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Coupled cluster investigation of the electric-field-gradient-induced
birefringence of H 2, N2, C2H2, and CH4
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An ab initio investigation of the electric-field-gradient-induced birefringence of H2, N2, C2H2, and
CH4 is presented. All linear and nonlinear optical properties contributing to the induced anisotropy
of the refractive index are computed by means of coupled cluster singles and doubles response
theory. For systems of cubic or icosahedral symmetry, the only nonvanishing contribution to the
induced birefringence within the semiclassical approach is due to the frequency-dependent dipole–
dipole–quadrupole and dipole–dipole–magnetic dipole hyperpolarizabilities. These hyper-
polarizabilities are important for accurate experimental determinations of the molecular quadrupole
moment from electric-field-gradient-induced birefringence measurements. ©1998 American
Institute of Physics.@S0021-9606~98!30241-X#
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I. INTRODUCTION

The electric-field-gradient-induced birefringen
~EFGB! is the anisotropy of the refractive index observ
when plane-polarized light passes through a medium i
direction perpendicular to an external electric field gradie
The EFGB, which was originally predicted by Debye,1 has
similarities to optical effects like the Kerr,2,3 the
Cotton–Mouton,4 and the Faraday5,6 effects. The EFGB
originates~primarily! from the interaction of the electric field
gradient with the molecular quadrupole moment, resulting
a partial orientation of the molecules in the sample, and~sec-
ondarily! from changes in the effective polarizability induce
by the field gradient. The first effect is temperature dep
dent and it can be expressed in terms of the molecular q
rupole moment and the molecular electric-dipole polariza
ity. The second contribution is temperature independent
determined by higher-order polarizabilities.

For quadrupolar systems, EFGB measurements can
used to determine the molecular quadrupole moment as
gested by Buckingham in 1959.7 The first experiment was
carried out in 1963 by Buckingham and Disch,8 who deter-
mined the quadrupole moment of CO2. Since then, EFGB
measurements have been used as an accurate tool for d
mining molecular quadrupole moments~see, for instance
Refs. 9–15!. The theoretical foundations of the EFGB effe
in gases have been discussed by Buckingham
Longuet-Higgins16 and Buckingham and Jamieson,17 and the

a!Electronic mail: sonia@kemi.aau.dk
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7170021-9606/98/109(17)/7176/9/$15.00
a
t.

n

-
d-
l-
d

be
g-

ter-

d

theory has been extended to compressed gas mixture
Kielich.18 The general theory has been revisited by Imrie a
Raab19 using the semiclassical approach also employed
Buckingham and Longuet-Higgins. Recently, a quant
theory of EFGB based on a finite-temperature perturba
approach to molecular light scattering was presented
Dumitru and Woolley.20,21 An account of the historical de
velopments of EFGB was given in a recent review
Ritchie.22

In the past, EFGB measurements were often perform
at a fixed temperature and the hyperpolarizability contrib
tion was neglected due to its smallness compared to
temperature-dependent term. In some cases, theoretica
sults for the hyperpolarizability term have been used to
tain the molecular quadrupole moment from the EFGB
periment~see, for example, Refs. 23 and 24!. By performing
measurements at different temperatures, the tempera
dependent and temperature-independent terms can be
rated by linear regression, and the quadrupole moment
tracted provided that the electric-dipole polarizability tens
is known.25 The experimental procedure is nevertheless d
ficult and cannot easily be applied for all systems. For
stance, the difficulties of handling compressed acetylene
over a wide range of temperatures prevented an analys
the temperature dependence of the EFGB in a recent ex
mental study by Keiret al.23 In non-quadrupolar systems
measurements of EFGB give the hyperpolarizability ter
directly.

Buckingham and Longuet-Higgins16 computed, in the
static limit, the anisotropy of the refractive index induced
an electric field gradient analytically for the hydrogen ato
and Buckingham and Jamieson17 estimated the temperature
independent contribution to the EFGB for rare gases, H2 and
6 © 1998 American Institute of Physics
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CH4, using the approximate relationship that exists betw
this term and the Verdet constant in the static limit and
‘‘spherical’’ systems.

Today, sophisticated and reliable techniques are av
able for accurate calculations of the molecular quadrup
moment, the electric-dipole polarizability anisotropy, and
hyperpolarizabilities contributing to the anisotropy of the
fractive index. Whereas there is a large number of studie
the first two properties in the literature, calculations of t
frequency-dependent hyperpolarizabilities characterizing
temperature-independent term have been scarce. To
knowledge, the onlyab initio study dedicated to the calcula
tion of the hyperpolarizability contribution to the EFGB
that of Amos,26 who, at the most advanced level, calculat
the hyperpolarizability contribution to the EFGB of nitroge
in the low-frequency limit by a coupled Hartree–Fock~CHF!
approach.

In this work, we investigate the EFGB of H2, N2, C2H2,
and CH4. Quadrupole moments are computed as analyt
derivatives of the coupled cluster singles and doub
~CCSD! Lagrangian as described in Ref. 27. For the line
and nonlinear polarizabilities, the recently implement
linear28 and quadratic29 CCSD response approach is em
ployed.

II. THEORY

For an ideal gas at the absolute temperatureT, the rela-
tionship between the microscopic properties and the
served EFGBDn is ~in SI units!16,17

Dn5nx2ny5
2pNq

~4pe0! H b1
2

15kT FUabaab

2maS Ab,ab1
5

v
eabgGb,gD G J , ~1!

where Einstein’s convention for implicit summation over r
peated indices is used. Heren is the refractive index,N the
number density,q the laboratory field gradient~a diagonal
traceless tensor,q5qxx52qyy ; qzz50!, U the permanent
molecular quadrupole moment, andm the permanent electric
dipole moment. Also,a, A and G are the frequency-
dependent electric dipole–electric dipole, electric dipol
electric quadrupole, and electric dipole–magnetic dipole
larizabilities. The frequency-dependent polarizabilitiesA and
G can be written as sum-over-states expressions30

Aa,bg~2v;v!5
1

\ (
P

(
mÞg

^gum̂aum&^muÛbgug&
~vmg2v!

, ~2!

Ga,b~2v;v!5
1

\ (
P

(
mÞg

^gum̂aum&^mum̂bug&
~vmg2v!

, ~3!

and they describe the dipole moment induced by the elec
field gradient and the time-dependent magnetic field ass
ated with the propagating wave, respectively. Herem̂, m̂,
and Û represent the electric dipole, magnetic dipole, a
electric quadrupole operators
n
r
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m̂a5(
i

qi r̂ i ,a , ~4!

m̂a5(
i

qi

2mi
l̂ i ,a , ~5!

Ûab5
1

2 (
i

qi~3r̂ i ,a r̂ i ,b2 r̂ i
2da,b!, ~6!

with r̂ a,i andl̂ a,i indicating thea Cartesian component of th
position and angular momentum operators for a particle
chargeqi and massmi . In Eqs. ~2! and ~3!, (P indicates
summation over all permutations of the pairs (m̂a /2v),
(Ûbg /v), and of the pairs (m̂a /2v), (m̂b /v), respec-
tively. Here\v i j 5Ei2Ej , and ug& is the electronic ground
state.

The temperature-independent term is a combination
higher-order polarizabilities16,17

b5
2

15
@Ba,b,ab~2v;v,0!2Ba,b,ab~2v;0,v!#

2
2

3v
eabgJa,b,g~2v;v,0!, ~7!

where31

Ba,b,gd~2vs ;v1 ,v2!

5
1

\2 (
P

(
mÞg

(
nÞg

^gum̂aum&^mum̂bun&^nuÛgdug&
~vmg2vs!~vng2v2!

~8!

and

Ja,b,g~2vs ;v1 ,v2!

5
1

\2 (
P

(
mÞg

(
nÞg

^gum̂aum&^mum̂bun&^num̂gug&
~vmg2vs!~vng2v2!

, ~9!

where e is the Levi-Civita tensor,vs5v11v2 , SP indi-
cates here summation over all permutations of the p
(m̂a /2vs), (m̂b /v1) and (Ûgd /v2) for B, and of the pairs

(m̂a /2vs), (m̂b /v1) and (m̂g /v2) for J. ^ i uŌ̂u j &
5^ i uÔu j &2d i j ^guÔug&. Equivalent expressions forB and J
were given in Refs. 16 and 17.

For the temperature-independent contribution to
EFGB we employ the symbol ‘‘b,’’ as introduced by Buck-
ingham and Jamieson.17 The relationship betweenb and the
dipole–dipole–quadrupole hyperpolarizabilityB is given in
Eq. ~7!. In the original paper of Buckingham an
Longuet-Higgins16 the symbol ‘‘B’’ was used instead of
‘‘ b.’’ This still continues to be done in the literature and
may be a source of misunderstanding, as the tempera
independent contribution to the EFGB has been associ
with a ‘‘molecular dipole–dipole–quadrupole’’ hyperpola
izability B, and then erroneously identified with the dipole
dipole–quadrupole hyperpolarizability introduced b
Buckingham30 ~see, for instance, Refs. 10, 23, 25, 32, a
24!. This may lead to serious problems when theoretical
timates ofB ~instead ofb! are used to extract the molecula
quadrupole moment from measurement of the EFGB~vide
infra!.
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Imrie and Raab19 have discussed the implications of u
ing the primitive quadrupole moment operator in the deri
tion of the expression for the anisotropy of the refract
index induced by an electric field gradient. The general fo
of the equations remains unchanged in their approach
though the particular combination of higher-order polar
abilities differs from that of Ref. 16. Still, Eq.~1! is identical
to that obtained by Imrie and Raab19 for nonpolar molecules

Both Uab and the term in round parentheses in Eq.~1!
depend on the choice of origin for polar molecules. Ho
ever, the origin independence of the temperature-depen
contribution in Eq.~1! has been proven.16 Imrie and Raab19

derived a general expression for the anisotropy of the ref
tive index which is independent of the choice of origin wh
the traced form of the quadrupole moment operator is e
ployed. Origin independence can be shown for theb term
alone in the approach of Imrie and Raab,19 as is also easily
demonstrated for nonpolar systems, regardless of the ch
of quadrupole moment operator. In polar molecules, anef-
fective quadrupolar center—in general depending on the fre
quency used in the experiment—can be determined as
choice of origin for which the term in round parentheses
Eq. ~1! vanishes.16

For molecules with ann-fold rotation axis withn>3,
axx5ayyÞazz, and Uzz522Uyy522Uxx[U, Eq. ~1!
simplifies to

Dn5nx2ny5
2pNq

~4pe0! H b1
2

15kT

3FUDa2mS Ai12A'1
10

v
GD G J , ~10!

where Da5azz2axx . With the rotation axis along thez
direction,Ai5Az,zz522Az,xx522Az,yy , A'5Ax,zx5Ax,xz

5Ay,zy5Ay,yz , and G5Gx,y52Gy,x . For nonpolar spe-
cies, as those studied here,

Dn5nx2ny5
2pNq

~4pe0! H b1
2

15kT
UDaJ

5
2pNq

~4pe0! H b1
F

TJ 5mQ~T!Nq. ~11!

For spherical top molecules, i.e., for systems of cubic
icosahedral symmetry,F50 and only the temperature
independent term is nonvanishing.

Assuming ideal gas behavior, Eq.~11! becomes

Dn5nx2ny5
2pPq

~4pe0! H 1

kT
b1

2

15~kT!2 UDaJ , ~12!

whereP is the pressure. The electric-field-gradient-induc
retardation or retardancef associated to the anisotropy o
the refractive index is8

f5
2p l

l
Dn, ~13!

wherel is the path length andl is the vacuum wavelength o
the radiation.

In the derivation of Eq.~1!, the molecular rotation ha
been treated classically. A quantal treatment of the rotatio
-

l-
-

-
nt

c-

-
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motion—which is important for a molecule with a small m
ment of inertia such as H2—leads, within some approxima
tions, to a slightly modified version of Eq.~11!:33

Dn5nx2ny5
2pNq

~4pe0! Fb81
2

15

UDa

kT
f ~T!G , ~14!

where f (T)512s1 8
15s

22•••, with s5hcB0 /kT, B0 be-
ing the rotational constant. At room temperature,f (T) has
been estimated to be 0.75 for H2.

9,33 At lower temperatures
the correction becomes larger. For CO2, quantum corrections
have been found to be unimportant at room temperature.33 In
Eq. ~14! b8 differs from b in Eq. ~11! by the effects of cen-
trifugal distortions.33

The frequency-dependent polarizabilities and hyper
larizabilities of Eqs.~2!, ~3!, ~8!, and~9! can be expressed in
terms of linear and quadratic response functions:

Aa,bg5^^m̂a ;Ûbg&&v , ~15!

Ga,b5^^m̂a ;m̂b&&v , ~16!

and

b5
2

15
~^^m̂a ;m̂b ,Ûab&&v,02^^m̂a ;m̂b ,Ûab&&0,v!

2
2

3v
eabg^^m̂a ;m̂b ,m̂g&&v,0 . ~17!

In the limit of zero frequency, the last term i
Eq. ~17! is related to the Verdet constantV(v)
}veabgŠ^m̂a ;m̂b ,m̂g&‹0,v , and the two dipole–dipole–
quadrupole hyperpolarizabilities cancel. For spherical-
systems in the zero-frequency limit,J is determined by the
single constant,Ja,b,g5Jeabg ,16 andb can, in these cases
be deduced from measurements of the Verdet constantV(v)
at low frequencies:17

b05 lim
v→0

b52 lim
v→0

S 4J

v D , ~18!

lim
v→0

S V

v2D52
1

2c
lim
v→0

S nx2ny

q D52
pN

~4pe0!c
b0 . ~19!

The systems studied in this work are all nonpolar, a
we therefore focus on the calculation of the hyperpolar
abilities in Eq.~17!, the molecular quadrupole moment, an
the anisotropy of the electric-dipole polarizability, all o
which enter Eq.~11!.

For the linear and nonlinear polarizabilities we have e
ployed the recently developed response approach fo
CCSD wave function as described in Refs. 29 and 34.

The linear and quadratic coupled cluster response fu
tions are obtained as derivatives of the time-averaged qu
energy Lagrangian

$L~ t,e!%T5H ^HFuĤ~ t,e!eT̂~ t,e!uHF&1(
m

t̄m~ t,e!

3^mue2T̂~ t,e!S Ĥ~ t,e!2 i
]

]t DeT̂~ t,e!uHF&J
T

,

~20!
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whereĤ(t,e)5Ĥ01V̂(t,e), andV̂(t,e) describes the time
dependent perturbation by the external electric and magn
fields

V̂~ t,e!5(
X

ĤXeX~vX!e2 ivXt. ~21!

For homogeneous electric or magnetic fieldsĤX is a
component of, respectively,m̂ and m̂; the interaction with
the gradient of the electric field is described by the quad
pole operatorÛ. In Eq. ~20!, T̂(t,e) is the field- and time-
dependent cluster operatorT̂(t,e)5(ntn(t,e) t̂n , where t̂n

are the excitation operators andtn(t,e) the corresponding
field- and time-dependent amplitudes. HereuHF& is the un-
perturbed Hartree–Fock state, and^mu5^HFu t̂†. t̄m(t,e) are
the field- and time-dependent Lagrangian multipliers, wh
are multiplied with the time-dependent equations for the
parameters. The$ %T indicates the time-averaging over th
shortest common multiple periodT of the perturbations in
Eq. ~21!. The linear and quadratic response functions
calculated as second and third derivatives of the real pa
the time-averaged quasi-energy Lagrangian with respec
the strengthse of the external fields:

^^A;B&&v5S d2~ 1
2$L~ t,e!%T1 1

2$L~ t,e!%T* !

deA~2v!deB~v!
D

e50

, ~22!

^^A;B,C&&vB ,vC

5S d3~ 1
2$L~ t,e!%T1 1

2$L~ t,e!%T* !

deA~2vB2vC!deB~vB!deC~vC!
D

e50

. ~23!

As in the time-dependent quasi-energy Lagrangian eq
tion ~20!—employed for the calculation of frequency
dependent properties—the unperturbed Hartree–Fock
uHF& is used as the reference state in the coupled clu
response calculations, relaxation of the SCF canonical o
als in the presence of external fields is not treated explic
but implicitly through the single-excitation part of the clust
operator. For details the reader is referred to Refs. 27,
and 35.

The quadrupole moment, a frequency-independent fi
order property, is calculated as the analytical first derivat
of the static CCSD Lagrangian, as described in Ref. 27.

III. COMPUTATIONAL DETAILS

For hydrogen the equilibrium distance of 1.4a0 was
used. Experimental geometries were employed for the o
molecules with RNN52.07431a0 for nitrogen,36 RCC

52.27351a0 and RCH52.00719a0 for acetylene,37 and RCH

52.05186a0 for methane.38

Augmented correlation-consistent basis sets of Dunn
and co-workers39–41 x-aug-cc-pVXZ—where x denotes th
augmentation level and X the cardinal number—were u
throughout. They constitute a well-established hierarchy
basis sets, which allows us to analyze the convergence o
properties with respect to the valence orbital description~X!
and the diffuseness~x! of the basis set. To estimate the e
tic
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fects of electron correlation, a Hartree–Fock self-consist
field ~SCF! calculation with a relatively large basis set w
also performed for each molecule.

For H2 the CCSD model gives the full configuration in
teraction~FCI! results within the given orbital basis. For n
trogen, acetylene, and methane, only the valence elect
were correlated in the CCSD calculations since the sele
basis sets have only limited flexibility for describing co
correlation. All frequency-dependent properties were eva
ated at the experimental frequency of 632.8 nm.

The results are presented in atomic units unless ot
wise mentioned. Conversion factors from atomic units to
and e.s.u. for the quantities of interest are

~i! 1 au of a[e2a0
2Eh

21>1.648 778310241 C2 m2 J21

>1.48 185310225 4pe0 cm3,
~ii ! 1 au ofU[ea0

2>4.486 554310240 C m2

>1.34503310226 Fr cm2,
~iii ! 1 au ofb(5B)[e3a0

4Eh
22>1.696 733310263

C3 m4 J22>4.57168310241 4pe0 Fr cm5 erg21,
~iv! 1 au ofJ[e3a0

4\21Eh
21>7.01453310247 C3 m4

s21 J22>6.30435310235 Fr2 cm2 erg21 G21, and
~v! 1 au ofq[e21a0

22Eh>9.7173631021 V m22

>3.2413631015 Fr cm23 (4pe0)21.

To obtain the anisotropy of the refractive index at a pr
sure of 1 bar and a temperature of 273.15 K~N53.92 931
31026a0

23, or N52.65 16331025 m23!, from values of the
quantity in graph parentheses in Eq.~11! given in a.u. andq
given in SI units, the reader should multiply by the fact
2.54 067310227.

IV. RESULTS AND DISCUSSION

The results of the basis set investigation for the differ
contributions to the EFGB for H2, N2, and C2H2 are col-
lected in Tables I, II, and III, respectively. In Table IV, th
results forb of CH4 can be found. Note that in Tables I, I
and III, the temperature-dependent terms have been ev
ated atT5297.15 K for hydrogen, atT5298.15 K for nitro-
gen, and atT5294 K for acetylene to conform to the exper
mental conditions. For the different quantities in Eq.~11! we
have collected in Table V our best results, which we co

TABLE I. H2. The electric-field-gradient-induced birefringence. Results
a.u. Wavelength 632.8 nm,T5297.15 K andF52QDa/15k.

Basis set Q Da b

F

T

SCF d-aug-cc-pV5Z 0.4934 1.8998 237.17 132.8

FCI aug-cc-pVTZ 0.4604 1.8507 236.72 121.5
aug-cc-pVQZ 0.4573 1.8624 236.92 120.7
aug-cc-pV5Z 0.4563 1.8705 236.86 120.9

d-aug-cc-pVTZ 0.4579 1.8695 237.01 121.3
d-aug-cc-pVQZ 0.4564 1.8706 236.84 121.0
d-aug-cc-pV5Z 0.4561 1.8710 236.75 120.9

t-aug-cc-pVTZ 0.4578 1.8704 237.01 121.3
t-aug-cc-pVQZ 0.4563 1.8703 236.83 120.9



. I

c

n
ce
r
in
n
-c
tie
fu
ip

T
t

sit
b
f

te

th
er

he
t

Q
n

f
er
Q

cc
.

el
u

set.
he
py
nt

r

s in
sot-
re
x-

ity

e
e

in

tro-

with
ls
d
r
ith

the

rpo-

s of
h-

ave
ure

cy-
ties
in

om

in

7180 J. Chem. Phys., Vol. 109, No. 17, 1 November 1998 Coriani et al.
pare with previous theoretical and experimental results
this table, our results for theaveraged dipole–dipole–
quadrupole hyperpolarizabilityB̄v5 2

15Ba,b,ab(2v;v,0) are
also given and compared to previous static and frequen
dependent theoretical values.

A. Basis set study

From the results in Tables I–IV,U, Da, andb appear to
have similar basis set demands. Significant improveme
are observed if the cardinal number X is increased suc
sively. The double-zeta basis sets are inadequate, as fo
augmentation levels we obtain relatively large changes go
from the x-aug-cc-pVDZ to the x-aug-cc-pVTZ sets. In co
trast, the changes observed when going to the x-aug
pVQZ sets are small. Significant changes in the proper
are also observed when, for a given X, a second set of dif
functions is added to the aug-cc-pVXZ sets, whereas tr
augmentation leads to only minor changes. For CH4 no sig-
nificant difference is observed between the d-aug-cc-pV
and t-aug-cc-pVTZ results. In some cases the changes in
duced by the third augmentation level are in the oppo
direction of those obtained by increasing the cardinal num
X. The d-aug-cc-pVXZ series seems to be the best choice
b andDa, whereas it might suffice to use a single-augmen
basis set forU.

We note that when the cardinal number is increased,
single- and double-augmented basis set results conv
from opposite side toward a common value.

In Table V we have listed the results obtained with t
best basis sets used for the different molecules—that is,
d-aug-cc-pV5Z basis for hydrogen, and the d-aug-cc-pV
basis sets of N2, C2H2, and CH4. The basis set saturatio
errors at the CCSD level are estimated to be less than 1%
all properties. They were obtained by considering the diff
ences between the d-aug-cc-pV5Z and the d-aug-cc-pV
results for H2 and the differences between the d-aug-
pVQZ and d-aug-cc-pVTZ results for the other molecules

B. Effect of electron correlation

Comparing the SCF and CCSD results, electron corr
tion is seen to have a pronounced effect, in some cases m

TABLE II. N 2. The electric-field-gradient-induced birefringence. Results
a.u. Wavelength 632.8 nm,T5298.15 K, andF52QDa/15k.

Basis set Q Da b

F

T

SCF t-aug-cc-pVTZ 20.9299 5.3236 236.74 2699.1

CCSD aug-cc-pVDZ 21.1223 4.7324 232.65 2750.0
aug-cc-pVTZ 21.1205 4.4921 235.35 2710.8
aug-cc-pVQZ 21.1162 4.5475 236.07 2716.8

d-aug-cc-pVDZ 21.1530 4.6636 237.58 2750.3
d-aug-cc-pVTZ 21.1263 4.5665 236.49 2726.3
d-aug-cc-pVQZ 21.1186 4.5536 236.13 2719.3

t-aug-cc-pVDZ 21.1550 4.6576 237.63 2759.7
t-aug-cc-pVTZ 21.1280 4.5658 236.58 2727.3
n
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larger than the changes observed when varying the basis
For H2, the most significant change is a reduction of t
quadrupole moment by 7.6%. The polarizability anisotro
and b change by about 1%–1.5%. For nitrogen, significa
changes are observed forU ~221%! andDa ~214%!, while
the correlation effect onb is rather small, less than 0.5%. Fo
acetylene, the main changes are forU ~211%! and b
~215%!. In methane, a decrease ofb by about 11% due to
electron correlation is observed.

C. Comparison with other theoretical estimates

It is beyond the scope of the present paper to discus
detail our results for the quadrupole moment and the ani
ropy of the electric-dipole polarizability. Our best results a
collected in Table V together with those extracted from e
periment.

Previousab initio estimates ofb are limited to the work
of Amos,26 who computed the low-frequency limit ofb as
the dipole–dipole–magnetic dipole hyperpolarizabil
v21eabgJa,b,g for a few molecular systems, including N2,
C2H2, and CH4. This approximation was motivated by th
fact that in the zero-frequency limit, the differenc
@Ba,b,ab(2v;v,0)2Ba,b,ab(2v;0,v)# vanishes. For non-
zero frequencies the contribution from this difference is,
our case, much smaller than that fromv21eabgJa,b,g . Com-
paring the best basis set results at the CCSD level for ni
gen, acetylene, and methane with those of Amos,26 we ob-
serve that the sum-over-states techniques used either
canonical SCF orbitals or with field-perturbed orbita
strongly underestimateb for all three molecules. The couple
Hartree–Fock result of234.18 au obtained in Ref. 26 fo
nitrogen is, on the other hand, in rather good agreement w
both our SCF and CCSD values, in spite of the fact that
term@Ba,b,ab(2v;v,0)2Ba,b,ab(2v;0,v)# was neglected
and a small basis set was used.

We are not aware of otherab initio studies of theJ
hyperpolarizability. The literature onab initio calculations of
the frequency-dependent dipole-dipole-quadrupole hype
larizability B is also limited. For H2, accurate calculations
have been done by Bishop and co-workers.42–45 In Ref. 45,
the individual tensor elements and appropriate average
Ba,b,gd(2v;v,0), obtained using a sum-over-states tec
nique with extended basis sets and explicitly correlated w
functions, are reported for several frequencies. The p
electronic contribution toB̄v(278.07 a.u.) of Ref. 45 is very
close to our best result~278.46 a.u.!. Note that rovibrational
averaging decreases the value ofB̄v by more than 10%~to
285.73 a.u.!.45

No results seem to be available for the frequen
dependent dipole–dipole–quadrupole hyperpolarizabili
of N2, C2H2, and CH4. For these molecules, we compare
Table V with the static results of Maroulis and Thakkar.46–48

D. T-independent versus T-dependent contribution to
Dn

The importance of b compared to that of the
temperature-dependent contribution to the EFGB varies fr
molecule to molecule. As observed by Buckingham,9 mol-
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ecules with a small quadrupole moment may have a r
tively large b contribution. For hydrogen,b decreases the
observed birefringence by as much as 30%. If the effect
molecular vibration on b are neglected, and if the
temperature-dependent term is multiplied with the factor
0.75—as estimated from the quantum treatment of Bucki
ham and Pariseau33—the relative contribution of the
temperature-independent term increases to 41% of the
anisotropy. For nitrogen and acetylene, the relative contr
tion of b is much smaller, about15% and22%, respec-
tively. The importance ofb appears therefore to decrease
the series hydrogen, nitrogen, acetylene, that is, as the
character of the system increases. Similar observations w
made for the magnetic-field-induced birefringence~the
Cotton–Mouton effect!, where also the orientational effec
increases in the order H2,N2,C2H2.

49

E. Ab initio versus experiment

Assuming an ideal gas behavior at STP, the anisotro
Dn obtained from our calculated values ofmQ—using a field
gradient intensity of 13109 Vm22 ('1310213 au), which
is the largest field-gradient strength commonly used
experiment22—range from about 2310216 for H2 and CH4

to about 2310214 for acetylene—that is, an order of magn
tude smaller than the anisotropies observed in stand
Cotton–Mouton experiments49 and several order of magn
tude smaller than those due to Faraday effect.50 As an ex-
ample, and also to compare directly to the quantity actu
observed in the laboratory, we estimate an induced re
dance of about 35 nrad for H2 at a pressure of 103 kPa, T
5300 K, and for a path length of 1.8 m by using Eqs.~12!
and ~13! and the data in Table V. If molecular rotation
treated quantum mechanically and Eq.~14! is used—that is,
the temperature-dependent term for the hydrogen molecu
multiplied by the factor 0.75—our estimated retardation
duces to approximately 22 nrad. Experiment observes in
same conditions a retardance of about 60 nrad.22

It is not uncommon for experimentalists to resort to v
ues forb obtained from theoretical calculations to impro
the accuracy in their determination of the molecular quad
pole moment. This was recently done for example by G
hamet al.24 In an attempt to obtain a more reliable estima
of the quadrupole moment of N2, Grahamet al.employed as

TABLE III. C 2H2. Electric-field-gradient-induced birefringence. Results
a.u. Wavelength 632.8 nm,T5294 K, andF52QDa/15k.

Basis set Q Da b

F

T

SCF d-aug-cc-pVTZ 5.4509 12.453 2203.8 9721

CCSD aug-cc-pVDZ 4.7900 12.784 2164.8 8769
aug-cc-pVTZ 4.8823 12.170 2184.8 8509

d-aug-cc-pVDZ 4.7766 12.076 2198.9 8261
d-aug-cc-pVTZ 4.8701 12.093 2195.9 8434
d-aug-cc-pVQZ 4.8950 12.098 2193.3 8481

t-aug-cc-pVDZ 4.7727 12.070 2198.7 8250
t-aug-cc-pVTZ 4.8692 12.089 2195.5 8430
a-
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b the average of the CHF value for the dipole–dipol
magnetic dipole hyperpolarizability contribution of Amos26

and the static dipole–dipole–quadrupole hyperpolarizabi
B̄5 2

15Ba,b,ab(0;0,0) calculated at the MP4 level by Marou
lis and Thakkar.46 As mentioned in Sec. II, the misuse ofB̄
as the theoretical estimate forb might, to some extent, find
its roots in the use of the symbolB instead ofb for the
temperature-independent contribution in the early days
EFGB.16,17 The finalb value obtained from this averaging—
which mixes different quantities calculated at different lev
of theory—is strongly overestimated, asB̄ is more than an
order of magnitude larger than the low-frequency value fob
obtained by Amos, and it leads to an estimate of (21.04
60.02) a.u. for the quadrupole moment of N2.24 Correcting
the experimental datum in Ref. 24 with our CCSD/d-aug-
pVQZ b term, we obtain instead (21.11660.02) a.u. in
very satisfactory agreement with our best CCSD equilibri
geometry result 1.119 a.u. In a recent theoreti
investigation,51 the rovibrationally averaged coupled clust
singles and doubles with perturbative corrections for c
nected triple excitations—CCSD~T!—basis set limit result
including estimates of relativity and correlation beyo
CCSD~T! was determined to be (21.09960.007) a.u.

In an experimental investigation by Keiret al.,23 a low-
density molar field-gradient birefringence constantmQ
5(4.9760.15)3104 a.u. was measured atT5294 K for
acetylene. Ignoring theb correction term, these authors d
duced a value of (4.5560.2) a.u. for the molecular quadru
pole moment. Our estimate for themQ constant at the sam
temperature as obtained from the computedQ, Da, and b
employing a d-aug-cc-pVQZ basis is 5.2073104 a.u. ~see
Table V!. The agreement is quite satisfactory, consider
the neglect of vibrational effects and correlation effects
yond the CCSD approximation used in our calculations.

If we employ our calculatedb term from Table V, to-
gether with the experimental data formQ, a value of 4.66
a.u. is obtained for the quadrupole moment of acetyle
Russell and Spackman32 employed anab initio static value
of the average dipole–dipole–quadrupole hyperpolarizab
B̄ ~Ref. 47!—incurring in the same misunderstanding as t
authors of Ref. 24—to estimate a quadrupole moment
(4.7060.1)a.u. from the experimental data formQ.

Due to symmetry, the temperature-dependent term of
EFGB vanishes for CH4. Direct comparison with experimen

TABLE IV. CH4. Electric-field-gradient-induced birefringence. Results
a.u. Wavelength 632.8 nm.

Basis set b

SCF d-aug-cc-pVTZ 288.44

CCSD aug-cc-pVDZ 290.86
aug-cc-pVTZ 296.26

d-aug-cc-pVDZ 298.83
d-aug-cc-pVTZ 298.10
d-aug-cc-pVQZ 297.32

t-aug-cc-pVDZ 298.98
t-aug-cc-pVTZ 298.10
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TABLE V. Electric-field-gradient-induced birefringence. Summary of theoretical and experimental results.F52QDa/15k, and see text for other definitions.T5297.15K (H2),
T5298.15K (N2), T5294.0K (C2H2). Results labeled ‘‘CCSD’’ are our best basis set results obtained with basis d-aug-cc-pV5Z (H2) and d-aug-cc-pVQZ~N2, C2H2, CH4!.
Results labeled ‘‘Others’’ are previous theoretical results for the property.

Property

H2 N2 C2H2 CH4

CCSD Others Experimental CCSD Others Experimental CCSD Others Experimental CCSD Others Experi

b 236.75 246615a 236.13 217.09b 2193.3 276b 297.32 231.83b 2262666a

226.52c 2107c 241.85c

234.18d

F

T

120.9 145e 2719.3 2700a 8481

mQ(T) f 528.7 24747 5.2073104 (4.9760.15)3104g 2611.5

Q 0.4561 0.484h 21.119 21.0960.07i 4.869 4.5560.2j

21.0460.02k 4.5760.1l

21.09960.007m 21.1260.02n 4.66o

Da 1.8710 2.12p 4.554 4.749q 12.09 12.1360.24g

B̄v
r 278.46 278.07s 2151.53 2149t 2576.62 2582u 2317.79 2278v

aReference 9.
bReference 26. Sum-over-states with SCF canonical orbitals.
cReference 26. Sum-over-states with field perturbed orbitals.
dReference 26. Coupled Hartree–Fock.
eFrom the value of 110.0 a.u.~which allows for a 25% quantum correction! tabulated in Ref. 9.
f
mQ(T)52p/4pe0$b1F/T%. See Eq.~11!.

gReference 23.
hReference 57.
iReference 14, ignoring theb term correction.
jReference 23. EFGB measurements.
kReference 24.
lReference 23. Cotton–Mouton measurements.
mReference 51. Rovibrationally averagedCCSD~T! basis set limit result including estimates of relativity and correlation beyondCCSD~T!.
nAs obtained from correction of the experimental result for the ‘‘effective quadrupole moment’’ in Ref. 24 with our ‘‘best’’b.
oAs obtained from correction of the experimental EFGB result in Ref. 23 with our ‘‘best’’b.
pReference 58. From light scattering measurements.
qReference 59.
rB̄v5

2
15Ba,b,ab(2v,v,0).

sReference 45. Frequency-dependent~632.8 nm! result with explicitly correlated wave functions. The zero-point and thermally averaged value was285.73 at 295 K.
tReference 46. MP4 static value.
uReference 47. SCF static value.
vReference 48. SCF static value.
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is still difficult, since vibrational corrections have to be tak
into account. Our best result is far outside the experime
error bars, and, even by taking into account the uncerta
on our results arising from basis set incompleteness and
relation effects beyond the CCSD model, it seems unlik
that theory and experiment can be brought into agreeme

F. Vibrational effects

In order to compare theory and experiment, the co
puted electronic properties—obtained at a fixed internuc
distance—should be corrected for rovibrational effects.31 In
general, the importance of the vibrational corrections va
from molecule to molecule and from property to proper
While zero-point vibrational averaging can easily be do
for diatomic molecules, the procedure becomes time c
suming for molecules with more than one vibrational deg
of freedom. A study of the vibrational effects for the pro
erties computed here is, however, beyond the purpose of
investigation.

The ~ro!vibrational effects on both the quadrupole m
ment and the static polarizability of hydrogen and nitrog
have been the subject of an investigation by Bishop
Cybulski.52 For hydrogen, the authors found changes
al
ty
r-
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t.

-
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s
.
e
n-
e

is

n
d
f

about16% for Q andazz, and by about14% for axx , all
calculated at the MP2 level. A rovibrational effect of a
proximately 10% was found for the frequency-depend
dipole–dipole–quadrupole polarizabilityB(2v,v,0) of H2

at 632.8 nm~Ref. 45! and for the Verdet constant.53 In the
static limit, the latter is related to the main contribution tob.
For a discussion of rovibrational effects on the quadrup
moment of nitrogen, we refer to Ref. 51, where the effe
was estimated to be around 1%. Vibrational effects ha
been shown to be about 0.4%52 for the static polarizability.
In a previous investigation,54 we calculated the rovibrationa
correction for the Verdet constant of N2 at the CCSD level to
be about 1.5%. For an analysis of rovibrational effects on
quadrupole moment and polarizability of acetylene, t
reader is referred to Ref. 32. No vibrational study is availa
for the electric field gradient birefringence of methane.

No pure vibrational corrections have so far been co
puted for the hyperpolarizabilities entering theb term. Per-
turbation theory expressions for the static vibrational dipo
dipole–quadrupole hyperpolarizabilities are given, f
instance, in Ref. 31. They were used by Bishop and Lam
estimate the importance of pure vibrational contributions
the static value ofB in hydrogen and nitrogen.42–44 The au-
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thors found the effect ‘‘quite significant.’’ One would expe
such a contribution to be less important at a finite freque
in analogy with the electric-dipole hyperpolarizabilities
electro-optic Pockels effect and dc–Kerr optical proces
~see for instance, Ref. 55!. According to Ref. 53, pure vibra
tional contributions to the Verdet constant are zero for m
ecules without a permanent magnetic moment.

V. SUMMARY AND CONCLUSIONS

We have presented the first comprehensiveab initio
study of electric-field-gradient-induced birefringence for t
set of nonpolar molecules H2, N2, C2H2, and CH4. The ef-
fects of basis set extension and electron correlation h
been investigated within a hierarchy of augmen
correlation-consistent basis sets, and employing a CC
wave function. For all frequency-dependent propert
coupled cluster response theory—a state-of-the-art appr
for the calculation of molecular linear and nonlinear fr
quency dependent properties—has been employed. Th
vestigation shows that to obtain accurate results for
temperature-independent hyperpolarizability contributionb
to the EFGB of N2, C2H2, and CH4 a basis set of at leas
d-aug-cc-pVTZ quality is required. With our largest se
saturation errors are estimated to be less than 1%. For H2 we
present FCI, that is ‘‘benchmark quality,’’ results. Where
for C2H2 and CH4 correlation appears to have a pronounc
effect onb, the effect of electron correlation on this proper
in N2 is quite small. This was hardly unexpected since
previous study on these systems had led to the conclus
that apparently dynamical correlation played a minor role
the study of the Faraday effect54 of N2. Comparison with
experiment is rather satisfactory for H2, N2, and C2H2, in
spite of neglecting of rovibrational correction and—for t
last two molecules—of correlation effects beyond CCSD
marked disagreement is found when comparingab initio and
experimental predictions forb in methane. Note, though, tha
the experimental datum carries a quite large error b
whereas recent evidence of a large zero-point vibrational
rection for the frequency-dependent electric dipole sec
hyperpolarizability56 shows that the possibility of strong v
brational effects, unaccounted for in our approach, canno
entirely ruled out. The EFGB measurements are carried
more and more often to determine accurate values of
lecular quadrupole moments. We have shown that in so
cases an incorrect use ofab initio data for theb correction in
the process of extracting the molecular quadrupole mom
from EFGB measurements may lead to quite severe los
accuracy.

The present study further demonstrates the strength
current highly correlated response theory approaches for
calculation of molecular nonlinear properties, and their
plicability to the study of sophisticated optical processes
major advantage of these techniques lies in their comp
tional efficiency, which allows the use of increasingly larg
basis sets and more and more accurate wave functions
believe that the benefits of theoretical studies for understa
ing experimental data have been clearly illustrated by
present study.
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