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Abstract 

We derive efficient algorithms for the derivatives, in particular the forces, torques and the Hessian, for Coulomb-type 
interactions and for general anisotropic pair potentials. We use spherical tensor techniques and an intermediate transformation 
to a quasi-internal coordinate system, proposed recently to obtain a factorization of the multipole interaction tensors. By 
these means we obtain a unified approach to the derivatives at small extra computational cost to the energy calculation. For 
the special case of an electrostatic interaction the computational cost scales for a system of N molecules through rank L in 
the multipole expansion as N 2 × O(L 3) for both the energy and its derivatives. (~) 1997 Elsevier Science B.V. 

1. Introduct ion 

Reliable intermolecular potentials for molecules that interact through weak Van der Waals forces, for example, 
electrostatic, induction or dispersion forces, require an accurate description of  the anisotropic part of  the potential 
provided, in general, only by an ansatz with anisotropic site-site interaction functions using an expansion in 
Cartesian or spherical tensor components [ 1,2]. This is particularly important for long-range electrostatic and 
induction interactions which for neutral molecules are purely anisotropic. A qualitatively correct description of  
these interactions is normally not obtained if the multipole expansion, which is the basis for these parts of  the 
potential, is truncated before the quadrupole terms and often even octopole and hexadecapole terms have to be 
included [ 3,4]. 

However, in many cases also the short-range repulsion originating from exchange, overlap and Pauli exclusion 
effects cannot be described using only isotropic atom-atom potentials. Well-documented examples of  the 
importance of  the anisotropic terms in atom-atom repulsion potentials are the crystal structures of  molecules 
containing chlorine atoms [ 5 ], especially C12, which could not be modelled with isotropic atom-atom potentials. 

Although these difficulties are well known and the use of  anisotropic interaction functions is standard in 
studies on the potentials and the spectra of  Van der Waals dimers, most molecular dynamics studies on 
condensed phases are still carried out using isotropic site-site potentials supplemented by point charges at 
off-atom sites to imitate the anisotropy of  the electrostatic interaction. A general ansatz for site-site potentials 
allowing for higher rank anisotropy contributions is believed to be too complicated in the implementation and 
too expensive for most applications of  molecular dynamics simulations. 
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Work has recently been published by several authors on the derivation of efficient algorithms for Cartesian 
and spherical multipole interaction tensors that scale through order L in the multipole expansion as L 4 [6-8] .  
In Ref. [8] an intermediate transformation to ~t coordinate system with the z-axes parallel to the intermolecular 
distance vector has been introduced to obtain a factorization of the so-called S functions and the orientation- 
dependent spherical multipole interaction tensors. In combination with recurrence relations for the Wigner 
rotation matrices this factorization made it possible to devise new open-ended algorithms for the electrostatic, 
induction and dispersion interactions which scale for a system with N rigid molecules through order L in the 
multipole expansion only as N 2 X O(L3),  N 2 X O(L 3) + N x O(L 4) and N 2 X O(L 5) respectively. Thus now 
the necessary techniques are available to calculate the energies resulting from these Coulomb-type interactions 
efficiently through high orders in the multipole expansions. 

However, not much work has been published that focuses on the calculation of derivatives for these energies 
which are required for the forces and torques and the Hessian needed in molecular dynamics simulations and 
for the search and classification of stationary points on the potential hypersurface. In Ref. [9] Price et al. 
derived explicit formulae for the forces and torques arising from electrostatic interactions up to fifth order in 
1/R using the framework of orientation-dependent spherical interaction tensors. This derivation has been revised 
recently by Popelier and Stone [10] using a more rigorous and unified approach for the terms arising from 
what these authors called the "lower part of the chain rule". However, because these authors start from explicit 
expressions for each of the components of the multipole interaction tensor in terms of 16 direction cosines as 
intermediate variables, the results of this derivation are complicated and lengthy, requiring for each interacting 
pair of molecules the evaluation of 16 derivatives for the calculation of the 6 independent contributions to the 
forces and torques and no less than 136 second derivatives for the 21 independent contributions to the Hessian. 

In this Letter we use the quasi-internal coordinate system devised in Ref. [8] to obtain a parametrization 
of the orientation-dependent interaction functions in which only a minimum number of 6 first and 21 second 
derivatives have to be calculated. 

2. General anisotropic pair potentials in the real spherical double tensor formalism 

A general anisotropic potential for the interaction between two rigid molecules can be expanded in terms of 
the so-called S functions, which are defined as linear combinations of Wigner rotation matrices [ 11-13]: 

Sk"k" =il"-b'-J Z Dd' )  "12 ' * D  d') '12 ~*D(J)'12ab) * ( la lb j ) (1) I,,It,.j m,,k,, ~ a ) no, k/, ~ b) mO ~ \ ma m b  m / ' 
l l |an |b l ' l l  

where ~ ,  = (~ba, Oa, ~ba ), /2b = (~bb, 0b, ~bb ) and ~2ab = (~bab, Oab) are Euler angles describing the orientation of 
the two molecules and the intermolecular distance vector in an arbitrary global reference frame. The expression 
in parentheses is a Wigner 3j symbol [ 14], which is chosen so that the result of the summation in Eq. (1) is 
guaranteed to be a scalar, i.e. invariant with respect to rotation of the reference frame. That this is indeed the 
case can be verified as follows: 

S,,,~,, ~ko,,, (~(S,2x)Oa,~(/2x)S2b,/~,(/2x),r2~b) ' (2) ( a ; ' )  (a, , ,  a,,, = 

= il"-l"-'i ~-~ D ..... ,, (~x  J ~m'ko (~2") D,, , , ,  b ~ mb~" ~mm' " \ ma mb m / ' 
m a m b m  

"/,,";," ( 3 ) 

= il"-I~'-J Z r~(l°) e , n  ~*r~(lb) e , n  ~ * D ( j ) z , q  ~* 
Um,  k ka ta)  I-Im,hkb ~a~b) m,O~atab) 

m'm',m' 

• rdt,,) r r~ ,* r~ ( J ) (12x )* (  l~ lb j )  x Z n(t") (Ox) (4 )  ~m,,m~ Uml, m~t.~*x: ~ m m '  m,, m b  m ' 
I11 a tll  b Ill 



Ch. Hattig/Chemical Physics Letters 268 (1997) 521-530 523 

If we insert in Eq. (4) the relation [ 14]: 

E r~(t~)trr, n(h, ) tn ,n(J)r12,(  lb mJ) = ( la  lh j )  
I I l ~ l  , m'~m/'m L'mam~ L a~ l Umt'm~b k a'~ l x'~mmt \ ma rtlb m. m b 

(5) 

we find the identity, we looked for: 

Sk,,k,,t12 kok,, ,12 12~b). (6) e(12x I ) I,,l/,.j~. a, f~b,12ab) =Sl,,lbj(12a b, 

In addition to invariance with respect to rotations of the reference frame one should also require that the 
expansion functions for an interaction energy are invariant with respect to an inversion of the entire system. 
The effect of the inversion operation on a S function is 

l'tla+ll'+J~kakb[ ¢-} ff2b, f~ab) (7)  l'qk"kb (12a, 12b, 12ab ) = ( - - ' J  ~t,,tl, j~ .~a,  - Ul.ll,j ", 

Thus ungerade S functions with an odd total rank la + lb + j cannot contribute to an interaction energy, only 
gerade S functions with an even total rank can contribute to a gerade scalar property. For convenience we 
renormalize the gerade S functions according to 

~,,~,,=Skokb ( lalbJo)-I  
l.tbj Iolbj X 0 0 ( 8 )  

The S functions form a complete set for the expansion of anisotropic pair potentials. A general ansatz tbr a 
pair potential can be written, for example, as: 

k kt --kakt, . n 
EAB = Z Claalb~ nSlalbj ( 12a, f~b, 12ab ) Glalbj ( R ) ,  

nkak b 
IolbJ 

(9) 

i.~ k. kb where ~td,,jn are system-dependent coefficients and the G~j~,j (R) are a set of suitable functions for describing 
the distance dependence of the interaction. 

The S functions used in Eqs. ( 1 ) - ( 9 )  have been defined via the rotation matrices for complex spherical 
tensors. For most applications it will be more convenient to use real spherical tensors instead of complex ones. 
The appropriate linear combinations of the interaction functions for real spherical tensor components r~ are 
obtained by the transformation: 

~"~KaKb su,,. j = ~ x ~t°) x~l~) ~,'o"'~ K,,n,. xbntb lflbj (10) 
m .  Ill b 

with the unitary matrices X (t) defined by: 

X(I )  = 
K,nl  

1 for K=O,  re=O; 

(_ l ) l~ l  
for K= lmlc, m > O; 

1 
for K = Im[c, m < 0; 

( - l ) lml  
i ~  for K = [mls, m > 0; 

- 1  
for K=lmls ,  m < 0 ;  

ix/~ 
0 else. 

(11) 
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As proposed in Ref. [ 8], the invariance properties of the S functions can be used to transform the expressions 
into a particular coordinate system, in which Eq. ( 1 ) becomes especially simple: the coordinate system with the 
z-axis parallel to the intermolecular distance vector. For this special choice th-~ ~'m0n(t) t~ atab)"~, become m0 to) = 6m0 
and the expression for the S functions takes the form: 

--k.,kt, . ~ --k. kb . St,,t~,.i ( ~, s2t,, ~2~h) = Slub.j t ,,,/2b, 0) 

=i'o-',,-J~-~,n~t,')t~'2a)*Dft',)(~2t,)* (Imlt, { )  (16' tt, { )  -' 
L'mk., " mkt, m 0 ' 

m 

(12) 

where we introduced the short-hand notation ~,, = /~(,O,g I ),O~ and ,Ot, = ~ ' ( ~ 1 ) a t ,  for the Euler angles of 
the molecules A and B in the quasi-internal coordinate system. For the r~ functions one obtains an analogous 
equation 

l,i),,'~,J~,,, JL/,, u)  = Z ~ m k , , '  a ,  ,,,k,, m 0 ' 
n l  

(13) 

where rD(l) are rotation matrices for real spherical tensors [8,15]. The form in which the S and ~ function 
ck,,k~, have been given in Eqs. (12) and (13) is particularly useful, if the coefficients l~lbjn in Eq. (9) can be written 

as simple products of the properties of the isolated constituents. Then Eqs. (12) and (13) can be used to write 
the expression for the interaction energy as a product of sparse matrices multiplied by the left and by the right 
with "vectors" of molecular coefficients. For example, the multipole expanded electrostatic interaction energy 
then takes the form: 

AB - E~ (,(2,,, 12b, R) = ~ ~l,,K.,A'q rr~(l°)e ~2a)t(l" ' l t ' )(  R ' l r o ( l l ' ) (  ~2b)Balbm, ~. . - ' .  --Kin, 

~ a X h  K 
la I b 

(14) 

where the multipole interaction tensors in this particular coordinate system are given by the simple expression: 

g \ l a  - m J  (15) V ,to + 
Note, that in contrast to Ref. [8] here the R dependence is included in the interaction tensors to obtain later a 
more compact notation for the derivatives. As shown in Ref. [8], Eq. (14) can be evaluated up to order L in 
the multipole expansion with computational costs of only O(L3),  if the Wigner rotation matrices are calculated 
by means of recurrence relations. 

We call the coordinate system with the z-axis parallel to the intermolecular distance vector "quasi-internal", 
because in this coordinate system the expressions for interaction energies no longer depend on a redundant set 
of eight angles (¢,,, 0a, ~P~, Cb, 0b, g'b, Cab, Oab) but only on the six independent angular variables ~,,, 0,,, ~,,, 
@,, 0b, ~b, which, together with the distance R, almost form a set of internal coordinates, i.e. a set of variables 
which does not contain components of the translation or the rotation of the entire complex: t~a, gTa, 0b, ~h, R 
and the linear combination ½(~,, - ~b) are true internal coordinates, while ½ (~,, + ~b) describes the rotation 
of the entire complex about the intermolecular distance vector. 

The rotation matrices that enter the S functions in Eqs. (12) and (13) describe the transformation of spherical 
tensors from the molecule-fixed frames to the quasi-internal coordinate system and vice-versa. Thus within this 
approach the evaluation of interaction energies is naturally implemented using intermediates in the molecule- 
fixed and/or quasi-internal coordinate systems, but normally no intermediates will be used that refer to the 
original global reference frame. This implies that the first derivatives, which as vector properties refer explicitly 
to a certain coordinate frame, can be evaluated in an efficient way only in either the molecule-fixed or the 
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quasi-internal coordinate system. These possibilities correspond to two different strategies for the calculation 
of derivatives of the intermediates used in the energy calculation. In this Letter we focus on the more general 
tormulation that is obtained if the derivatives are taken in the quasi-internal coordinate system. 

3. Calculation of  derivatives in the quasi-internal coordinate system 

To get handy formulae for the derivatives of the rotation matrices we first take a look at the parameterization 
of the rotation operator, i.e. the operator for which the rotation matrices are the matrix representations in the 
respective tensor formalism. Using the angular momentum operators in a space-fixed coordinate system, 

, (0  x0)  z=l(x y 0 / 
~x = 71 Y ~Z - z ' L~' = i Z -~x ~Z ' 7 - Y-~x , (16) 

the rotation operator can be written in terms of the euler angles ,12 = (~b, 0, ~b) as [ 16]: 

Rsl = e -i@~ × e -i0~£" × e- i lP~.  (17)  

For the calculation of derivatives this parametrization is inconvenient, because it defines an explicit order for 
the three components of the total rotation operation which do not commute, as the angular momentum operators 
do not commute. Therefore, we partition for the calculation of derivatives the rotation from the molecule-fixed 
coordinate system to the quasi-internal coordinate system into two subsequent steps: first we rotate from the 
molecule-fixed coordinate system to an intermediate system by applying l~}~ I with the fixed angles S2 of the 
reference geometry, and in a second step we transform from this intermediate system to the quasi-internal 
coordinate system by a simultaneous rotation through the axes of the rotated system (Xa,  ya ,  za):  

R 5  j (ce) = e x p ( i a x L x ,  + iayl.y,, + iazLz, , )R[~ n. (18) 

The derivatives of the rotation operator and of its inverse with respect to the angles ce~ are then obtained as: 

(~-~-. R~I(o£)~ = i L . ~ R ~  l, v = x , y , z ,  (19) 
\ vcx. / o 

Ra(o~) = - i R a  L., , .  (20) 
0 

According to the last two equations the derivatives of the rotation matrices with respect to the angles ax, a:,, 
ot z can be written as products of the rotation matrices and the matrix representations of the angular momentum 
operators. The latter are in the spherical tensor formalism sparse matrices, which up to order L in the angular 
momentum expansion have at most 2 x L 2 nonvanishing elements. 

D~I)';~'(~>5') = (t.o--D-2.'-'""'° ,~,)'R-' .)o __ _ r :  0 A ", ~'~ . ,  : 

: J.,'m : Z ..  (22) 
k 

The matrix representations of Lx, [.y and [z in the complex and in the real spherical tensor formalism are 
given in Table 1. 

In addition to the derivatives of the rotation matrices with respect to the angles a we also need the derivatives 
G n'R If  these ingredients are available, the of the functions G~.ID wi th  respect to the intermolecular distance l,l~j" 

first derivatives of the pair potential in Eq. (9) can be calculated as follows: 
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Table 1 
Matrix representations for the operators [i"Lx 1, [iLy ] and [ iL': ] for the complex and real spherical representations. All nonvanishing 
matrix elements are given. The numerical coefficients C + and C -  are defined as C+(l,m) = x/l(l + 1) - m ( m  + 1) and C-( l ,  m) = 
vii(l+ 1 ) - r e ( m -  1) 

complex spherical representation 
I l l ,  I?|  

real spherical representation 
O,K 

Ic, If 

1 s ,  K 

kc ,  If 

k s ,  If 

liLx O) = +½iC-(l,O) m.nl-  

liLx (:) = + liC+(l,O) in,m+ 

l i L  o.,,0) = +~2C+(l,O) 

liL'x m,:.2.,~ = +½ C+(I' l) 

li"L,: (I)s., : - ~ C - ( I ,  I) 

[ iLx ] (1~),2c = - I C + ( I .  1) 

l iLx ] ~/c!(k--l)s = - ~ I c - ( / '  k) 

[iL~xl~tc',(k+l) s = +~C+(I ,  k) 

[ iLx ] ~I.).0~_ 1> = - ½C-(1, k) 

l i L  J2.,..,,.. : -½c+ t.k) 

iL (/) ] _ Y ,,,,m-i = - ~ C  (1,0) 

[i~,,](/) = +½C+(I,  0) • t t l , t n +  1 

[iL"yl;llc = - ~2 C+ (1, O) 

Iig~l(Z)- w , o = + ~ C - ( l , l )  

l i ly 1o) I + • Ic,2c = - ~ C  (/ ,1) 

[iLy]{~,2s = -½C+( I ,  1) 

I iL',, I (/) = + ~ C - ( l , k )  • kc , (k- - l )c  

IiZ~I m = -½C+(l ,k)  • kc.(k+l)c 

.~ (I) = - ½ C - ( l , k )  [ t L y  ] k s , ( k - l ) s  

: 

I i ~  (/) = im ,iz 

IiL]I~),c : + 1  

I iL: (/) - k  kc,ks = 

[iL: ] ~:~:.kc : +k 

~k,,k,,,.: _ X-" n(t")'°4: ~,,)O~,! (hb)St,,,t,,,j,m, (23) l,,l~,j - -  ~ ~ m k .  ~. 
m 

t,,l,,./ = D . ) ( ~ " ) D  , ' "(~2b)St.,t,,,./m,, (24) 
m 

EAB'aa~ Z ~k.kb ~k,,kl,,~2 ~n : D~ 
= t...l.ll, j n O l . i i  j Ul , , l  j l , . ] ,  ( 2 5 )  

"kak b 
lalhj 

---- r k , , k b  "~k,,kb,°elJ n 
EAB'a~ Z ~l,,ll, J nol,,ll,.j GI. l j (  R)  , ( 2 6 )  

nka k b 
I.IbJ 

i.-,k, kb ~k, ,kl ,  l .2n,R t" g ,  ~ 
EAB'R = Z ~'lalbjn°lalbj'~lall'J ~" l ,  ( 2 7 )  

nkak b 
lall, J 

where  the numerical  factors st.,t,,,j,m are defined as 

O 0  
( 2 8 )  

Because  the space-f ixed z - a x i s  was  chosen parallel to the intermolecular distance vector so  that 1 - + 6b) 
became an external variable, the two  derivatives with respect to rotations o f  the m o l e c u l e s  through this axis ,  

a a a 
EA~ and E~A ~, are related by the equation: 

B A 

E~a } = -E~a } .  ( 2 9 )  
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Thus the proposed approach leads to the minimal number of 6 contributions to the first derivatives, in contrast 
to the 16 contributions that have to be calculated in the method developed in Refs. [9,10]. 

If the S functions and their derivatives are calculated via recurrence relations, the energy and the first 
derivatives of this general ansatz for a pair potential can be evaluated up to order L in the angular momentum 
expansion and up to order n in the expansion for the distance dependence with computational expenditure of 

, {",k.kb O ( n  x L 5) but for many of the contributions to Van der Waals potentials the coefficients ~tol~j, can be factorized 
and/or one or both of the indices j and n drop out and more efficient implementations can be obtained using 
specialized expressions. 

For example, the electrostatic interaction energy and its derivatives can be computed with only 69(L 3) oper- 
ations. For this interaction the distance dependence is described by the multipole interaction tensors t~,l o't') (R). 
The derivatives of these tensors are obtained as: 

0 t(i,,,l~,) _ R - l " - l " - 2 - -  ~ / {  1)h' / f l a  + lb'~ (lala 
O--R"' - 4 7 r e o ( - l a - l b - l ) v \ l a + m  / 

= - x / ( l a  + 1 + m) (la + 1 - m ) t  m(/'+l'M (R). 

~) (30) 

(31) 
The energy and first derivatives for the electrostatic interaction can then be evaluated by the following algorithm: 

--A ~-~ rD(I) (~2A)QA ' ~B _ ~'~ rD(l) ~ B Ql~ = Z.~ ~ '  Qt~ - ~ Kx' ("(2B) Ql~¢', 
K t K t 

= Qt,,,, ~t,~ ,,,¢, Qt,e, KK t 
K ¢ K t 

l' l' 

V l  AB'R --~/( l  21- 1 + IKI)(IA- 1 IK I --A~ = - ~ u , . , + I , K ,  K 
A 

E A B = Z  ~ A w A B  E~A~B ~ - ' ~ A ' a ~ V  AB ~ h c ' l K  ' = ~ . . a ~ l r  "IK ' 
IK IK 

B ~ B ~  

ERAB = ~ " ~  Z A  ~ AB,R E~A~B = ~--~ t'-IB'a~ II BA ~ lK  ~lK • ~ IK  IK ' 
IK lK 

After calculation of the rotation m a t r i c e s  t O ( h A )  and rD(~B) and the intermediates for the energy t, 0A, 0B, 
~AB, only one additional intermediate with computational costs of (_9(L3), the vector ~.SA, has to be evaluated 
for the calculation of first derivatives. For all other steps the expenditures scale as (.9(L2). 

A O 
From the derivatives E~A ~, E~A ~ and E]B the components of the forces and torques on the molecules a and 

B are obtained as: 

and 

I °tA orb I ~A =- -  Ea ~ +EAyB /R,  ,;) +¢i /R, F ~ =  E~8 (32) 

A 
~A = _E~A3, Tfl = --E~A ~. (33) 

The force on molecule B is, as required by Newton's law of action and reaction, the negative of the force on 
molecule A: 

f iB = _ ~ A .  
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The forces and torques obtained in the quasi-internal coordinate system can now be transformed to any suitable 
coordinate system, e.g. the space-fixed reference system or to the molecule-fixed systems by multiplication with 
the respective Cartesian 3 × 3 rotation matrix. 

4. Calculation of second and higher derivatives 

With the approach devised in Section 3 the calculation of second and higher derivatives is now almost 
straightforward, but one has to take care of the subtle details caused by the fact that rotation operations, in 
general, do not commute. Thus, for the respective combinations of variables the second derivatives of the 
energy or of intermediates cannot be calculated by simply taking the derivative of the result obtained for a first 
derivative, for example 

( ~ E ( ~ 2 A , ~ 2 B ,  R))od: \ °ax (34)  

In the quasi-internal coordinate system the rotations of molecule A commute with the rotations of molecule 
B as well as with the stretching of the intermolecular distance. Nonvanishing commutators arise only between 
rotations of the same molecule about two different axes. This affects only the mixed derivatives of the rotation 
matrices. They are obtained as follows: 

i ~ l  ( a ) = e x p  (iaxLx,, + iotyLy,j -#-iaz'L:,~) ~ 1  

o o  

=~-~nl iaxLx~, + ia~,L,,,~. . + io~zLz,~ / ~ l ,  (35) 
n--O 

0 R~l ( a )  ~ (L,,,,£u,, + , (36) 
3a~,3a= o 

0 [( )1 m'm , a ~ D m ' m ( R a  ) = R a l ( a )  
\oava u 1o 3(euOa, ~ oJ m'm 

= ½ Z ( [ i Z ~ ' ]  ',) r .~ 1(0 F~  l ( ' )  [iZ~,](t)~DJO(ff<~l) 
m'. L'L"J. ,  + LiL"J.,'; , , .1 

k'k 

=½Z{[i~.]<') ri(O,<'.v'ff -i, [ ](0 ri</),'.t~-i } m,k~S<m ~ " a  ~ + iL#z ,,'~'-'km ~"n  ) " (37) 
k 

The last equation can be generalized to a recurrence relation for arbitrary higher mixed derivatives of the 
rotation matrices: 

n (o.<~;,~:,,'. 1 ~ j" r . ^  ~ (o n (o., , , ' '  ,~,',~'.. r ^ ~ ( °  n (o.,~;,~;-',~'.. _ _ _  @ ].rLiLxJ"k'km + s[iL:,Jm,k--,m ~#/ l '# l i  #" -[- S -J- t 

P.';" ] (t) ~(t).o,7,~.o,'-' "1 
+ t L, , .zj , , ,k ~'km " j~ • 

(38) 

Based on Eq. (37), the algorithm for the electrostatic energy and its first derivatives proposed in Section 3 
can be extended for the second derivatives as follows: 

- . . . .  , { -a,.." --a,<.." ]> 
K I 



~B at~a u 
Q IK' t, t~ 

"11< 

~,BA,R 
lK 

A A 
O L  ,o,  iz 

E A B  

~A B 

EA~ '% 
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l iL~ Qt~' + iL~, ~t~' 
~-  2 KK  ¢ KK  l 

K t 

= _ ~AB,R x / ( l +  1 + [1<1)(l+ 1 -11<f) ~+,,~, 

= - x / ( l  + 1 + I K I ) ( t +  1 - IKI) ~BAvI+I,K ' 

_- V '  rt(t't') o-8"d 
K x . - / t , K  ' 

I' 
A A a __ ~ " ~  ~ , O r ,  u ~ ] A B  

- ~ ~ I K  "h< , 

b< 

~A,aa~ ~AB,R X-" 

IK 

/--..a .~:.IK tic ' 
l~: 

a~.otnu w-.-,, --B,aS.etnu --BA 
Eat) = ~ Qt,~ Vl,~ ' 

eA]. '" = Z O_U 
IK 

R 2 ~ A  ~ z A B , R  2 
EAB = Z ~ l x  Ix " 

b< 

529 

There are again for symmetry reasons some relations between the derivatives: 

A A A B B B B A B 

. ~  . . . .  ~ . . . .  _ ½E~ . . . .  
= ~ ' " ~ = _ U A B -  ~ ~,, EAB " - E a  B " , - 7 E  , 

ogA, A_ ota cgB | (7/A orb B B OtA l ¢yB 
EA~ ~ =-Ea~ '  : + 7E - , EA~ ~" = --E~a~B ' : + 7E , 

A A A B B B B A . , ~ .  . ,Or. 
= = 

r , . :  r ,~  ~. 
EAB" = - - E A B ' .  

Thus only 6 x 7 /2  = 21 independent second derivatives have to be calculated. As for the first derivatives, the 
"CA B iJ operation count scales for most of the steps as O ( L 2 ) ,  only the calculation of V "~, scales as O(L3).  

Higher derivatives of the electrostatic energy are rarely needed and we will therefore not give any explicit 
formulae for their implementation, but, in principle, they can be made available for arbitrarily high orders 
through recurrence relations derived from Eq. (38).  Analogous algorithms can be derived for the gradients 
and the Hessians of the second-order induction and dispersion energies. Using for the derivatives similar 
intermediates as were proposed in Ref. [8] for the respective energies, the gradients and Hessians can be 
implemented at small extra cost to the energy calculations. 
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