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Abstract

A new method for the calculation of correlated frequency-dependent polarizabilities by the use of time-dependent
second-order Mgller—Plesset perturbation theory is presented. Within this method the dynamic polarizabilities are defined as
second derivatives of the MP2 energy with respect to the strengths of two oscillating external fields. This definition assures
the symmetry of mixed polarizabilities and leads to the same second-order pole structure as the diagrammatic double-per-
turbation MBPT methods. As a derivative method this approach becomes equivalent to finite field MP2 calculations in the
static limit. We report applications to helium and neon.

1. Introduction

Although in recent years much effort has been devoted to the development of methods for the calculation of
accurate dynamic response properties [1-11], this is still a problem far from standard for methods which
account for the electron correlation, as illustrated by the manifold of Ansatzes used in the literature. A problem
which arises for methods which are not fully variational, i.e. which do not fulfil the Hellmann—Feyman
theorem, is the arbitrariness in the definition of the dynamic response properties.

Especially for approaches based on many-body perturbation theory (MBPT) different definitions of the
dynamic polarizabilities are proposed in the literature. Wormer and co-workers use a double-perturbation
expansion of the multipole expectation value (¥(w, £)|Q,, | ¥ (w, 1)) for their SDT-MBPT method [4,9]; the
same is done by Veseth in his diagrammatic MBPT method [12]. Rice and Handy [8] define their dynamic
polarizabilities as second derivatives of a MP2 pseudo-energy with respect to one frequency-dependent and one
static electric field, while Aiga et al. [13,14] proposed to define the dynamic polarizabilities as second
derivatives of the quasi-energy with respect to two oscillating electric fields with the same frequency.

The expressions for the MP2 dynamic polarizabilities derived by the use of these three definitions not only
differ in the correlation contribution to the oscillator strengths, but also in their pole structure, because in the
derivative expressions given by Rice and Handy and by Aiga et al. the second-order poles (i.e. those
corresponding to double excitations) are missing, but are present in the diagrammatic expansion used by
Wormer and co-workers and also by Veseth.
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We therefore developed and implemented a new method for the calculation of dynamic polarizabilities by
second-order time-dependent Mgller—Plesset perturbation theory, where we define the frequency-dependent
linear response properties as second derivatives of the MP2 energy, i.e. the expansion of the energy expectation
value, with respect to the strengths of two external frequency-dependent fields. By this definition our derivative
MP2 method becomes equivalent to the double perturbational MBPT method, if one truncates the diagrammatic
expansion of the derivative expressions in second-order in the electron fluctuation potential. In particular we get
the second-order poles which are missing in the pseudo-energy method of Rice and Handy.

In Section 2 we discuss briefly the definition of dynamic second-order properties for Mgller—Plesset
perturbation theory. In Section 3 we derive the time-dependent MP2 correlation corrections to the TDHF
approximation and a time-dependent MP2 energy Lagrangian. In sections 4—6 the necessary response equations
and an explicit expression for the MP2 dynamic polarizability are determined. Using the Lagrangian technique
developed by Jgrgensen and Helgaker [15,16] and Helgaker et al. [17] together with a non-canonical
representation for the derivatives of the molecular orbitals, computationally efficient and numerical stable
expressions are obtained.

2. Definition of the MP2 dynamic polarizabilities

There are, in general, two ways to define second-order properties. One is based on the expansion of the
expectation values in the presence of one external field,

H=HO+k)(o0,t), o, 1)={fy(o)e" ' +f,(-w)e |W,
(0N @, 1) =0y + agy(w;— )| f(®) e +f(—w) e "] + ..., (1)

and leads to the definition of the polarizability ayy (w; — ) as the linear response of the expectation value )
of an arbitrary operator Q, corresponding to a molecular property, to the oscillating field described by the
operator W.

The other possibility is to define the second-order properties by an expansion of the energy in the presence of
two external fields,

H=HO+ i (wpt) + K (wyt),
E(wp, wy, t)
=E,+ (Q)[fg(wg) exp( +iwyt) + fo( —wp) exp(—int)]
+ W[ fu(ww) exp(+iwy1) +fy(—wy) exp(—ioy1)]
—Fago(— wp; wp)[ fo( wg) exp(+iwpt) + fo( — wp) ‘”‘P(”i"’gt)]2
— 3| agw(—wgs wp) + agy (— oy wy)][ fol @) exp(+iwpt) + fo —wg) exp(—iwgt)|
X[ fw(ow) exp(+ioyt) +fy(—wy) exp(—ioy1)]

. . 2

—sayw(—wy; oy)[fu(oy) exp(+ioyt) + fiy (—ow) exp( —lwy )] + ... . (2)
Hence it follows that the frequency-dependent polarizability a,,(w,— w) can alternatively be defined by the
equation

agw(w,— w) = — °F . (3)
g @)0Fn (=) |,
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For methods which obey the Hellmann—Feynman theorem, both definitions are equivalent, but for Mgller—Ples-
set perturbation theory the two definitions lead to different expressions for the second-order properties. For
static polarizabilities it has been shown by Sadlej [18] in a diagrammatic order-by-order analysis that the
double-perturbation treatment of the external field and the correlation effects with reference to the unperturbed
SCF state based on the expansion (1) and the perturbational calculation of the correlation corrections to the
results of the coupled Hartree—Fock (CHF) theory, which is equivalent to the definition of the polarizability as a
second derivative of the energy, differ only in the treatment of the so called apparent correlation contributions.
In the frequency-dependent case this relation is retained if one uses the derivative expression (3) which yields
the same second-order pole structure as the double-perturbation approach.

3. Time-dependent Mgller—Plesset perturbation theory

If (" is a time-independent eigenfunction of the unperturbed Hamiltonian H‘® and (¥} a basis for the
orthogonal complement of ¥(?, the time-dependent eigenfunction of H with a nonvanishing coefficient of ¥
can be parametrized as [19]

FZAGY =exp(—if'dz' W(t’)) |Po(1)?, (4)
with
B> = (190 + X ()18 /N (o). (5)
n®0

The function W(¢) in the phase factor is often referred to as the quasi-energy, because for a time-independent H
and a normalized wavefunction it becomes equal to the energy expectation value. By isolating this phase factor,
the time-dependent equations are brought into a form which in the static limit becomes identical to the usual
time-independent equations. So the Schrodinger equation for |‘I’0(t)> is

H1F,(1)) = [i(3/80) = W(6)] [Fy(1)). (6)

Multiplying (6) with an arbitrary variation | 3T,(1) = a | Py (1)) +18%,(1)* ), where | 8¥,(¢)* ) is orthogonal
to | W,(¢)), one obtains the equation for the quasi-energy

W(1) = (Bo(1) | H—i(3/3t) |¥(1)), (7
and the Frenkel principle in the formulation of Moccia [20]
(W, (1)" | H~i(3/31) |¥ (1)) =0 (8)

as the time-dependent variation condition.
3.1. The TDHF method

In the closed-shell TDHF method the time-dependent wavefunction is approximated by a single determinant,
which can be parametrized in its phase-isolated form as

|0( w, t)) = exp[ — &(w, 1)]0), (9)

where |0} denotes the unperturbed SCF wavefunction and

#(w, 1) = Lk, )E,—ri(w, )E,] (10)
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is the orbital rotation operator where Ifai are the usual generators of the unitary group. Here and in the
following, we use the indices ijkl to denote occupied orbitals, abcd to denote virtual orbitals, and pgrs for
general orbitals. Because the TDHF equations for the redundant occupied—occupied and virtual—virtual rotation
become singular or numerical unstable, when the unperturbed Hartree—Fock solution contains degenerate or
nearly degenerate orbitals, we use only the non-redundant occupied—virtual rotations, i.e. we do not insist on the
canonical representation for the perturbed TDHF wavefunction.

In the time-dependent basis

E,(o,1) =exp[ — k(w, t)]qu exp[ k(w, 8)], (11)
a general variation [0+ ) can be written as
|86l > = Z (naiEai - na*iE'ia) |6> (12)

ai

Introducing Egs. (9) and (12) into the Frenkel principle (8), one obtains the time-dependent variation condition
for the TDHF wavefunction,

. (. 3Y\] -
<O|[E“,(H—ia—t)]10>=0, w€ {(ai), (ia)}. (13)

3.2. The time-dependent MPPT equations

In the Mgller—Plesset perturbation theory H is partitioned into the Fock operator F as zeroth-order
Hamiltonian and the fluctuation potential V,

H=F+V. (14)
Both the quasi-energy and the wavefunction are expanded in orders of the fluctuation potential,
W(r)= Y W,(1), (15)
n=0
[Fo(e)y =100 + X A" [F{(¢1)), (16)
n=1

where |0) is the solution of the TDHF Eq. (13) and the zeroth-order quasi-energy is given by W, = (0| F —
i(a/at)I()). We use the usual intermediate normalization {0 l‘i’0> =1, so that the first-order Mgller—Plesset
correction to the wavefunction can be expanded in the set of all double excitations {| &)} from the TDHF
reference state |0),

1U0(1)) = X a (1) 1a(1)). (17)

u#*0

Inserting this expansion into the time-dependent Schrddinger equation in its phase-isolated form (6) and
projecting onto {7 |} we find as equation for the amplitudes

. 9 P
Z(DI(F—Wo—i—)au|ﬁ>+<ﬁ|V|0)=0. (18)
u*0 ae

In contrast to the corresponding equation of Aiga et al. Eq. (18) contains a term involving the derivatives of the
amplitudes with respect to the time. It is this derivative which introduces the second-order poles into the
frequency-dependent MP1 wavefunction and the frequency-dependent MP2 polarizabilities.
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We define the time-dependent MP2 energy contributions by the expansion of the expectation value of H in
orders of the fluctuation potential,

E(t) =Wy (0) | H(0) [P,(1)) /<Fy (1) 1 (1)), (19)
Erpur = Eg + AEyp, = (0 | H |()>’ (20)
AEyp, = 3(CB(0) 1V10) + 01V [¥1(1)) ). (21)

3.3. The time-dependent MP2 energy Lagrangian

In the Lagrangian technique developed by Jgrgensen and Helgaker [15,17] the original expression for the
energy is replaced by a variational Lagrange function, constructed from the energy functional and the constraints
for its parameters. The MP2 energy functional is given by Eq. (21) and as constraints we have to consider the
TDHF Eq. (13) and the equations for the amplitudes (18). In the time-dependent case the calculation of
derivatives can be further simplified by the introduction of the equations for the conjugated amplitudes,

W)= X al(0)<E(n) ], (22)

e#0
iz>

A 0 .

/o ~ . 1- -

alo\F~-W, |lu)—i{—(a

Z (5] o i) <az( ') @
v#0

as additional constraints, so that the amplitudes a and their conjugated counterparts a

independent variables. Thus we use as time-dependent Mgller—Plesset energy Lagrangian

Lyps(k. ¢ a.a' @, a)=3 ) <0|VIida,+5 X al(7|V]0)

u+0 v+l

. 3 -
+3 ) a,,[ Y (au(EIF—W(, Ift)—(ﬁli—aulﬁ)) +{(0|VI0)

v#0 u#0 ot

+{O0|Via)=o0, (23)

¥ can be treated as

. 3 . o
+§ZET‘[Z(af{ﬁIF—Wolﬁ>—<ié—t(af,) Lu> +<01V &)
u+0 v#0
+Z§“<6|[E H—.—]|0> (24)
73

where the Lagrange multipliers £,, @, and @, are determined by the requirement that L, is stationary in all
its variables.

By expanding the parameters «, u, a, and a’, as well as the multipliers {.» 4, and @' in a Taylor series we
will derive in the next three sections the necessary equations for the first and the second derivatives of Ly,
with respect to the strengths of the external electric fields.

4. Calculation of the field-independent quantities
4.1. The unperturbed amplitudes and the MP2 energy

It is convenient to calculate the amplitudes and the MP2 energy of the unperturbed system in the canonical
representation, since the unperturbed Fock matrix

£9 = I E[a,. (4. HOJ] 100 =0, (25)
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and the matrix representation of G = F® — (0| F© |0} then become diagonal,

GP1G1A° =€, —€te—€¢=—4,,. (26)
By introducing the matrix notation

VO=<(vlVIw) and GD=(v|Glu), (27)
we obtain for the unperturbed amplitudes and their conjugated counterparts

a0~ —VP/GY  and A=~V /G (25)
respectively, and the MP2 energy reads
VoY

G2

BiajpKiaj
=Y Afb 2. (29)

iajb iajb

AEyp, = Z -

u+0

where g, are usual two-electron integrals in Mulliken notation and &, =2g,,,. — 8,4

4.2. The equations for the Lagrange multipliers

The equations for the Lagrange multipliers {, @ and &' are obtained by requiring the MP2 energy
Lagrangian (24) to be stationary in the parameters &, a and a', respectively

dLyp,/0a, =0, aLMPZ/BaT, =0, 0L \p, /0K, = 0. (30)
For the zeroth-order multipliers @® and @©®" one obtains the equations

Y @%u|Gluy +01VIuy=0, (31)

v#0

Y a0 w|Gluy +(w|V]0)=0, (32)

u+0

so that the zeroth-order multipliers are just the conjugate of the respective zeroth-order parameters,
=0) _ 0 0) _ (0
a = —Vi2/G = al", (33)
0¥ _ 0 0) _ O
a0 =~V /G = (34)

The Lagrange multipliers ¢® which correspond to the Z vector of Handy et al. [21] are determined by the
equation

Y 400I[E,. [E,. A]]10) = -4, (35)
.

with
2O = Z(agf’ﬁ(ul[E‘v,17]|o>+<ol[év,v]|u>a<u°>)+ Z agf’>fa§,°><u|é{[£;,f?<°>]}|u>, (36)
u*0

and G{O} defined as G{O} = F{O} —<0] F{O} I0) where the notation F{O} means that the Fock operator is
calculated from the operator O instead of H® as in (25). Introducing the one-electron density matrix [22],

20 = ¥ a%a®((vlE,,|u) - 8,401E,,10)), &7

u,v*0
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with the only non-vanishing elements [17]

kiakb &jaks Kisje 8ibje
DW= -2y — == and GW=2Yy 2L (38)
! akb Aiakb Ajakb ijc Aiajc Aib}'c

and the generalized MP2 Fock matrix [16]

s = ¥ (<0|Za§w dyos V] 14)a® + a®Cu| X% [a,, . V]Io)), (39)
u#0 o o
with the elements
) kiajb o) kiajb
¢’ip =22 A 8pajb and d’ap=22 A 8ipjb> (40)
ajb “iajb ijb “iajb

the vector ¥’ can be calculated from the equation

Y = (60 — O 4 ZF{[E.,, 1.}]} 0. (41)
pa

pq

5. The first-order responses

5.1. The MP2 multipole moments

In analogy to Eq. (3) one can define the static MP2 multipole moments as the first derivatives of the MP2
energy with respect to the field strength of an external static multipolar field

dAE‘MPZ . ( aLMPZ ) 4
df,(0) )0‘ 3,00 | (42)

By the use of the simplifications, which occur because the Lagrangian is stationary in all its variables, one
obtains

QMPZ

AQupo= L aPaP(w|G(hM} uy + ¥ (! [EA,L, h(“] 107, (43)
uv#0 n
- SOWHY+ TALOHY - (PHD). "
pPq ai

Introducing the effective density matrix

g0 25_(0)

ij ia

P = , (45)
20 2

a

which is known as the relaxed [23] or variational {22] MP2 density matrix, the second-order Mgller—Plesset
corrections for the multipole moments can be written as

AQMP2 = Z P,‘,Oq’h‘,};- (46)
Pq
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5.2. The first-order TDHF response equations

Expanding the TDHF equation (13) in orders of the field strengths one obtains in first order the response
equation

d
2 F(0) A1) i 5 A1) - AP

OI[ . [A®, &0]]10) ~i<0I[£,. 2] 10) = OI[£,. 4] 10. (47)
With the Ansatz

K‘(L”(a), t) =f(+w) e““"xlﬁ”( +w) +f(—w) e'i‘”’f(‘(})( —w) (48)
and the matrices

A= OI[E, [A9, £]]i0, (49)

B,.= OI[E,. [£, A®]] 10, (50)

one obtains the well-known first-order TDHF response equation [3,24-27],
[¢)]
A B) . (1 o)]|«(+teo)|__[p®
[(B A) Zw(o ‘1)](K(1)(—w) -2 KO )’ (31
5.3. The first-order response equations for the amplitudes

The expansion of Eq. (18) for the amplitudes yields in first-order in the oscillating field

Y (ul( —1—a—)a“)(w t)lu)——(ul[K(”(w t), V]IO)— Zaﬁo)((ulGA{hm(w, 1}

u+0 u#0

+é<[k“’(m, t),ﬁ(o)]}|u>—<v|é{[ D(w, 1), 1—]}|u>)

(52)
where
FOw, 1) =i w, 1) + [2Y(w, 1), H] (53)
is an effective Hamiltonian for the first order in the external field. The matrix elements
<U|G{[ D w, 1), 1—~]}Iu)——1ZK(”(w t)((uIE uy — 38, (OIquIO)) (54)
vanish, because we do not use the redundant occupied—occupied and virtual—virtual rotations. With the Ansatz
a(w, 1) =f(w) e“'a)(w) +f(—w) e7'a)( - w) (55)
and the abbreviations
V() = l[P(w), V]Iu)  and  G(w) = (ol G{TD(w)}u), (56)
we find the equation
L (GR+ w)al(w) = —VP(w) = ¥ GiY(w)a, (57)

u+0 u#+0
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which can be solved immediately, because the matrix G is diagonal,

V(@) Gl(0)VY

) = + + , 58
au (w) Au —w (Au _ w)Aly ( )
Proceeding in the same way as above, one obtains for the conjugated first-order amplitudes
Vi(w)  VOC(w
a(w) = +— ) b ) (59)

A+o  A(A+ o)

6. The calculation of the dynamic polarizabilities

If one applies the variational conditions for the MP2 energy Lagrangian and the first-order response
equations for the parameters x‘”, @ and @' in the calculation of the second derivatives, one obtains an
expression, which in accordance with the 2z + 1 rule and the 2n + 2 rule [15,17] for the parameters and their
multipliers, respectively, does not contain second derivatives of the parameters or any derivatives of the
multipliers,

Aoy (—wi+ )

=Re ¥ d"[CulG{FN(+ )} 1w al(—w) + GO~ w)} wa( +w)]

ru®

+Re ¥ (OI[&0(+ ), V]Iw)ad(—w) + O [V~ w), V] 1w a(+w))

u+0

+2) <0|[R(”(+w), RV(—w), ‘}] luya®

usl
+ Y, aWa®(u| é{f(z)( +o,— 0) + o[ RO(+w), RO —a))]} lu)
[ER7E]
+OI[£9, 7O(0,- w) + [ RV(w), 2O(-w)]] 10}, (60)

where J(+ w,— w) is an effective Hamiltonian for the second order in the external field
JO(+w,—w)
= [RO(+w), AO(— )] + [V~ w), K+ 0)] + [RV(-w), RV(+w), HO]. (61)

The first two terms contributing to A ayp,(—®,+ ) can be calculated as an MP2 energy with modified
integrals and frequency-dependent energy denominators,

Re( Y a V% (—w)}<vl é{f(])( +o)}uw

a0

+ ) (Ol[k(l)(+w), ‘7] lwa’(—w)+(+we —w))
u#0
IO 4+ Ty — I — JO( 4
=R€Z Ou( w) uO( w) + Ou( w) u()( (1))
B A, —w A+w
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with
,(3)
IF(w) =V (w) + EG‘“ — (63)

(0)

Vo
I§2(w) = V(@) + & 568(w). (64)

The third term is an MP2 energy calculated from two-index transformed integrals and zeroth-order amplitudes,
2y (OI[R(I)( + ), RV(-w), ‘7] luya®

u#0

k ib
= Y {(«V(+0), («V(-0), g}}iup A"” +(towo —). (65)

iajb iajb
The last two terms can be calculated with the effective density matrix p©®,

T a0 |G{FO(+0,~ w) + o[ kV(+ ), &V(-w)]} )

v,u#0
+ (Ol[f(o), SO+ w,~ 0) + w[k(”(+w), R(l)(—w)]] (0>

= Zp(o)[F{f(z)( +w,— w)}pq + w{K(l)( +tw), k( _w)}pq]' (66)

7. First applications to helium and neon

In order to test our method and its implementation, we computed frequency-dependent polarizabilities for the
rare-gas atoms helium and neon, for which experimental and theoretical data are available. For both atoms we
used large basis sets which are expected to give dipole and quadrupole polarizabilities near the basis set limits
and have been used previously for calculations in the framework of SDT-MBPT [4,9, 28] so that a direct
comparison between the two methods is possible. For helium we used the uncontracted (10s5p3d2f) basis set
optimized for polarizability calculations by Meyer [29], and for neon we used the (19s14p5d3f3g)/
[12s10p5d3f3g] contracted basis given by Thakkar et al. [28]. The results for the static dipole, quadrupole and
octupole polarizabilities for helium and neon as well as the isotropic C4, Cy and C,, dispersion coefficients for

Table 1
Static dipole, quadrupole and octupole polarizabilities for He and C, Cy and Cy, coefficients for (He), (in au)
TDHF * TDMP2 ° MBPT * FC1¢
a, 1.322 1.362 1.354 1.385
a, 2315 2.403 2.372 2.445
a, 9.940 10.37 10.22 10.60
C 1.375 1.430 1.431 1.463
Cq 13.12 13.76 13.66 14.11
Cy 168.4 178.0 175.8 183.2

* Time-dependent Hartree—Fock (this work).

® Time-dependent Mller-Plesset second order (this work).
¢ Many-Body perturbation theory [4].

¢ Full-CI [30].
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Table 2
Cq, Cy and C, coefficients for He~Ne (in au)
TDHF * TDMP2 MBPT ¢ DOSD ¢
Ce 2.727 3.041 3.071 3.029
Cq 31.36 36.12 36.18
Cio 4535 5489 545.1

* Time-dependent Hartree—Fock (this work).

P Time-dependent Mgller—Plesset second order (this work).
¢ Many-body perturbation theory [28].

“ Dipole oscillator strength distribution [31].

Table 3
Static dipole, quadrupole and octupole polarizabilities for Ne and Cq, Cy and C,, coefficients for (Ne), (in au)

TDHF * TDMP2 * MBPT © CCSD(T) ¢ DOSD ©
o 2.375 2.720 2.656 2.69 2.669
as 6.401 7.651 7.328 752
a, 34.12 44.94 42.07
C, 5.514 6.543 6.553 6.383
Cy 73.46 91.79 90.344
Co 11771 1589.4 1535.6

* Time-dependent Hartree—Fock (this work).

® Time-dependent Méller—Plesset second order (this work).
¢ Many-body perturbation theory [28].

9 Ref. [32].

° Dipole oscillator strength distribution [31].

the van der Waals systems He,, He—Ne and Ne, are given in Tables 1-3. In Fig. 1 we compare the dynamic
polarizabilities for neon at imaginary frequencies obtained from the time-dependent MP2 (TDMP2) method with
the TDHF results and values calculated from a effective dipole oscillator strength distribution (DOSD)
determined from experimental data by Kumar and Meath [31]. For polarizabilities as well as the dispersion
coefficients we obtain results which differ not more than 3% from the best experimental or theoretical data. In
comparison with the SDT-MBPT method, time-dependent MP2 yields with the same basis sets slightly larger

results for static polarizabilities.

polarisability (a.u.)

0 L 1 L T
1 2 3 4 5
imaginary frequency (a.u.)

Fig. 1. Dipole polarizability of neon at imaginary frequencies.
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