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Abstract

The frequency-dependence of the isotropic parallel average y, of the second hyperpolarizability can be expanded in a
compact way using dispersion coefficients, which are independent of the optical process, if three effective frequencies are
introduced. We propose similar expansions for the second hyperpolarizability components v, and vy, and give explicit
expressions for the hyperpolarizability dispersion coefficients in terms of the derivatives of the hyperpolarizabilities with
respect to their frequency arguments. The relation of the hyperpolarizability dispersion coefficients to the Cauchy moments
of linear response theory is discussed and comparison is made with previously proposed dispersion formulas. © 1998

Elsevier Science B.V. All rights reserved.

1. Introduction

Frequency-dependent electric or magnetic multi-
pole hyperpolarizabilities can generally be expressed
in terms of irreducible tensor components which
transform according to an irreducible representation
of the rotation group SO(3) and also according to an
irreducible representation of the symmetric group S,
composed of the permutations of the operator indices
independent of the accompanied frequency argu-
ments [1-3]. The quantities measured in hyperpolar-
izability experiments are usually such irreducible
tensor components, for example the isotropic parallel
average of the second hyperpolarizability v, or sim-
ple linear combinations thereof, such as vy, and vy,
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which can be decomposed into y, = 5v, + 5yne
and ¥ = ¥, — Yms» Where v, is an isotropic compo-
nent which transforms according to the degenerated
mixed-symmetry class of S,. The symmetry of the
hyperpolarizability components with respect to the
permutation of the frequency argumentsis of particu-
lar importance for the construction of dispersion
formulas for non-linear optical properties [4]. For
Shelton suggested [5], more than a decade ago, ex-
panding the frequency-dependence in terms of the
effective frequency o? = 0§ + w? + w3 + w5 which
is symmetric in the four original frequency argu-
ments:

Yi(woi @1, 05, 03)
=v,(0)(1+Aw? +Bol + ---). (1)

It was proven by Bishop that the coefficient A in
Eqg. (1) is the same for dl optical processes and that
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B is the same for the dc-Kerr effect and for the
electric-field induced second harmonic generation,
but that different B coefficients are obtained for the
third harmonic generation or other third-order optical
processes [6]. The dispersion formula (1) was later
extended for the vector average B, of the first
hyperpolarizability [7,8]. For y, Bishop proposed
the expansion [6]

Y. (woi01,0,,0,)
=7, (0)(1+ Aw? + Bof + -+ (2)

with A=p+0a, where a is defined as a=
—(wyw; + 0,0,)/0? and p, q are frequency-in-
dependent. The dispersion of the ratio y,/y, can
be expanded up to second order as [6]:

Y 2
—— =1+Cwl+ - 3
5 L €)

with C=r(1—6a) and r is frequency-independent.

In the last decade, the dispersion formula Eq. (1)
has proven to be an important tool for comparing
and assessing experimentally or theoreticaly deter-
mined frequency-dependent hyperpolarizabilities [9—
14]. Eq. (D) is dso the most frequently used ansatz
for extrapolating experimental data from optical fre-
quencies to the static limit [9,10]. However, despite
the appealing features of such compact dispersion
expansions with process-independent coefficients, an
extension of Eq. (1) to a form with the fourth- and
higher-order coefficients also strictly process-inde-
pendent was not proposed until recently [4] and no
such extension is known for y | . Apart from allow-
ing a more detailed comparison between the disper-
sion curves obtained from different optical processes,
such expansions with process-independent dispersion
coefficients are also likely to be useful for imple-
mentation in ab initio quantum chemistry programs
since it is expected that they can be used to reduce
the computational costs for the calculation of hyper-
polarizability dispersion curves [15].

In a recent publication [4] we devised a genera
approach for obtaining the frequency-dependence of
irreducible hyperpolarizabilities compact dispersion
expansions with coefficients which are strictly inde-
pendent of optical processes. Using this approach,
we derived in Ref. [4] an extension of Eq. (1) to

higher orders in the frequency arguments and to the
isotropic all-parallel averages of higher-order hyper-
polarizabilities. In this Letter, we apply the approach
in Ref. [4] to derive a compact dispersion expansion
for the isotropic mixed-symmetry component v,,.
We thereby obtain a dispersion expansion for the
experimentally important component y, and an ex-
tension of Eq. (2) to higher orders in the frequencies.

2. Expansion of irreducible hyperpolarizability
tensorsin symmetrized frequency powers

The key idea of the approach devised in Ref. [4]
can be summarized as follows:. if the hyperpolariz-
ability tensor X({'),, transforms according to the irre-
ducible representation w of the symmetric group S,
congtituted by the permutations of the operator in-
dices, then X/{"), is an eigenfunction of a projection
operator @, (,, =Ly e Sncf‘(’ < which projects onto
the subspace of the representation w, where | is an
index for the degenerated components of u. Since
hyperpolarizabilities are invariant with respect to
simultaneous permutations of the operator indices
together with their accompanied frequency argu-
ments,

X§:§1...§n,1( Woi @y, .., Wn_1)

= XM .
xfp(0>§p<1) ---f(n—l)( @p0)r Ppayr -+ -

v‘”p(n—l))! (4)
and the projection operators é],( .y are idempotent, it
follows [4] that a Taylor expansion of X,
(wg;wq,...,0,_,) in its frequency arguments can
be written in terms of the symmetry-adapted fre-
quency products X, c s G ,)# 'wgowf™ - - - oy,

The isotropic parallel average vy, defined as [16]:

= 1_15 Z {yﬁnnf + Yenen + 7§§nn} , EM=XY,2Z,
&n
(5)
is invariant, i.e. totally symmetric, with respect to

independent permutations of the operator and fre-
quency arguments. Thus the frequency-dependence
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of vy, can be expanded in terms of the symmetric
frequency products,

S my,.m;, m,
FoltoMwl 2ol

=X X X X

lg 11#F1g laFlg,l1 137 1g,lq,12

Moy M1, M2 M3
W "W W 0 (6)

with ig,iq,i,,i5=0,1,2,3. The frequency-products in
Eg. (6) can be rewritten in terms of the three basic
products w?2,, o; and w/, defined as: [4]

wLZ Z Z C‘)low|1 Zwi2=wf, (7)
wL3 22 Z Z w|0 |2= Zwi3! (8)

ig i1#ig ip#ig,iy

wL4 12 Z Z Z

IO I1¢I0 IZ#IO Il I3#I0 I1 I2

= —dwyw, 0, w3 = (Zwi4) - %wfz- (9)
|

W W; O W
0 1 2 3

(Note that in Ref. [4] a different notation was used
which denoted w?,, o2, o}, as Q,, Q,;, Q,)
Using these three effective frequencies w?,, w?; and
o/, as expansion variables, we obtain for Y, a
compact dispersion formula with a minimal number
of strictly process-independent coefficients which, up
to sixth order in the frequencies can be written in the

form (cmp. Eqg. (16) in Ref. [4]):
Yi(wo; w1, 0y, 03)
= yH(O)(l + AwZ, + Bol, + Bo},
+ waz + C/“’E3 + CH‘”EZ ‘”64 T ) . (10)

We note that /', vanishes, if one of the frequency
arguments of vy, becomes zero; and that wl; van-
ishes, if two of the frequency arguments become
zero. Thus for optical processes with one or more
static electric fields, the dispersion formula (10)
reduces in a simple way to an expansion with a
smaller number of coefficients.

The isotropic second hyperpolarizability measured
in ESHG experiments with the optical field polarized
perpendicular to the static field,

Y= 1_15 ; (2’)’57,7,5 - 37571517 + 27§§nn)'
m

fanzx!yvza (11)

and the isotropic component measured in dc-Kerr
experiments, yy = 3(yH v, ), can be decomposed
into the |rredUC| ble tensor components y; and ¥, as

’yL = 3Y|\ B’Yms and ’)’K '}/H 'yms The |rre—

ducible second hyperpolarizability v, defined as

Yms = % Z (yénné - 27§n§n + Vggrm) (12)
&n

is an eigenfunction of the projector
@rs = S{E+ (13) + (24) + (13)(24)}

xX{E—(12) - (34) + (12)(34)}

X {E+ (13) — (12) — (123)} (13)
where E is the identity operation and (12), (13),
(123), etc. denote permutations of the operator in-
dices in the cartesian hyperpolarizability components
that contribute to v,.. Thus its frequency-depen-
dence can be expanded in the symmetry-adapted

frequency products according to the arguments dis-
cussed above:

Teemn
= Z{ E+ (31) — (21) — (321)}
X{E—(21) - (43) + (43)(21)}
X{E+ (31) + (42) + (42)(31)}
X ofo!l ool (14)

= (wgw, — wgor)(wfo] - 0o
+(wgw; — wywg)( 03wl — wjwl)
+ (03w — wy0f)(0gws — wjwy)
+ (03w — wy05)(0gw] —wjwl’) . (15)
The mixed-symmetry frequency products T,}%,, , are
antisymmetric in the first and last two indices and
symmetric under the exchange of the index pairs k, |

and m, n:

Tkmlsm n— TI k,m,n = Tkmlsn m= anwnz kI - (16)
From Eq. (16) it follows that TS, , can only be
nonvanishing if k+ | and m= n. Therefore, Too,

= 0 and the mixed-symmetry hyperpolarizability
vanishes in the static limit. Using the relations

(w(?wlp(‘)ZwS)Tklmn_Tk+pI+pm+pn+p (17)

(wg+w1‘)+w2p+w??)-rkl m,n
_Tkrispl m,n + Tkmls+p m,n +Tkmlsm+p n +Tkmlsm n+p
(18)
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the mixed-symmetry frequency products can be ex-
panded in a smaller number of effective frequencies,
similarly as the total symmetric frequency products
in Eq. (6). In order to obtain an expansion for v,
with aminima number of process-independent coef-
ficients and a form which, when one of the fre-
guency arguments becomes zero, reduces to the ex-
pansion of B, = B3, as proposed in Refs. [4,15],
we introduce the two mixed-symmetry effective fre-
guencies

wr\2/|2 = %Tln,]os,l,o
=(wg— 01)( 0, — wy)

+( @y~ w3) (0, — @;) (19)

wchA: _3T2m1310
= _3[(“’0‘”1 wf“’o)( w; — @)

+(wo— wl)(wng_ wng)

+(“’§“’3 - C"gwo)(‘”z — ;)

+(wg— ws)(wfwl— wfwz)] . (20)

Using w3, and wy,, and products of these with the
symmetric effective frequencies w?, and o/, the
irreducible hyperpolarizability y,,, can be expanded,
up to sixth order in the frequency arguments, as:

Vs @os @1, 0,,03)
= 7(0) (Ans @iz + Brs @i 02 + Blrgoys
+Cmst2wL2 + C:nst4wfz
+Crewp ol + o). (21)

We note that if w,;= 0 then the effective frequency
g, reduces t0 2w? — wi— w3, which is the
mixed-symmetry effective frequency (second-order
in w;) introduced in Refs. [4,15] to expand B,,, and
wy, reduces to Qw, — wy — w,) w’;, where 2w, —
w,— w, IS equal to the mixed-symmetry frequency
(first-order in ;) used to expand B, The term
C'wf,w!, vanishes if one of the frequency argu-
ments is zero. If two of the frequency arguments of
Yms @€ Z€ro then the terms proportional to wy, aso
drop out.

3. Explicit expressions of the process-independent
dispersion coefficients for y, and v,

If the dispersion expansions in Egs. (10) and (21)
are to be useful not only for fits to given frequency-
dependent hyperpolarizability results but also for
implementation in ab initio quantum chemistry codes,
then explicit expressions are needed for the disper-
sion coefficients A, B, B', etc. and A, Brs: Bhs:
etc. in terms of intermediates which are suitable for
computations that use standard ab initio wavefunc-
tion ansatzes. Response theory codes usualy have
available the first- and second-order responses of the
wavefunction parameters with respect to the carte-
sian components of a frequency-dependent dipole
perturbation and the cartesian tensor components of
the frequency-dependent second hyperpolarizability
Yijiw With i,j,k,1 =X,y,z. Using the approach intro-
duced in Ref. [15] to compute dispersion coefficients
for first hyperpolarizabilities within the coupled clus-
ter quadratic response approach, these intermediates
can be generalized straightforwardly to compute
derivatives of the wavefunction responses and of the
hyperpolarizability components with respect to the
frequencies of the perturbing fields, evaluated in the
static limit. The latter derivatives are dispersion coef-
ficients defined by a simple Taylor expansion of
Yijk(@g; w1, 0,,03) in the independent frequency
arguments w,, w,, and wg:

Yiju (@g; 01,01, ®3)
[o'e]

= X wllwg]wgDijkl(l'm'n)' (22)

I,m,n=0

Dy (1,m,n)

['min!
- (I+m+n)!

d|+m+n)’ijkl(w0;wlvw21w3)

dw'l dwl dwj

(23)

w;=0

The derivatives D;;,(1,m,n) provide efficient access
to the coefficients of the dispersion expansions in
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Egs. (10) and (21). In order to obtain more compact
expressions, we introduce (by analogy to the irre-
ducible hyperpolarizabilities y, and 1) the irre-
ducible linear combinations of the derivatives D;j,;:

D,(I,m,n) = 1—15§{Dm§(l,m,n) + Dy, (1,m,0)
+D§§nn(|’m’n)}’ (24)
Ds(1,m,n)

=%§Z{D§m(l,m,n) ~2D,,.,(I,mn)
n

+Dy,,,(1,m,n)}, (25)

where the summationisover £, n = X, y, z Using
the coefficients D and D, the irreducible hyperpo-
larizabilities y, and v, may formally be expanded
in simple Taylor expansions as in Eq. (22) which,
however, have large redundancies in the coefficients
D,(I,mn) and D,{I,m,n). In order to obtain ex-
plicit expressions for the coefficients A, A, B,
B, €tc. of the compact expansions in Egs. (10) and
(21) we insert the definition of the effective frequen-
cies, Egs. (7)—(9), (19) and (20), into the dispersion
formulas Egs. (10) and (21) and express w, as
—w, — w, — w,. Equating the coefficients of the
individual frequency products w}wJw} in the dis-
persion expansion with the coefficients of the Taylor
expansion, an overdetermined set of equations is
obtained for the dispersion coefficients in Egs. (10)
and (21). These eguations have, however, a unique
solution; the redundancies in the equations reflect the
redundancy in the coefficients of the Taylor expan-
sion, which are a consequence of the symmetry of
the irreducible hyperpolarizabilities in their fre-
guency arguments. For the dispersion coefficients for
¥, one obtains the smple expressions:

\(O) 2,0) P1(20.0), 2
@0 400 -
1

- W(DH(ZJJ) 4D, (400),  (29)

1
= WDH(G,O,O) : (29)
1
C= W( D,(4,2,0) —6D(6,00)),  (30)
.1
B 8’)’“(0)
X(D,(4,1,1) —2D,(4,2,0) +3D(6,0,0))

(31)

and for the dispersion coefficients for v, one finds:

Aps = WDmS(Z,O,O) ’ (32)
B, .= ;D 4,0,0 33
ms — 27”(0) ms( ™ )1 ( )
e~ ~ 57 15y (On(310) + D(300),
(34)
Crs = W Dms(G’O’O) J (35)
Chs= — m Dms(5,1,0) , (36)
1
Chs= W(SDms(g’z’l) - 2Dms(5’110)) :
(37)

Thus, once the derivatives of second hyperpolariz-
abilities with respect to their frequency arguments
are implemented, the coefficients of the dispersion
formulas, Egs. (10) and (21), can be computed easily
using Egs. (24)—(37). Work in this direction is in
progress and will be subject of a forthcoming publi-
cation [17].
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4. Comparison with other dispersion formulas

The most widely accepted and used dispersion
formula for frequency-dependent properties is
propably the Cauchy expansion of the frequency-de-
pendent polarizability,

@ (—wi0) = k;}«st&(—zk—z). (38)

The expansion coefficients of Eq. (38), the so-called
Cauchy moments, are for diagona polarizabilities
a, and for the isotropic average a moments over
non-negative distributions which permits the applica-
tion of a number of useful theorems of moment
theory to the expansions of these polarizability com-
ponents [18,19]. It is therefore interesting to investi-
gate how the hyperpolarizability dispersion coeffi-
cients are related to the Cauchy moments of linear
response theory. The even Cauchy moments S(— 2k
— 2) with k> 0 are derivatives of the frequency-de-
pendent polarizability with respect to the frequency,
evaluated in the static limit:

1 [ d,, (—o;0)
Sf'f](_Zk_Z) = (2k)| ( dek )w=0'

(39)
In this respect the coefficients D;;,,(1,m,n) defined
in Egs. (22) and (23) and the analogous derivatives
of the first hyperpolarizabilities [15],
Dij(1,m)

1 dHnBijk(_wl_wZ;wl!wZ)

[tm! do; dwy

w;=0

(40)

are straightforward generalizations of the Cauchy
moments to frequency-dependend third- and fourth-
order properties. A direct relation between the
Cauchy moments and the coefficients D,;,(I,m) and
Dijw(l,m,n) is obtained if only one of the order
parameters has a non-zero value. These coefficients
are first and second derivatives of the Cauchy mo-

ments with respect to the field strengths €,, €, of
static electric fields:

ds,(1-2
D;,,(1,0) = (—Sg”se ) ) : (41)
&S, (1 -2
D,,,,(1,0,0) = (% (42)

The effective frequencies for the expansion of vy,
and v,,, were chosen such that a hierarchical struc-
ture is obtained where only one dispersion coeffi-
cient per order contributes to the hyperpolarizabili-
ties with only two non-zero frequency arguments and
the full number of dispersion coefficients contributes
only if al frequency arguments take non-zero values.
As a consequence of this structure the dispersion
coefficients A, B, C and A, B, C.s Which
contribute to the expansion of the dc-Kerr hyperpo-
larizabilities (w, = w, = 0), can be calculated from
the derivatives D;j,(1,0,0) with two of the order
parameters zero. These dispersion coefficients can
therefore be expressed as sums over the second
derivatives of Cauchy moments with respect to the
field strengths of static electric fields. The coefficient
A, for example, is related to the S(—4) Cauchy
moments by:

st

T 157,(0) £ || de,de,
1( S, (4
=) “

Relations similar to the Cauchy moments can be
established for the derivatives D,, (I,m) of the
first hyperpolarizabilities, since the coefficients
s, (1,m0) with one zero argument are the first
derivatives of the Dgw(l,m)coefficients with respect
to a static electric field:

db,,,(1,m)
de

14

Dey.,(1,M,0) = (44)

0

As mentioned in the introduction, from the com-
bination of the dispersion formulas for the irre-
ducible hyperpolarizabilities y, and v,, we obtain
dispersion expansions for the hyperpolarizabilities
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v, and vy,. These expansions can be written up to
fourth order as:

Y. (@g;01,0,,03)

v,(0 w2
_ O, A+2Am—¥)w§
3 w’,
(1)2
+ B+2&@J¥)wﬁ
)
+Bo, + 2B ogs+ - |, (45)

Yk (@o; 01, 0,,03)

1+ A-A

= 'YH(O)

ms 2 (&)
w

+

2
w
M2 | 4
B— Bms ) w2
w

r 4 4
+Bw/', — Bl sona T

(46)

The dispersion formula for v, Eq. (45), can be
compared with formula (2) derived by Bishop: For
the dc-Kerr effect, electric field induced second har-
monic generation, degenerate four wave mixing and
third harmonic generation w, = w,. The ratio
wf,/ wf, used in Eg. (45) can then be rewritten as
2a— %, where a is the frequency ratio used in Eqg.
(2) to expand y , . We thus identify the frequency-
independent constants pand g of Eq. (2) as p=A—
1A, and q=3A,..

The dispersion formulas (10) and (21) can also be
used to obtain a dispersion expansion for the ratio
¥,/ Y . - The deviation of this ratio from 3 is some-
times used as a measure for the deviation from
Kleinman symmetry [16]. Up to second-order in the
frequency arguments we obtain:

N g 2 L
- o 3(1 2A, 0yt )
(47)

We note that since the dispersion formulas for the
first hyperpolarizabilities g, and g, have the same
structure up to second order as those for the second
hyperpolarizabilities, a similar dispersion formula

holds for the ratio B,/ ,. By substituting (3a
— Hw?, for w2, in Eq. (47), we can identify the
frequency-independent constant r in the dispersion
formuladerived by Bishop[6], Eq. (3),as r = A,./2.
Thus, the frequency-dependence of the hyperpolariz-
ability components vy, v, , ¥« and of the ratio
¥,/ . can be expressed in second-order using only
two process-independent coefficients A and A..
That the process-independent constants g and r used
in previously proposed dispersion formulas for vy |
and vy, /vy, arerelated simply by factor of 6 has not,
to our knowledge, been noticed before.

5. Summary

We have proposed genera dispersion formulas
with strictly process-independent coefficients for the
second hyperpolarizability components vy, v, and
v«. The effective frequencies used as expansion
variables are chosen such that a hierarchica structure
is obtained where dispersion coefficients drop out in
a systematic manner if some of the frequency argu-
ments become zero. We have derived explicit ex-
pressions for al dispersion coefficients, up to sixth
order, in terms of derivatives of cartesian hyperpolar-
izability components with respect to their frequency
arguments, evaluated in the static limit. Such deriva
tives can be implemented straightforwardly in quan-
tum chemical response codes. These expressions
therefore provide a convenient basis for the imple-
mentation of the dispersion coefficients in ab initio
response programs. We have discussed the relation
between the hyperpolarizability dispersion coeffi-
cients and the Cauchy moments of linear response
theory and shown that some of the dispersion coeffi-
cients are directly related to the second derivatives of
the Cauchy moments with respect to the field
strengths of static electric fields and to the first
derivatives of the dispersion coefficients for first
hyperpolarizabilities.
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