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Abstract

The static and frequency-dependent hyperpolarizabilities of the N2 molecule have been calculated using the coupled cluster
approximate triples model CC3. The CC3 basis-set limit of the hyperpolarizability has been estimated. Considering the zero-point
vibrational correction and neglecting the relativistic contributions (which are found to be small) the best estimate of the static hyper-
polarizability is 912.9 ± 4.3 a.u. (the uncertainty of 4.3 a.u. does not account for correlation effects beyond CC3). The effect of tri-
ples is important and increases with frequency. The hyperpolarizabilities calculated at the CC3 level agree well with experiment, the
discrepancies being of 0.1–2.2%. The largest CC3 calculations employed 326 basis functions.
� 2005 Elsevier B.V. All rights reserved.
1. Introduction

The accurate determination of electric (hyper)polariz-
abilities plays an important role in the analysis and
interpretation of many experiments. The most impor-
tant fields include non-linear optics [1], scattering [2],
and intermolecular interactions [3]. The prediction of
electric properties is also a stimulating factor for the
progress in technologically important applications. The
design of new optical materials serves as one example
when we realize that many non-linear optical processes
are mediated by the third-order non-linear susceptibil-
ity, which in terms of molecular properties corresponds
to the second dipole hyperpolarizability.

The determination of the second hyperpolarizability
of atoms and molecules to high accuracy is a challenge
for both experiment and theory. The history of the static
hyperpolarizability of the Ne atom, which we have
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recently reviewed [4], is probably the best example. An-
other example is the theoretical value of the static sec-
ond hyperpolarizability of the N2 molecule – the
property we focus on – for which 10 years ago there still
existed the uncertainty of about 20% [5].

The introduction of the hierarchies of the correlation-
consistent basis sets byDunning and co-workers [6–9] and
the hierarchies of coupled cluster (CC) wavefunction
models [10] have made it possible to approach the exact
solution of the Schrödinger equation in a systematicman-
ner by controlling the one- and N-electron errors at each
level of approximation. In particular the coupled cluster
singles-and-doubles (CCSD) method with the perturba-
tive treatment of triple excitations [CCSD(T)] [11] has
turned out to become a very accurate tool for the calcula-
tion of static molecular properties [10].

While very successful for the accurate prediction of
static properties, CCSD(T) cannot be used for the calcu-
lation of frequency-dependent properties, due to its non-
iterative nature [12]. Unlike CCSD(T), the approximate
triples model CC3 is iterative and may be used for the
calculation of both static and frequency-dependent
properties. CC3 is a member of the coupled cluster hier-
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archy CCS, CC2, CCSD, CC3, CCSDT, which is
designed to systematically improve the description of
molecular response properties for single configuration
dominated systems [13]. In CCS all single excitations
are treated, in CCSD all doubles are added and in
CCSDT all triples are further added. CC2 [14] and
CC3 [15] are approximations to CCSD and CCSDT
where the doubles and the triples, respectively, are trea-
ted in an approximate fashion and where the scaling of
the computational cost with system size is reduced com-
pared to, respectively, CCSD and CCSDT.

The aim of the present investigation is a systematic
study on the convergence of the static and frequency-
dependent second hyperpolarizability of the N2 mole-
cule in the one- and N-electron space. For this purpose
we employ the correlation-consistent basis sets of Dun-
ning and coworkers and the CCS, CC2, CCSD, CC3
hierarchy of wavefunction models. We report here the
first CC3 calculations of the frequency-dependent sec-
ond hyperpolarizability for a molecular system. We
expect similar reductions in the errors from CCSD to
CC3 for the static and frequency-dependent hyperpolar-
izabilities of N2 as observed for the static properties
when going from CCSD to CCSD(T). Very recently [4]
we have calculated, using the CC3 model, the static
and frequency-dependent hyperpolarizability for the
Ne atom and obtained an uncertainty of about one
atomic unit (about one per cent), an accuracy which
for the first time has been obtained for a many electron
system in ab initio calculations of frequency-dependent
second hyperpolarizabilities.

The second hyperpolarizabilities of N2, both static
and frequency-dependent, have been studied before by
many authors at different levels of theory [5,16–19].
The results we present are complementary to [19], where
the hyperpolarizabilities of N2 were studied at the
CCSD level.
2. Computational details

Most electric-field-induced second-harmonic genera-
tion (ESHG) experiments measure the parallel isotropic
average component, which we will denote in the follow-
ing as ci(x). For a diatomic homonuclear molecule ci(x)
becomes

ckðxÞ ¼
1

15
8cxxxx þ 4cxxzz þ 4czzxx þ 2czxxz þ 2cxzzx þ 3czzzzð Þ;

ð1Þ
where clmgn ” clmgn(�2x;x,x, 0). In the static limit,
x = 0, ci(x) in Eq. (1) reduces to

ckð0Þ ¼
1

15
8cxxxx þ 12cxxzz þ 3czzzzð Þ. ð2Þ

Occasionally in this Letter, ci(0) is denoted as c0.
Static and frequency-dependent second hyperpolariz-
abilities, ci(0) and ci(x), of N2 will be reported for the
basis sets cc-pVXZ augmented with diffuse functions
with cardinal numbers X = D, T, Q, 5, 6 and singly
(s), doubly (d), triply (t), and quadruply (q) augmenta-
tion [6–8]. If not stated otherwise an internuclear dis-
tance of RN–N = 2.074 a.u. was used (this is the
equilibrium geometry obtained experimentally in [20];
the same geometry has been used in [19]). No orbitals
were frozen in the calculations and in the coupled cluster
response calculations orbitals were not allowed to relax.

To estimate the SCF basis-set limit we employed in
addition two basis sets denoted in the following as F
and G. The F basis has been constructed similar to the
basis used in [4] to investigate the SCF basis-set limit
of the neon hyperpolarizability: Starting from the
t-aug-cc-pV6Z the g, h and i functions were discarded,
while the s, p, d and f shells where decontracted. To this
basis 3d and 2f functions were added with tight expo-
nents taken from the core-correlation part of the cc-
pwCV5Z basis [9]. This basis (F1) was further extended
by: (1) a primitive (18s12p10d8f) set with exponents
interpolated even-tempered between the exponents of
basis F1; (2) a (2s2p2d2f) set of tight functions extrapo-
lated even-tempered from the largest exponents of basis
F1; (3) a (1s1p1d1f) set of diffuse functions taken from
the q-aug-cc-pV6Z basis. The resulting uncontracted
(40s28p24d20f) basis F should be virtually complete
up to f functions, which is sufficient for an atom, but
not for a molecule. To test for the effect of higher angu-
lar momenta in the basis set we constructed basis G by
extending basis F with 16 primitive g functions. Seven of
the exponents were taken from the t-aug-cc-pV6Z basis
and the core-correlation part of the cc-pwCV5Z basis.
These were augmented by six even-tempered interpo-
lated and two tight even-tempered extrapolated expo-
nents and the additional diffuse g function of the
q-aug-cc-pV6Z basis. The uncontracted (40s28p24d
20f16g) basis G consists for N2 of 1056 basis functions
and should be virtually complete up to g functions.

All calculations were carried out with the DALTON

program [21]. The implementation of analytic second
hyperpolarizabilities for CC2 and CCSD has been
described in [18] and the implementation for SCF wave-
functions in [22]. CC3 analytic second hyperpolarizabil-
ities have recently been implemented by us [4,23] in the
coupled cluster code [15,24] which is a part of the
DALTON package [21]. The largest CC3 calculations car-
ried out in the present study involved 326 basis functions
(d-aug-cc-pV5Z basis).
3. Results

In Table 1, we present the values of the static second
hyperpolarizability of N2 calculated at the CCSD level



Table 1
The basis-set convergence of the electronic contribution to the isotropic average of the static hyperpolarizability c0 (a.u.) for N2 calculated with the
SCF, CCSD and CC3 models and the n-aug-cc-p(C)VXZ basis-set family (no frozen core approximation has been used)

Cardinal number XZ SCF CCSD CC3

n-aug-cc-pVXZ n-aug-cc-pVXZ d-aug-cc-pCVXZ d-aug-cc-pVXZ

Augmentation level n Augmentation level n

s d t q s d t q

DZ 456.0 672.0 669.2 679.7 684.4a 937.6a 935.4a 943.4a 929.8 956.3
TZ 560.0 697.1 710.1 716.9 745.1a 895.3a 903.0a 908.8a 890.0 923.7
QZ 654.2 709.9 713.2 714.9 822.0a 880.7a 882.7a 884.3 876.1 912.6
5Z 684.5 713.9 714.3 714.2 844.1a 873.2a 873.3 870.8 906.9
6Z 714.4 714.7 855.2 869.2

F basis 714.6
G basis 714.7

Limitb 714.7 ± 0.2 863.3 ± 3.3 898.9 ± 4.3

Calculations have been carried out at the equilibrium distance of Re = 2.074 bohr.
a Calculations reported in [19].
b See text for details of extrapolations.
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using the n-aug-cc-pVXZ basis-set family. It is clear
from this table – as also observed in [19] – that singly
augmentation does not provide enough diffuseness to
assure a fast convergence of the hyperpolarizability
towards the basis-set limit. At the doubly augmented
level the convergence is much faster. Further augmenta-
tion becomes less important, especially for the higher
cardinal numbers. Indeed, for X = 5 the difference
between the doubly and triply augmented basis is for
CCSD only 0.1 a.u. Smooth but slow convergence of
electric properties within the hierarchy of the correla-
tion-consistent basis sets towards the basis-set limit
has been observed in many studies. The present results
for c0 of N2, Table 1, are another example of this trend.
The hyperpolarizability calculated (using CCSD) in the
largest basis, d-aug-cc-pV6Z, appears to be converged
within a few a.u.

In [19] the CCSD basis-set limit for c0 was estimated
to 867 ± 7 a.u., a value obtained by combining the
d-aug-cc-pV5Z result, 873.2 a.u., with a correction
accounting for the fact that the all electron calculation
had been carried out using a valence basis set. This cor-
rection has been evaluated in [19] to �6.7 a.u. by sub-
tracting the value of c0 calculated in t-aug-cc-pVTZ
basis (903.0 a.u.) from the one calculated in t-aug-cc-
pCVTZ (896.3 a.u. [19]).

To investigate in more details the error that arises
carrying out all electron calculations using the valence
basis set, we have calculated c0 for N2 at the CCSD/d-
aug-cc-pCVXZ level with all electrons correlated and
X = D, T, Q, 5 (see the 10th column of Table 1). The
differences between the CCSD/d-aug-cc-pCVXZ and
the CCSD/d-aug-cc-pVXZ results are �7.8, �5.3, �4.6
and �2.4 a.u. for X = D, T, Q, and 5, respectively.
The error thus decreases with X. At the X = 6 level it
may be expected to be about one a.u. and may thus
safely be neglected for the accuracy we are aiming at.
To estimate the CCSD basis-set limit for c0 of N2 we
will combine the Hartree–Fock limit with the basis-set
limit for the CCSD correlation contribution. The Har-
tree–Fock limit for c0 of N2 has been estimated in [19]
to 715 ± 2 a.u. This value is in agreement with a recent
value of 715 ± 4 a.u. estimated by Maroulis [16] who
used a basis of 290 contracted Gaussian-type functions
(see [16] for details). Luo et al. [17] obtained in a
[8s6p4d3f] basis (denoted in [17] as A3) the value of
716 a.u.

Looking at the trends in the basis-set convergence for
the SCF hyperpolarizability (Table 1), one can expect
that the results obtained with the basis sets F and G
(see Section 2 for the description of these basis sets)
begin a series which converges from below towards the
basis-set limit. The value of 714.7 a.u. (G basis) may
thus be regarded as a lower bound for the basis set limit
and should be very close to it. This is confirmed by the
results obtained in the t-aug-cc-pVXZ series (see Table
1), which also converges from below towards the
basis-set limit. The hyperpolarizability obtained in the
t-aug-cc-pV6Z basis is essentially equal to the one
obtained in the G basis. We thus estimate the
Hartree–Fock basis-set limit to 714.7 ± 0.2 a.u., where
the uncertainty of 0.2 a.u. is half the difference between
the SCF/t-aug-cc-pV6Z and SCF/t-aug-cc-pV5Z results.
Note that the SCF basis-set limit obtained in this way
agrees well with the previous estimates (715 ± 4 a.u.
[16] and 715 ± 2 a.u. [19]), but has much smaller
uncertainty.

The CCSD correlation contribution to c0 may be
obtained as the difference between the CCSD results in
the d-aug-cc-pVXZ basis set series from Table 1 and
the Hartree–Fock results obtained in the same basis sets
(column 3 in Table 1). We note that at the QZ and 5Z
level the correlation contribution is (almost) the same
for double and triple augmentation and that the SCF
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contribution is close to convergence in these basis sets.
Thus, the correlation contribution to c0 can be expected
to converge in a similar way as the correlation energy –
as it has been found in previous study for the hyperpo-
larizability of the Ne atom [4] – and the basis-set limit of
the correlation contribution may be estimated by apply-
ing the two-point linear extrapolation formula from [25]
(originally designed for correlation energies). Applica-
bility of this formula is also confirmed by the results:
the extrapolated values for the correlation contribution
converge much faster with the cardinal number than
the non-extrapolated values (e.g., for the d-aug-cc-
pVXZ series original results are in a.u. 170.8 (QZ),
159.3 (5Z) and 154.8 (6Z), while the extrapolated corre-
lation contributions are 150.8 (TZ/QZ), 147.2 (QZ/5Z)
and 148.6 (5Z/6Z)). We thus estimate the basis-set limit
of the CCSD correlation contribution to c0 as
148.6 ± 3.1 a.u. (5Z/6Z extrapolation), where the uncer-
tainty of 3.1 a.u. is half the difference between the result
for X = 6 (154.8 a.u.) and the extrapolated value
(148.6 a.u.).

Adding to this value 714.7 ± 0.2 a.u. (the estimated
Hartree–Fock limit) we obtain 863.3 ± 3.3 a.u. as best
estimate for the CCSD basis-set limit for the static elec-
tronic hyperpolarizability of N2 at RN–N = 2.074 a.u.

To estimate the CC3 basis-set limit for the static
hyperpolarizability we extrapolate – using the two-point
formula of [25] – the difference between the CC3 and
CCSD results obtained in the d-aug-cc-pVXZ basis
(see Table 1). At the QZ/5Z level the extrapolated
basis-set limit of the CC3 triples contribution is
35.6 ± 1.0 a.u., where the uncertainty has again been
estimated as half the difference between the best basis
set result (X = 5) and the extrapolated value. Adding
this triples contribution to the estimated CCSD basis-
set limit leads to 898.9 ± 4.3 a.u. as best estimate of
the electronic contribution to the static hyperpolariz-
ability of N2.

An important issue in the correlated calculations of
response properties is the relaxation of orbitals. As men-
tioned in Section 2, the CC results we present are
obtained from unrelaxed calculations, i.e., the orbitals
are not allowed to relax explicitly to the field. The unre-
laxed approach is necessary, since for frequency-depen-
dent properties the explicit treatment of orbital
relaxation would lead to artificial non-correlated Har-
tree–Fock poles spoiling the pole structure of the cou-
pled cluster response function [12]. In the static limit,
however, both the unrelaxed and the relaxed coupled
cluster hierarchies can be applied and will converge to-
wards the same FCI limit. Indeed, in a very recent work
[26] on the Cotton–Mouton effect of neon and argon we
have shown that the orbital-relaxed CCSD(T) and the
unrelaxed CC3 calculations led basically to the same
static values. In [33] the polarizabilities and first hyper-
polarizabilities calculated in the CCS–CC2–CCSD–
CC3–CCSDT hierarchy were benchmarked against the
FCI model for HF, Ne, and BH; it was found that the
inclusion of orbital relaxation for the static properties
gives results that are somewhat different from the unre-
laxed results but are in general no improvement. More-
over, the numerical investigations of Salter et al. [27]
and Kobayashi et al. [28] did not show any significant
better performance of orbital-relaxed calculations com-
pared to unrelaxed ones. In [19] c0 was calculated for
N2 at the orbital-relaxed CCSD(T)/d-aug-cc-pVTZ level
leading to a value of 910.7 a.u. This value is 13 a.u. low-
er than the unrelaxed CC3 value calculated in the same
basis (the last column of Table 1) – i.e., the differences
between the relaxed CCSD(T) and the unrelaxed CC3
calculations point to an uncertainty of about 1% for c0
of N2 due to the treatment of the orbitals in response
calculations.

In [19] a �best estimate� of the electronic contribution
to c0 was obtained by combining the unrelaxed CCSD
basis-set limit with the effect of connected triples and
relaxation calculated using the CCSD(T) model (see
[19] for details). This led to a value of 882 a.u. which
is 17 a.u. lower than our unrelaxed CC3 best estimate
of the electronic contribution to c0.

In Table 2 and Fig. 1 we have presented the fre-
quency-dependent second hyperpolarizability, ci(x),
calculated with the unrelaxed CC hierarchy, CCS,
CC2, CCSD, CC3, using the t-aug-cc-pVTZ basis with
all electrons correlated. We have used the set of frequen-
cies commonly encountered in experimental studies. The
highest frequency employed, 0.099505 a.u. or 457.9 nm,
is below the first pole which occurs at the CC3/t-aug-cc-
pVTZ level at 0.17 a.u. As observed before [4], the CCS
model underestimates and CC2 model overestimates
ci(x). The effect of triple excitations is significant and in-
creases monotonically with the frequency. Between the
static limit and the highest frequency employed here
(457.9 nm) it varies between 28.8 a.u. (�3%) and
60.9 a.u. (�7%). The inclusion of connected triple exci-
tations at the CC3 level improves the quality of the dis-
persion curve for ci(x) compared to CCSD and the
improvement is especially pronounced for higher fre-
quencies due to the more accurate description of the
pole positions (excitation energies) at the CC3 level.

The experimental values of ci(x) obtained by Mizrahi
and Shelton [29,30] are also shown in Table 2 and Fig. 1.
However, no direct comparison of the calculated and
experimental results can be carried out at this stage.
Indeed, the theoretical results in Table 2 have been
calculated using the t-aug-cc-pVTZ basis, which for c0
is still as far as 33 a.u. from the basis-set limit at the
CC3 level (and 40 a.u. at the CCSD level). Moreover,
the results presented in Table 2 represent the non-rela-
tivistic electronic contribution to the hyperpolarizability
and for a direct comparison with the experimental data
one must in addition account for vibrational averaging



Table 2
The parallel isotropic average of the frequency-dependent ESHG hyperpolarizability ci(x) (a.u.) for N2

k (nm) x (a.u.) CCS CC2 CCSD CC3 Exp.a

1 0.000000 825.2 975.1 903.0 931.8 917 ± 9b

1055.0 0.043188 870.1 1038.5 959.2 992.5
694.3 0.065625 935.0 1131.2 1041.1 1081.1 1057.6 ± 6.4
632.8 0.072003 960.2 1167.6 1073.1 1115.7 1095.6 ± 4.6
590.0 0.077226 983.3 1201.5 1102.8 1147.9 1132.0 ± 4.2
514.5 0.088558 1042.7 1289.5 1179.6 1231.7 1208.7 ± 6.2
488.0 0.093368 1072.2 1333.8 1218.1 1273.7 1253.3 ± 6.3
457.9 0.099505 1114.2 1397.7 1273.4 1334.3 1327.5 ± 14.3

The theoretical results (pure electronic contribution) have been calculated using t-aug-cc-pVTZ basis (all electrons correlated) and the equilibrium
bond distance Re = 2.074 bohr.
a Experimental results from [29] and [30].
b Experimental static limit obtained by Shelton in [32] by extrapolation from results of [29] corrected for the pure rotational and vibrational

contributions.

Fig. 1. Comparison of the electronic contribution to the parallel
isotropic average of the ESHG hyperpolarizability, ci(x), of N2

calculated with various wavefunction approximations using t-aug-cc-
pVTZ basis set and the equilibrium bond distance Re = 2.074 bohr.
The experimental results from [29] and [30] are also plotted. All
numbers in a.u.
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and for the pure vibrational and rotational contribu-
tions, and also for the relativistic corrections.

The basis-set correction for static hyperpolarizability,
Dcbasis0 , has been calculated as the difference between the
basis-set limit from Table 1 and the t-aug-cc-pVTZ
result, which gives the correction of �39.7 a.u. for
CCSD and �32.9 a.u. for CC3. To obtain the basis-set
correction for the frequency-dependent hyperpolariz-
ability, Dcbasisk ðxÞ, we have estimated the CCSD basis-
set limit for ci(x) (applying the same two-point linear
extrapolation procedure as in the static case and using
the SCF frequency-dependent hyperpolarizabilities cal-
culated in t-aug-cc-pV6Z basis) for two frequencies –
0.043188 a.u. or 1055 nm and 0.099505 a.u. or
457.9 nm – and obtained 915.2 and 1203.9 a.u., respec-
tively. Subtracting from these values the corresponding
CCSD/t-aug-cc-pVTZ ci(x) values we obtain for the
two frequencies basis-set corrections of �44.0 and
�69.5 a.u., respectively. For the remaining frequencies
the basis-set correction has been interpolated with the
formula

Dcbasisk ðxÞ � Dcbasis0 1þ ax2
L þ bx4

L

� �
; ð3Þ

where x2
L ¼ 6x2 and a = 8.99 a.u. and b = 61.3 a.u. The

latter values where determined by fitting Eq. (3) to the
results for x = 0.043188 and 0.099505 a.u. The CCSD
basis-set corrections are collected in the fifth column of
Table 3. To estimate the basis-set corrections to ci(x)
for the CC3 model we applied the interpolation formula
in Eq. (3) using for Dcbasis0 the CC3 value obtained above
(�32.9 a.u.) and keeping for a and b the CCSD values.
The CC3 basis-set corrections obtained in this way are
collected in the sixth column of Table 3.

The zero-point vibrational (ZPV) corrections,
DcZPVk ðxÞ, to the CCSD values of the hyperpolarizability
(both static and frequency-dependent) have been deter-
mined in [19] using a CCSD(T)/t-aug-cc-pVTZ potential
energy curve and the CCSD/t-aug-cc-pVTZ values of
the hyperpolarizability calculated at seven different
bond distances (see Tables 12 and 13 in [19]). We used
the ZPV corrections from [19] in the present study for
the CCSD hyperpolarizabilities (the seventh column of
Table 3).

To determine the ZPV corrections for the CC3 model
we have calculated (at the CC3/t-aug-cc-pVTZ level) c0



Fig. 2. Comparison of the CCSD and CC3 best estimates for the
parallel isotropic average of the ESHG hyperpolarizability of N2

(Table 3, columns nine and ten, respectively) with experimental results
from [29] and [30]. The dispersion curve fitted to the experimental
results in [29] corrected for the pure rotational and vibrational
contributions [32] is also plotted (the thick line). All numbers in a.u.

Table 3
CCSD and CC3 results for the parallel isotropic average of the frequency-dependent ESHG hyperpolarizability ci(x) (a.u.) for N2

k (nm) x (a.u.) Pure electronic Basis-set correction ZPV correction Pure
electronic + basis-
set + ZPV

Exp.a

CCSD CC3 CCSD CC3 CCSD CC3 CCSD CC3

1 0.000000 903.0 931.8 �39.7 �32.9 12.0 14.0 875.3 912.9 917 ± 9b

1055.0 0.043188 959.2 992.5 �44.0 �36.5 13.0 15.2 928.2 971.2
694.3 0.065625 1041.1 1081.1 �50.6 �41.9 14.5 16.9 1005.0 1056.1 1057.6 ± 6.4
632.8 0.072003 1073.1 1115.7 �53.2 �44.0 15.1 17.6 1035.0 1089.3 1095.6 ± 4.6
590.0 0.077226 1102.8 1147.9 �55.6 �46.1 15.6 18.2 1062.8 1120.0 1132.0 ± 4.2
514.5 0.088558 1179.6 1231.7 �61.9 �51.3 17.1 20.0 1134.8 1200.4 1208.7 ± 6.2
488.0 0.093368 1218.1 1273.7 �65.0 �53.9 17.8 20.8 1170.9 1240.6 1253.3 ± 6.3
457.9 0.099505 1273.4 1334.3 �69.5 �57.6 18.8 21.9 1222.7 1298.6 1327.5 ± 14.3

The pure electronic CCSD and CC3 contributions from Table 2 have been corrected for incompleteness of the basis set and zero-point vibrational
(ZPV) averaging. The relativistic contribution and the pure rotational and vibrational hyperpolarizability are neglected (see text for a detailed
description of the corrections).
a Experimental results from [29] and [30].
b Experimental static limit obtained by Shelton in [32] by extrapolation from results of [29] corrected for the pure rotational and vibrational

contributions.
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at four different bond distances: 1.8, 1.9, 2.2 and 2.4 a.u.,
obtaining values of 724.0, 787.4, 1065.1 and 1330.4 a.u.,
respectively. Combining these values of c0 and the value
for the equilibrium geometry (Table 2) with the
CCSD(T)/t-aug-cc-pVTZ potential energy curve from
[19] we obtained a value of 945.8 a.u. as the vibrational
average of c0 at the CC3/t-aug-cc-pVTZ level. Subtract-
ing from this vibrational average the value of electronic
contribution to c0 calculated at the same level of theory
(931.8 a.u.; see Table 2), one obtains a ZPV correction
of 14 a.u. This should be compared with the ZPV correc-
tion obtained in [19] at the CCSD/t-aug-cc-pVTZ level
as 12 a.u. The ZPV correction to c0 thus changes in this
case only by 2 a.u. when going from CCSD to CC3. To
estimate the ZPV correction for ci(x) at the CC3 level,
we have applied a formula analogous to Eq. (3), where
we have used for DcZPV0 the new value of 14 a.u. and
for the coefficients a and b the CCSD results from
[19]. The values of the CC3 ZPV corrections obtained
in this way are collected in the eighth column of Table 3.

We have estimated the relativistic contribution to
ci(x) at the CCSD/d-aug-cc-pCVQZ level using direct
perturbation theory, following the procedure from
[31]. The relativistic contribution is about 1.0 a.u. and
is thus in this case negligible compared to remaining cor-
relation and basis set errors.

The CCSD and CC3 results for ci(x) corrected for
basis-set effects beyond t-aug-cc-pVTZ level and zero-
point vibrational averaging are compiled in Table 3 in
column nine and ten, respectively, and in Fig. 2. The
experimental results of Mizrahi and Shelton [29,30] are
also quoted. As expected, the effect of connected triples
is crucial for a highly accurate description of the second
hyperpolarizability and its dispersion: the CC3 results
are in very good agreement with the experimental
results, the agreement being much better than in the case
of the CCSD model. The CC3 results are 0.1–2.2%
smaller than the experimental results, the largest dis-
crepancy occurring for x = 0.099505 a.u., where also
the experimental result has the largest uncertainty. It
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should be noted that the experimental results in Table 3
and in Fig. 2 still contain the pure rotational and vibra-
tional contributions which have not been accounted for
in the CCSD and CC3 results. However, as shown by
Shelton [32], these contributions are for N2 much smal-
ler than 0.1% and may be neglected.

In Fig. 2 we have also included the (weighted) fit [32]
through the experimental results from [29], corrected for
the pure rotational and vibrational contributions [32].
The CC3 dispersion curve is very close to the fitted
experimental curve. We attribute the remaining discrep-
ancies (of 0.1–2.2%) between the CC3 results and the
experimental results to both inaccuracies of experiment
and remaining uncertainties in CC3 values from the
tenth column of Table 3.

This remaining uncertainty in the CC3 hyperpolariz-
abilities is mainly due to the higher correlation effects.
No FCI results have been reported for the second hyper-
polarizability of N2. Comparison of CC3 and FCI
polarizabilities and hyperpolarizabilities for HF, Ne,
and BH [33] shows, however, that the CC3 results have
very small errors in these benchmark calculations; in
fact, the errors in these benchmark calculations were
in all cases significantly smaller than one per cent. In
[34] and [35] the excitation energies have been reported
for the FCI model and cc-pVDZ basis sets augmented
with diffuse functions. Comparison of the FCI excita-
tion energies and the ones of the coupled cluster hierar-
chy CCS, CC2, CCSD, and CC3 showed that the errors
in the excitation energies in general decreased by about a
factor of 3 at each level. In particular, comparison with
the FCI results showed that the error in the CC3 calcu-
lations of the lowest singlet transition in N2

11Rþ
g ! 11Pg was as small as 0.001 a.u. (0.4%). This

comparison with FCI results for small molecules as well
as the remaining difference of 13 a.u. between the
relaxed CCSD(T)/d-aug-cc-pVTZ and the unrelaxed
CC3/d-aug-cc-pVTZ results for the static limit (see
above) indicate that remaining correlation errors are in
the order of 1%.
4. Summary

The electronic dynamic ESHG hyperpolarizabilities
of N2 calculated at the approximate coupled cluster
singles, doubles and triples level CC3, corrected for the
basis-set effects and zero-point vibrational averaging,
are in a very good agreement with the experimental
results, the discrepancy ranging from 0.1% to 2.2%.
The largest contributions to this discrepancy come from
the correlation effects beyond CC3 and uncertainties re-
lated to the experimental results. As the best estimate of
the static hyperpolarizability of N2 we obtain
912.9 ± 4.3 a.u. (the uncertainty of 4.3 a.u. accounts
for remaining basis set errors, but not for correlation
effects beyond CC3). This is within a 1% agreement with
the value of 917 ± 9 a.u. extrapolated from the ESHG
experiments [32].
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