfy the
2n + 1 and 2n + 2 rules. This observation may be
generalized as follows: When possible, it is advan-
tageous to use derivatives of expressions for the
low-order residues to identify higher-order transi-
tion properties and/or excited-state properties
rather than to identify the expressions from
residues of even higher-order response functions.
A derivative approach better facilitates the use of
the 2n + 1 and 27 + 2 rules, and orbital relaxation
can be introduced at will.

Expressions for the CC excited-state gradients
have been derived before in other contexts [34, 36]
and the first implementation for CCSD was re-
ported by Stanton and Gauss [35] and was recently
extended to CC2 [79]. It has proven highly success-
ful for the calculation of excited-state equilibrium
geometries and (through numerical differentiation
of the analytical gradient) excited-state harmonic
frequencies. The present formalism exhibits in a
simple and illustrative way the basic structure of
the theory. For example, it is found that to calcu-
late the excited-state molecular gradient we need
to solve only one set of additional CC equations in
addition to the ground-state amplitude equations
and the left and right eigenvalue equations. Be-
sides giving computational expressions where the
number of equations that needs to be solved is
minimized, the Lagrangian technique introduces
the concept of Lagrangian multipliers for the ex-
cited state. Thus, # of Eq. (5.79) is the excited-state
analog of the ground-state multipliers in Eq. (5.23)
and ensures that the functional in Eq. (5.68) is
variational. Furthermore, the Lagrangian tech-
nique allows us to include orbital relaxation in the
functional, giving results for the orbital rotations
in accord with the 2n + 1 and 2n + 2 rules with-
out having to resort to using several cumbersome
steps of an interchange technique.
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Higher-order derivatives can be found easily by
taking the second derivative of the excited-state
Lagrangian in Eq. (5.68) and allows for an analyti-
cal calculation of second-order (static) properties
in the excited state—most notable, the molecular
Hessian.

The procedure that we have used in this section
exemplifies the generality of the Lagrangian tech-
nique. If we know how to calculate some property
including the equations that must be solved, we
can construct a property-oriented Lagrangian, al-
lowing all derivatives of this property to be ob-
tained easily and in a form that satisfies the 2n + 1
and 2n + 2 rules. In this case, the property is the
excited-state energy obtained from the linear re-
sponse eigenvalue equation in combination with
the ground-state energy. The excited-state La-
grangian [Eq. (5.69)] is the carrier functional for the
determination of static excited-state properties.

5.F. ORBITAL RELAXED CC RESPONSE
THEORY AND SECOND-ORDER
MoLLER-PLESSET PERTURBATION THEORY

We may include orbital relaxation explicitly in
the time-dependent CC quasienergy Lagrangian,
modifying the Lagrangian in Eq. (5.12) to

L. = <HF

d
exp(—x(t))(H )exp(K(t))

i
Jat

X exp(T(t))‘HF>

+ Z;y,,(t)</”bl

M

exp(—T(t))exp(—«(t))
d
X (H - im)exp(K(t))exp(T(t))‘HF>

+ ZRmn(t)<HFHEmn,exp(— k(1))

mn

x| H - i%)exp(x(t))}HF>. (5.80)

The summation pair indices (mn) runs over all
nonredundant orbital rotations. The last term in-
troduces the time-dependent HF equations as
constraints, and the reference state is an HF state.
The derivation of frequency-dependent properties
follows the same strategy as demonstrated in the
last section and we therefore give no details. The

resulting linear response function can be written as
LX)y
9*{L}r

dex(wy) dey(wy)

e=0

1
_ ECiwp(X(wX),Y(a)y))

X <A|IXY(a)X, wy)

+[IX(wy), TV (0y)]|CC)

Al T 0] T ]

+ L ®O(HF|[ E,,,, [*"(wy, ,)][HF) |,
b (5.81)

where we have introduced

I"(wy) =Y + [HO, KY(CUy)] —wyk (wy),
(5.82)

IXY((UX/ wy)

1
= EP(X((DX), Y((I)y))([x/ Ky(wy)]

+ [[HO, KX(wX)], KY(a)Y)]

g N -

+— [KX((UX),KY(&)Y)]). (5.83)

2

The equation determining the first-order clus-
ters parameters is equivalent to Eq. (5.30) with the
only modification that the right-hand side of the
cluster amplitude response equation is modified to

£ (wy) = Cpylexp(=T)H I (wy Jexp(T)HF).
(5.84)
In addition to the CC equations, we need to solve

first-order HF response equations. The orbital mul-
tipliers are determined from

(AllHy, E,,, JICC)

+ Y&, {HF|[E,,, [ Hy, E,,]]|HF) = 0.
Pq
(5.85)

We can now discuss some structural differences
between the orbital relaxed form in Eq. (5.81) and
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the CC linear response function in Eq. (5.32). First,
we note that by setting all the orbital rotations to
zero we obtain

LX YD wy

1
= ECi““’P(X((ux),Y(wy))
X <A|[ X, T (wy)] |CC>

+ %<A|HH0/TX(“’X)]'TY(“’Y)] |CC> ’
(5.86)

which is equivalent to Eq. (5.32), since {A[X,
T (w0y)]ICC) = n*t"(wy) and (Al H,, T*(wy)],
TY(w)ICC) = Ft*(wy)t'(wy). In the relaxed
form [Eq. (5.81)], we have replaced Y with I
relative to Eq. (5.32) and additional terms enter
originating from the second-order terms in the
expansion of exp(— k() H — i[ d/(at)Dexp(k(t)).

In the diagonal representation, the sum over the
HF states runs over both positive and negative
excitation energies, meaning that the response
vectors k'(w) have poles o equal to either
plus or minus an excitation energy. As a conse-
quence, products of first-order response vectors
contain second-order poles, for example,
[[ Hy, k *(— )], k()] contain second-order poles
at o equal to an HF eigenvalues. For a nonvaria-
tional nonlinear parametrization, products of first-
order responses will occur in the expressions for
second-order frequency-dependent properties ob-
tained as quasienergy derivatives, as seen from Eq.
(3.34). This may lead to second-order poles when a
paired structure similar to the one in HF is pre-
sent. Since only excitation operators are included
in the CC parametrization, we do not have a paired
structure in the CC diagonal representation. Hence,
in the CC linear response function in Eq. (5.32)
where orbital relaxation is not included, we only
have first-order CC poles as also found in the
previous subsections. Introducing orbital relax-
ation, we arrive at the form in Eq. (5.81), where
both correlated CC poles and uncorrelated HF
poles are present and, furthermore, the HF poles
are of second order. There is, in this way, a major
structural difference between the two cases. The
orbital relaxed case is a two-step approach; first,
an HF step and, then, a CC step. This gives us two
sets of constraints and two sets of parameters and
therefore two sets of poles in the linear response

functions. In the orbital unrelaxed case, we assume
that the orbitals are fixed during the calculation.
From the CC unrelaxed linear response function
given by Eq. (5.32), we may therefore straightfor-
wardly identify excitation energies and transition
moments, since the pole structure is consistent
with the pole structure of the exact response func-
tion. In the orbital relaxed case, the pole structure
is not consistent with the one of exact theory and
underlying HF poles cause spurious divergencies.
In this context, it is important to realize that ex-
cited states represented by the HF poles are al-
ready represented at the correlated level by the CC
poles. Indeed, it is questionable at all to use the
term response function about Eq. (5.81), and we
reserve the term CC linear response function to the
unrelaxed form in Eq. (5.32).

In CC theory, the deexcitation manifold is intro-
duced in an indirect way. The parametrization is
described exclusively in terms of excitation opera-
tors, while the coupling to the deexcitation mani-
fold is due to the left projection manifold. As a
consequence, we do not have a direct coupling of
the excitation and deexcitation spectrum in the
first-order response equations. This is important as
it is this coupling between the excitation and deex-
citation manifold that causes second-order poles in
the expressions for the frequency-dependent polar-
izabilities. We do not have these problems in the
unrelaxed CC approach even though we have
products of first-order responses. Restricting our-
selves to consider excitation operators only, we
have avoided these types of problems. A special
feature of CC theory is also that the exp(—T),) part
of the CC expansion mimics the orbital relaxations
to the extent that it can be described with the use
of excitation operators only.

The derivation and analysis of the relaxed CC
response function show the following: (1) If the
model is a two-step approach, this gives rise to a
pole structure from each of the two “steps” and
may ultimately lead to a pole structure of the
linear response function that is not in accord with
the one of the exact response functions. (2) If the
nonvariational nonlinear model has a paired struc-
ture where the first-order responses have poles
both for plus and minus the excitation energies,
then the linear response function may have sec-
ond-order poles. The determination of transition
strengths based on the linear response function is
therefore not possible.

On the basis of the analysis above, it is also
obvious that the response function for the well-re-
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nowned CCSD(T) method will be even more dubi-
ous. In CCSI(T), a perturbational correction for
the effect of triples excitations is added to the
CCSD energy. The perturbational correction is de-
fined assuming HF orbitals and thus requires or-
bital relaxation to be included. A CCSIXT) linear
response property will thus have both SCF and
CCSD poles (where the SCF poles are of second-
order nature) as well as poles corresponding to the
triples excitations. Even if the orbital constraint
could be relaxed, the poles would still be of CCSD
quality: Only iterative models can give response
functions with a pole structure that is consistent
with exact theory. It is, of course, possible to de-
fine perturbational corrections to, for example, CCS
or CCSD excitation energies [80]; however, it
should be emphasized that the excitation energies
obtained in such an approach are not the poles of
any response function. Thus, there will always
formally be a lack of consistency between the
ground-state energy and the excitation energy in
such an approach. Each is defined using a proce-
dure that is independent of the other.

As another example, we discuss briefly the
Brueckner coupled cluster (BCC) theory. In the CC
theory, the cluster parameters and the orbital rota-
tion parameters are treated at equal footing in a
one-step approach:

BCC(1)) = exp(k(t))exp(T(t)IR), (5.87)

where k refers to the orbital rotation operators in
the form of Eq. (4.4) and T is the CC operator in
Eq. (5.2) excluding singles excitations T, from the
cluster expansion. In BCC, the deexcitation mani-
fold is incorporated directly into the parametriza-
tion, and we therefore obtain a structure having
features in common with HF namely, a paired
structure with coupling of the excitation and deex-
citation manifolds of the type given by the B and
A matrices of Egs. (4.25) and (4.26). As a conse-
quence of the one-step approach, only one set of
poles is present in the linear response function.
However, since BCC is nonvariational and nonlin-
ear, the products of first-order responses will be
present in the linear response function and the
linear response function therefore contains
second-order poles, as was previously observed in
[39]. This prevents us from calculating transition
properties in BCC. Thus, the product of first-order
response vectors that is harmless in unrelaxed CC
theory is fatal for BCC because of the paired struc-
ture of the BCC response theory. We thus conclude

that the pole structure of BCC response functions
are not in accord with the one of the exact re-
sponse functions. The BCC approach is therefore
not a solution to the problems inherent in the
orbital relaxed CC approach, although in the limit
of vanishing cluster amplitudes, the HF response
functions are obtained from the parametrization in
Eq. (5.87). Only the original orbital unrelaxed CC
approach leads to response functions with a pole
structure consistent with that of the exact response
functions.

Another commonly used method in the molecu-
lar quantum chemistry is the Magller—Plesset
perturbation theory. Several attempts have been
made to derive expressions for second-order
Moller-Plesset (MP2) frequency-dependent prop-
erties. The discussion seems now to be settled with
the work of Hattig and HeB [38] using an ap-
proach in line with the one of Aiga et al. [22]. In
the formalism of this article, the MP2 time-depen-
dent quasienergy Lagrangian is most easily found
as the second-order approximation to the relaxed
CC quasienergy Lagrangian, where order in this
context refers to order in the fluctuation potential
of Mgller—Plesset perturbation theory:

Lyps = <HF exp(—K(t))(H - i%)exp(x(t))

X (1 + Tz(t))‘HF>

+ Z}M(t)</~‘«2

(223

1%
exp(—K(t))(H - 15)

Xexp(K(t))‘HF>

+ Z}M(t)<:“«2

(223

J
[exp(— K(t))(F - 15)
X exp(k(t)), Tz(t)] ‘HF>

+ ZEmn(t)<HFHEmn,exp(— k(1))

mn

X(H — i%)exp(x(t))HHF> (5.88)

F is the Fock operator. The approximations of Eq.
(5.88) can be traced in the derivatives such that
the MP2 linear response function becomes the
second-order approximation to the relaxed CCSD
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response function in Eq. (5.81). Other expressions
that are more symmetric in f, and f, may be
more optimal for MP2 in practical use. These have
already been discussed in several places in the
literature and will not be described here in more
detail. We give a few comments on MP2 response
theory in line with the above discussion. First,
MP2 is a two-step approach consisting of an HF
step and a second-order MP2 step. Thus, expres-
sions for response properties will have poles at the
HF poles and at the MP2 poles (which are the
double-excitation poles described to zeroth-order
in the fluctuation potential). Next, similar to the
relaxed CCSD approach, the nonvariational non-
linear nature leads to products of first-order orbital
responses, and the HF poles are thus second-order
poles. Hence, for several reasons, the MP2 re-
sponse function does not have a pole structure that
is consistent with the one of the exact linear re-
sponse function as observed in [22]. Finally, we
note that one of the errors that has been made in
the derivation of the MP2 response functions is the
neglect of the time derivative of the T, term. We
see that this term automatically is included in the
present approach, defining the MP2 time-depen-
dent Lagrangian as an approximation to the re-
laxed CCSD Lagrangian.

Other “second-order” models exist that unlike
MP2 do give response functions with a pole struc-
ture consistent with exact theory. One is the CC2
model [68], which is an iterative second-order ap-
proximation to CCSD and thus represented by
response functions of the unrelaxed CC approach
as discussed in the previous Subsections 5.A-E.
The second-order polarization propagator approxi-
mation [81] is another example of a second-order
approach that also gives a correct pole structure.
This approach is based on a somewhat different
philosophy for obtaining response functions and
will not be discussed further here.

6. Summary

For exact theory, many different routes may be
taken to derive abstract expressions for the deter-
mination of molecular properties. However, for
approximate theories, considerably more care is
needed since many relations that are trivially ful-
filled in exact theory are no longer satisfied. Fur-
thermore, with actual calculations in mind, it also
becomes crucial to minimize the number of equa-

tions to be solved as well as having a simple and
well-structured theory. In approximate theory,
some strategies for obtaining molecular properties
are therefore better than others.

The calculation of energy derivatives in time-in-
dependent theory is by now a well-established,
highly mature field. Crucial for this status is that
the techniques for obtaining correct and computa-
tionally tractable expressions are well known and
straightforward. These techniques rely on the vari-
ational principle in the broad sense, including the
Lagrangian technique for expressing nonvaria-
tional energies in a variational form. Due to the
absence of a well-defined energy function, the cal-
culation of molecular properties in time-dependent
theory is a more complicated and less developed
field. While, indeed, progress has taken place in
the field of response theory for determining molec-
ular properties for approximate models, there has
been some confusion concerning the correct time-
dependent variational principles and, in particular,
which procedure should be used to derive the
response functions. Furthermore, there has in many
cases been a substantial difference in the method-
ologies and concepts that are used in time-depen-
dent and time-independent theory.

In this article, we built a bridge between the
time-independent techniques for determining static
molecular properties and the response function
formalism for determining frequency-dependent
molecular properties and transition properties. The
time-dependent quasienergy Q(f) and the (time-
averaged) quasienergy {Q(#)}; are central in estab-
lishing this link:

Q(t) = <O‘(H— zz)‘o>. (6.1)

In time-dependent theory, the generalized varia-
tional principle and the generalized Hellmann-—
Feynman theorem can be written in terms of the
time-dependent quasienergy:

5Q(t) + i%<6|56> =0 (6.2)
and
- oL N M Rl
01 X10Yexp(—iwt) = 7o (w) + 15<0 7o (w) >

(6.3)

Equation (6.2) is the fundamental time-dependent
equation for the quantum mechanical system and
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is equivalent to the time-dependent Schrodinger
equation for sufficiently flexible trial functions.
This time-dependent variation principle can there-
fore, for example, be used directly to obtain the
dynamical equations for the system [82]. In our
case we have, however, a different goal, namely,
the derivation of response functions for periodic
perturbations.

The essential difference between Egs. (6.2) and
(6.3) and the time-independent analogs is the sec-
ond term in Egs. (6.2) and (6.3), demonstrating that
the time-dependent quasienergy cannot be inter-
preted as a usual energy functional from which
response functions and response equations can be
determined by straightforward differentiation. At
first sight, this appears to hinder the use of the
techniques of time-independent theory in the de-
termination of molecular properties in time-depen-
dent theory.

However, for periodic perturbation, time-aver-
aging overcomes this problem. Thus, the time-
averaged variational principle and the time-aver-
aged Hellmann—-Feynman theorem,

O}y =0 (6.4)
HQ(H)}r

m = {<0|X|0>6Xp(_la)t)}T, (65)
does exactly remove the last term in Egs. (6.2) and
(6.3).

We have shown that the variational criteria for
the (time-averaged) quasienergy is sufficient for
determining the time-evolution of [0). Further-
more, we have seen that the Hellmann—Feynman
theorem for the quasienergy leads automatically to
an expansion allowing us to determine response
functions to any order and with general frequency
indices as derivative of the quasienergy. We there-
fore conclude that the quasienergy contains all the
information that we need for the determination of
the response functions.

We thus have a generalized energy functional,
the quasienergy, from which both the wave-func-
tion parameters and the response functions can be
determined by differentiation. The determination
of response functions and response equations are
simply generalized to Fourier components in a
well-defined way, giving a natural extension of
standard energy derivative techniques to the case
of time-dependent periodic perturbations. It is
therefore obvious that this strategy benefits from
the advantages of ordinary energy derivative tech-

niques. Response functions in agreement with the
2n + 1 and 2# + 2 are obtained immediately. Ad-
ditional reductions and manipulations may in some
particular cases give computationally more advan-
tageous expressions; however, we believe that the
2n + 1 and 27 + 2 rule expressions should be the
starting point of any such investigation. Thus, we
advocate the determination of response functions
from a Fourier component variational perturbation
theory applied to the time-averaged quasienergy
as the natural bridge between the response theory
formalism and the energy derivative formalism.

We have used the Fourier component varia-
tional perturbation theory to consider general vari-
ational and nonvariational parametrizations, and
we have specialized this to particular examples:
exact, self-consistent field (SCF), and coupled clus-
ter (CC) wave functions. We have also briefly
discussed the development of response theory for
multiconfigurational self-consistent field (MCSCEF),
Brueckner coupled cluster (BCC), and second-order
Moller—Plesset (MP2) theory. The SCF properties
derived in this article are formally equivalent to
those obtained previously, although the present
formalism gives slightly different structures of the
response functions. The CC response functions that
we obtain are slightly different from those previ-
ously presented. A closer inspection of some previ-
ous CC response theory calculations of frequency-
dependent polarizabilities and oscillator strengths
shows that the tensors considered in these works
were diagonal due to symmetry, and since only
real arithmetic and real operators (dipole) opera-
tors were considered, the results of these calcula-
tions are identical to those obtained in the present
formalism. However, in general (for nondiagonal
tensors, hyperpolarizabilities, and imaginary oper-
ators), different properties are obtained. The ex-
pressions given in this article were derived with
emphasis on preserving as many as possible of the
symmetry relations satisfied in exact theory.

We have furthermore described how the La-
grangian technique can be used not only to deter-
mine the response functions, but also for more
detailed analysis of the expressions that can be
determined from the response functions and their
poles and residues. We have shown for the exam-
ple of excited-state properties how a property-ori-
ented carrier Lagrangian can be defined, where the
properties in question are obtained as derivatives
of this carrier Lagrangian. Since the Lagrangian is
variational in all parameters and the properties are
determined as derivatives, this leads to expres-
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sions satisfying the 2n + 1 and 2n + 2 type of
rules. On the basis of this analysis, we have sug-
gested expressions for the calculation of excited-
state properties and transition properties in SCF,
MCSCEF, and CC theory that are in accord with the
2n + 1and 2n + 2 rules and thus computationally
advantageous relative to previous SCF, MCSCEF,
and CC response theory developments. In particu-
lar, this is important in connection with the calcu-
lation of excited-state molecular gradients. Using
the techniques derived in this article, we have
derived and implemented response functions,
transition moments, and excited-state properties
for several CC models: Calculations of excitation
energies, [67, 68] transition moments, [69] fre-
quency-dependent polarizabilities, [69] Cauchy
moments [83], and frequency-dependent first
and second hyperpolarizabilities [70, 71] have
been reported recently; implementations of the
quartic and pentic response functions and of
two- and three-photon transition moments are in
progress and will be the subjects of forthcoming
publications.

For the above reasons, we recommend the use
of the general and computational tractable expres-
sions derived in this article in future response
theory studies of nonlinear properties and in stud-
ies of excited states. We also believe that the gen-
eral sections together with the following more
specialized discussions can be paradigmatic for
the derivation and analysis of response functions
for other and future approximate methods.
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