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Abstract

The frequency-dependence of the isotropic parallel average g of the second hyperpolarizability can be expanded in a< <

compact way using dispersion coefficients, which are independent of the optical process, if three effective frequencies are
introduced. We propose similar expansions for the second hyperpolarizability components g and g and give explicitH K

expressions for the hyperpolarizability dispersion coefficients in terms of the derivatives of the hyperpolarizabilities with
respect to their frequency arguments. The relation of the hyperpolarizability dispersion coefficients to the Cauchy moments
of linear response theory is discussed and comparison is made with previously proposed dispersion formulas. q 1998
Elsevier Science B.V. All rights reserved.

1. Introduction

Frequency-dependent electric or magnetic multi-
pole hyperpolarizabilities can generally be expressed
in terms of irreducible tensor components which
transform according to an irreducible representation

Ž .of the rotation group SO 3 and also according to an
irreducible representation of the symmetric group Sn

composed of the permutations of the operator indices
independent of the accompanied frequency argu-

w xments 1–3 . The quantities measured in hyperpolar-
izability experiments are usually such irreducible
tensor components, for example the isotropic parallel
average of the second hyperpolarizability g , or sim-< <

ple linear combinations thereof, such as g and g ,H K

1 E-mail: haettig@kemi.aau.dk

1 2which can be decomposed into g s g q gH < < ms3 3

and g sg yg , where g is an isotropic compo-K < < ms ms

nent which transforms according to the degenerated
mixed-symmetry class of S . The symmetry of the4

hyperpolarizability components with respect to the
permutation of the frequency arguments is of particu-
lar importance for the construction of dispersion

w xformulas for non-linear optical properties 4 . For g < <

w xShelton suggested 5 , more than a decade ago, ex-
panding the frequency-dependence in terms of the
effective frequency v 2 sv 2 qv 2 qv 2 qv 2 whichL 0 1 2 3

is symmetric in the four original frequency argu-
ments:

g v ;v ,v ,vŽ .< < 0 1 2 3

sg 0 1qAv 2 qBv 4 q PPP . 1Ž . Ž .Ž .< < L L

It was proven by Bishop that the coefficient A in
Ž .Eq. 1 is the same for all optical processes and that

0009-2614r98r$ - see front matter q 1998 Elsevier Science B.V. All rights reserved.
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B is the same for the dc-Kerr effect and for the
electric-field induced second harmonic generation,
but that different B coefficients are obtained for the
third harmonic generation or other third-order optical

w x Ž .processes 6 . The dispersion formula 1 was later
extended for the vector average b of the first< <

w xhyperpolarizability 7,8 . For g Bishop proposedH
w xthe expansion 6

g v ;v ,v ,vŽ .H 0 1 2 3

˜ 2 ˜ 4sg 0 1qAv qBv q PPP 2Ž . Ž .ž /H L L

˜with Aspqqa, where a is defined as as
Ž . 2y v v qv v rv and p, q are frequency-in-0 3 1 2 L

dependent. The dispersion of the ratio g rg can< < H
w xbe expanded up to second order as 6 :

g < < 2s1qCv q PPP 3Ž .L3g H

Ž .with Csr 1y6a and r is frequency-independent.
Ž .In the last decade, the dispersion formula Eq. 1

has proven to be an important tool for comparing
and assessing experimentally or theoretically deter-

wmined frequency-dependent hyperpolarizabilities 9–
x Ž .14 . Eq. 1 is also the most frequently used ansatz

for extrapolating experimental data from optical fre-
w xquencies to the static limit 9,10 . However, despite

the appealing features of such compact dispersion
expansions with process-independent coefficients, an

Ž .extension of Eq. 1 to a form with the fourth- and
higher-order coefficients also strictly process-inde-

w xpendent was not proposed until recently 4 and no
such extension is known for g . Apart from allow-H
ing a more detailed comparison between the disper-
sion curves obtained from different optical processes,
such expansions with process-independent dispersion
coefficients are also likely to be useful for imple-
mentation in ab initio quantum chemistry programs
since it is expected that they can be used to reduce
the computational costs for the calculation of hyper-

w xpolarizability dispersion curves 15 .
w xIn a recent publication 4 we devised a general

approach for obtaining the frequency-dependence of
irreducible hyperpolarizabilities compact dispersion
expansions with coefficients which are strictly inde-
pendent of optical processes. Using this approach,

w x Ž .we derived in Ref. 4 an extension of Eq. 1 to

higher orders in the frequency arguments and to the
isotropic all-parallel averages of higher-order hyper-
polarizabilities. In this Letter, we apply the approach

w xin Ref. 4 to derive a compact dispersion expansion
for the isotropic mixed-symmetry component g .ms

We thereby obtain a dispersion expansion for the
experimentally important component g and an ex-K

Ž .tension of Eq. 2 to higher orders in the frequencies.

2. Expansion of irreducible hyperpolarizability
tensors in symmetrized frequency powers

w xThe key idea of the approach devised in Ref. 4
can be summarized as follows: if the hyperpolariz-
ability tensor X Žn. transforms according to the irre-l,Ž m .
ducible representation m of the symmetric group Sn

constituted by the permutations of the operator in-
dices, then X Žn. is an eigenfunction of a projectionl,Ž m .

ˆ PP ˆoperator QQ sÝ c PP which projects ontol,Ž m . PP g S l,Ž m .n

the subspace of the representation m, where l is an
index for the degenerated components of m. Since
hyperpolarizabilities are invariant with respect to
simultaneous permutations of the operator indices
together with their accompanied frequency argu-
ments,

X Žn. v ;v , . . . ,vŽ .j j . . . j 0 1 ny10 1 ny1

sX Žn. v ;v , . . . ,v , 4Ž . Ž .j j . . . j pŽ0. pŽ1. pŽny1.pŽ0. pŽ1. Žny1.

ˆand the projection operators QQ are idempotent, itl,Ž m .
w x Žn.follows 4 that a Taylor expansion of Xl,Ž m .

Ž .v ;v , . . . ,v in its frequency arguments can0 1 ny1

be written in terms of the symmetry-adapted fre-
PP ˆy1 m0 m1 m ny 1quency products Ý c PP v v PPP v .PP g S l,Ž m . 0 1 ny1n

w xThe isotropic parallel average g , defined as 16 :< <

1 � 4g s g qg qg , j ,hsx , y , z ,Ý< < jhhj jhjh jjhh15
jh

5Ž .

is invariant, i.e. totally symmetric, with respect to
independent permutations of the operator and fre-
quency arguments. Thus the frequency-dependence
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of g can be expanded in terms of the symmetric< <

frequency products,

ˆ m0 m1 m2 m3SSv v v v0 1 2 3

s v m0v m1v m2v m3 6Ž .Ý Ý Ý Ý i i i i0 1 2 3
i i /i i /i , i i /i , i , i0 1 0 2 0 1 3 0 1 2

with i ,i ,i ,i s0,1,2,3. The frequency-products in0 1 2 3
Ž .Eq. 6 can be rewritten in terms of the three basic

2 3 4 w xproducts v , v and v defined as: 4L2 L3 L4

v 2 sy v v s v 2 sv 2 , 7Ž .Ý Ý ÝL2 i i i L0 1
i i /i i0 1 0

13 3v s v v v s v , 8Ž .Ý Ý Ý ÝL3 i i i i2 0 1 2
i i /i i /i , i i0 1 0 2 0 1

14v sy v v v vÝ Ý Ý ÝL4 i i i i6 0 1 2 3
i i /i i /i , i i /i , i , i0 1 0 2 0 1 3 0 1 2

14 2sy4v v v v s v y v . 9Ž .Ý0 1 2 3 i L22ž /
i

Ž w xNote that in Ref. 4 a different notation was used
2 3 4 .which denoted v , v , v as Q , Q , Q .L2 L3 L4 2 3 4

Using these three effective frequencies v 2 , v 3 andL2 L3

v 4 as expansion variables, we obtain for g aL4 < <

compact dispersion formula with a minimal number
of strictly process-independent coefficients which, up
to sixth order in the frequencies can be written in the

Ž Ž . w x.form cmp. Eq. 16 in Ref. 4 :

g v ;v ,v ,vŽ .< < 0 1 2 3

sg 0 1qAv 2 qBv 4 qBX
v 4Ž . Ž< < L2 L2 L4

qCv 6 qCX
v 6 qCXX

v 2 v 4 PPP . 10Ž ..L2 L3 L2 L4

We note that v 4 vanishes, if one of the frequencyL4

arguments of g becomes zero; and that v 3 van-< < L3

ishes, if two of the frequency arguments become
zero. Thus for optical processes with one or more

Ž .static electric fields, the dispersion formula 10
reduces in a simple way to an expansion with a
smaller number of coefficients.

The isotropic second hyperpolarizability measured
in ESHG experiments with the optical field polarized
perpendicular to the static field,

1
g s 2g y3g q2g ,Ž .ÝH jhhj jhjh jjhh15

jh

j ,hsx , y , z , 11Ž .

and the isotropic component measured in dc-Kerr
3 Ž .experiments, g s g yg , can be decomposedK < < H2

into the irreducible tensor components g and g as< < ms
1 2

g s g q g and g s g y g . The irre-H < < ms K < < ms3 3

ducible second hyperpolarizability g , defined asms

1
g s g y2g qg 12Ž .Ž .Ýms jhhj jhjh jjhh6

jh

is an eigenfunction of the projector
1Q̂Q s Eq 13 q 24 q 13 24� 4Ž . Ž . Ž . Ž .ms 3

= Ey 12 y 34 q 12 34� 4Ž . Ž . Ž . Ž .
= Eq 13 y 12 y 123 13� 4Ž . Ž . Ž . Ž .

Ž . Ž .where E is the identity operation and 12 , 13 ,
Ž .123 , etc. denote permutations of the operator in-
dices in the cartesian hyperpolarizability components
that contribute to g . Thus its frequency-depen-ms

dence can be expanded in the symmetry-adapted
frequency products according to the arguments dis-
cussed above:

T m s
k , l ,m ,n

1s Eq 31 y 21 y 321� 4Ž . Ž . Ž .4

= Ey 21 y 43 q 43 21� 4Ž . Ž . Ž . Ž .
= Eq 31 q 42 q 42 31� 4Ž . Ž . Ž . Ž .
=v k v l v mv n 14Ž .0 1 2 3

s v k v l yv l v k v mv n yv n v mŽ .Ž .0 1 0 1 2 3 2 3

q v k v l yv l v k v mv n yv n v mŽ .Ž .0 3 0 3 2 1 2 1

q v k v l yv l v k v mv n yv nv mŽ .Ž .2 1 2 1 0 3 0 3

q v k v l yv l v k v mv n yv nv m . 15Ž .Ž .Ž .2 3 2 3 0 1 0 1

The mixed-symmetry frequency products T m s arek , l,m ,n

antisymmetric in the first and last two indices and
symmetric under the exchange of the index pairs k, l
and m, n:

T m s syT m s syT m s sT m s . 16Ž .k , l ,m ,n l ,k ,m ,n k , l ,n ,m m ,n ,k , l

Ž . m sFrom Eq. 16 it follows that T can only bek , l,m ,n

nonvanishing if k/ l and m/n. Therefore, T m s
0,0,0,0

s0 and the mixed-symmetry hyperpolarizability gms

vanishes in the static limit. Using the relations

v pv pv pv p T m s sT m s 17Ž .Ž .0 1 2 3 k , l ,m ,n kqp , lqp ,mqp ,nqp

v p qv p qv p qv p T m sŽ .0 1 2 3 k , l ,m ,n

sT m s qT m s qT m s qT m s
kqp , l ,m ,n k , lqp ,m ,n k , l ,mqp ,n k , l ,m ,nqp

18Ž .



( )C. HattigrChemical Physics Letters 296 1998 245–252¨248

the mixed-symmetry frequency products can be ex-
panded in a smaller number of effective frequencies,
similarly as the total symmetric frequency products

Ž .in Eq. 6 . In order to obtain an expansion for gms

with a minimal number of process-independent coef-
ficients and a form which, when one of the fre-
quency arguments becomes zero, reduces to the ex-

w xpansion of b sb as proposed in Refs. 4,15 ,ms Ž23.
we introduce the two mixed-symmetry effective fre-
quencies

12 m sv s TM 2 1,0,1,02

s v yv v yvŽ . Ž .0 1 2 3

q v yv v yv 19Ž . Ž . Ž .0 3 2 1

and

v 4 sy3T m s
M4 2,1,1,0

2 2sy3 v v yv v v yvŽ .Ž .0 1 1 0 2 3

q v yv v 2 v yv 2vŽ . Ž .0 1 2 3 3 2

q v 2 v yv 2v v yvŽ .Ž .0 3 3 0 2 1

2 2q v yv v v yv v . 20Ž . Ž .Ž .0 3 2 1 1 2

Using v 2 and v 4 and products of these with theM 2 M4

symmetric effective frequencies v 2 and v 4 theL2 L4

irreducible hyperpolarizability g can be expanded,ms

up to sixth order in the frequency arguments, as:

g v ;v ,v ,vŽ .ms 0 1 2 3

sg 0 A v 2 qB v 2 v 2 qBX
v 4Ž . Ž< < ms M 2 ms M 2 L2 ms M4

qC v 2 v 4 qCX
v 4 v 2

ms M 2 L2 ms M4 L2

qCXX
v 2 v 4 q PPP . 21Ž ..ms M 2 L4

We note that if v s0 then the effective frequency3

v 2 reduces to 2v 2 yv 2 yv 2, which is theM 2 1 0 2
Žmixed-symmetry effective frequency second-order

. w xin v introduced in Refs. 4,15 to expand b , andi ms
4 Ž . 3v reduces to 2v yv yv v , where 2v yM4 1 0 2 L3 1

v yv is equal to the mixed-symmetry frequency0 2
Ž .first-order in v used to expand b . The termi ms

CXX
v 2 v 4 vanishes if one of the frequency argu-M 2 L4

ments is zero. If two of the frequency arguments of
g are zero then the terms proportional to v 4 alsoms M4

drop out.

3. Explicit expressions of the process-independent
dispersion coefficients for g and g< < ms

Ž . Ž .If the dispersion expansions in Eqs. 10 and 21
are to be useful not only for fits to given frequency-
dependent hyperpolarizability results but also for
implementation in ab initio quantum chemistry codes,
then explicit expressions are needed for the disper-
sion coefficients A, B, BX, etc. and A , B , BX ,ms ms ms

etc. in terms of intermediates which are suitable for
computations that use standard ab initio wavefunc-
tion ansatzes. Response theory codes usually have
available the first- and second-order responses of the
wavefunction parameters with respect to the carte-
sian components of a frequency-dependent dipole
perturbation and the cartesian tensor components of
the frequency-dependent second hyperpolarizability
g with i, j,k,lsx, y, z. Using the approach intro-i jk l

w xduced in Ref. 15 to compute dispersion coefficients
for first hyperpolarizabilities within the coupled clus-
ter quadratic response approach, these intermediates
can be generalized straightforwardly to compute
derivatives of the wavefunction responses and of the
hyperpolarizability components with respect to the
frequencies of the perturbing fields, evaluated in the
static limit. The latter derivatives are dispersion coef-
ficients defined by a simple Taylor expansion of

Ž .g v ;v ,v ,v in the independent frequencyi jk l 0 1 2 3

arguments v , v , and v :1 2 3

g v ;v ,v ,vŽ .i jk l 0 1 1 3

`

l m ns v v v D l ,m ,n , 22Ž . Ž .Ý 1 2 3 i jk l
l ,m ,ns0

D l ,m ,nŽ .jk l

l!m!n!
s

lqmqn !Ž .

=
dlqmqng v ;v ,v ,vŽ .i jk l 0 1 2 3

23Ž .l m nž /dv dv dv1 2 3 v s0i

Ž .The derivatives D l,m,n provide efficient accessi jk l

to the coefficients of the dispersion expansions in
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Ž . Ž .Eqs. 10 and 21 . In order to obtain more compact
Žexpressions, we introduce by analogy to the irre-

.ducible hyperpolarizabilities g and g the irre-< < ms

ducible linear combinations of the derivatives D :i jk l

1D l ,m ,n s D l ,m ,n qD l ,m ,nŽ . Ž . Ž .�Ý< < jhhj jhjh15
jh

qD l ,m ,n , 24Ž . Ž .4jjhh

D l ,m ,nŽ .ms

1s D l ,m ,n y2 D l ,m ,nŽ . Ž .�Ý jhhj jhjh6
jh

qD l ,m ,n , 25Ž . Ž .4jjhh

where the summation is over j , h s x, y, z. Using
the coefficients D and D the irreducible hyperpo-< < ms

larizabilities g and g may formally be expanded< < ms
Ž .in simple Taylor expansions as in Eq. 22 which,

however, have large redundancies in the coefficients
Ž . Ž .D l,m,n and D l,m,n . In order to obtain ex-< < ms

plicit expressions for the coefficients A, A , B,ms
Ž .B , etc. of the compact expansions in Eqs. 10 andms

Ž .21 we insert the definition of the effective frequen-
Ž . Ž . Ž . Ž .cies, Eqs. 7 – 9 , 19 and 20 , into the dispersion

Ž . Ž .formulas Eqs. 10 and 21 and express v as0

yv yv yv . Equating the coefficients of the1 2 3

individual frequency products v l v mv n in the dis-1 2 3

persion expansion with the coefficients of the Taylor
expansion, an overdetermined set of equations is

Ž .obtained for the dispersion coefficients in Eqs. 10
Ž .and 21 . These equations have, however, a unique

solution; the redundancies in the equations reflect the
redundancy in the coefficients of the Taylor expan-
sion, which are a consequence of the symmetry of
the irreducible hyperpolarizabilities in their fre-
quency arguments. For the dispersion coefficients for
g one obtains the simple expressions:< <

1
As D 2,0,0 , 26Ž . Ž .< <2g 0Ž .< <

1
Bs D 4,0,0 , 27Ž . Ž .< <4g 0Ž .< <

1
XB s D 2,1,1 y4D 4,0,0 , 28Ž . Ž . Ž .Ž .< < < <4g 0Ž .< <

1
Cs D 6,0,0 , 29Ž . Ž .< <8g 0Ž .< <

1
XC s D 4,2,0 y6D 6,0,0 , 30Ž . Ž . Ž .Ž .< < < <9g 0Ž .< <

1
XXC s

8g 0Ž .< <

= D 4,1,1 y2 D 4,2,0 q3D 6,0,0Ž . Ž . Ž .Ž .< < < < < <

31Ž .

and for the dispersion coefficients for g one finds:ms

1
A s D 2,0,0 , 32Ž . Ž .ms ms

g 0Ž .< <

1
B s D 4,0,0 , 33Ž . Ž .ms ms2g 0Ž .< <

1
XB sy D 3,1,0 qD 4,0,0 ,Ž . Ž .Ž .ms ms ms9g 0Ž .< <

34Ž .

1
C s D 6,0,0 , 35Ž . Ž .ms ms4g 0Ž .< <

1
XC sy D 5,1,0 , 36Ž . Ž .ms ms18g 0Ž .< <

1
XXC s 3D 3,2,1 y2 D 5,1,0 .Ž . Ž .Ž .ms ms ms24g 0Ž .< <

37Ž .

Thus, once the derivatives of second hyperpolariz-
abilities with respect to their frequency arguments
are implemented, the coefficients of the dispersion

Ž . Ž .formulas, Eqs. 10 and 21 , can be computed easily
Ž . Ž .using Eqs. 24 – 37 . Work in this direction is in

progress and will be subject of a forthcoming publi-
w xcation 17 .
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4. Comparison with other dispersion formulas

The most widely accepted and used dispersion
formula for frequency-dependent properties is
propably the Cauchy expansion of the frequency-de-
pendent polarizability,

`

2 ka yv ;v s v S y2ky2 . 38Ž . Ž . Ž .Ýjh jh

ks0

Ž .The expansion coefficients of Eq. 38 , the so-called
Cauchy moments, are for diagonal polarizabilities
a and for the isotropic average a moments overjj

non-negative distributions which permits the applica-
tion of a number of useful theorems of moment
theory to the expansions of these polarizability com-

w xponents 18,19 . It is therefore interesting to investi-
gate how the hyperpolarizability dispersion coeffi-
cients are related to the Cauchy moments of linear

Žresponse theory. The even Cauchy moments S y2k
.y2 with k)0 are derivatives of the frequency-de-

pendent polarizability with respect to the frequency,
evaluated in the static limit:

1 d2 ka yv ;vŽ .jh
S y2ky2 s .Ž .jh 2 kž /2k ! dvŽ . vs0

39Ž .

Ž .In this respect the coefficients D l,m,n definedi jk l
Ž . Ž .in Eqs. 22 and 23 and the analogous derivatives

w xof the first hyperpolarizabilities 15 ,

D l ,mŽ .i jk

1 d lqmb yv yv ;v ,vŽ .i jk 1 2 1 2
s l mž /l!m! dv dv1 2 v s0i

40Ž .

are straightforward generalizations of the Cauchy
moments to frequency-dependend third- and fourth-
order properties. A direct relation between the

Ž .Cauchy moments and the coefficients D l,m andi jk
Ž .D l,m,n is obtained if only one of the orderi jk l

parameters has a non-zero value. These coefficients
are first and second derivatives of the Cauchy mo-

ments with respect to the field strengths e , e ofm n

static electric fields:

dS ly2Ž .jh
D l ,0 s , 41Ž . Ž .jhm ž /dem 0

d2S ly2Ž .jh
D l ,0,0 s . 42Ž . Ž .jhmn ž /de dem n 0

The effective frequencies for the expansion of g < <

and g were chosen such that a hierarchical struc-ms

ture is obtained where only one dispersion coeffi-
cient per order contributes to the hyperpolarizabili-
ties with only two non-zero frequency arguments and
the full number of dispersion coefficients contributes
only if all frequency arguments take non-zero values.
As a consequence of this structure the dispersion
coefficients A, B, C and A , B , C , whichms ms ms

contribute to the expansion of the dc-Kerr hyperpo-
Ž .larizabilities v sv s0 , can be calculated from1 2

Ž .the derivatives D l,0,0 with two of the orderi jk l

parameters zero. These dispersion coefficients can
therefore be expressed as sums over the second
derivatives of Cauchy moments with respect to the
field strengths of static electric fields. The coefficient

Ž .A, for example, is related to the S y4 Cauchy
moments by:

1 d2S y4Ž .jh
As Ý ½ ž /15g 0 de deŽ .< < h jjh 0

1 d2S y4Ž .jj
q . 43Ž .2 5ž /2 deh 0

Relations similar to the Cauchy moments can be
Ž .established for the derivatives D l,m of thejhm

first hyperpolarizabilities, since the coefficients
Ž .D l,m,0 with one zero argument are the firstjhmn

Ž .derivatives of the D l,m coefficients with respectjhm

to a static electric field:

d D l ,mŽ .jhn
D l ,m ,0 s . 44Ž . Ž .jhmn ž /den 0

As mentioned in the introduction, from the com-
bination of the dispersion formulas for the irre-
ducible hyperpolarizabilities g and g we obtain< < ms

dispersion expansions for the hyperpolarizabilities



( )C. HattigrChemical Physics Letters 296 1998 245–252¨ 251

g and g . These expansions can be written up toH K

fourth order as:

g v ;v ,v ,vŽ .H 0 1 2 3

g 0 v 2Ž .< < M 2 2s 1q Aq2 A vms L22ž /ž3 vL2

v 2
M 2 4q Bq2 B vms L22ž /vL2

qBX
v 4 q2 BX

v 4 q PPP , 45Ž .L4 ms M4 /
g v ;v ,v ,vŽ .K 0 1 2 3

v 2
M 2 2sg 0 1q AyA vŽ .< < ms L22ž /ž vL2

v 2
M 2 4q ByB vms L22ž /vL2

qBX
v 4 yBX

v 4 q PPP . 46Ž .L4 ms M4 /
Ž .The dispersion formula for g , Eq. 45 , can beH

Ž .compared with formula 2 derived by Bishop: For
the dc-Kerr effect, electric field induced second har-
monic generation, degenerate four wave mixing and
third harmonic generation v s v . The ratio1 2

2 2 Ž .v rv used in Eq. 45 can then be rewritten asM 2 L2
3 1ay , where a is the frequency ratio used in Eq.2 4

Ž .2 to expand g . We thus identify the frequency-H
Ž .independent constants p and q of Eq. 2 as psAy

1 A and qs3 A .ms ms2

Ž . Ž .The dispersion formulas 10 and 21 can also be
used to obtain a dispersion expansion for the ratio
g rg . The deviation of this ratio from 3 is some-< < H
times used as a measure for the deviation from

w xKleinman symmetry 16 . Up to second-order in the
frequency arguments we obtain:

g 3g< < < < 2s s3 1y2 A v q PPP .Ž .ms M 2
g g q2gH < < ms

47Ž .

We note that since the dispersion formulas for the
first hyperpolarizabilities b and b have the same< < H
structure up to second order as those for the second
hyperpolarizabilities, a similar dispersion formula

3Žholds for the ratio b rb . By substituting a< < H 2
1 2 2. Ž .y v for v in Eq. 47 , we can identify theL2 M 24

frequency-independent constant r in the dispersion
w x Ž .formula derived by Bishop 6 , Eq. 3 , as rsA r2.ms

Thus, the frequency-dependence of the hyperpolariz-
ability components g , g , g and of the ratio< < H K

g rg can be expressed in second-order using only< < H
two process-independent coefficients A and A .ms

That the process-independent constants q and r used
in previously proposed dispersion formulas for g H
and g rg are related simply by factor of 6 has not,< < H
to our knowledge, been noticed before.

5. Summary

We have proposed general dispersion formulas
with strictly process-independent coefficients for the
second hyperpolarizability components g , g and< < H
g . The effective frequencies used as expansionK

variables are chosen such that a hierarchical structure
is obtained where dispersion coefficients drop out in
a systematic manner if some of the frequency argu-
ments become zero. We have derived explicit ex-
pressions for all dispersion coefficients, up to sixth
order, in terms of derivatives of cartesian hyperpolar-
izability components with respect to their frequency
arguments, evaluated in the static limit. Such deriva-
tives can be implemented straightforwardly in quan-
tum chemical response codes. These expressions
therefore provide a convenient basis for the imple-
mentation of the dispersion coefficients in ab initio
response programs. We have discussed the relation
between the hyperpolarizability dispersion coeffi-
cients and the Cauchy moments of linear response
theory and shown that some of the dispersion coeffi-
cients are directly related to the second derivatives of
the Cauchy moments with respect to the field
strengths of static electric fields and to the first
derivatives of the dispersion coefficients for first
hyperpolarizabilities.
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