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The second dielectric virial coefficients of helium and argon are investigated using a fully quantum
statistical approach and recent accurate initio results for the interatomic potentials and the
interaction-induced polarizabilities. We thereby extend a preceding investigation based on a
semiclassical approach to include quantum effects. For helium the results support the findings of a
previous study by Moszynskit al. [J. Chem. Phys247, 440 (1995] that quantum effects are
substantial for temperatures below 10 K, while they are practically negligible above 70 K. For argon
special care is needed in the numerical integrations carried out in the quantum statistical calculation
of the virial coefficients, due to the presence of quasibound states in the continuum and a slow
convergence of the summation over the angular momentum. Here quantum effects are practically
negligible in the range of temperatures experimentally investigated, i.e., between 243 and 408 K. As
far as comparison with experimental data is concerned, large discrepancies are found for some of the
low-temperature experimental measurements of helium. Agreement is also unsatisfactory for high
temperatures for argon and experimental redetermination is suggeste2D0ZAmerican Institute

of Physics. [DOI: 10.1063/1.14914G2

I. INTRODUCTION A y—using highly correlated electron structure methods and
o _ ~ extensive basis sets. For helium both full configuration inter-
In recent publlcatlori_'S‘ we studied the second virial action(FCI) and coupled cluster singles and dout§eé€SD)
coefficients for some optical properties of helium and argoncalculations were carried out, using correlation consistent ba-
Virial coefficients describe the second-order contribution tosjs sets which are denoted as d-aug-cc-pVTZ-3321 and
the_ pressure dependence of properties caqs_ed by pair int_EH:aug-cc-pv5z-3321, respectively. The extension “3321"
actions in the gas phase. Among the coefficients studied ifhdicates the addition of as3p2d1f set of midbond func-
Refs. 1 and 3 were the dielectric and the refractivity secongigns to the original basis sets of Dunning and co-workers.
virial coefficients, which describe the second-order pressurgpe difference between the CCSD/d-aug-cc-pV52-3321 and
dependence of, respectively, the dielectric constant and tr@CSD/d-aug-cc-pVTZ—3321 results was used to partially
refractive index. Furthermore the second Kerr virial coeffi—Correct the FCI/d-aug-cc-pVTZ-3321 results for the residual

cient and the second virial coefficient of the electric field basis set error. For argon the CCSD response approach and a
induced second harmonic generati®SHG hyperpolariz- d-aug-cc-pVQZ-33211 basis set were employed to compute

g . . ’3
ability were investigated” One of the present authoi8.R.) the interaction-induced properties. From an analysis of basis

was also involved in the study of other mteracnon—mducedset and electron correlation effects we could conclude that

properties of the helium atom, i.e., the dependence on the .

pressure of the chemical shieldfrand that of the magnetiz- thlgg a basis sle:. Iargifr tl‘tlar;) d-aug-gcc-ré\E)Qz.-lstfﬂl and IIT_
ability, hypermagnetizability, and the Cotton—Mouton roducing corretation etiects beyon yield very sma

effect® effects of equal magnitude for the isotropic propertias,,

In the studies of Refs. 1, 2, and 3 we performed accurat@ndA_VH , Whereas .higher-order correlatiop effects become
ab initio calculations for the interaction-induced dipole po- considerably more important—although still rather small—

larizabilities, both averageAw,{R)—and anisotropy— for the potential energy and for anisotropic properties as e.g.

Aa(R), and isotropic second hyperpolarizabilities— A g,y To account for the frequency dependence of the sec-
ond refractivity and the second hyperpolarizabilit§err and

o _ N ESHQ virial coefficients the interaction-induced polarizabil-
dElectronic mail: rizzo@icgem.pi.cnr.it

Ppermanent address: Department of Chemistry, University of Southern Der{_Iles and hyperpolarizabilities were expanded_ln p_o_wer_serles
mark, DK-5230 Odense M, Denmark. in terms of Cauchy moments and hyperpolarizability disper-

0021-9606/2002/117(6)/2609/10/$19.00 2609 © 2002 American Institute of Physics

Downloaded 26 Jul 2002 to 141.52.232.84. Redistribution subject to AIP license or copyright, see http://ojps.aip.org/jcpo/jcpcr.jsp



2610 J. Chem. Phys., Vol. 117, No. 6, 8 August 2002 Rizzo et al.

sion coefficients. For most of the second virial coefficients ittemperature range and for which systems quantum effects in
was found that the effect of the frequency dependence igeneral become significant and the semiclassical approxima-
small. tion breaks down.

In our previous studies we employed a semiclassical ap- In this paper we present an extension of a previous semi-
proximation for the radial distribution function to calculate classical investigation of the second dielectric virial coeffi-
the second virial coefficients from ttad initio results for the  cients of helium and argon to a fully quantum statistical
interaction-induced properties. This approximation becometreatment along the lines of Ref. 25, which are briefly sum-
exact in the limit of high temperatures, but it breaks down atmarized in Sec. Il. For helium, where the dimer has a very
low temperatures, due to neglect of the quantum effects. Fowveakly bound interatomic potential, the calculations can be
the second dielectric virial coefficient of helium we could carried out rather straightforwardly, using standard integra-
observe good agreement between our results and some of ttien schemes. For argon, however, the presence of quasi-
experimental estimates at temperatures higher than 70 K. Ibound states in the continuum and a slow convergence of the
the case of argon, the agreement between theoretical asgtmmation over the angular momentum lead to several com-
experimental results is reasonable for temperatures in theutational difficulties which require the adoption of special
range between 242 and 303 K, but unsatisfactory for higheintegration algorithms. The implementation of the quantum
temperatures. For both systems, some of the experimentafatistical approach and the integration schemes are outlined
data carry large error bars. in Sec. lll, where also the computational details are given.

A detailed review of previous experimental and theoret-The results are presented and discussed in Sec. IV, which is
ical investigations on the helium and argon dielectric virialfollowed by some concluding remarks in Sec. V.
coefficients is given in Refs. 1 and 3. The second dielectric
coefficient of argon was measured at several temperatures by
different authors: Vidal and LallemafdBose etal.”® || THEORY
Johnstoret al,'° Orcutt and Colé! and Proffitet al? Pre-
vious ab initio calculation$****were in disagreement with The general theory for a quantum-statistical evaluation
each other and with experiment. Discrepancies arose botbf dielectric second virial coefficients dates back to the early
from the neglect of electron correlation effects and from theyears of quantum mechanics. Thus the basic ingredients for
large uncertainties of the experimental results. The dielectrithe derivation of a fully quantum statistical expression for
virial coefficient of helium has been measured both bythe virial coefficients can be found in several textbooks on
direc111%1®and indirect!*1"~®methods at temperatures molecular theory of gases and liquids, see for instance Refs.
ranging from as low as 3.799 K up to 323.15 K. At low 28 and 29.
temperatures the measured data are highly scattered. The Clausius—Mossotti function in dilute atomic gases

Theoretical investigations of the helium second dieleccan be expanded in orders of the molar dengitthe inverse
tric virial coefficient have been carried out by several groupgnolar volume of the gas, and the dielectric second virial
(see Ref. 3 for details Quantum calculations of the second coefficient can be obtaindYfrom the quadratic correction
dielectric virial coefficients of helium were the subject of a given by B.(T)p?. For thermal energies large compared to
few studies in the 1960s and 1970s by Ishihara andhe dissociation energy of the dimer, the semiclassical ap-
co-workers’®?!  McQuarrie and Leviné? Ely and proximation for theB.(T) holds valid and for a diatomic
McQuarrie?® and Bruch, Fortune, and Berm&hln some  dimer
case&>?* the approach adopted was an expansion of the
semiclassical expression for the dielectric virial coefficients
in powers ofi2, leading to quantum corrections to the semi-
classical formula up to fourth order ih. Estimates were
thus obtained for a Lennard-Jones potential and dipole-whereT is the temperaturedR the internuclear distanchl, is
induced-dipole interaction-induced polarizability averages, Avogadro’s numberkg is Boltzmann’s constantg, the
and for an approximate pair distribution function togethervacuum permittivity,V(R) the dimer interatomic potential,
with coupled-Hartree—Fock diatomic polarizabilitfés. andA a,,{ R) the interaction-induced isotropic dipole polar-

In 1995 Moszynski and co-workérspresented the re- izability. Equation(1) was used in Refs. 1 and 3 to compute
sults of a fully quantum statistical calculation of the secondthe second dielectric and refractivity virial coefficients of
dielectric virial coefficient of helium based on an accuratehelium and argon.
empirical potential and symmetry-adapted perturbation  The general expression for the polarization of an atomic
theory (SAPT) results for the interaction-induced gas placed in an uniform electric field was given by EfiP?
polarizability?®?’ This study showed that quantum effects His formula though does not lead to the correct classical
become substantial for temperatures belsv0 K, while  limit at high temperatures, due to some simplifications in its
they are small forT>100 K. To our knowledge, this is to derivation. In 1995 Moszynsket al. derived a quantum-
date the onlyab initio calculation exploiting a fully quantum statistical expression for the second dielectric virial coeffi-
statistical approach for a second virial coefficient. There hasient exhibiting the correct physical behavior, i.e., reducing
been no systematic investigation on the importance of quarto the classical result at high temperatufek.is this expres-
tum effects for second dielectric virial coefficients for sys-sion that we briefly present here, leaving the details to the
tems other than helium. It is therefore unknown in whichoriginal paper.

N2 o
B(T)= 6_2)4” jo A, dR)e VRIKETRZGR 1)
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The dielectric second virial coefficient can be evaluatedThe radial wave functions are solutions of the radial Sehro
as second derivative of the field-dependent ordin@ngs-  dinger equation
sure second gas virial coefficierB,(T;F) taken at zero

: h? d? h2J(J+1
field, i V(R)+(—2)—E x=0. (12
) 21 dR 2uR
A77kgT [ 0°Bo(T;F)
B(T)= : (2 Again, after some algebra, the Slater sum can be shown to
3 JF? 4,35
F=0 becomé*
which in turn can be written in terms of the Slater sum, ® (—1)+2
W(RE)-33 )= 3
(RiF) WRI0)=A5 2 | 14—
BZ(T;F)=%f [W(R;F)—1]dR, 3 B
x| 2, e EnalkeTyh (R) xni(R)
3 21 nM
Ey=13 - BH(F) Aa(—1) — 2y 0% J
W(R;F)=\g(Rle IR+ 551 XR™2YI(9,0) Y (9, 0)
— —BH(F) C 22 _
X{—R|e IR). (4 +fo e " K¥2ukeTyx (R)y, (R)R™2

Here R denotes the coordinate vectdR’|X|R) the matrix
element of operatoX in the coordinate representation, and

B=1/kgT. | is the nuclear spin quantum number aH¢F) X % Yﬂﬁ*(ﬂ,GD)YnJm(ﬁ,sD))dk : (13
the Hamiltonian of the dimer in the uniform electric fidkl
52 1 In our case the wave functions are normalized as follows:

H(F)=——V2+V(R)—EAaZZ(R)F2+O(F4), (5) oo
m f X:J(R)Xn’J(R)d R= 6nnr » (14)
where we have introduced the atomic massand thezz °
component of the interaction-induced electric dipole polariz- 0
ability Aa,{R). The thermal wavelengtihz is given by f

Ng= 27 %kg T with the reduced masg=m/2. ) o N
Taking the derivative with respect to the field, §g), ~ Note the different normalization condition employed here for

the second dielectric virial coefficient can be written, afterthe continuum wave functions with respect to that adopted
some algebraic manipulations, in terms®f,,(R) and of by Moszynski and co-workerS. Using these relationships

. Xio(R) xa(R)dR= 8(k—k’). (15

the zero-field Slater sum/(R;0): the dielectric second virial coefficient can be written as
2m (= G < (-1
BE(T)=?JO W(R;0)Aa,(R)dR. (6) BT=—3 JEO 23+ D\ I+ =7

Note that the interaction-induced polarizability can be writ- e ket
ten in terms of an isotropicAw,dR)—and an X ; e =8 (xny(R)[Aaad R)|xni(R))
anisotropic—A a,,( R)—contribution,

Aa,(R)=AasdR)+ 5A as(R)P,(cosd), (7 + fwe_ﬁzkz/zl‘kBT
with P,(cos?d) denoting the second Legendre polynomial °

and ¥ the angle between theaxis and the dimer axis. The w

anisotropy disappears from the equations when the integra- XXkl R)|Aaave(R)|XkJ(R)>Tdk)! (16)

tion over ¥ is carried out in Eq(6). The Slater sum at zero A7k

field in Eq. (6) can be evaluated by introducing a completewhich involves matrix elements of the interaction-induced
set of eigenfunctions of{,="H(0):%° average electric dipole polarizabilith e, d R) over the
complete set of bound and continuum wave functions of the

HoWnom=Ens¥nou, ®  ero-field Hamiltoniarf.
72k?
HoWkam=7~Yiom=EcWPiom C)
K I1l. COMPUTATIONAL DETAILS

for the bound—Eq.(8)—and continuum—Eq(9)—states,

respectively, with wave functions To evaluate the necessary integrals for the quantum-

statistical second dielectric virial coefficients E{.6) we

1 employed a version of theoRG prograni® originally written
_ J
Vnam(R) = gxna(RIYu( 9, 0), (10 by Cacelli, which has been adapted for the present purposes.
The interatomic potentials for Heand Ar and the
1 \/; J interaction-induced polarizabilities for these two van der
ViR = 22 VxR Yiu(d,0). (D \aals dimers are taken from Refs. 2 and 37.
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TABLE I. Parameters of the least-squares fits of the extrapolated FCI/d-aug-

1 N 1 s 1 1 1 ! L 1 |

cc-pV5Z-3321 Hg (see the teytand the CCSDT)/d-aug-cc-pV5Z-33211 A oo 7 increasing from left to right
Ar, (Ref. 37 potentials to HFD-B like functional form@ef. 40, Eqs.(17) 0 {iAddee — r
and(24). The numerical values of the parameters are given for the internu- .
’ . ) . 3
clear distancér in a.u. and the potential energy in K. <
~ .54 o
Parameter Helium Argon Dimension ;;
A* 186 924.404 132354.926 o
o 9.872 630 46 8.150 337 34 = 107 i
B* —1.721 587 17 —1.609 293 46 x:
Ce 2.114 098 95 3.076 264 23 M
Ca 0.671 454 04 1.940 602 74 -154 -
Cio 0.283 39047 3.169 037 01
M'm 2.783 100 09 3.169 396 36 A
D 1.4380 -20 T T T T T T T
elkg 10.412 32171 143.235 K 6 2 4 6 8 10 12 14 16
p 1.107 k / a.u.
FIG. 1. He. The matrix element x| A @ad xks) as function of the mo-
mentumk for J=0,2,4,...,6Q(in a.u).
A. Helium
In our previous studywe found that as the temperature Ay dR)=—Dexd — (R—a)2/p]+AsR ™S, (20)

decreases the virial coefficients obtained in the semiclassical

approximation become particularly sensitive to the potentiajvhere the paramete(& atomic unity were determined by a

in the region around the equilibrium distance and to the deleast-squares fit &sr=—2.5288, D=8.3152, p=8.1515,
scription of the repulsive wall. We have therefore determinedNdAs=47.094. These analytic functions were then directly
a new very accuratab initio potential for He by correcting ~ used in theoRG program to evaluate the internuclear poten-
the FCI/d-aug-cc-pVTZ-3321 interaction potential from Ref. tial and Aa,{R) at the grid points for the numerical inte-

2 for remaining basis set effects with the difference betweerations in the internuclear distanée The latter were car-
the CCSIT)/d-aug-cc-pVTZ-3321 and the CC$D/d-aug-  fied out using an even spaced grid between 0.5 and 100.0
CC_pV5Z_3321 results. The resumng potentia|_in the fol-a.u. with an increment of 0.001 a.u., i.e., 99501 grld pOintS.
lowing referred to as “extrapolated FCl/d-aug-cc-pV5z- The “He atomic mass was taken as 4.002 603 24 u.
3321"—is expected to be the most accurate, H®tential As shown in Fig. 1, for helium the matrix elements
available for such a large range of internuclear distanceéxkilA @adR)|xxs) are smooth and slowly varying func-
(3.0—-13.0 a.y, in particular in the region of the repulsive tions of the momentunk. The numerical integration over
wall. The numerical values are available for 25 internuclea€an therefore be carried out accurately by a trapezoidal rule
distances® To obtain an accurate interpolation betweenduadrature with even spaced points. We used a grid between
these points and a reliable extrapolation below 3.0 a.u. anf-01 and 16.0 a.u. with a step length of 0.001 a.u,, i.e.,

beyond 13.0 a.u., we fitted to tla initio calculated points a 15991 points. The summation over the angular mondent
HFD-B like analytic potential functior® was found to converge relatively fast: && 60 the second

dielectric virial coefficienB, is converged within-1% and

€ ~ ) .
V(R)= —V*(Rag/r ), (17) atJ—'70, which was useq as upper .|Imlt in the present cal-

Kg culations, convergence withitt 0.1% is expected.

2 In order to investigate the quantum effect on the disper-
V*(r)zA*ew*Hﬁ*rZ_F(r)z C6+2n7 (18) sion in fthe f_re_quency-_d_ependent case, i.e., for the second
n=o r6+2n refractivity virial coefficient, we expand the frequency-

dependent interaction-induced polarizability and the refrac-

(19) tive index as

Aaave(va):Aaave(R)+‘UZASave(_4)(R)+O(w4):
The parameterg/kg, a*, B*, rm, Cg, Cg, andc,q were (21
determined by a least-squares fit; the multiplicative constant _ 205(2 4
A* and the parametdd were taken from Ref. 39. The nu- BR(T,)=B(T)+ w?BRIT) + 0w, (22)
merical values for the parameters are listed in Table |. where AS,,{—4)(R) is the isotropic average of the
For the interaction-induced polarizability we used theinteraction-induced Cauchy moment of orded. To evalu-
extrapolated FCl/d-aug-cc-pV52Z-3321 results from Ref. 2.ate the dispersion coeﬁicieﬁg)(T) we applied the same
They were obtained after correcting for remaining basis seprocedure as described previously f8(T), but with
effects the FCl/d-aug-cc-pVTZ-3321 results fAr,,R) AS,,{—4)(R) as interaction-induced property instead of
with the differences between the CCSD/d-aug-cc-pV5Z-Aa,{R). ForAS,,{ —4)(R) the “extrapolated FCIl/d-aug-
3321 and the CCSD/d-aug-cc-pVTZ-3321 results. Forcc-pV52-3321" results from Ref. 2 were employed, which
A, dR) the ab initio calculated points were fitted to the have been fitted to the same expression as used for the static
function interaction-induced isotropic polarizability, given in Eg0).

exp(—(D/r—1)%) for r<D

F(n= 1 for r=D’
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For AS, { —4)(R) the values of the parameters are: T R R S R S R

=—1.0570,D=4.6597,p=7.2720, andAg=110.136. The 10°4
guantum statistical calculations for the dispersion coefficient 107j
B&)(T) were carried out using the same integration ranges .
and grids as used for thstatig second dielectric virial co- o 10y 3
efficients. 3 104 .
: . 3 k—_ 3
= 10§ R
B. Argon < 10°] g
The van der Waals potential for the argon dimer has a 102 ] L
deep well which supports up to nine bound vibrational states 5
depending on the angular momentJdmin contrast to He, 1073
for J>0 the effective potential in the vibrational Schro 10°-

: o . ; 38 40 42 44 46 48 50 52 54 56
dinger equation is not purely repulsive, but it has a well and «/
a finite barrier before it goes asymptotically to zeroJ4s au
+1)/R?. As a consequence of this the vibrational spectrunyg, 2. Ar,. The integralA(k) [Eq. (23)] for J=48 (in a.u). The vertical

of Ar, contains, in addition to bound and purely continuumilines indicate the positions of the three lowest resonances.

states, also quasibound statessonanceswhich make the

numerical integration over the momentukin Eq. (16) @~ (2) The matrix elements foA a,,{R) are calculated at
difficult task. These quasibound states are found at approxthe boundaries fok, i.e., the lower and upper integration
mately those energies for which a model potential in whichjimits, at the positions of the quasibound states, and at one
the finite barrier has been substituted by an infinitely thiCkadditiona| point between each of these positions_

wall has additional bound states. Unlike bound states, the (3) The actual set of points is interpolatéit k) by a
quasibound states have a finite lifetime and wiGthE or  cubic spline function and a comparison is made with a linear
k), which can vary by several orders of magnitude dependimnterpolation.

ing on the energy and the barrier width. While for purely  (4) If the integrated mean square difference between the
contmuum states with energles.below the bgrngr height theubic and the linear interpolation is above a given threshold,
amplitude of the wave function is very small inside the bar-additional points are inserted in those intervals in which the
rier, for quasibound states the amplitudes are largest insid@rgest differences occur.

the barrier and almost negligible outside. We define the func-  (5) The scheme continues at st until the integrated

tion mean square difference between the two curves is below the
Rovax 11 threshold.
A(k)= fo ﬁXEJ(R)XkJ(R)dR (23 This procedure allows an accurate and efficient integration of

the matrix elements ovek independent of the height and
as the measure of the probability density inside in the barriewidth of the peaks caused by quasibound states. For &r

as a function ok. R, IS the internuclear distance where the convergence in the integral of thea,,{R) matrix element
maximum height of the potential curve occufgk) is small  over k within 0.05% was usually obtained with 300—3000
for true continuum states, but it becomes large for quasipoints(in k), depending on the number of quasibound states
bound states and the integral Afk) over the width of the and their width. The interval used for the integration over the
state is in the order of 1, i.e., quasibound states give similamomentum wa&=0.5—-150 a.u.

large contributions to the virial coefficients as true bound

states. Figure 2 shows the behavior of &(g) function for

the argon dimer fod=48. It represents the typical situation: ! ;
for the lowest quasibound state kt=3.8 a.u.A(k) has a 10° 4

109|‘|.|.1.|.|.|.|.|.|

very narrow and rather high peak, while for the quasibound 5 7] E
states located higher in energy the peaks become broad and < o] ;
less pronounced. As shown in Fig. 3, this behavior is re- 7 1051§ ]
flected in the matrix elements of the interaction-induced po- —; 19°% 4
larizability (x|A@ad R)|xky). It is thus impossible to S 104 v E
evaluate the integral over the momentihnefficiently and o ] ;

accurately using a fixed step length. Therefore, we have 10;? J{/k\r
implemented a numerical integration scheme which locates 10 3
the position of the quasibound states and automatically 10'3 4
adapts its step lengths around this position. The procedure 10° .
can be summarized in the following points.

(1) For each value of the occurrence of maxima in the
effecyve poter_1t|al V(R) +UL2J(J+ 1)]/2_’U“R2 IS Verlﬂ_ed FIG. 3. Ar,. The matrix elemenxi|A aa.d xks) @s a function of the mo-
and, if the maximum is found, the energies of the quasibounghentumk for 3= 48 (in a.u). The vertical lines indicate the positions of the
states are determined by locating the maxima\gf). three lowest resonances.

T T T T T T T T T T T T T T T T T T T
3.8 40 42 44 46 48 50 52 54 5.6
k / au.
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p where taken from Ref. 40 aral, is the Bohr radius. The
numerical values of the parameters are given in Table I. For
[ the interaction-induced polarizability we used the CCSD/d-
L aug-cc-pVQZ-33211 results from Ref. 2. These are available
i for 12 distances between 5.5 and 30.0 a.u. To interpolate
[ between these points and to extrapolate beyond them we
3 employed the fit to the functional form

3
AagdR)=—exp—(R—a)lp)+ >, Ag.onR 62"
n=0

-2

Contribution to B / cm®mol

Quantum statistical calculations 3 (28)
1075' Least square fit to bJ” I given in Ref. 2. The parameters afa.u): ¢=6.1589, p
0 100 200 300 400 500 €00 =0.7028, A;=8876.3, Ag= — 450859, A;;=1.2318< 1%,

J and A;,=—1.7660< 10°. From these analytical functions

the interaction potential and the interaction-induced polariz-
FIG. 4. Argon. Convergence of the contributionsBtgT) with J. Quantum ability were evaluated on a total of 341 points as input to
statistical results and results of the least-squares fit to the funiatiofi. KORG, which then employed a cubic spline interpolation be-
tween these points to evaluate the potential Aagd,{(R) at
] ] the grid points for the numerical integrationsRnneeded for
Another problem emerging for Arand which was not  the solution of the vibrational Schdmger equation and the
perceptible for the much more weakly boundH®mplex,  cajculation of the matrix elements fdra,,{R). The latter
is the slow convergence of the sum over the angular momeRgere carried out on an even spaced grid Robetween 0.5
tum J in Eq. (16). In the range of temperatures studied herezng 300 a.u. with an increment of 0.0005 a.u. The argon
the value of the virial coefficienB.(T) is not converged atomic mass was taken as 39.9623 837 u.
_(Within 0.1% even forJ as high as 400. However,_as _shown For argon we have not evaluated the quantum effect on
in Fig. 4, for large angular momenta the contributions totne gispersion of the refractive index since from Ref. 3 it is
B(T) are found to decrease approximatelybad ~, where  ynown that for argon the dispersion contributes Xor 500
b and C depend on the temperature. Fpr a given maximunhm only with a few percent t8x(T,w). The small quantum
angular momentundp,, this extrapolation can be used t0 effect on this small contribution will thus clearly be negli-
estimate the remaining contributions b Jy.,and thereby  giple for a comparison between theoretical and experimental

to improve and test the convergenceBf(t). The param-  regyts, with the accuracies that can be reached nowadays.
etersb and C can be calculated from the original results for

Jmax @and Ja—2. The final results reported in Sec. IV were
obtained employing this extrapolation with,,,=600. For IV RESULTS AND DISCUSSION
this value the size of the extrapolated correction was deA. Helium

creased below 0.3% for all investigated temperatures and the

extrapolated results were converged within 0.01% The results for the second dielectric virial coefficient
. 0.

B(T) of helium are presented in Table Il and in Fig. 5. A

cc SF[(;EI') /tg_zu Ci!?'?}gozn_z 3;)?1 a(;?;r?tiaﬂ?orﬁgg}logidﬂ:?secomparison is made with the semiclassical results from our
g-cc-p P T revious study,the quantum statistical results from Moszyn-

potential is available for a total of 59 internuclear distanceé%)ki et al,? and the available experimental data

n the range between 3.8 and 2.0'0 a.u. To ob_tam an accurale ) o s first compare the present quantum statistical cal-
|_nterpolat|0n between these p_omts and a reliable eXtrap()laéuIation with those of the results of the previous semiclassi-
tion beyond 20.0 a.u., we fitted the CCE8I¥d-aug-cc-

: . ! ; cal study® As known from the work of Moszynsket al.?®
ngtflfggrlrtlacggzjmdsis:[ge?sli_cﬁljs:elgri‘g’? functional form with a ¢, higher temperatures the results obtained with the two

approaches converge fast to the same values. Abeve0 K
the differences are practically insignificant considering the
accuracy of theb initio calculations. One also has to bear in
mind that the two calculations were carried out with different
R_ao 2) potentials, although the effect of using different potentials is
probably small at these temperatures. At low temperatures
’ the differences between the semiclassical and the quantum
—(pR) 2 C6+2n statistical approaches become perceptible and bélew K

wmzéwmx (24)

V*(R)zA*ex;{—a*IT—aoJrﬁ*(

m rm

n=0 (Raolrm)6+2” 96+ 2n(PR), (29 the semiclassical results start a steep decrease whereas the
curvature of the quantum statistical results remains almost
gn(X)=(1—exp( —2.1x/n—0.10%K3//n))", (26)  constant.

F(x) = 1 — x-6% 07K 27 Comparing the present regults Br(T) yvith thos.e of
: the previous quantum statistical calculation obtained by

The parameterd*, o*, B*, ry,, Cg, Cg, andc,o were de-  Moszynskiet al,?® one observes that both curves show the

termined by a least-squares fit, while the valueseidz; and ~ same qualitative behavior. The present results are basically
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TABLE II. Helium. Temperature dependence of the second dielectric virial coeffiBigit). Compared are the
semiclassicalSC) values from Ref. 3, the quantum-statistid®S) results from this work, the quantum-
statistical results from Ref. 25, and the available experimental values. For computational details of the present
calculations see Sec. lll. The dispersion contribution is given in termsB@f(T) (Br(T)=B(T)
+w?B@)(T)). The units are for the temperature K and for the virial coeffici@y&) andBZ)(T) cm® mol 2

where the frequency in the above equation is assumed to be given in a.u.

B«(T) B(T) BEA(T) BEA(T) B«(T) B(T)
scC Qs sC QS Qs
T Ref. 3 This work Ref. 3 This work Ref. 25 Experiment Ref.
3.799 -0.0731 -0.0016 —-0.6271 —-0.0709 —0.0081 -0.023 19
4.220 —0.0549 —0.0017 —0.4840 —0.0696 —0.0081 —0.083+0.026 15
7199  —0.0187 —0.0025 —-0.1892 —0.0676 —0.0092 —0.036+-0.026 15
13.804 —0.0106 —0.0047 —0.1112 —0.0731 —0.0104 —0.010£0.026 15
20.271  —0.0105 —0.0068 —0.1006 —0.0804 —0.0123 —0.062-0.010 15
27.098 —0.0116 —0.0089 —0.1001 —0.0880 —0.0144 —0.088+0.026 15
77.400 —0.0220 —-0.0210 -0.1324 -0.1335 —0.0265 —0.02+0.02 7
100.00 —0.0262 —-0.0254 —-0.1471  -0.1497 —0.0309
130.00 —0.0313 —0.0307 —0.1651 —0.1687
160.00 —0.0361 —0.0354 —-0.1814  —0.1856
180.00 —0.0390 —0.0384 —0.1916 —0.1960
200.00 —0.0419 —0.0412 -0.2012 —0.2058 —0.0466
220.00 —0.0446 —0.0439 —0.2104 —0.2151
242.95 —0.0475 —0.0469 —0.2203 —-0.2252 —0.0522 —0.07+0.01 7
253.00 —0.0488 —0.0482 —0.2245 —-0.2294
261.00 —0.0497 —0.0491 —0.2278 —0.2328
274.00 —0.0513 —0.0507 —0.2330 —0.2380
287.00 —0.0528 —0.0522 —0.2380 —0.2432
293.00 —0.0535 —0.0529  —0.2403  —0.2455
296.00 —0.0538 —0.0533 —0.2415  —0.2466
298.15 —0.0541 —0.0535 —0.2423 —0.2475 —0.0587 —0.11=0.02 6
—0.08+0.01 16
303.00 —0.0546 —0.0541 —0.2441 —0.2493 —0.0592 —0.059£0.009 17
—0.06+0.01 18
315.00 —0.0560 —0.0554 —0.2485 —0.2538
322.15 —0.0567 —-0.0562 —0.2511 —0.2564 —0.0613 —0.06+0.04 11
323.00 —0.0568 —-0.0563 —-0.2514 —-0.2567 —0.0614 —0.068+0.01 14
323.15 —0.0569 —0.0563 —0.2514 —0.2568 —0.0614 —0.07£0.01 7
340.00 —0.0587 —-0.0582 —0.2573  —0.2628
375.00 —0.0622 —0.0618 —0.2691 —0.2748
407.60 —0.0654 —0.0651 —0.2794  —0.2855

2Also —0.030+0.004, Ref. 19 foPHe at 4 K.
PCompared with—0.0614, calculated at MP4 level by Bishop and Dugisf. 42.
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0.004.]
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-0.10

-0.15

e shifted by about 0.005 chmol 2 compared to the results
_______ Quantum statistical (this work) L from Ref. 25. At very small temperature$ {30 K), where
““““ Quantum statistical (ref. 27) - B.(T) becomes small, this gives rise to rather large relative

Semiclassical (ref. 3) . .. .

differences(a factor between 1.5 and.4The origin of this

" disagreement is most likely the use of different input data, in

I particular for the interaction-induced polarizability. For their

quantum statistical calculations Moszynski and co-workers

used the empirical Hepotential determined by Aziet al**
and the interaction-induced polarizability from a SAPT
calculatior’® in a [5s4p3d2f] basis set. The error of the
interaction-induced polarizability from the SAPT calculation

= Experiment

0

FIG. 5. Helium. Temperature dependence of the second dielectric viria

was estimated to be 6£5%. The extrapolated FCIl/d-aug-

50 100 150 200 250 300 350 400 cc-pV5Z-3321 interatomic potential and interaction-induced

T/K polarizability are expected to be more accurate than the em-
Pirical potential from Ref. 41 and the SAPT interaction-

coefficientB,(T). SemiclassicalRef. 3, quantum-statisticathis work and ||_qduced polarizabilities since, due_to the basis set extrapola-
Ref. 25, and experimental results in comparison. tion, the results of the FCI calculations should be close to the
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basis set limit. From the small differences between ourABLE lil. Argon. The second virial coefficienB(T) computed at the

present results and those of the semiclassical Ca|Cu|atior§§miclassical and the quantum statistical level. The temperatsrgiven in
. . . . K, and the virial coefficient® (T) in cmP mol™2.

presented in Ref. 3, which were obtained with the same em-

pirical potential used by Moszynski al. but employing the B.(T)

FCI interaction-induced polarizability, we conclude that the

. . . . Quantum
effect of the small differences in the potential curve is after gomiclassical statistical Experiment
all small and that most of the differences between the present
results and those from Ref. 25 can be attributed to the im+92-0° 2.23 2.16
d interaction-induced polarizabilities 120.00 1.9 1.94
prove uon pot: g 140.00  1.84 1.80
As shown in Fig. 5, the available experimental data carry1g0 .00 1.74 1.70
rather large error bars and do not agree well with either 0f180.00 1.66 1.63
the two quantum statistical calculations. Thus, no conclu-200.00 1.59 1.57
sions about the accuracy of the theoretical calculations cag?9-% 154 1.52
be drawn from a comparison with experiment. The large dis-242'95 149 148 1.840.07
: p N exp - larg 253.00 1.47 1.46
crepancies between the theoretical and the experimental reg; oo 1.46 1.45
sults and also between the experimental results from differ274.00 1.44 1.42
ent measurements call, however, for new experimentaf87.00 1.42 1.41 . . .
determinations of the second dielectric virial coefficient of 29600 1.41 1.89 2.534),° 1.7334)," 1.8134)
helium 298.15 1.40 1.39 0.790.10¢ 1.57+0.58"
' . 2.16+0.34% 1.49+0.15
Regarding the frequency dependence of the second rexg oo 1.48 1.39 _
fractivity virial coefficientBg(T,w), we find that the quan- 303.15 1.40 1.38  1.220.09%1.23+0.05 1.75+0.08
tum effects on the dispersion &g(T,w) follow the same  306.15 1.39 1.38 16217
pattern as for the static contribution: at very low tempera-31500 1.8 137
tures a quantum statistical approach is even essential to 03—2 2.00 137 136 0.7260.39+0.20
: quar pp evel , B3 00 1.37 1.36 0.720.13™ 1.76+0.08"
tain qualitatively correct results, but with increasing tem- 340.00 1.35 1.34
perature the quantum effects decrease and (ahmos) 370.00 131 1.31
insignificant for temperatures larger 77 K. 407.60 1.28 1.27 0-40.3

For helium gas the quantum effects increase the relatives «crence 7.
dispersion of the second refractivity virial coefficient definedbreference 43; second refractivity virial coefficient at 296.82 K: 38
by B(RZ)(T,w)/Be(T). For example, at 4.22 K and 632.8 nm, cmz mol:i at 594.096 nm, 1.434) cm®mol 2 at 543.516 nm, 1.§84)
dispersion accounts for about 19% Bf. With increasing c;’:fer:‘eor']ceaé 325.530 nm.
temperature the dispersion contribution becomes smaller aﬁeference 4.4; second refractivity virial coefficient at 296.2 K: +.8758

the quantum effect diminishes. cmPmol 2 at 632.8 nm, 1.550.74 cnfmol 2 at 514.5 nm, 1.580.69

cm® mol~2 at 488.0 nm, 1.530.32 cnf mol 2 at 457.9 nm.

®Reference 45; second refractivity virial coefficient at 296.2 K and 632.99
nm.

Reference 46; second refractivity virial coefficient at 296.2 K and 632.99

Table Il and Fig. 6 show the quantum statistical results™ _ .
. o . From a DID model: 1.53 cfrmol 2, Ref. 47.

for the second dielectric virial coefficient of argon and angeference s.
comparison with the semiclassical calculation of Ref. 3 andreference 18; second refractivity virial coefficient at 632.99 nm.
with the available experimental data. The atomic mass oReference 10.
argon is about an order of magnitude larger than that of':“f’m CIS Tfasureme”ts' Ref. 12.
helium, and the thermal wavelength is thus about a factor Ffe?;?;ffe 9.
3 shorter. One could thus expect quantum effects to be leSgeference 14; second refractivity virial coefficient at 632.99 nm.
important for argon than for helium. On the other hand, the
argon dimer potential has a much deeper well supporting
several bound and quasibound states which could lead teffects onB(T) will be on the order of a few percent. As the
pronounced quantum effects at lower temperatures. Howtemperature decreases, as expected, the difference between
ever, as seen in Table Il and Fig. 6 we find that in thesemiclassical and quantum statistical results increase. The
experimentally investigated range of temperatures betweequantum statistical estimate at 100 K is about 3% lower than
243 and 408 K quantum effects are negligible. They arghe corresponding semiclassical value. To our knowledge
~0.5%—-1.0%, which is close to the accuracy of the interthough no experimental data are availableBgrof argon at
polations and the numerical integrations carried out in theemperatures lower than 243 K.
calculation ofB(T). This effect is also below the accuracy Thus quantum effects do not alter the comparison with
of the interaction-induced polarizabilities used, which wereexperimental data from Refs. 1 and 3 and the conclusions
obtained from CCSD calculations with the d-aug-cc-pVQZ-drawn thereof. The uncertainties of the experimental deter-
33211 basis set. From a comparison of the semiclassical reninations are much larger than those of thb initio
sults obtained with the CCSD/d-aug-cc-pVQZ-33211 polar-calculations—including remaining correlation and basis set
izability with those obtained using the CCSD/d-aug-cc-effects and the numerical errors in the calculation of the
pVTZ-33211 datiwe estimate that the remaining basis setvirial coefficients. Since also the agreement between experi-

B. Argon
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2.5 P S S S mass, provided that the van der Waals attraction is of com-
parable magnitude. Also, for argon a number of experimental
results are in disagreement with tlaé initio calculations,

while some other measurements are in reasonable good

= agreement with the theoretical results. An experimental rein-
£ vestigation of the second dielectric virial coefficient of argon
£ would thus be helpful for assessing the accuracy of ladith
;. 1.0 - initio calculations and experimental measurements.
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