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Abstract

The coupled cluster cubic response function is derived using a time-averaged quasienergy Lagrangian and Fourier
component variational perturbation theory. The obtained expressions are in accord with the 2nq1 and 2nq2 rules. The
first implementation of the cubic response function is reported for frequency-dependent second hyperpolarizabilities for a
coupled cluster singles and doubles wavefunction and sample calculations are presented for hyperpolarizabilities of N for2

several third-order optical processes. The results are in excellent agreement with recent experiments for electric field induced
second harmonic generation. q 1998 Elsevier Science B.V.

1. Introduction

The frequency-dependent hyperpolarizabilities are
the fundamental molecular parameters that enter in
the description of many nonlinear optical phenomena.
The theoretical understanding and accurate determi-
nation of the frequency-dependent hyperpolarizabili-
ties is therefore important for example in the devel-
opment of optical devices. In particular the recent
discovery of an acceptor-substituted carotenoid with
an extraordinarily large susceptibility for the third

Ž .harmonic generation THG process has encouraged
the search for organic compounds suitable for all-

w xoptical switches 1,2 . The ab initio determination of
second- and third-order optical properties, i.e. fre-
quency-dependent first and second hyperpolarizabili-
ties, has been an active field of research for more
than a decade. Most studies describe the frequency-
dependence of the hyperpolarizabilities only at the

Ž .uncorrelated time-dependent Hartree–Fock TDHF

level or treat one or more of the electric fields by
numerical differentiation and are thereby restricted to
optical processes where these fields are static. The
analytic treatment of four frequency-dependent fields
is for example needed for the third harmonic genera-
tion process. Correlated calculations of general fre-
quency-dependent second hyperpolarizabilities for
two-electron systems have been reported by Bishop

w x w xand Lam 3,4 and Bishop and coworkers 5,6 , who
Ž .employed explicitly correlated CI-Hylleraas wave-

functions. Recently the first implementation of a
correlated approach which is applicable to many-
electron systems has been reported by Jonsson et al.
w x7 , using multiconfigurational self-consistent field
Ž .MCSCF wavefunctions.

Dynamical electron correlation effects are impor-
tant for an accurate description of higher-order re-
sponse properties. For closed shell systems dynami-
cal correlation is most efficiently dealt with using
single reference based correlation methods. In partic-

0009-2614r98r$19.00 q 1998 Elsevier Science B.V. All rights reserved.
Ž .PII S0009-2614 97 01227-X



( )C. Hattig et al.rChemical Physics Letters 282 1998 139–146¨140

ular, second-order Møller–Plesset perturbation the-
ory and coupled cluster methods have proven to be
efficient. Coupled cluster based methods have the
important advantage relative to approaches based on
Møller–Plesset perturbation theory that the positions
of the poles in the response functions are improved
systematically. For example for the hierarchy CCS,

w xCC2, CCSD and CC3 8–10 , the errors in the
excitation energies have been found to be reduced by
a factor of three at each step in the hierarchy.

In a previous publication we presented an imple-
mentation of frequency-dependent first hyperpolariz-
abilities using coupled cluster quadratic response

w xtheory 16 . In this Letter we extend this work to
cubic response theory, i.e. to frequency-dependent
fourth-order molecular properties. Coupled cluster
linear and quadratic response functions have been
derived previously using for example a dual state
approach and a generalized Hellmann–Feynman the-

w xorem 11–13 . In general, response functions for
nonvariational wavefunctions are most easily derived
using time-dependent quasienergy Lagrangians and

w xvariational perturbation theory 14,15 . Derivations
of the coupled cluster linear and quadratic response
functions adopting this approach were given in Refs.
w x9,16 . In Section 2 we give an extension of this
derivation to the cubic response function. The result-
ing expressions, which are in accord with the 2nq1

w xand 2nq2 rules 17,18,15 have been implemented
for the coupled cluster singles and doubles wave-
function.

We present as a first application of the CCSD
cubic response approach in Section 3 the second
hyperpolarizabilities of the N molecule for several2

optical processes, including third harmonic genera-
tion and electric field induced second harmonic gen-
eration.

2. Coupled cluster cubic response theory

To derive the working expressions for the calcula-
tion of coupled cluster cubic response functions we
follow the same lines as in our previous Letter on the

w xcoupled cluster quadratic response function 16 . The
cubic response function is thereby obtained as the
analytic fourth derivative of the time-averaged real

part of a variational quasienergy Lagrangian: con-
sider a system that in its unperturbed state is de-

ˆ Ž0.scribed by the zeroth-order Hamiltonian H and
apply a time-dependent one-electron perturbation
ˆŽ .V t,e .

ˆ ˆ Ž0. ˆH t ,e sH qV t ,e . 1Ž . Ž . Ž .
ˆŽ .It is assumed that V t,e can be decomposed into a

sum over Fourier components:

ˆ ˆ X yi v x tV t ,e s H e v e , 2Ž . Ž . Ž .Ý X X
X

ˆ X Ž .where H are time-independent one-electron oper-
Ž .ators and e v the accompanied field strengthsX X

for frequency v . In the case of hyperpolarizabilityX
ˆ Xcalculations, H is a component of the dipole opera-

tor. We use a phase-isolated parametrization of the
coupled cluster wavefunction:

t X X:CC t ,e sexp yi d t WW t ,eŽ . Ž .Hž /t0

= :exp T t ,e HF . 3Ž . Ž .Ž .
Ž .The cluster operator T t,e can, based on the Fourier

Ž .decomposition 2 of the perturbation operator, be
written as a sum over Fourier components in each
order of the field strengths:

T t ,e s t t ,e tŽ . Ž . ˆÝ m m

m

1Ž0. Ž1. Ž2.s t q t t ,e q t t ,e q . t ,Ž . Ž . ˆŽ .Ý m m m m2
m

4Ž .

t Ž1. t ,e s t X v e v eyi v X t , 5Ž . Ž . Ž . Ž .Ým X X X
X

t Ž2. t ,e s t X Y v ,v e vŽ . Ž . Ž .Ým X Y X X
XY

=e v eyi Žv Xqv Y . t . 6Ž . Ž .Y Y

The Hartree–Fock reference of the unperturbed
molecule is used throughout. Orbital relaxation is
thus not treated explicitly, but only approximately
through the single excitation manifold of the coupled
cluster parameters. The time-dependent quasienergy
and the coupled cluster equations are obtained by
projecting the time-dependent Schrodinger equation¨
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onto the Hartree–Fock reference and onto the bra
² < † Ž .states HF t exp yT :m̂

d
ˆ² :WW t ,e s HF H t ,e y i exp T HFŽ . Ž . Ž .ž /d t

ˆ² :s HF H t ,e exp T HF , 7Ž . Ž . Ž .
d

† ˆ² :HF t exp yT H t ,e exp T HF y i t t ,eŽ . Ž . Ž . Ž .m̂ md t

d
se t ,e y i t t ,e s0 . 8Ž . Ž . Ž .m md t

The quasienergy and the time-dependent equations
for the coupled cluster methods CCS, CCSD and
CCSDT are obtained by truncating the cluster opera-
tor after the single, double or triple excitation level,
respectively. The CC2 and CC3 methods are defined
by further approximations to the CCSD and CCSDT

w xequations respectively 8,9 . A variational formula-
tion of coupled cluster response theory is obtained

Ž .by combining the quasienergy 7 and the time-de-
Ž .pendent coupled cluster Eq. 8 to the quasienergy

Lagrangian:

d
L t ,e sWW t ,e q t e t ,e y i t . 9Ž . Ž . Ž . Ž .Ý m m mž /d t

m

� Ž .4The time-average L t,e of the quasienergy La-T

grangian may now be required to be stationary with
respect to variations of the amplitudes and the La-
grangian multipliers t . Applying to the latter am

similar expansion as for the cluster amplitudes in Eq.
Ž .4 , this variational condition gives the response
equations for the Fourier components of the ampli-
tudes and the multipliers order by order in the pertur-
bation strengths. In zeroth order one retains the
coupled cluster equations of the unperturbed system
and obtains the equation for the zeroth-order La-
grangian multipliers:

Ž0. Ž0.h q t As0 . 10Ž .

The first-order response equations for the amplitudes
and the Lagrangian multipliers are:

Ayv t X v syj X , 11Ž . Ž . Ž .X X

X X Xt v Aqv sy h qFt v . 12Ž . Ž . Ž . Ž .Ž .X X X

According to the 2nq1 and 2nq2 rules, we need
for the cubic response function also the second-order
response of the cluster amplitudes,

Ay v qv t X Y v ,vŽ . Ž .Ž .X Y X Y

sy B t X v tY v qA X tY vŽ . Ž . Ž .Ž X Y Y

qAX t X v , 13Ž . Ž ..X

but not the second-order response of the Lagrangian
multipliers. The matrix A is the coupled cluster
Jacobian for the unperturbed molecule,

E em
A s , 14Ž .mn ž /E tn 0

the vector h Ž0. is the derivative of the coupled cluster
energy with respect to the amplitudes,

E WW
Ž0.h s , 15Ž .m ž /E tm 0

and the intermediates j X, h X, F, B and A X are
defined as second and third derivatives of the La-
grangian:

E 2L
Xj s , 16Ž .m ž /Ee v E tŽ .X X m 0

E 2L
Xh s , 17Ž .m ž /Ee v E tŽ .X X m 0

E 2L
F s , 18Ž .mn ž /E t E tm n 0

E 3L
XA s , 19Ž .mn ž /Ee v E t E tŽ .X X m n 0

E 3L
B s , 20Ž .mng ž /E t E t E tm n g 0

where the index 0 indicates that the derivatives are
taken for zero perturbation strength. After the re-
sponse equations have been solved, the response
functions can be calculated as derivatives of the real
part of the time-averaged quasienergy with respect to
the field strengths. Employing the 2nq1 rule for
the amplitudes and the 2nq2 rule for the La-
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grangian multipliers we obtain the cubic response
function as:

g v ;v ,v ,vŽ .A BC D A B C D

)1 14d L t ,e q L t ,eŽ . Ž .� 42 2 Tsy ž /de v de v de v de vŽ . Ž . Ž . Ž .A A B B C C D D 0

21Ž .
1

1 " v A BC D A Bˆ ˆsy C P Ht v t vŽ . Ž .A B2 ½ 4!

=tC v t D vŽ . Ž .C D

1
A B C Dq t v Ct v t v t vŽ . Ž . Ž . Ž .A B C D3!

1 A B C Dq t v B t v t vŽ . Ž . Ž .A C D2

1 A B C Dq Gt v ,v t v t vŽ . Ž . Ž .A B C D4

1 A BC Dq t v Bt v ,v t vŽ . Ž . Ž .A B C D2

1 A BC Dq F t v ,v t vŽ . Ž .B C D2

1 A B C Dq t v A t v ,vŽ . Ž .A C D2

1 A B C Dq Ft v t v ,v , 22Ž . Ž . Ž .A C D8 5
ˆ A BC Dwith v syv yv yv . The operator PA B C D

symmetrizes with respect to the indices A, B, C, D
of the perturbation operators and the associated fre-

ˆ" vquencies and C symmetrizes with respect to an
overall sign inversion for the frequencies and simul-
taneous complex conjugation. The matrices G, F X,
H, C and B X are defined as partial third and fourth
derivatives of the Lagrangian:

E 3L
G s , 23Ž .mng ž /E t E t E tm n g 0

E 3L
XF s , 24Ž .mn ž /Ee v E t E tŽ .X X m n 0

E 4L
H s , 25Ž .mngd ž /E t E t E t E tm n g d 0

E 4L
C s , 26Ž .mngd ž /E t E t E t E tm n g d 0

E 4L
XB s . 27Ž .mng ž /Ee v E t E t E tŽ .X X m n g 0

From the Lagrangian the expressions for the vectors
j X and h X and for the matrices A, F, B, G, A X,
F X, C, H, and B X are derived straightforwardly.
We note, that the implementation of the response
equations and the response functions does not re-
quire these matrices explicitly. All calculations can
be carried out by means of linear transformations
where the A, F, A X, F X matrices are combined
with a vector of response amplitudes or multipliers.
Similar the matrices B, G, B X are combined with
two such vectors and C and H with three of them.
These linear transformations can be implemented
with a similar scaling of the operation count with the
number of the orbitals and with similar memory and
disk space requirements as the coupled cluster equa-
tions.

The implementation of the transformations of a
trial vector with the Jacobian from the left and from

w xthe right are discussed in detail in Refs. 19,20 . The
implementation of the transformations involving the
F and the higher-order response matrices will be
subject to forthcoming publications on the integral-
direct implementation of coupled cluster response
properties.

3. Frequency-dependent second hyperpolarizabili-
ties for N2

To illustrate the capabilities of the coupled cluster
cubic response approach we have computed the fre-
quency-dependent second hyperpolarizability for the
N molecule for the Kerr effect, degenerate four2

Ž .wave mixing DFWM , electric field induced second
Ž .harmonic generation ESHG and third harmonic

Ž .generation THG . Using the notation of Section 2,
the aforementioned optical effects are described by

K err Ž .the hyperpolarizabilities g v s gA B C D A B C D
Ž . DFWMŽ . Ž .yv;0,0,v , g v s g yv;v,v,y v ,A BC D A BC D

ESHGŽ . Ž . THG Ž .g v sg y2v;v,v,0 and g v sA BC D A BC D A BC D
Ž .g y3v;v,v,v . For the electric induced sec-A BC D

ond harmonic generation accurate experimental data
w xhas been reported by Mizrahi and Shelton 21–23

covering a broad range of wavelengths between 457.9
and 694.3 nm. The broad range of frequencies is
especially useful for the comparison with ab initio
calculations as it allows, to some extent, to distin-
guish between errors present for the static property
and errors due to the frequency-dependence.
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Table 1
Ž .Hyperpolarizabilities in au for the N molecule2

a Da g g g gx x x x x x z z z z z z < <

aCCSD 11.67 4.49 781.6 312.8 1179.5 903.0
bCASSCF 11.606 4.341 758 310 1162 0.5885
cŽ .CCSD T 860 370 1290 1010

dŽ .QCISD T 11.807 4.632 802 335 1258 0.5946
eŽ .QCISD T 11.81"0.12 4.70"0.09 810 339 1272 0.5956"5

f f gexp. 11.74"0.12 4.59"0.05 0.5917"5

a Ž . w xPresent work, t-aug-cc-pVTZ basis set 13s8p5d4f r 7s6p5d4f , r s 2.074 bohr.N2
b w x w xCAS MCSCF quadratic response, 8s6p4d3f basis, r s 2.0743 bohr, Ref. 25 .N2
c Ž . w x w xCCSD T in a 5s3p2d basis, r s 2.0743 bohr, Ref. 31 .N2
d Ž . w x w xQCISD T in a 8s6p3d1f basis plus estimated corrections for the inclusion of further d- and f-functions, r s 2.0743 bohr, Ref. 26 .N2
e Ž . w xQCISD T of Ref. 26 including an estimate for the effect of zero point vibrational averaging.
f w xConstrained dipole oscillator strength distribution, Ref. 32 .
g w x w xExtrapolation to the static limit of the ESHG results of Ref. 21–23 corrected for the rovibrational contribution, Ref. 23 .

All calculations for the N molecule were per-2

formed at its equilibrium bond length of r s2.074e

au. We have used the triply-augmented correlation
Žconsistent polarized valence triple zeta t-aug-cc-

. w xpVTZ basis of Woon and Dunning 24 , which for
Ž .the nitrogen atom consists of a 13s8p5d4f r

w x7s6p5d4f contraction. Based on the results of Ref.
w x24 , the t-aug-cc-pVTZ basis sets are expected to
yield static second hyperpolarizabilities for corre-
lated methods to within a few percent of the basis set
limits. The accuracy of the dispersion of polarizabili-
ties and hyperpolarizabilities is in the normal disper-

Fig. 1. Frequency-dependent hyperpolarizability for N . For the THG, ESHG and DFWM process we have plotted g , while for the Kerr2 < <

process g is shown. For references for the experimental results see caption of Table 2. The plot includes additional ESHG results fromK
w x w xRefs. 21–23 , not listed in Table 2. The parameters for the fit through the experimental ESHG results have been taken from Ref. 23 .
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Table 2
Ž . aHyperpolarizabilities in au for the N molecule for r s 2.074 bohr2 e

expt blrnm g g g g g g g gx x x x x x z z x z z x z x x z z z x x z z z z < < < <

ESHG 1055 828.9 330.9 333.3 334.3 332.9 1255.7 959.2
c694.3 897.4 357.2 363.3 365.9 362.2 1367.0 1041.1 1057.6 " 6.4
c632.8 924.2 367.4 375.1 378.3 373.7 1410.6 1073.1 1095.6 " 4.6
c590.0 949.0 376.8 386.1 389.9 384.4 1451.1 1102.8 1132.0 " 4.2
c514.5 1013.1 401.1 414.6 420.2 411.9 1556.1 1179.6 1208.7 " 6.2
c488.0 1045.1 413.2 429.0 435.5 425.7 1608.9 1218.1 1253.3 " 6.3

c457.9 1091.0 430.4 449.8 457.6 445.5 1684.6 1273.4 1327.5 " 14.3

dTHG 1055 880.4 352.0 352.0 356.3 356.3 1339.3 1020.7 954 " 95
694.3 1040.0 415.5 415.5 427.9 427.9 1601.0 1212.2 1295 " 206 e

632.8 1108.0 442.6 442.6 458.9 458.9 1713.8 1294.2
590.0 1174.1 468.9 468.9 489.2 489.2 1824.0 1374.2
514.5 1360.3 543.2 543.2 575.5 575.5 2137.7 1600.5
488.0 1462.7 584.0 584.0 623.5 623.5 2312.0 1725.5
457.9 1621.2 647.4 647.4 698.6 698.6 2584.3 1919.9

DFWM 1055 812.7 324.9 327.3 327.3 324.9 1229.6 940.0
694.3 856.5 342.0 348.2 348.2 342.0 1300.3 992.1
632.8 873.2 348.5 356.2 356.2 348.5 1327.2 1012.0
590.0 888.4 354.4 363.5 363.5 354.4 1351.9 1030.1
514.5 927.0 369.2 382.3 382.3 369.2 1414.5 1076.1
488.0 945.8 376.4 391.6 391.6 376.4 1445.1 1098.7
457.9 972.4 386.6 404.8 404.8 386.6 1488.3 1130.4

Kerr 1055 796.9 319.3 318.3 319.2 318.3 1204.1 921.5
694.3 817.6 328.3 325.8 328.0 325.8 1237.5 946.7

f632.8 825.3 331.6 328.6 331.3 328.6 1249.9 956.0 1443 " 160
590.0 832.1 334.5 331.0 334.2 331.0 1261.0 964.4
514.5 849.1 341.8 337.1 341.4 337.1 1288.4 985.0
488.0 857.1 345.3 340.0 344.9 340.0 1301.4 994.8
457.9 868.2 350.1 344.0 349.6 344.0 1319.4 1008.4

a At the tabulated wavelengths 1055, 696.3, 632.8, 590.0, 514.5, 488.0, and 457.9 nm we used in the calculations the frequencies 0.04318801, 0.06562487, 0.07200276,
0.07722602, 0.08855850, 0.09336752, and 0.09950502 au, respectively.

b w x w xThe experimental result for g rg of Refs. 21,22,28,29 were converted to absolute hyperpolarizabilities using the ab initio results for g of Ref. 5 .N He He2
c w x d w x e w x f w xRefs. 21,22 . Ref. 29 . Ref. 28 . Ref. 30 .
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sion region, i.e. below the first dipole-allowed transi-
tions, mainly determined by the accuracy of the
respective excitation energies.

In Table 1 we have compiled the results obtained
for the static polarizabilities and hyperpolarizabilities.
The CCSD cubic response values for the components
of the static hyperpolarizability compare well with
the results of other ab initio studies, in particular

w xwith the CAS MCSCF calculation of Luo et al. 25
Ž .and a recent QCISD T study of Archibong and

w xThakkar 26 . The effect of zero point vibrationally
averaging on the isotropic hyperpolarizability g has

w xbeen estimated in Ref. 26 at the SDQ-MP4 level to
be f10 au, which agrees well with the value of f9
au found by Luo et al. at the CAS MCSCF level
w x25 . If we add the estimate of 10 au to the CCSD
cubic response result, we obtain 913 au, in nearly
perfect agreement with Sheltons experiment

In Table 2 we compare the CCSD cubic response
results for the frequency-dependent hyperpolarizabil-
ities with the results of several experiments. For the
ESHG and THG process the experimental results

w xhave to be compared with 27 :
1

g s g qg qg , 28Ž . Ž .Ý< < jjhh jhjh hjjh15
jh

while for the Kerr effect one has to compare with
w x27 :

3
g s g yg ,Ž .K < < H2

1
g s g qg yg . 29Ž . Ž .ÝH jjhh jhjh hjjh15

jh

In the static limit g and g become identical with< < K
1 Ž .the static isotropic average gs Ý g 0 , whilejh jjhh5

1Ž .g 0 s g . In Fig. 1 we have displayed the data ofH 3

Table 2. For the electric field induced second har-
monic generation the CCSD values compare well
with the experimental results of Mizrahi and Shelton
w x21–23 , with deviations of only 1.5–4.1%. From
Fig. 1 and Table 2 it can be seen that the deviation
increases with increasing frequency, indicating that
the CCSD cubic response dispersion curve is slightly
too flat. This is most likely due to the neglect of
connected triple excitations in the CCSD model,
which leads to a small overestimation of the first

Ž1 y. w xdipole-allowed S excitation energy of N 8 .u 2

For the third harmonic generation process in the
N molecule two experimental studies have been2

w xpublished: one by Ward and New 28 for a wave-

length of 694.3 nm and a more recent one by
w xLehmeier et al. 29 for l s 1055 nm. Ward and

New determined the ratio between the THG hyperpo-
larizability of N and He g THGrg THG s26.75"2 N He2

4.25. Using the accurate ab initio results for the THG
w xhyperpolarizability for He of Bishop and Pipin 5

THGŽ .one obtains g ls694.3 nm s 1295"206 au,N2

which can be compared with the CCSD cubic re-
sponse result g THG s 1212.2 au for the same wave-< <

length. Taking into account the large uncertainity of
the experimental result, the two numbers are in fair
agreement. As for the ESHG process, the CCSD
cubic response result is smaller than the experimen-
tal value. In contrast, Lehmeier et al. obtained at l

s 1055 nm a ratio of g THGrg THG s 21.1"2.1,N He2

corresponding to g THG s 954"95 au, which isN2

somewhat smaller than our CCSD value g THG s< <

1020.7 au. This value even falls below the CCSD
curve for the ESHG process. Of course, it is in
principle possible that this is an effect of the pure
vibrational contribution which we have not included
in our present study, but it is more likely that the
correct THG hyperpolarizability is at the upper end

w xof the experimental error bars of Ref. 29 . In any
w xcase, from a theoretical analysis 27 it is known that

for small frequencies the dispersion contributions to
the electronic Kerr, DFWM, ESHG and THG hyper-
polarizabilities have approximately the ratio 1:2:3:6.
For this reason we also conclude, that the experimen-
tal result for the Kerr hyperpolarizability from Ref.
w x30 is too large by about 50%.

4. Conclusions

We have derived the coupled cluster cubic re-
sponse function as the fourth derivative of the real
part of the time-averaged quasienergy. Employing a
quasienergy Lagrangian and variational perturbation
theory, we have obtained computationally efficient
expressions in accord with the 2nq1 and 2nq2
rules. We have implemented the cubic response func-
tion for the CCSD wavefunction. A first application
to the frequency-dependent hyperpolarizabilities of
N for several optical processes has shown that2

coupled cluster cubic response theory for a CCSD
wavefunction is an efficient and accurate approach
for the ab initio calculation of third-order nonlinear
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optical properties. We obtained in particular the
ESHG hyperpolarizability for a wide range of fre-
quencies within a few percent of the accurately
determined experimental values.
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