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1 Introdu
tionLinear response fun
tion approa
hes were introdu
ed into the 
hemistryliterature about thirty years ago Ref. [1, 2℄. At that time they were re-ferred to as Green fun
tions or propagator approa
hes. Soon after theintrodu
tion it be
ame apparent that they o�ered a viable and attra
-tive alternative to the state spe
i�
 approa
hes for obtaining mole
ularproperties as ex
itation energies, transition moments and se
ond ordermole
ular properties.The response fun
tion approa
hes have sin
e developed into a usefultool, not only for 
al
ulating mole
ular properties related to the lin-ear response but also for 
al
ulations of non-linear response mole
ularproperties. For the most 
ommon ele
troni
 stru
ture wave fun
tionmodels linear and non-linear response fun
tions have been developedand have served as a useful tool for the 
alibration and interpretationof mole
ular properties. To give a spe
i�
 example 
onsider the his-tory of the ele
tri
 �eld indu
ed se
ond harmoni
 generation (ESHG)experiments of the se
ond hyperpolarizability of the Ne atom. Based ona sequen
e of ESHG measurements using lasers of di�erent frequen
iesShelton found that the dispersion of the ESHG hyperpolarizability ofNe was anomalous [3, 4℄, in 
ontrast to the positive dispersion found ina previous experiment [5℄ and in an early multi
on�guration self 
onsis-tent �eld (MCSCF) 
al
ulation [6℄. Based on an empiri
al 
al
ulationBishop 
ould demonstrate [7℄ that the anomalous dispersion obtained inthe ESHG experiment [3,4℄ 
an not be reprodu
ed by theory. A

uratelarge-s
ale MCSCF response fun
tion 
al
ulations were then 
arried outand showed that the dispersion was not anomalous [8℄. Subsequentlythis was 
on�rmed by new experimental ESHG data [9℄. Re
ently a
-
urate 
oupled 
luster singles and doubles (CCSD) response fun
tion
al
ulations have been 
arried out and have 
hallenged the a

ura
y ofone of the new ESHG data points [10℄. An experimental reinvestigationhas not yet been performed for this point. The above example demon-strates 
learly the enourmous development that has taken pla
e sin
eresponse fun
tions were introdu
ed. It also shows how important it isthat the development in theory and experiment goes hand in hand.
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In this paper we dis
uss how more dire
t approa
hes may be de-veloped for 
al
ulating dire
tly the dispersion of 
ubi
 response fun
-tions using 
oupled 
luster theory. Power series expansions of frequen
y-dependent hyperpolarizabilities have in re
ent years be
ome a widely-used tool for 
omparison of experimentally obtained and ab initio 
al
u-lated hyperpolarizabilities for di�erent opti
al pro

esses, in parti
ularfor se
ond hyperpolarizabilities where for many mole
ules experimen-tal data is available for more than one opti
al pro
ess and often 
ov-ers a wide range of frequen
ies [4, 11{14℄. The most 
ommonly usedansatz to expand the frequen
y-dependen
e of hyperpolarizabilities inthe normal dispersion region [4, 9, 13{17℄ are even power series in thefrequen
y arguments. The usefulness of this ansatz is emphasized bythe fa
t that for the isotropi
 average of the se
ond hyperpolarizability
jj a single, pro
ess-independent 
oeÆ
ient is suÆ
ient to express thefrequeny-dependen
e up to se
ond-order in the frequen
ies [18, 19℄:
jj(!0;!1; !3; !3) = 
jj(0)�1 +A(!20 + !21 + !22 + !23) +O(!4i )�: (1)A sum-over-states expression for the 
oeÆ
ient A for the expansion ofthe diagonal 
omponents 
���� was derived by Bishop and De Kee [20℄and 
al
ulations were reported for the atoms H and He. However, theusual approa
h to 
al
ulate dispersion 
oeÆ
ients for many-ele
tron sys-tems by means of ab initio response methods is still to extra
t these
oeÆ
ients from a polynomial �t to pointwise 
al
ulated frequen
y-dependent hyperpolarizabilities. Despite the ineÆ
ien
y and the nu-meri
al diÆ
ulties of su
h an approa
h [16, 21℄, no ab initio imple-mentation has yet been reported for analyti
 dispersion 
oeÆ
ients forfrequen
y-dependent se
ond hyperpolarizabilities whi
h is appli
able tomany-ele
tron systems.In a re
ent publi
ation [22℄ we reported the implementation of dis-persion 
oeÆ
ients for �rst hyperpolarizabilities based on the 
oupled
luster quadrati
 response approa
h. In the present publi
ation we ex-tend the work of Refs. [22{24℄ to the analyti
 
al
ulation of dispersion 
o-eÆ
ients for 
ubi
 response properties, i.e. se
ond hyperpolarizabilities.We de�ne the dispersion 
oeÆ
ients by a Taylor expansion of the 
ubi
response fun
tion in its frequen
y arguments. Hen
e, this approa
h is
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appli
able to all hyperpolarizability 
omponents and the 
oeÆ
ients areindependent of spe
i�
 nonlinear opti
al pro

esses.The generality of a simple power series ansatz and an open-endedformulation of the dispersion formulas fa
ilitate an alternative approa
hto the 
al
ulation of dispersion 
urves for hyperpolarizabilities 
omple-mentary to the point-wise 
al
ulation of the frequen
y-dependent prop-erty. In parti
ular, if dispersion 
urves are needed over a wide range offrequen
ies and for several opti
al pro

esses, the 
al
ulation of the dis-persion 
oeÆ
ients 
an provide a 
ost-eÆ
ient alternative to repeated
al
ulations for di�erent opti
al pro

esses and di�erent frequen
ies.The open-ended formulation allows to investigate the 
onvergen
e ofthe dispersion expansion and to redu
e the trun
ation error to what is
onsidered tolerable.In the next se
tion we derive the Taylor expansion of the 
oupled
luster 
ubi
 response fun
tion in its frequen
y arguments and the equa-tions for the required expansions of the 
luster amplitude and Lagrangianmultiplier responses. For the experimentally important isotropi
 aver-ages 
jj, 
? and 
K we give expli
it expressions for the A and higher-order 
oeÆ
ients in terms of the 
oeÆ
ients of the Taylor series. In Se
.4 we present an appli
ation of the developed approa
h to the se
ondhyperpolarizability of the methane mole
ule. We test the 
onvergen
eof the hyperpolarizabilities with respe
t to the order of the expansionand investigate the sensitivity of the 
oeÆ
ients to basis sets and 
orre-lation treatment. The results are 
ompared with dispersion 
oeÆ
ientsderived by least square �ts to experimental hyperpolarizability data orto pointwise 
al
ulated hyperpolarizabilities of other ab inito studies.2 Coupled Cluster response theoryIn the derivation of response fun
tions one 
onsiders a mole
ule or anatom des
ribed by the time-independent Hamiltonian Ĥ(0) whi
h is per-turbed by an external one-ele
tron perturbation V̂ (t; �).Ĥ(t; �) = Ĥ(0) + V̂ (t; �) (2)
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We assume that the perturbation operator V̂ (t; �) 
an be expanded in asum over Fourier 
omponents asV̂ (t; �) = Xj ĤXj �j(!j)e(�i!j t) ; (3)where ĤXj are hermitian time- and �eld-independent one-ele
tron op-erators and �j(!j) are asso
iated �eld strengths for frequen
ies !j. Theletter � without index is in the following used as abbreviation for the
omplete set f�jg of �eld strengths in
luded in V̂ . The time-dependentground-state 
oupled 
luster wavefun
tion for su
h a system is 
onve-niently parametrized in a form, where the os
illating phase fa
tor 
ausedby the so-
alled level-shift or time-dependent quasienergy W(t; �) is ex-pli
itly isolated [25{28℄:���CC(t; �)E = exp��i Z tt0 W(t0; �)dt0� exp �T̂ (t; �)� ���HFE (4)The �eld- and time-dependent 
luster operator is de�ned as T̂ (t; �) =P� t�(t; �)�̂� and jHFi is the SCF wavefun
tion of the unperturbedmole
ule. By keeping the Hartree-Fo
k referen
e �xed in the presen
e ofthe external perturbation, a two step approa
h, whi
h would introdu
einto the 
oupled 
luster wavefun
tion an arti�
ial pole stru
ture form theresponse of the Hartree Fo
k orbitals, is 
ir
umvented. The quasienergyW and the time-dependent 
oupled 
luster equations are determined byproje
ting the time-dependent S
hr�odinger equation onto the Hartree-Fo
k referen
e and onto the bra states hHFj�̂ y� exp(�T̂ ):W(�; t) = DHF���Ĥ(�; t) exp(T̂ )���HFE: (5)DHF����̂ y� exp�� T̂ (t; �)�Ĥ(t; �) exp �T̂ (t; �)����HFE� i ddtt�(t; �) = 0 (6)The latter equation may be written in the shorthand forme�(t; �)� i ddt t�(t; �) = 0 : (7)Frequen
y-dependent higher-order properties 
an now by obtained asderivatives of the time-average of the quasienergy fWgT with respe
t
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to the �eld strengths of the external perturbations. To derive 
ompu-tational eÆ
ient expressions for the derivatives of the 
oupled 
lusterquasienergy we use a variational formulation whi
h is obtained by 
om-bining the quasienergy and the time-dependent 
oupled 
luster equationsto a quasienergy Lagrangian:L(t; �) = W(t; �) +X� �t� �e�(t; �)� i ddt t�)� (8)The time-average of the quasienergy LagrangianfL(t; �)gT = limt0!1 12t0 Z +t0�t0 L(t; �)dt ; (9)may now be required to be stationary with respe
t to the Fourier 
om-ponents of the 
luster amplitudes and the Lagrangian multipliers [23{25, 28℄. ÆfL(t; �)gT = 0 (10)Inserting the perturbation and Fourier expansion of the 
luster ampli-tudes and the Lagrangian multipliers,t�(t; �) = t(0)� + 1Xn=1 1n!Xj1 � � �Xjn tXj1 :::Xjn (!j1 ; : : : ; !jn) (11)� nYm=1 �jm(!jm)e�i!jm t�t�(t; �) = �t(0)� + 1Xn=1 1n!Xj1 � � �Xjn �tXj1 :::Xjn (!j1 ; : : : ; !jn) (12)� nYm=1 �jm(!jm)e�i!jm tthe variational 
ondition for the time-averaged quasienergy (10) be
omesa set of response equations for the individual expansion 
oeÆ
ients oft�(t; �) and �t�(t; �). In zeroth-order one obtains the usual 
oupled 
lusterequations, e(0) = 0, and the equations for the zeroth-order Lagrangianmultipliers, �(0) + �t(0)A = 0 ; (13)
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where the ve
tor �(0) and the Ja
obian matrix A are de�ned as partialderivatives of the quasienergy and the Lagrangian with respe
t to 
lusteramplitudes and Lagrangian multipliers:�(0)� = ��W�t� �0 ; (14)A�� =  �2L��t��t�!0 : (15)The index 0 indi
ates that the derivatives are taken for zero perturbationstrengths. The equations for the �rst-order amplitudes and multipliersare obtained as:�A� !1�tA(!) = ��A ; (16)�tA(!)�A+ !1� = ���A + FtA(!)� ; (17)with �A, �A, and F de�ned as:�A� =  �2L��A(0)��t�!0 ; (18)�A� =  �2L��A(0)�t�!0 ; (19)F�� =  �2L�t��t�!0 : (20)The se
ond-order response equations for the 
luster amplitudes and theLagrangian multipliers are:�A� (!A + !B)1�tAB(!A; !B) = ��AB(!A; !B) ; (21)�tAB(!A; !B)�A+ (!A + !B)1� = ���AB(!A; !B) ; (22)with the right hand side ve
tors de�ned as:�AB(!A; !B) = P̂AB�12BtA(!A)tB(!B) +ABtA(!A)� ; (23)
117



��AB(!A; !B) = FtAB(!A; !B) + P̂AB�12GtA(!A)tB(!B) (24)+FAtB(!B) + �TB(!B)BtA(!A) + �TB(!B)AA� :The matri
es B, G and FX are de�ned as partial third derivatives ofthe Lagrangian: G��
 =  �3L�t��t��t
!0 : (25)B
�� =  �3L��t
�t��t�!0 : (26)FX�� =  �2L�t��t���X(0)!0 : (27)AX�� =  �2L��t��t���X(0)!0 : (28)The response fun
tions are obtained as derivatives of the real part of thetime-averaged quasienergy Lagrangian:hhX1;X2 : : : ;Xnii!2;:::;!n = 0�dn n 12L(t; �) + 12L(t; �)�oTd�1(!1) : : : d�n(!n) 1A0 (29)As a 
onsequen
e of the time-averaging of the quasienergy Lagrangian,the derivative in the last equation gives only a nonvanishing result if thefrequen
ies of the external �elds ful�ll the mat
hing 
onditionPi !i = 0.In fourth order Eq. (29) gives the 
ubi
 response fun
tion:hhA;B;C;Dii!B ;!C ;!D = (30)12 Ĉ�!P̂ABCDn 124 H tA(!A) tB(!B) tC(!C) tD(!D)+ 14��CD(!C ; !D) + 12FtCD(!C ; !D)�tAB(!A; !B)+ 16 �tA(!A) C tB(!B) tC(!C) tD(!D)+ 12�tA(!A) BB tC(!C) tD(!D)o;
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with !A = �(!B + !C + !D) and the ve
tor �CD de�ned as�CD(!C ; !D) = ��CD(!C ; !D)� FtCD(!C ; !D) : (31)The operator P̂ABCD symmetrizes with respe
t to permutations of theperturbation indi
es A, B, C and D and the a

ompanied frequen
iesand Ĉ�! symmetrizes with respe
t to an inversion of the signs of allfrequen
ies and simultaneous 
omplex 
onjugation. The three matri
esH, C and BX are de�ned as:H��
Æ = � �3L�t� �t� �t
 �tÆ�0 ; (32)BX��
 = � �3L��t� �t� �t
 ��X(0)�0 ; (33)C��
Æ = � �3L��t� �t� �t
 �tÆ�0 : (34)An implementation of the 
ubi
 response fun
tion Eq. (30) for the 
ou-pled 
luster model hiera
hy CCS, CC2 and CCSD was reported in Ref.[24℄.3 Dispersion 
oeÆ
ients for dynami
 se
ond hy-perpolarizabilities3.1 Expansion of general hyperpolarizabilities 
omponentsIn the normal dispersion region below the �rst pole, response fun
tions
an be expanded in power series in their frequen
y arguments. Thefour frequen
ies, asso
iated with the operator arguments of the 
ubi
response fun
tion are related by the mat
hing 
ondition !A+!B+!C+!D = 0. Thus se
ond hyperpolarizabilities or in general 
ubi
 responseproperties are fun
tions of only three independent frequen
y variables,whi
h may be 
hosen as !B, !C and !D:
ABCD(�!B�!C�!D;!B ; !C ; !D) = 1Xl;m;n=0!lB!mC !nDDABCD(l;m; n)(35)
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with the 
oeÆ
ients DABCD(l;m; n) de�ned as:DABCD(l;m; n) = l!m!n!(l +m+ n)!  dl+m+n 
ABCDd!lB d!mC d!nD !!i=0 (36)To derive working expressions for the dispersion 
oeÆ
ients DABCD weneed the power series expansion of the �rst-order and se
ond-order re-sponses of the 
luster amplitudes and the Lagrangian multipliers in theirfrequen
y arguments. In Refs. [22, 29℄ we have introdu
ed the 
oupled
luster Cau
hy ve
tors:tA(!A) = 1Xn=0!nACA(n) ; (37)CA(n) = 1n!  dntA(!A)d!nA !!A=0 = �A�n�1�A ; (38)and the 
orresponding expansion for the �rst-order Lagrange multipliers:�tA(!A) = 1Xn=0!nA �CA(n) : (39)�CA(n) = 1n!  dn�tA(!A)d!nA !!A=0 ; (40)= nXm=0(�1)m+1�FCA(n�m) + Æm;n�A�A�m�1 ; (41)The Cau
hy ve
tors for n � 0 are obtained by solution of the re
ursiveset of linear equations,ACA(n) = CA(n� 1) ; (42)starting with the zeroth-order Cau
hy ve
tor whi
h is equal to the stati
limit of the �rst-order 
luster amplitude response: CA(0) = tA(0). The�CA(n) ve
tors for n � 0 are obtained from the re
urren
e relation:�CA(n)A = �hFCX(n) + �CA(n� 1)i ; (43)
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starting with �CA(0) = �tA(0). The se
ond-order response of the 
lusteramplitudes 
an be expanded in their two frequen
y arguments as:tAB(!A; !B) = 1Xm;n=0!mA!nBCAB(m;n) (44)CAB(m;n) = 1m!n!  dm+ntAB(!A; !B)d!mA d!nB !!A=!B=0 (45)= � mXp=0 nXq=0�m�p+n�qm�p �A�m+p�n+q�1 
�AB(p; q) ;with 
�AB(m;n) = 1m!n!  dm+n�AB(!A; !B)d!mA d!nB !!A=!B=0 (46)= P̂ABmn �12BCA(m)CB(n) + Æn;0ABCA(m)� (47)The operator P̂ABmn symmetrizes with respe
t to permutation of the op-erators A and B together with the a

ompanied \Cau
hy" orders m, n;Æ is the Krone
ker symbol. Similar as for the �rst-order Cau
hy ve
torsthe se
ond-order Cau
hy ve
tors are obtained as solutions of a re
ursiveset of equations:ACAB(m; 0) = ��
�AB(m; 0) �CAB(m� 1; 0)� ; (48)ACAB(0; n) = ��
�AB(0; n)� CAB(0; n� 1)� ; (49)ACAB(m;n) = ��
�AB(m;n)� CAB(m� 1; n) (50)�CAB(m;n� 1)� ;starting with CAB(0; 0) = tAB(0; 0). For the se
ond-order response ofthe Larangian multipliers one �nds the following expansion in the fre-quen
y argmuments:�tAB(!A; !B) = 1Xm;n=0!mA!nB �CAB(m;n) (51)
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�CAB(m;n) = 1m!n!  dm+n�tAB(!A; !B)d!mA d!nB !!A=!B=0 (52)= � mXp=0 nXq=0(�1)m�p+n�q �m�p+n�qm�p � (53)� 
��AB(p; q)A�m+p�n+q�1with
��AB(m;n) = 1m!n!  dm+n ��AB(!A; !B)d!mA d!nB !!A=!B=0 (54)= FCAB(m;n) + P̂ABmn �12GCA(m)CB(n) + Æm;0FACB(n)+ �CB(n)BCA(m) + Æm;0 �CB(n)AA� :The �CAB(m;n) ve
tors are 
al
ulated using the equations:�CAB(m; 0)A = ��
��AB(m; 0) + �CAB(m� 1; 0)� ; (55)�CAB(0; n)A = ��
��AB(0; n) + �CAB(0; n� 1)� ; (56)�CAB(m;n)A = ��
��AB(m;n) + �CAB(m� 1; n) (57)+ �CAB(m;n� 1)� ;The matri
es F, G, FX , H, AX , B, and C whi
h appear in the expres-sion for the se
ond hyperpolarizability in Eq. (30) are de�ned as partialderivatives of the quasienergy Lagrangian taken at zero �eld strengthsand hen
e are frequen
y-independent.To �nd the power series expansion of Eq. (30) in !B, !C , !D we
an thus repla
e the �rst-order responses of the 
luster amplitudes andLagrangian multipliers and the se
ond-order responses of the 
lusteramplitudes by the expansions in Eqs. (37), (39) and (44) and express!A as �!B � !C � !D. However, doing so starting from Eq. (30) leadsto expressions whi
h involve an unne

essary large number of se
ond-order Cau
hy ve
tors CAB(m;n). To keep the number of se
ond-order
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equations for the intermediates CAB(m;n) and �CAB(m;n) minimal, weuse Eqs. (22) { (24) and (31) to rewrite the �rst term in Eq. (30) in thealternative forms:P̂ABCD 14��CD(!C ; !D) + 12FtCD(!C ; !D)�tAB(!A; !B) (58)= ĈBCDn�AB(!A; !B)tCD(!C ; !D) + ��CD(!C ; !D)tAB(!A; !B)o= ĈBCDn�AB(!A; !B)tCD(!C ; !D) + �tCD(!C ; !D)�AB(!A; !B)owhere ĈBCD is a permutation operator whi
h generates the three 
y
li
permuations of B, C, and D: ĈBCD(BCD) = (BCD) + (CDB) +(DBC). To obtain an eÆ
ient expression for the power series expansionof the 
ubi
 response fun
tion in the frequen
y arguments, we introdu
ethe intermediates PAB;CD(i; j; k; l) de�ned for i+ j > k + l asPAB;CD(i; j; k; l) = 
�AB(i; j) CCD(k; l) + �CCD(k; l) 
�AB(i; j) ;(59)for i+ j < k + l asPAB;CD(i; j; k; l) = 
�CD(k; l) CAB(i; j) + �CAB(i; j) 
�CD(k; l) ;(60)and for i+ j = k + l asPAB;CD(i; j; k; l) = FCAB(i; j)CCD(k; l) (61)+�
�AB(i; j) + �CAB(i� 1; j) + �CAB(i; j � 1)�CCD(k; l)+�
�CD(k; l) + �CCD(k � 1; l) + �CCD(k; l � 1)�CAB(i; j) ;where 
�AB(i; j) = 
��AB(i; j)�FCAB(i; j). If we 
onsider i+j+k+ l asthe order of PAB;CD(i; j; k; l) in the frequen
ies and i+ j as order of theve
tors CXY (i; j), �CXY (i; j) we obtain 2n+ 1 and 2n+ 2 rules [30℄ forthe se
ond-order Cau
hy CXY ve
tors and their Lagrangian multiplier
ounterparts �CXY : se
ond-order Cau
hy ve
tors CXY up to order n aresuÆ
ient to 
al
ulate the PAB;CD(i; j; k; l) up to order 2n+ 1 and fromthe ve
tors �CXY up to order n the PAB;CD(i; j; k; l) intermediates 
anbe 
al
ulated up to order 2n+ 2.
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The 
oupled 
luster expression for frequen
y-dependent se
ond hy-perpolarizability, Eq. (30), 
an now be expanded in a Taylor series in itsfrequen
y arguments around its stati
 limit as:
ABCD(!A;!B ; !C ; !D) (62)= �12 Ĉ�! 1Xi;j;k;l=0!iA !jB !kC !lD dABCD(i; j; k; l) ;with the 
oeÆ
ients dABCD(i; j; k; l) de�ned asdABCD(i; j; k; l) = ĈBCDPAB;CD(i; j; k; l) (63)+P̂ABCDn 124 H CA(i) CB(j) CC(k) CD(l)+16 �CA(i) C CB(j) CC(k) CD(l)+Æj;0 12 �CA(i) BB CC(k) CD(l)o :Rewriting the redundant frequen
y !A as �!B � !C � !D, we �nd:
ABCD(!A;!B; !C ; !D)= �12 Ĉ�! 1Xpqr=0 1Xlmn=0(�1)p+q+r (p+ q + r)!p! q! r! (64)�!p+lB !q+mC !r+nD dABCD(p+ q + r; l;m; n) ;= �12 Ĉ�! 1Xlmn=0!lB!mC !nD lXp=0 mXq=0 nXr=0(�1)p+q+r (65)�(p+ q + r)p! q! r! dABCD(p+ q + r; l � p;m� q; n� r) :From Eq. (65) we identify for the dispersion 
oeÆ
ients DABCD(l;m; n)de�ned in Eq. (35) the expressionDABCD(l;m; n) = � lXp=0 mXq=0 nXr=0(�1)p+q+r (p+ q + r)!p!q!r! (66)
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�12�dABCD(p+q+r; l�p;m�q; n�r)+(�1)l+m+ndABCD(p+q+r; l�p;m�q; n�r)�� :Thus 
oeÆ
ients with an even total order l +m + n are real and 
oef-�
ients with an odd total order l +m + n are pure imaginary. In thefollowing we 
onsider only dipole hyperpolarizabilities. In this 
ase thefour operators A, B, C and D are 
artesian 
omponents of the dipoleoperator and the odd dispersion 
oeÆ
ients vanish.3.2 Spe
ial expansions for 
jj, 
? and 
KFor opti
al pro
esses whi
h 
an be parametrized in terms of a single laserfrequen
y like third harmoni
 generation (THG), ele
tri
 �eld indu
edse
ond harmoni
 generation (ESHG), the d
-Kerr e�e
t, and degener-ate four wave mixing (DFWM), spe
ialized versions of Eq. (35) 
an bederived, with dispersion 
oeÆ
ients that depend only on one order pa-rameter. For example the third harmoni
 generation hyperpolarizability
THGABCD(!) = 
ABCD(�3!;!; !; !) 
an be expanded as:
THGABCD(!) = 1Xn=0!2nDTHGABCD(2n) ; (67)with DTHGABCD(n) = nXm=0 mXl=0DABCD(n�m;m� l; l) : (68)The analogous dispersion 
oeÆ
ients for the ESHG hyperpolarizabil-ity 
ESHGABCD(!) = 
ABCD(�2!;!; !; 0), the d
-Kerr e�e
t 
d
�KerrABCD (!) =
ABCD(�!; 0; 0; !) and DFWM 
DFWMABCD (!) = 
ABCD(�!;!; !;�!) arefound as: DESHGABCD(n) = nXm=0DABCD(n�m;m; 0) (69)Dd
�KerrABCD (n) = DABCD(0; 0; n) (70)DDFWMABCD (n) = nXm=0 mXl=0(�1)lDABCD(n�m;m� l; l) (71)
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An alternative 
ompa
t expansion with 
oeÆ
ients whi
h are indepen-dent of the opti
al pro
ess 
an be derived for the isotropi
 parallel av-erage of the se
ond hyperpolarizability 
jj de�ned as [13℄
jj = 115X�� n
���� + 
���� + 
����o; �; � = x; y; z; (72)whi
h is the tensor 
omponent probed in the majority of hyperpolariz-ability measurements. It was �rst suggested by Shelton [18℄ based on asingle resonan
e model that 
jj 
an be expanded in low orders in termsof the e�e
tive frequen
y !2L = !20 + !21 + !22 + !23 as
jj(!0;!1; !2; !3) = 
0 �1 +A!2L + : : :� : (73)As was proven later by Bishop [19℄, the 
oeÆ
ient A in the expansion(73) is the same for all opti
al pro
esses. If the expansion (73) is ex-tended to fourth-order [4,19℄ by adding the term B!4L the 
oeÆ
ient Bis the same for the d
-Kerr e�e
t and for ele
tri
 �eld indu
ed se
ond-harmoni
 generation, but other fourth powers of the frequen
ies than !4Lare in general needed to represent the frequen
y-dependen
e of 
jj withpro
ess-independent dispersion 
oeÆ
ients [19℄. Bishop and De Kee [20℄proposed re
ently for the all-diagonal 
omponents 
���� the expansion
����(!0;!1; !2; !3) = 
0 +AW2 +BW 22 +B0W4 + : : : ; (74)with Wn = Pi !ni and B and B0 pro
ess-independent. Employing theinvarian
e of 
jj(!0;!1; !2; !3) with respe
t to permutations of the fre-quen
y arguments, we have prooved [31℄ that the expansion (74) is validalso for the isotropi
 parallel average 
jj and that it 
an be generalizedto arbitrarly high orders in the frequen
y arguments, using only pro
ess-independent dispersion 
oeÆ
ients.However, the ansatz in Eq. (74) hasthe disadvantage that simpli�
ations whi
h o

ur if one or more of theexternal �elds are stati
 are not re
e
ted in the e�e
tive frequen
iesWn:Already for the d
-Kerr e�e
t and also for the ele
tri
 �eld indu
ed se
-ond harmoni
 generation both fourth-order 
oeÆ
ients, B and B0, enterthe des
ription of the dispersion. In Ref. [31℄ we proposed therefore for
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jj the alternative open-ended expansion:
jj(!0;!1; !2; !3) = 
00�1 + 1Xn=1 X2k+3k+4m=2nAk;l;m !2kL2 !3lL3 !4mL4 1A ;(75)where the 
oeÆ
ients Ak;l;m are stri
tly pro
ess-independent and thee�e
tive frequen
ies !2L2, !3L3 and !4L4 are de�ned as: [32℄!2L2 = Xi !2i = !2L; (76)!3L3 = Xi !3i = 3�!0!1!2 + !0!1!3 + !0!2!3 + !1!2!3� (77)!4L4 = Xi �!4i � 12!2i � = � 4!0!1!2!3 (78)These e�e
tive frequen
ies are 
hosen su
h that !3L3 
ontributes only foropti
al pro
esses with at least three non-zero frequen
y arguments, while!4L4 is only non-zero if all four frequen
y arguments are non-zero. Duringthe implementation it was also found that this 
hoi
e for the e�e
tivefrequen
ies leads to the most 
ompa
t expressions for the 
oeÆ
ientsAk;l;m in terms of D(n;m; l). Using a similar notation as in Eq. (73),
jj(!0;!1; !2; !3) 
an up to sixth order in the frequen
ies be expandedas 
jj(!0;!1; !2; !3) = 
0�1 +A!2L2 +B!4L2 +B0!4L4 (79)+C!6L2 + C 0!6L3 + C 00!2L2!4L4 : : : � :The hyperpolarizability dispersion 
oeÆ
ients A, B, B0, C, C 0, C 00 et
.
an be 
al
ulated from the 
oeÆ
ients D(l;m; n) of the Taylor expansionintrodu
ed in Eqs. (35) and (66). The required expressions are foundby equating the 
oeÆ
ients for the individual frequen
y powers !l1!m2 !n3in the two expansions and were derived in Ref. [33℄. In analogy to theparallel isotropi
 average of the hyperpolarizability, we introdu
e the
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parallel isotropi
 averages of the dispersion 
oeÆ
ients,Djj(l;m; n) = 115X�� nD����(l;m; n)+D����(l;m; n)+D����(l;m; n)o;(80)with �; � = x; y; z. With the Djj(l;m; n) 
oeÆ
ients f.x. A, B, and B0
an be 
al
ulated as:A = 12
0 Djj(2; 0; 0) ; (81)B = 14
0Djj(4; 0; 0) ; (82)B0 = 14
0�Djj(2; 1; 1) � 4Djj(4; 0; 0)� : (83)Expressions for the sixth- through tenth-order 
oeÆ
ients are given inthe Appendix. In ESHG experiments with the opti
al �eld polarizedperpendi
ular to the stati
 ele
tri
 �eld, the measured se
ond hyperpo-larizability is: [13℄
? = 115X�� n2
���� � 3
���� + 2
����o; �; � = x; y; z: (84)The 
omponent 
? is also related to the se
ond hyperpolarizability mea-sured in d
-Kerr experiments
K = 32�
jj � 
?� (85)To obtain for 
? and 
K 
ompa
t dispersion formulas similar as Eq. (79)for 
jj, these hyperpolarizability 
omponents must be written as sumsof tensor 
omponents whi
h are irredu
ibel with respe
t to the permu-tational symmetry of the operator indi
es and frequen
y arguments:
? = 13
jj + 23
ms ; (86)
K = 
jj � 
ms ; (87)
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with 
ms = 16X�� n
���� � 2
���� + 
����o; �; � = x; y; z: (88)The index ms indi
ates that 
ms transforms a

ording to the mixedsymmetry representation of the symmetri
 Group S4 [33℄. 
ms is an ir-redu
ible tensor 
omponent whi
h des
ribes a deviation from Kleinmansymmetry [34℄. It vanishs in the stati
 limit and for third harmoni
 gen-eration (!1 = !2 = !3). Up to sixth order in the frequen
y argumentsit 
an be expanded as [33℄:
ms(!0;!1; !2; !3) = 
jj(0)�Ams!2M2 +Bms!2M2!2L2 +B0ms!4M4 (89)+Cms!2M2!4L2 +C 0ms!4M4!2L2 + C 00ms!2M2!4L4 + : : : � ;with the mixed-symmetry e�e
tive frequen
ies !2M2 and !4M4 de�ned as:!2M2 = (!0 � !1)(!2 � !3) + (!0 � !3)(!2 � !1) (90)!4M4 = �3h(!20!1 � !21!0)(!2 � !3) + (!0 � !1)(!22!3 � !23!2) (91)+(!20!3 � !23!0)(!2 � !1) + (!0 � !3)(!22!1 � !21!2)iWe note that !4M4 vanishs if two of the four the frequen
y arguments !0,!1, !2, !3 be
ome zero. For the 
ase that three frequen
y argumentsare equal (third harmoni
 generation) both mixed-symmetry e�e
tivefrequen
ies !2M2 and !4M4 vanish. The 
oeÆ
ients Ams, Bms, B0ms, et
.
an again be 
al
ulated from the 
oeÆ
ients D(l;m; n) of the Taylor ex-pansion in !1, !2, !3. Expli
ite expressions for the dispersion 
oeÆ
ientsup to sixth order were derived in Ref. [33℄ and are listed in the Appendix.The approa
h outlined in Eqs. (35) { (89) has been implemented for the
al
ulation of dispersion 
oeÆ
ients for 
ubi
 response fun
tions for the
oupled 
luster model hiera
hy CCS, CC2 and CCSD into the 
oupled
luster response 
ode des
ribed in Refs. [22{24, 29, 35{41℄.
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4 Dispersion 
oeÆ
ients for the se
ond hyper-polarizability of methaneThe expressions (62) { (89) have been applied to 
al
ulate dispersion 
o-eÆ
ients for the isotropi
 
omponents of the se
ond hyperpolarizabilityof methane using the three 
oupled 
luster models CCS, CC2 and CCSDand �ve di�erent basis sets taken from the series of 
orrelation 
onsistentbasis sets developed by Dunning and 
oworkers [42℄. The 
al
ulationswere performed at the experimental equilibrium distan
e rCH = 2:052a.u. [43,44℄ For all three 
oupled 
luster models we employed the d-aug-

-pVDZ, t-aug-

-pVDZ and d-aug-

-pVTZ basis sets, whi
h were se-le
ted to obtain basis set saturation to di�erent levels of a

ura
y. Thed-aug-

-pVDZ and t-aug-

-pVDZ basis sets do not 
ontain f fun
tionsat the C atom and no d fun
tions for H, but the t-aug-

-pVDZ basis
ontains many di�use fun
tions. The d-aug-

-pVTZ basis 
ontains su
hpolarization fun
tions with higher angular momenta and the exponentsof its most di�usest fun
tions are intermediate between those in the d-aug-

-pVDZ and t-aug-

-pVDZ basis. This basis is therefore expe
tedto provide a balan
ed 
ompromise between di�usenes and polarizationlevel. For the CCSD 
al
ulations we in
luded in addition the t-aug-

-pVTZ and the d-aug-

-pVQZ basis sets to test saturation towards animproved des
ription of the valen
e and di�use region. The d-aug-

-pVQZ basis 
omprises for methane 353 
ontra
ted fun
tions and in
ludes3 g fun
tions for the C atom and 3 f fun
tions for H. We expe
t this ba-sis to give results of ben
hmark quality near to the one-parti
le basis setlimit. In a re
ent investigation of the se
ond hyperpolarizabilities of Ne,Ar, N2 and CH4 [45℄ the d-aug-

-pVQZ basis was employed to 
a
ulatethe stati
 hyperpolarizability of CH4, whi
h was then 
ombined withdispersion 
urves for four di�erent opti
al pro
esses 
al
ulated point-wise at 6 frequen
ies using the t-aug-

-pVTZ basis. Due to the large
omputational 
osts, a pointwise 
al
ulation of dispersion 
urves withthe d-aug-

-pVQZ basis was not feasible. The analyti
 
al
ulation ofthe dispersion 
oeÆ
ients redu
es the 
omputational 
osts signi�
antlyif the dispersion expansion 
an be trun
ated in low order. The A and B
oeÆ
ients for example 
an be 
al
ulated with approximately the same
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order THG ESHG DFWM Kerr0 2.3782(3) 2.3782(3) 2.3782(3) 2.3782(3)2 2.1486(5) 1.0743(5) 7.1619(4) 3.5810(4)4 1.4148(7) 3.5673(6) 1.6258(6) 3.9637(5)6 8.4389(8) 1.0639(8) 3.4110(7) 3.8291(6)8 4.8816(10) 3.0270(9) 7.0106(8) 3.4179(7)10 2.8113(12) 8.4138(10) 1.4398(10) 2.8965(8)Table 1: CoeÆ
ients for 
jj(!) for third harmoni
 generation (THG),degenerate four wave mixing (DFWM), ele
tri
 �eld indu
ed se
ondharmoni
 generation (ESHG), and Kerr e�e
t in methane at the ex-perimental geometry rCH = 2:052 a.u. A CCSD wavefun
tion and thet-aug-

-pVDZ basis were used. (Results given in atomi
 units, thenumber in parentheses indi
ate powers of ten.)
omputational 
osts as for one frequen
y-dependent 
al
ulation for theele
tri
 �eld indu
ed se
ond harmoni
 generation (ESHG) pro
ess. Thismade it possible to 
al
ulate Taylor and Pad�e approximations to the d-aug-

-pVQZ dispersion 
urves whi
h are 
orre
t through fourth orderin the opti
al frequen
ies.4.1 Convergen
e with the order of the expansionFirst, we examine for a �xed basis set and a �xed wavefun
tion model the
onvergen
e of trun
ated Taylor expansions and Pad�e approximants withthe order of the dispersion 
oeÆ
ients. In Table 1 we 
ompiled for thet-aug-

-pVDZ basis set and a CCSD wavefun
tion the 
oeÆ
ients up totenth order for the parallel isotropi
 average 
jj for THG, ESHG, DFWMand d
-Kerr e�e
t. From the tabulated 
oeÆ
ients we 
al
ulated theTaylor approximations of order 2 through 10 for two wavelength, 671.5nm and 476.5 nm. The �rst wavelength has been 
hosen intermediatebetween the typi
al experimental wavelengths 632.8 and 694.3 nm, usedin many d
-Kerr, THG and ESHG experiments. The se
ond wavelength
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is the shortest whi
h has been used in ESHG measurements for methaneand has been 
hosen as representative for the high-frequen
y limit of theusual experimental frequen
y range. The results are listed in Table 2together with the results obtained with diagonal Pad�e approximants [46℄whi
h are 
orre
t through the same order in the frequen
y argumentsand the series limits whi
h were 
al
ulated using the implementation forthe frequen
y-dependent response fun
tions.The 
onvergen
e rate of the Taylor expansion and the series of diag-onal Pad�e approximants is in the normal dispersion region determinedby how 
lose the frequen
y argument is to the �rst pole in the hyper-polarizability. For the d
-Kerr e�e
t this o

urs when ! equals the �rstdipole-allowed transition energy �"01; for ESHG and THG the �rst poleo

urs at ! = �"01=2 and ! = �"01=3, respe
tively. For degenerate fourwave mixing the �rst pole o

urs usually when ! equals half the transi-tion energy for the �rst two-photon dipole-allowed transition.The di�eren
es in the positions for the �rst poles are distin
tly re-
e
ted by the di�erent 
onvergen
e rates for the four non-linear opti
alpro
esses: For both frequen
ies 
jj for the d
-Kerr e�e
t 
onverges veryfast. Already the se
ond-order Taylor approximations obtained fromonly 
0 and A are within 1% (671.5 nm) and 1.5% (476.5 nm) of theseries limit. The error is redu
ed by about a fa
tor of two if instead the[0,1℄ Pad�e approximant is used, whi
h is also 
al
ulated using only 
0and A. With the [1,1℄ Pad�e approximant, 
al
ulated from 
0 and the Aand B 
oeÆ
ients, the error is redu
ed to less than 0.1%. For degeneratefour wave mixing already a fourth-order Taylor approximation is neededto get 
DFWMjj (!) at the two frequen
ies 
orre
t within 1%. Again theerrors are drasti
ally redu
ed if instead a [1,1℄ Pad�e approximant is used,whi
h 
an be obtained from the same dispersion 
oe�
ients. The 
on-vergen
e is again somewhat slower for the ESHG pro
ess: at the higherof the two frequen
ies (476.5 nm) already a sixth-order Taylor expansionwould be needed to get the hyperpolarizability 
orre
t within 1%, alter-natively this a

ura
y 
an be obtained using the [1,1℄ Pad�e approximantwhi
h requires only the dispersion 
oeÆ
ients up to fourth order, i. e.the A and B 
oeÆ
ients.
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jj at 671.5 nm (0.0678531 a.u.)Kerr DFWM ESHG THGorder/approximant Taylor Pad�e Taylor Pad�e Taylor Pad�e Taylor Pad�e2 / [0,1℄ 2543:08 2555:36 2707:95 2761:02 2872:82 3002:69 3367:42 4071:934 / [1,1℄ 2551:48 2551:93 2742:41 2746:43 2948:43 2962:08 3667:33 3797:816 / [1,2℄ 2551:85 2551:87 2745:74 2746:08 2958:82 2960:37 3749:69 3778:968 / [2,2℄ 2551:87 2551:87 2746:05 2746:09 2960:18 2960:38 3771:62 3779:4610 / [2,3℄ 2551:87 2551:87 2746:08 2746:09 2960:35 2960:38 3777:44 3779:551 2551:87 2746:09 2960:38 3779:56
jj at 476.5 nm (0.0956209 a.u.)Kerr DFWM ESHG THGorder/approximant Taylor Pad�e Taylor Pad�e Taylor Pad�e Taylor Pad�e2 / [0,1℄ 2705:63 2757:90 3033:05 3281:87 3360:47 4051:64 4342:73 13672:14 / [1,1℄ 2738:76 2742:50 3168:97 3204:57 3658:70 3788:73 5525:55 7315:266 / [1,2℄ 2741:69 2741:95 3195:04 3201:01 3740:03 3768:23 6170:61 6861:308 / [2,2℄ 2741:93 2741:95 3199:94 3201:07 3761:18 3768:36 6511:79 6884:8010 / [2,3℄ 2741:95 2741:95 3200:86 3201:08 3766:56 3768:36 6691:45 6894:481 2741:95 3201:08 3768:36 6896:81Table 2: Convergen
e of the Taylor series and the series of diagonal Pad�e approximants (CCSDresponse, t-aug-

-pVDZ basis). The \ini�nite" order results were 
al
ulated using the implementationfor the frequen
y-dependent response fun
tion.
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A similar 
onvergen
e is found for the third harmoni
 generationpro
ess at the lower of the two frequen
ies, 671.5 nm. At the higher fre-quen
y, 476.5 nm, the Taylor approximations for the third harmoni
 gen-eration hyperpolarizability 
onverge only very slowly, even with a tenth-order Taylor approximation a one-per
ent a

ura
y is not obtained. Thisa

ura
y, however, is still a
hieved with a [1,2℄ Pad�e approximant 
al-
ulated from the dispersion 
oeÆ
ients up to sixth order.The mu
h better performan
e of the diagonal Pad�e approximants
ompared to the Taylor expansion is not unexpe
ted sin
e similar 
on-vergen
e trends were found previously for the expansion of the �rsthyperpolarizabilities �SHGjj (!) and �EOPEjj (!) of ammonia. The goodperforman
e of Pad�e approximants for the approximation of dispersion
urves for frequen
y-dependent properties is also well known from linearpolarizabilities [47℄. The present results are promising for further appli-
ations to other mole
ules. A trun
ation error of 1% in the ele
troni
hyperpolarizability will be a

eptable for most prati
al appli
ations. Toa
hieve an overall a

ura
y of 1% in ab initio 
al
ulations would requirevery large basis sets, the in
lusion of 
onne
ted triples and a very a
-
urate treatment of vibrational e�e
ts | a 
hallenging task no yet metfor polyatomi
 systems. Also, only for the most a

urate ESHG andd
-Kerr measurements [4, 9, 11{14℄ the un
ertainities are less than 1%;for THG, DFWM, a
-Kerr and CARS measurements the un
ertainitiesare often larger than 10% [13, 48, 49℄.4.2 Convergen
e with the basis setIn Table 3 we have listed the results of a basis set and 
orrelation studyfor the hyperpolarizability dispersion 
oeÆ
ients. In a previous investi-gation of the basis set e�e
ts on the dispersion 
oeÆ
ients for the �rsthyperpolarizability � of ammonia [22℄ we found quite di�erent trends forthe stati
 hyperpolarizability and for the dispersion 
oeÆ
ients. Whilethe stati
 hyperpolarizability was very sensitive to the in
lusion of dif-fuse fun
tions, the dispersion 
oeÆ
ients remained almost un
hangedon augmentation of the basis set with additional di�use fun
tions, butthe results obtained with the CC2 and CCSD models, whi
h in
lude dy-nami
 ele
tron 
orrelation, showed large 
hanges with an in
rease of the
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polarization level from double zeta to triple zeta basis sets. This basisset trend for the hyperpolarizability dispersion 
oeÆ
ients is 
orrobo-rated by the CC2 and CCSD results for the se
ond hyperpolarizabilityof methane, although the e�e
ts are less exaggerated than for �jj of am-monia. For methane also the stati
 hyperpolarizability is sensitive tothe polarization level of the basis set.The dispersion 
oeÆ
ients for the mixed-symmetry 
omponent 
mswhi
h des
ribes the deviation from Kleinman symmetry are for methanemore than an order of magnitude smaller than 
oeÆ
ients of the sameorder in the frequen
ies for 
jj. Their varations with basis sets andwavefun
tion models are, however, of 
omparable absolute size and giverise to very large relative 
hanges for the mixed-symmetry dispersion
oeÆ
ients.From a basis set study at the CCSD level for the stati
 hyperpolar-izability we 
on
luded in Ref. [45℄ that the d-aug-

-pVQZ results for
0 is 
onverged within 1 { 2% to the CCSD basis set limit. The smallvariations for the A, B and B0 
oeÆ
ients between the two triple zetabasis sets and the d-aug-

-pVQZ basis, listed in Table 4, indi
ate thatalso for the �rst dispersion 
oeÆ
ients the remaining basis set error in d-aug-

-pVQZ basis is only of the order of 1 { 2%. This 
orroborates thatthe results for the frequen
y-dependent hyperpolarizabilities obtained inRef. [45℄ by a 
ombination of the stati
 d-aug-

-pVQZ hyperpolarizabil-ity with dispersion 
urves 
al
ulated using the smaller t-aug-

-pVTZbasis set are 
lose to the CCSD basis set limit.
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CCS CC2 CCSDdaD taD daT daD taD daT daD taD daT
0a 2132:9 2174:7 2227:2 2526:1 2580:5 2555:5 2327:6 2378:2 2363:5A 6:6855 6:6706 6:6614 7:7064 7:6795 7:5063 7:5573 7:5287 7:3776B 33:521 33:349 32:985 43:532 43:232 41:048 41:976 41:667 39:754B0 �2:4211 �2:4097 �2:4183 �4:8706 �4:7963 �4:3894 �4:3070 �4:2404 �3:8940C 148:05 146:85 143:78 214:46 212:31 195:93 203:41 201:26 187:06C 0 25:768 25:472 24:542 37:662 37:141 33:708 35:624 35:112 32:090C 00 �57:356 �56:599 �54:989 �103:92 �101:98 �91:363 �93:170 �91:386 �82:401D 606:59 600:10 582:33 975:58 963:29 865:45 910:20 898:24 814:60D0 �570:96 �561:66 �542:10 �1080:1 �1057:7 �930:69 �958:13 �937:87 �832:83D00 197:62 195:13 186:71 333:75 308:48 288:92 305:80 300:87 267:12D000 337:41 332:87 319:97 549:57 540:80 480:52 511:61 503:18 451:30Ams �0:2320 �0:1763 0:0077 �0:2320 �0:3919 �0:1550 �0:4436 �0:3696 �0:1307Bms 0:1123 0:4387 1:3481 0:1123 �1:1510 0:1251 �1:3517 �0:8670 0:4147B0ms �0:8197 �0:7818 �0:6555 �0:8197 �1:1717 �0:9662 �1:1536 �1:1061 �0:9097Cms 11:814 13:008 15:632 11:814 7:2571 10:919 6:8975 8:9250 12:687C 0ms �8:5246 �8:1038 �6:8990 �8:5243 �13:753 �11:271 �13:263 �12:672 �10:375C 00ms 0:2520 0:1024 �0:3894 0:2520 �1:5512 �2:0347 �0:8649 �1:0837 �1:5779Table 3: Comparison of the dispersion 
oeÆ
ients for 
jj and 
ms for di�erent basis sets and 
oupled
luster models.
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4.3 The e�e
t of ele
tron 
orrelation on the dispersion
oeÆ
ientsIf we 
ompare results obtained with the same basis sets with the three
oupled 
luster models CCS, CC2 and CCSD, we �nd similar trends asobserved in Refs. [22, 45℄: The CCS model underestimates strongly thestati
 hyperpolarizabilities and their dispersion. The results are usuallyof similar quality as those obtained with SCF. For methane, the CCSstati
 hyperpolarizabilities are intermediate between the SCF and theCCSD values obtained in the same basis set. In Ref. [45℄ the CCS per-
entage dispersion 
ontribution to the third harmoni
 generation (THG)hyperpolarizability of methane was found to be slightly smaller than forSCF, both underestimating signi�
antly the dispersion obtained withthe 
orrelated 
oupled 
luster models CC2 and CCSD. A

ordingly theCCS dispersion 
oeÆ
ients listed in Table 3 are substantially smallerthan the respe
tive CCSD results obtained in the same basis sets.The CC2 model performes very di�erent for stati
 hyperpolarizabil-ities and for their dispersion. For methane, CC2 overestimates 
0 bya similar amount as it is underestimated by CCS, thus giving no im-provement in a

ura
y relative to the un
orrelated methods CCS andSCF. In 
ontrast to this, the CC2 dispersion 
oeÆ
ients listed in Table3 are by a fa
tor of 3 { 8 
loser to the CCSD values than the respe
-tive CCS results. The dispersion 
oeÆ
ients should be sensitive to thelowest dipole-allowed ex
itation energy, whi
h determines the positionof the �rst pole in the dispersion 
urve. The substantial improvementsin a

ura
y for the dispersion 
oeÆ
ients are thus 
onsistent with thegood performan
e of CC2 for ex
itation energies [35, 37, 50℄.The CCSD model gives for stati
 and frequen
y-dependent hyperpo-larizabilities usually results 
lose to the experimental values, providedthat the e�e
ts of vibrational averaging and the pure vibrational 
on-tributions have been a

ounted for. Zero point vibrational 
orre
tionsfor the stati
 and the ele
tri
 �eld indu
ed se
ond harmoni
 generation(ESHG) hyperpolarizability of methane have re
ently been 
al
ulatedby Bishop and Sauer using SCF and MCSCF wavefun
tions [51℄.
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e0(Re) a �
0e b A 
 B 
 B0 
 Ams Bms B0msCCS d-aug-

-pVTZ 2227 2512 6.661 32.99 �2:42 �0:01 1.35 �0:66CC2 d-aug-

-pVTZ 2555 2840 7.506 41.05 �4:39 �0:16 0.13 �0:97CCSD d-aug-

-pVTZ 2364 2649 7.378 (7.9) 39.75 (43) �3:89 �0:13 0.41 �0:91CCSD t-aug-

-pVTZ 2365 2650 7.378 (7.9) 39.75 (43) �3:90 �0:13 0.43 �0:91CCSD d-aug-

-pVQZ 2330 2615 7.338 (7.9) 39.30 (44) �3:84 �0:06 0.46 �1:34SCF d 1882 2186 7.049 (7.73) 36.68 (44.94)MCSCF d 2152 2438 7.057 (7.61) 36.85 (43.81)Experiment Ref. [14℄ 2607e (7.38)e (100.6)e (�0:16� 0:014)eExperiment Ref. [53℄ 2590f (7.46)f (95.08)fTable 4: Comparison of various ab initio results and experimental estimates for the dispersion 
oef-�
ients of the ele
troni
 hyperpolarizabilities 
ejj and 
ems of methane. (All results in atomi
 units.Results for the dispersion 
oeÆ
ients refer to single point 
al
ulations at the equilibrium geometry.Where available, dispersion 
oeÆ
ients for the vibrational average are given in parentheses.)
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Combining [52℄ the zero point vibrational 
orre
tions of Ref. [51℄with the CCSD results obtained in the t-aug-

-pVTZ and d-aug-

-pVQZ basis sets we obtained the estimates for the ZPV 
orre
ted 
0, Aand B 
oeÆ
ients listed in Table 4. An experimental estimate for 
0,A, and B has been derived by Shelton by �tting the results of ESHGmeasurements to the expresssion 
(!2L2) = 
0(1 +A!2L2 +B!4L2). This�t was later repeated by Bishop and Pipin [53℄ after subtra
tion of abinitio 
al
ulated results for the pure vibrational 
ontribution to the hy-perpolarizability from the orignal experimental values. These �ts did notin
lude higher powers of !L2 than !4L2. The results, in parti
ular the B
oeÆ
ient, obtained in this way are a�e
ted by higher-order terms. The
ontributions from the C and higher-order 
oeÆ
ients to the ESHG hy-perpolarizability are substantial for wavelengths shorter than 671.5 nm(!2L2 > 0.03 a.u.), when a polynomial (Taylor) expansion is used, asfollows from the dis
ussion of the 
onvergen
e of the dispersion expan-sion. The in
reasing importan
e of the sixth- and higher-order termswith in
reasing frequen
y 
an also be seen from the di�eren
e betweenthe fourth-order Taylor approximation and the [1,1℄ Pad�e approximantfor the CCSD hyperpolarizability in the d-aug-

-pVQZ basis, whi
h areboth plotted in Figure 1. The dispersion 
oeÆ
ients obtained from thetwo �ts to the experimental ESHG data are thus not stri
tly 
omparablewith analyti
ally 
al
ulated dispersion 
oeÆ
ients, as have been 
al
u-lated in the present work, or with results obtained by least square �tsto higher polynomials in !L2 as done by Bishop and Sauer in Ref. [51℄for the SCF and MCSCF results in
luded in Table 4. Nevertheless, theab initio 
al
ulated A 
oeÆ
ients agree with the values dedu
ed fromthe experimental ESHG data within � 10%. The B 
oeÆ
ients derivedby Shelton and by Bishop and Pipin from their �ts to the experimentalESHG data are about a fa
tor of 2 { 2.5 larger than the ab initio 
al-
ulated values, whi
h is likely an e�e
t of the in
lusion of higher-orderterms in the \experimental" estimates for B, sin
e the variations of Bwith basis set, ab initio method and zero point vibrational 
orre
tion areonly small. This is also 
orroborated by the 
loseness (within 1 { 3%)of the CCSD dispersion 
urves to the results of the ESHG experimentsof Refs. [4, 54℄ and to the dispersion 
urve �tted to this data (see Fig.
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MCSCF,�tto8th.-orderpolynomial
MCSCF
 ejj +
 vibjj

CCSDd-aug-cc-pVQZ,[1,1]Pad�eapprox.

CCSDd-aug-cc-pVQZ,4th.-orderTaylorapprox.
CCSDt-aug-cc-pVTZ,[1,1]Pad�eapprox.

CCSDt-aug-cc-pVTZ+
 vibjj
4th.-order�ttoexp.ESHGdata

experimentalESHGdata! 2L2 ina.u.
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0.05
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Figure 1: The ESHG hyperpolarizability of CH4.1). Compared with the CCSD results, the MCSCF values for 
0, A andB obtained in Ref. [51℄ are 
lose the un
orrelated SCF results in thesame basis set. Both underestimate the stati
 hyperpolarizability andthe dispersion (
mp. Fig. 1).A 
rude experimental estimate for the Ams 
oeÆ
ient is obtainedfrom Sheltons �t of ESHG measurements for the hyperpolarizabilityratio 
jj=
? to the expression 3(1+A�!2L2). Using the dispersion expan-sions (79) and (89), we obtain for the ratio 
jj=
? up to se
ond order inthe frequen
ies the expansion
jj
? = 3(1� 2Ams!2M2 + : : :) : (92)For ESHG the e�e
tive frequen
y !2M2 is�3!2 = !2L2=2, thus A�;ESHG =Ams. Sin
e the �t made by Shelton did not in
lude higher than se
ondpowers of !2L2, the experimental estimate for Ams is similar as the B
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oeÆ
ient a�e
ted by higher-order terms. Nevertheless, this estimateagrees in sign and in the order of magnitude with the CCSD results inthe best basis sets. The agreement is as good as 
an be expe
ted takinginto a

ount the smallness of Ams and its sensitivity to basis variationsand 
orrelation treatment. To our knowledge this is the �rst ab intio
al
ulation for the frequen
y-dependen
e of the hyperpolarizability ratio
jj=
? for a many-ele
tron system. The only other ab intio 
al
ulationfor 
jj=
?, we are aware of, are CI-Hylleraas 
al
ulations for helium, H2and D2 by Bishop and Pipin [55℄ and Bishop et al. [56℄.5 Con
lusionsWe have derived and implemented analyti
 dispersion 
oeÆ
ients forse
ond hyperpolarizabilities for the 
oupled 
luster models CCS, CC2and CCSD. The dispersion 
oeÆ
ients are de�ned through a powerseries expansion of the 
ubi
 response fun
tion in its frequen
y argu-ments and are thus appli
able to general frequen
y-dependent fourth-order properties and are independent of the non-linear opti
al pro
ess.For the irredu
ible tensor 
omponents of the se
ond hyperpolarizability
, the dispersion 
an be expressed in a 
ompa
t form using permuta-tion symmetry-adapted linear 
ombinations of the opti
al frequen
ies.In an appli
ation to the se
ond hyperpolarizability of methane we �ndgood 
onvergen
e of the Taylor expansion in the typi
al experimentalfrequen
y range for the d
-Kerr e�e
t, DFWM and ESHG. For thirdharmoni
 generation a good 
onvergen
e of the Taylor expansion is onlyfound for small frequen
ies. With Pad�e approximants the 
onvergen
eof the dispersion expansion is improved signi�
antly for all four inves-tigated opti
al pro
esses and the appli
ation range of the dispersionexpansion is 
onsiderably extended to higher frequen
ies. For manymole
ules, in parti
ular su
h with the �rst transition frequen
ies lyingas high as in methane, the �rst two dispersion 
oeÆ
ients will be suÆ-
ient to obtain the dispersion 
urves within a one per
ent a

ura
y inthe usual experimental frequen
y range, provided that the dispersion
urve is 
al
ulated using a [1,1℄ Pad�e approximant.A 
omparison of the dispersion 
oeÆ
ients obtained with di�erent
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basis sets and the 
oupled 
luster models CCS, CC2 and CCSD showsthat the dispersion 
oeÆ
ients are as sensitive to the 
hoi
e of the basisset and the 
orrelation treatment as are the stati
 hyperpolarizabilities.Similar as in a previous study on the dispersion 
oeÆ
ients for the �rsthyperpolarizability of ammonia, we �nd that the CC2 model performs
onsiderably better for dispersion 
oeÆ
ients than it does for stati
 hy-perpolarizabilities.Our results indi
ate that dispersion 
oeÆ
ients obtained from �tsof pointwise given frequen
y-dependent hyperpolarizabilities to low or-der polynomials 
an be strongly a�e
ted by the in
lusion of high-orderterms. A and B 
oeÆ
ients derived from a least square �t of experimen-tal frequen
y-dependent hyperpolarizibility data to a quadrati
 fun
tionin !2i are therefore not stri
tly 
omparable to dispersion 
oeÆ
ients 
al-
ulated by analyti
al di�erentiation or from �ts to higher-order polyno-mials. Ab initio 
al
ulated dispersion 
urves should therefore be 
om-pared with the original frequen
y-dependent experimental data.The present study demonstrates that the analyti
 
al
ulation of hy-perpolarizability dispersion 
oeÆ
ients provides an eÆ
ient alternativeto the pointwise 
al
ulation of dispersion 
urves. The dispersion 
oef-�
ients provide additional insight into non-linear opti
al properties andare transferable between the various opti
al pro
esses, also to pro
essesnot investigated here as for example the a
-Kerr e�e
t or 
oherent anti-Stokes Raman s
attering (CARS), whi
h depend on two independentlaser frequen
ies and would be expensive to study with 
al
ulations ex-pli
tly frequen
y-dependent 
al
ulations.A
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A Formulas for the sixth- through tenth-orderdispersion 
oeÆ
ients for 
jj and 
msThe 
oeÆ
ients for the sixth- through tenth-order terms of the dispersionexpansion Eq. (75) for 
jj are found as:C = A3;0;0 = 18
jj(0)Djj(6; 0; 0) (93)C 0 = A0;2;0 = 19
jj(0)�Djj(4; 2; 0) � 6Djj(6; 0; 0)� (94)C 00 = A1;0;1 = 18
jj(0)�Djj(4; 1; 1) � 2Djj(4; 2; 0) (95)+3Djj(6; 0; 0)�D = A4;0;0 = 116
jj(0)Djj(8; 0; 0) (96)D0 = A2;0;1 = 116
jj(0)�Djj(6; 1; 1) � 2Djj(6; 2; 0) (97)+Djj(7; 1; 0)�D00 = A0;0;2 = 116
jj(0)�Djj(4; 2; 2) �Djj(4; 3; 1) (98)�Djj(5; 2; 1) + 4Djj(7; 1; 0)�D000 = A1;2;0 = 118
jj(0)�Djj(6; 2; 0) � 10Djj(8; 0; 0)� (99)E = A5;0;0 = 132
jj(0)Djj(10; 0; 0) (100)E0 = A3;0;1 = 132
jj(0)�Djj(8; 1; 1) � 2Djj(10; 2; 0) (101)+Djj(9; 1; 0)�E00 = A1;0;2 = 132
jj(0)�Djj(6; 2; 2) � 2Djj(6; 3; 1) (102)+3Djj(8; 1; 1) + 10Djj(8; 2; 0) � 29Djj(9; 1; 0)�
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E000 = A2;2;0 = 136
jj(0)�Djj(8; 2; 0) � 15Djj(10; 0; 0)� (103)E0000 = A0;2;1 = 136
jj(0)�Djj(6; 3; 1) � 9Djj(8; 1; 1) (104)�14Djj(8; 2; 0) + 61Djj(9; 1; 0)�The dispersion 
oeÆ
ients for 
ms are obtained as:Ams = 1
jj(0)Dms(2; 0; 0) ; (105)Bms = 12
jj(0)Dms(4; 0; 0) ; (106)B0ms = � 19
jj(0)�Dms(3; 1; 0) +Dms(4; 0; 0)� ; (107)Cms = 14
jj(0)Dms(6; 0; 0) ; (108)C 0ms = � 118
jj(0)Dms(5; 1; 0) ; (109)C 00ms = 124
jj(0)�3Djj(3; 2; 1) � 2Djj(5; 1; 0)� ; (110)with the intermediates Dms(l;m; n) de�ned as:Dms(l;m; n) = 16X�� nD����(l;m; n)� 2D����(l;m; n) +D����(l;m; n)o;(111)where the summation is over �; � = x; y; z.Referen
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