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Abstract 

A new method for the calculation of correlated frequency-dependent polarizabilities by the use of time-dependent 
second-order Moller-Plesset perturbation theory is presented. Within this method the dynamic polarizabilities are defined as 
second derivatives of the MP2 energy with respect to the strengths of two oscillating external fields. This definition assures 
the symmetry of mixed polarizabilities and leads to the same second-order pole structure as the diagrammatic double-per- 
turbation MBPT methods. As a derivative method this approach becomes equivalent to finite field MP2 calculations in the 
static limit. We report applications to helium and neon. 

1. Introduction 

Although in recent years much effort has been devoted to the development of methods for the calculation of 
accurate dynamic response properties [l-111, this is still a problem far from standard for methods which 
account for the electron correlation, as illustrated by the manifold of Ansatzes used in the literature. A problem 
which arises for methods which are not fully variational, i.e. which do not fulfil the Hellmann-Feyman 
theorem, is the arbitrariness in the definition of the dynamic response properties. 

Especially for approaches based on many-body perturbation theory (MBPT) different definitions of the 
dynamic polarizabilities are proposed in the literature. &Wormer and co-workers use a double-perturbation 
expansion of the multipole expectation value (q( w, t) ( Qlm I !JJ( w, t)) for their SDT-MBPT method [4,9]; the 
same is done by Veseth in his diagrammatic MBPT method [12]. Rice and Handy [8] define their dynamic 
polarizabilities as second derivatives of a MP2 pseudo-energy with respect to one frequency-dependent and one 
static electric field, while Aiga et al. [13,14] proposed to define the dynamic polarizabilities as second 
derivatives of the quasi-energy with respect to two oscillating electric fields with the same frequency. 

The expressions for the MP2 dynamic polarizabilities derived by the use of these three definitions not only 
differ in the correlation contribution to the oscillator strengths, but also in their pole structure, because in the 
derivative expressions given by Rice and Handy and by Aiga et al. the second-order poles (i.e. those 
corresponding to double excitations) are missing, but are present in the diagrammatic expansion used by 
Wormer and co-workers and also by Veseth. 
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We therefore developed and implemented a new method for the calculation of dynamic polarizabilities by 
second-order time-dependent Moller-Plesset perturbation theory, where we define the frequency-dependent 
linear response properties as second derivatives of the MP2 energy, i.e. the expansion of the energy expectation 
value, with respect to the strengths of two external frequency-dependent fields. By this definition our derivative 
MP2 method becomes equivalent to the double perturbational MBPT method, if one truncates the diagrammatic 
expansion of the derivative expressions in second-order in the electron fluctuation potential. In particular we get 
the second-order poles which are missing in the pseudo-energy method of Rice and Handy. 

In Section 2 we discuss briefly the definition of dynamic second-order properties for Moller-Plesset 
perturbation theory. In Section 3 we derive the time-dependent MP2 correlation corrections to the TDHF 
approximation and a time-dependent MP2 energy Lagrangian. In sections 4-6 the necessary response equations 
and an explicit expression for the MP2 dynamic polarizability are determined. Using the Lagrangian technique 
developed by Jorgensen and Helgaker [15,16] and Helgaker et al. [17] together with a non-canonical 
representation for the derivatives of the molecular orbitals, computationally efficient and numerical stable 
expressions are obtained. 

2. Definition of the MP2 dynamic polarizabilities 

There are, in general, two ways to define second-order properties. One is based on the expansion of the 
expectation values in the presence of one external field, 

ti = z-j(“) + &)( w, t) ) @(CO, t) = [fw(o) e+‘mf+fw(-w) eCiw’]@, 

(C&O, t) =Qo+aaw(w;-~)[f(ti) eiwt+f(-o) e-‘“‘1 + . . . . (1) 

and leads to the definition of the polarizability “or+, ( w; - w) as the linear response of the expectation value (Q> 
of an arbi$ary operator Q, corresponding to a molecular property, to the oscillating field described by the 
operator W. 

The other possibility is to define the second-order properties by an expansion of the energy in the presence of 
two external fields, 

ri=ri(“)+fi~)(w,t)+fi(~)(w,t), 

J+,, ww, r) 

=E, + tri>[fo(wo) exp( +iw,t) +fo( -0.1~) exp( -iO.JQt)] 

+ (@)[fw(ow) exp(+io,t) +fw(-ow) exp(-iw~t)l 
-~~oo(-~v; ~p)[fo(op) exp(+iq?) +f,W+J exp(-iyg)]2 
-$[aQw(-~p; ~p)+~Qw(--w; ~~)][fO(O~)exp(+i~~t)+fp(-Op)exp(-iogf)] 
x[fw(ww) exp(+iw,t) +fw(-WW) exP(-iw~t)l 

-hww(-w w; ~,)[f~(w~) exp(+iw,t)+f,(-o,) exp(-iw,r)]*+... . (2) 

Hence it follows that the frequency-dependent polarizability aQw (w, - w) can alternatively be defined by the 
equation 
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For methods which obey the Hellmann-Feynman theorem, both definitions are equivalent, but for Moller-Ples- 
set perturbation theory the two definitions lead to different expressions for the second-order properties. For 
static polarizabilities it has been shown by Sadlej 1181 in a diagrammatic order-by-order analysis that the 
double-perturbation treatment of the external field and the correlation effects with reference to the unperturbed 
SCF state based on the expansion (1) and the perturbational calculation of the correlation corrections to the 
results of the coupled Hartree-Fock (CHF) theory, which is equivalent to the definition of the polarizability as a 
second derivative of the energy, differ only in the treatment of the so called apparent correlation contributions. 
In the frequency-dependent case this relation is retained if one uses the derivative expression (3) which yields 
the same second-order pole structure as the double-perturbation approach. 

3. Time-dependent Mtiller-Plesset perturbation theory 

If ~~~“) is a time-independent eigenfunction of the unperturbed Hamiltonian fi(‘) and (Yr’“‘} a basis for the 
orthogonal complement of PO (O), the time-dependent eigenfunction of g with a nonvanishing”coefficient of pi’) 
can be parametrized as [19] 

IT,,(t)) =exp -i/ldt’ W(t’) I?@o(t)>, 
i 

(4) 
fo i 

with 

W,,(t)> = ( W’O’) + c d,(t) Ir$?)/N(E). (5) 
nzo 

The function W(t) in the phase factor is often referred to as the quasi-energy, because for a time-independent fi 
and a normalized wavefunction it becomes equal to the energy expectation value. By isolating this phase factor, 
the time-dependent equations are brought into a form which in the static limit becomes identical to the usual 
time-independent equations. So the Schrijdinger equation for ( ?@o(t)) is 

ti Ilt”(t)> = [i(a/at) -w(t)] I+o(t)). (6) 

Multiplying (6) with an arbitrary variation I 8*o(t)) = a I @o(t)> + I @o(t)1 >, where I i?~@~,(t)~ ) is orthogonal 
to I @o(t)), one obtains the equation for the quasi-energy 

W(t) = <+o(t) IIj-i(a/&) I*o(t)>, (7) 
and the Frenkel principle in the formulation of Moccia [20] 

<&~~(t)’ I~-i(a/at)IIJ’o(t)>=O (8) 

as the time-dependent variation condition. 

3.1. The TDHF method 

In the closed-shell TDHF method the time-dependent wavefunction is approximated by a single determinant, 
which can be parametrized in its phase-isolated form as 

I@ u, f)> = exp[ -k( w, f)] IO>, (9) 
where IO) denotes the unperturbed SCF wavefunction and 

R( w, t) = c [ K,,( W, t)& - Kd,( 0, t)&] (10) 
ai 
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is the orbital rotation operator where ,!?,i are the usual generators of the unitary group. Here and in the 
following, we use the indices ijkl to denote occupied orbitals, abed to denote virtual orbitals, and pqrs for 
general orbitals. Because the TDHF equations for the redundant occupied-occupied and virtual-virtual rotation 
become singular or numerical unstable, when the unperturbed Hartree-Fock solution contains degenerate or 
nearly degenerate orbitals, we use only the non-redundant occupied-virtual rotations, i.e. we do not insist on the 
canonical representation for the perturbed TDHF wavefunction. 

In the time-dependent basis 

E,,( w, t) = exp[ - k( w, t)] -$, exp[ k( w, t)], 

a general variation 16 ’ ) can be written as 

IS@)= &&7I;E;$&. 
ai 

(11) 

(12) 

Introducing Eqs. (9) and (12) into the Frenkel principle (81, one obtains the time-dependent variation condition 
for the TDHF wavefunction, 

(13) 

3.2. The time-dependent MPPT equations 

In the Moller-Plesset perturbation th:ory B is partitioned into the Fock operator $ as zeroth-order 
Hamiltonian and the fluctuation potential V, 

ti=@PC. 

Both the quasi-energy and the wavefunction are expanded in orders of the fluctuation potential, 

W(t) = c K(t), 
n=O 

(14) 

(15) 

If+“(t)) =I& + c h”I?i$“‘(t)), (16) 
iZ=l 

where 16) is the solution of the TDHF Eq. (13) and the zeroth-order quasi-energy is given by IV, = (6 1 f - 
i(a/at) 16). We use the usual intermediate normalization (6 I @o) = 1, so that the first-order Moller-Plesset 
correction to the wavefunction can be expanded in the set of all double excitations {I ii)} from the TDHF 
reference state IO), 

1+$‘(t))= C a,(t)lfi(t)>. 
U#O 

(17) 

Inserting this expansion into the time-dependent Schriidinger equation in its phase-isolated form (6) and 
projecting onto (( cj I} we find as equation for the amplitudes 

c (il( 
U#O 

fi-W,,-i$ a,Iii)+(L;IfI~)=O. 
i 

(18) 

In contrast to the corresponding equation of Aiga et al. Eq. (18) contains a term involving the derivatives of the 
amplitudes with respect to the time. It is this derivative which introduces the second-order poles into the 
frequency-dependent MPl wavefunction and the frequency-dependent MP2 polarizabilities. 
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We define the time-dependent MP2 energy contributions by the expansion of the expectation value of fi in 
orders of the fluctuation potential, 

E(t) = (@c,(t) I fq t) I$< t)>/<Q t) I+“(t)>, 

E TDHF=E~l+AE~P,=(~ltiI~), 

AEM,? = ; ((~~l’(t)Ili!i))+(~ldlziro(l)(f))j. 

3.3. The time-dependent MP2 energy Lagrangian 

(19) 

(20) 

(21) 

In the Lagrangian technique developed by Jorgensen and Helgaker 115,171 the original expression for the 
energy is replaced by a variational Lagrange function, constructed from the energy functional and the constraints 
for its parameters. The MP2 energy functional is given by Eq. (21) and as constraints we have to consider the 
TDHF Eq. (13) and the equations for the amplitudes (18). In the time-dependent case the calculation of 
derivatives can be further simplified by the introduction of the equations for the conjugated amplitudes, 

($“(t)I= C af.(t)<C(t)I, (22) 
1rd 0 

~~~,(a~,(ili-~~ls)-i(~(a~,)*8l~))+(il~liiQ)=O, (23) 

as additional constraints, so that the amplitudes a and their conjugated counterparts at can be treated as 
independent variables. Thus we use as time-dependent Moller-Plesset energy Lagrangian 

LMpZ(%, i, a, a+, 5, a+) = i C (6 I C I i;>a, + i C a:( L; I ? 16) 
U#O L‘ # 0 

+t C Li, C a,(GIF-IV,, Ill-(iIi$a,,Ifi) +(-IrilO) 
r # 0 [ ( u#O i L’ 1 

+;cat, c [~~o(a~~;~/S,~il)-~~(a~,)*i~~))+til~ilCj] 
u#O 

+ ~f&(“l[‘;, k-i$]li)), (24) 

where the Lagrange multipliers &;, a,. and ZL are determined by the requirement that L,,, is stationary in all 
its variables. 

By expanding the parameters K, p, a, and a’, as well as the multipliers 6, a,. and ZL in a Taylor series we 
will derive in the next three sections the necessary equations for the first and the second derivatives of L,,, 
with respect to the strengths of the external electric fields. 

4. Calculation of the field-independent quantities 

4.1. The unperturbed amplitudes and the MP2 energy 

It is convenient to calculate the amplitudes and the MP2 energy of the unperturbed system in the canonical 
representation, since the unperturbed Fock matrix 

(25) 
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and the matrix representation of 6 = $ (‘) - (0 1 fi(‘) IO) then become diagonal, 

(~~iEli~b)=~,--Ei+~b-~j~ -Aiajb. 

By introducing the matrix notation 

v(“)=(“lr;IU> L’ U and G$)= (olGllu>, 

we obtain for the unperturbed amplitudes and their conjugated counterparts 

#) = _ I/$)/G;“? 
u and u @)t = _ V$;) / ($0) 

UU 

respectively, and the MP2 energy reads 

AEM,,,= c - - = 
UfO 

G(o) 

c giojbkiajb 

uu iajb ‘iojb ’ 

where gpqrs are usual two-electron integrals in Mulliken notation and kPqrS = 2gpqrs - gpSr9. 

(26) 

(27) 

(28) 

(29) 

4.2. The equations for the Lagrange multipliers 

The equations for the Lagrange multipliers 5, 5 and 5’ are obtained by requiring the MP2 energy 
Lagrangian (24) to be stationary in the parameters K, a and CZ+, respectively 

aE,,,/aa, = 0, aL,,,/aaf. = 0, aLMp2/aK, = 0. (30) 

For the zeroth-order multipliers z(O) and ii’0’t one obtains the equations 

‘~oiil”~(1,161U)+(OIPIU)=0, (31) 

~~oiil”~+(oIdIU)+(II1310)=0, (32) 

so that the zeroth-order multipliers are just the conjugate of the respective zeroth-order parameters, 

$0) = _ V,‘Il’/G;“,’ = .(uo)t, 
u (33) 

&o)t = _ V,60’/@’ = a(o) 
II uu 11 ’ (34) 

The Lagrange multipliers 6”’ which correspond to the Z vector of Handy et al. [21] are determined by the 
equation 

C$pCOl[~~, [&, “I] lo>= -r,‘O’, (35) 
P 

with 

yp = C (ar)t(ul[&,, f] IO)+ (OI[&, li] lu)@) + u~ouf’~t~~o~~~l~([&, F?~‘])Iu), (36) 
UZO 

and G(6) defined as G(6) = ${‘ca> - (0 I ;(6> IO) where the notation fi{‘cs} means that the Fock operator is 
calculated from the operator 6 instead of A(‘) as in (25). Introducing the one-electron density matrix [22], 

LB$ = C Z:“aIp’( ( u I Epp4 I u> - 6,.,(0 I kpp4 IO>), 
u,u+o 

(37) 
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with the only non-vanishing elements [17] 

kiakb gjokb 
IzqL _2c _- 

akh ‘iukb ‘pkb 

and 

and the generalized MP2 Fock matrix [16] 

with the elements 

4;;) = 2 c k”‘“gp,ib 
ajb ‘iajb 

and 4;; =2x ki.ihgipjb, 
ijb ‘iajb 

the vector y(“) can be calculated from the equation 

$‘)) = (c#P - p)+)u + CF( [ &,, “]),,q$. 
P4 

(38) 

(39) 

(40) 

(41) 

5. The first-order responses 

5. I. The A4P2 multipole moments 

In analogy to Eq. (3) one can define the static MP2 multipole moments as the first derivatives of the MP2 
energy with respect to the field strength of an external static multipolar field 

(42) 

By the use of the simplifications, which occur because the Lagrangian is stationary in all its variables, one 
obtains 

(43) 

Introducing the effective density matrix 

(44) 

(45) 

which is known as the relaxed [23] or variational 1221 MP2 density matrix, the second-order Moller-Plesset 
corrections for the multipole moments can be written as 

(46) 
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5.2. The first-order TDHF response equations 

Expanding the TDHF equation (13) in orders of the field strengths one obtains in first order the response 
equation 

(Ol[Q, [Z?(O), i?il)]]lO)-i$(Ol[&~, R”‘] lO)=(Ol[$, it”‘]lO). 

With the Ansatz 

Kz’( 0, t) =f( i-0.1) e +iwkf)( +w) +f( -0~) eCi”k$‘( -co) 

and the matrices 

ApU= (Ol[& [I?“, i:]] IO>, 

BpLy= (Ol[&, [iv, +‘)]I lo>, 

one obtains the well-known first-order TDHF response equation [3,24--U], 

5.3. The first-order response equations for the amplitudes 

The expansion of Eq. (18) for the amplitudes yields in first-order in the oscillating field 

c (Dl(d-ii-ay)(o, t)Iu)= -_(ul[S’)(w, t), f]lO)- C a~“)(<u[6{h(1)(w, t)} 
UfO U#O \ “* J 

+ q [ R”‘( 0, t) ) A’“‘] 
> 

Iu>-(UlG ([ ri(‘)( 0, t), ii]} 

where 

j(‘)( 0, t) = iP( w, t) + [ R”‘( w, t), IP’] 

lU> 9 
I 

(52) 

is an effective Hamiltonian for the first order in the external field. The matrix elements 

I u> = -iC it,‘< w, t)(<u I kP, I U> - SJO I &IO>) 
P9 

(47) 

(48) 

(49) 

(50) 

(51) 

(53) 

(54) 

vanish, because we do not use the redundant occupied-occupied and virtual-virtual rotations. With the Ansatz 

a:‘( w, t) =f( w) e iwray)( w) +f( -w) e-‘“‘a:)( -w) (55) 

and the abbreviations 

v,l”(W)=(Ul[d(l)(W),O]lU) and G$)( o) = (U I 6{.fc1)( co)} I u), (56) 

we find the equation 

c (G$) + ti)alf)( w) = - V,‘,‘)( w) - c Gsz)( ti)ai”, 
UZO uf0 

(57) 
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which can be solved immediately, because the matrix G(“) is diagonal, 

uV’( w) = + 
V&?(w) Gi’,!( w) v,!,“’ 

A, - w + ( A,, - co) A,. ’ 

Proceeding in the same way as above, one obtains for the conjugated first-order amplitudes 

WC w) 
a;‘(w)+= + A + + 

V,‘P’G,“,‘( w) 

u w A,.( A, + w) ’ 

(58) 

(59) 

6. The calculation of the dynamic polarizabilities 

If one applies the variational conditions for the MP2 energy Lagrangian and the first-order response 
equations for the parameters K(‘), a(‘) and a(‘)+ in the calculation of the second derivatives, one obtains an 
expression, which in accordance with the 2n + 1 rule and the 2n + 2 rule [15,17] for the parameters and their 
multipliers, respectively, does not contain second derivatives of the parameters or any derivatives of the 
multipliers, 

A’yMr2( -w;+ w) 

=Re c i,~~oal”“[(l’iE(p’)(+W)}Iu)ul’)(-o) +(ulC(p’)(-,)}iu>a:‘)(+w)] 

+2c (Ol[ri”‘(fC0), I;(“(-W),?]I.,,‘:” 
U z 0 

+ c al0)+a(,0)(l:I~(~(?)(+,,-,)+,[ac’)(+w), R”‘(Y0)])lU) 
I’,U#O 

+(0l[i^ CO), .P( w, - w) + w[ S’)( w), P( -co)]] IO), 

where j(*)( + W, - o) is an effective Hamiltonian for the second order in the external field 

F’( +w,- W) 

(60) 

= [ iP( + W)) P( - w)] + [ iP( - w), A(‘)( + w)] + [ P( - W)) P)( + W)) ,(“)I . (61) 
The first two terms contributing to AaMp (-w, + w> can be calculated as an MP2 energy with modified 
integrals and frequency-dependent energy denominators, 

Re c 
i 

a~“‘+a;‘( - W) ( U I c?{.f(‘)( + w)} I u) 
r,1< # 0 

+ c (OI[ri”)(+w),O]lu)u(,l)(-w)+(+wtt -0) 
U#O 

=Rex 
I&‘( + cd) I$)‘( - w) 

11 A, - o 



368 C. Hiittig, B.A. Hefi / Chemical Physics Letters 233 (1995) 359-370 

with 

I$‘( 0) = V#( w) + :c;:y “)a,’ (63) 

Vp 
I#,)( o) = V,;)( to) + c LG$,)( co). 

c 4 (64) 

The third term is an MP2 energy calculated from two-index transformed integrals and zeroth-order amplitudes, 

2UF0 (0 ( [ k(l)( + 0)) iF( - 0)) 31 I u)a(,O) 

= c {K(l)( +W), {K(l)( -W), g}}iajb% +(+w- -0). (65) 
iajb rolb 

The last two terms can be calculated with the effective density matrix p(O), 

c .(o)+u~)(,lC(~(z)(+,,-,)+,[R(l)(+,), R(‘)(-w)J]lu> 
U,U#O 

+(0l[5^ (a), .W( +w,- W) + w[ 2(‘)( +w), i(l)( -o)]] IO> 

= &;@{i’*)( +a,- U)},, + W{K(‘)( +W), K(l)( -O)}pq]. (66) 
P4 

7. First applications to helium and neon 

In order to test our method and its implementation, we computed frequency-dependent polarizabilities for the 
rare-gas atoms helium and neon, for which experimental and theoretical data are available. For both atoms we 
used large basis sets which are expected to give dipole and quadrupole polarizabilities near the basis set limits 
and have been used previously for calculations in the framework of SDT-MBPT [4,9,28], so that a direct 
comparison between the two methods is possible. For helium we used the uncontracted (lOs5p3d2f) basis set 
optimized for polarizability calculations by Meyer [29], and for neon we used the (19s14p5d3f3g)/ 
[12slOp5d3f3g] contracted basis given by Thakkar et al. [28]. The results for the static dipole, quadrupole and 
octupole polarizabilities for helium and neon as well as the isotropic C,, C, and Cl0 dispersion coefficients for 

Table 1 
Static dipole, quadrupole and octupole polarizabilities for He and C,, C, and C,u coefficients for (He), (in au) 

TDHF a TDMP2 b 

o1 1.322 1.362 
a2 2.315 2.403 
a3 9.940 10.37 

C, 1.375 1.430 
C* 13.12 13.76 
Cl0 168.4 178.0 

a Time-dependent Hartree-Fock (this work). 
b Time-dependent Moller-Plesset second order (this work). 
’ Many-Body perturbation theory 141. 
d Full-C1 [30]. 

MBPT ’ FCI d 

1.354 1.385 
2.372 2.445 

10.22 10.60 

1.431 1.463 
13.66 14.11 

175.8 183.2 
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Table 2 
C,, C, and C,, coefficients for He-Ne (in au) 

TDHF a TDMP2 ’ MBF’T ’ DOSD d 

C, 2.721 3.041 3.071 3.029 
Cx 31.36 36.12 36.18 
C,,, 453.5 548.9 545.1 

a Time-dependent Hartree-Fock (this work). 
h Time-dependent Moller-Plesset second order (this work). 
’ Many-body perturbation theory [28]. 
’ Dipole oscillator strength distribution [31]. 

Table 3 
Static dipole, quadrupole and octupole polarizabilities for Ne and C,, C, and C,, coefficients for (Ne), (in au) 

TDHF a TDMP2 b MBPT ’ CCSDtT) d DOSD ’ 

aI 2.375 2.720 2.656 2.69 2.669 
a: 6.401 7.651 7.328 7.52 
a1 34.12 44.94 42.07 

C, 5.514 6.543 6.553 6.383 
C, 73.46 91.79 90.344 
C,,, 1177.1 1589.4 1535.6 

’ Time-dependent Hartree-Fock (this work). 
’ Time-dependent Mdller-Plesset second order (this work). 
’ Many-body perturbation theory [28]. 
d Ref. [32]. 
’ Dipole oscillator strength distribution [31]. 

the van der Waals systems He,, He-Ne and Ne, are given in Tables 1-3. In Fig. 1 we compare the dynamic 
polarizabilities for neon at imaginary frequencies obtained from the time-dependent MP2 (TDMP2) method with 
the TDHF results and values calculated from a effective dipole oscillator strength distribution (DOSD) 
determined from experimental data by Kumar and Meath [31]. For polarizabilities as well as the dispersion 
coefficients we obtain results which differ not more than 3% from the best experimental or theoretical data. In 
comparison with the SDT-MBPT method, time-dependent MP2 yields with the same basis sets slightly larger 
results for static polarizabilities. 

0 ! I I 1 I 

0 1 2 3 4 
imaginary frequency (a.~.) 

Fig. 1. Dipole polarizability of neon at imaginary frequencies. 
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