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Ab initio study of the electric-field-gradient-induced birefringence
of a polar molecule: CO
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An ab initio coupled cluster singles and doubles~CCSD! investigation of the electric-field-
gradient-induced birefringence~EFGB! of a polar molecule, CO, is presented. The so-called
‘‘effective quadrupole center’’~EQC!, the origin to which the quadrupole moment deduced from
EFGB experiments refers for dipolar molecules and which experimentalists cannot determine
directly, is computed within two different semiclassical theories of the EFGB. The temperature
independent frequency dependent contribution to the birefringence is determined as well. The
molecular electric quadrupole moment with the origin at the EQC is determined within the two
theories via an accurate value of the quadrupole moment referring to the center of mass, obtained
using well-established hierarchies of basis sets and wave function models, and the calculated EQCs.
The final theoretical values result as the basis set limit at the CCSD~T! level completed with
estimates for relativistic effects, correlation contributions beyond CCSD~T!, rovibrational effects,
and residual errors in the EQC. The comparison of the theoretical results with the corresponding
experimentally deduced values sheds some light on the differences between the two semiclassical
approaches to the EFGB. ©2000 American Institute of Physics.@S0021-9606~00!30332-4#
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I. INTRODUCTION

Molecular electric quadrupole moments are often de
mined from measurements of the birefringence induced
an electric field gradient~EFG! with a component perpen
dicular to the direction of propagation of the beam.1

For a linear molecule, the resulting anisotropy of t
refractive indexDn at constant pressure can be written a

Dn}S b1
2

15kT
qDa D¹E, ~1!

where ¹E indicates the component of the EFG,T is the
temperature, andk is the Boltzmann constant. The quantityb
is a combination of frequency dependent~quadratic! re-
sponse properties,Da the anisotropy of the electric dipol
polarizability, and q represents the permanent molecu
electric quadrupole moment.

Since the first experiment carried out by Buckingha
and Disch in 1963,2 the technique has been widely employ
to determine molecular electric quadrupole moments for b
nondipolar and dipolar molecules.3–10 The interpretation of
the measurement in dipolar gases has been difficult, du
the dependence ofq on the origin in molecules possessing
permanent electric dipole moment. Theories have been
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veloped by Buckingham and Longuet-Higgins,11 by Imrie
and Raab,12 and by Dumitru and Woolley.13,14

Recently, we have completed studies of the electric fi
gradient induced birefringence~EFGB! in atoms15 and non-
polar molecules.16 Here we present the firstab initio study of
the EFGB of a polar molecule. More specifically, we pe
form a coupled cluster singles and doubles~CCSD! ~Ref. 17!
investigation of the EFGB of carbon monoxide~CO!, carried
out within the frameworks of the semiclassical approac
of Imrie and Raab,12 and of Buckingham and Longuet
Higgins.11 The so-called effective quadrupole cent
~EQC!—the origin to which the quadrupole moment deduc
from the EFGB experiment via Eq.~1! refers—is determined
as a function of the frequency through the dispersion coe
cients of the appropriate linear response functions. The qu
rupole momentq at the EQC as well asDa and the quantity
b, which for constant pressure is temperature-independ
are also computed. In the experimental studies of the EF
in CO ~Refs. 3, 10! the contribution fromb has always been
neglected, and we shall test the validity of this approxim
tion. For this investigation, the hierarchies of augmen
correlation-consistent valence basis sets18–20—denoted aug-
cc-pVXZ, d-aug-cc-pVXZ, and t-aug-cc-pVXZ for single
double, and triple augmentation with diffuse function
respectively—are employed, as our previous studies of
EFGB of nonpolar systems15,16 have shown the importanc
of inclusion of diffuse functions in the basis set inab initio
studies of EFGB.

The two semiclassical formulations of the EFGB for
polar molecule—one authored by Buckingham and Longu
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Higgins, Ref. 11, and one formulated by Imrie and Ra
Ref. 12—differ, among other things, in the use of
traceless11 vs a traced12 form of the quadrupole moment op
erator. The observable is in both approaches independe
the origin, as it must be, and the two approaches have b
said to ‘‘agree’’ in the limiting case of nondipola
molecules.12,10 Although it has been stated that direct com
parison of the results for the quadrupole moment with
spect to the EQC of polar molecules is possible~see Refs.
10, 12! this is a matter of some debate.

In this paper we follow closely the more recent approa
of Imrie and Raab and compare the results with those
tained with the formulation of Buckingham and Longue
Higgins to investigate the difference between the two
proaches numerically.

Finally, a high-levelab initio investigation ofq referring
to the center of mass is performed, and used—together
the two calculated EQC’s—to obtain final theoretical valu
for the quadrupole moment refering to the EQC, which
compared with experimentally deduced values. For this e
calculations in well-established hierarchies of basis sets
wave function models are performed. Regarding the lat
the following sequence of models is employed: Hartre
Fock self-consistent field~SCF!, second-order Mo” ller–
Plesset perturbation theory~MP2!,21 CCSD, and CCSD aug
mented by a perturbational correction for connected tri
excitations~CCSD~T!!.22 This hierarchy of wave function
models has proven to be very useful for accurate calculat
of q,23–25 and the accuracy of the CCSD~T! results is com-
parable to that of experiment when sufficiently large ba
sets are employed. Regarding basis-set demands, the i
sion of diffuse functions in the basis set has been found to
very important because of the quadratic dependence of
electric quadrupole moment operator on the electro
coordinates.26 Accordingly, we shall employ the above
mentioned series of diffusely augmented correlatio
consistent valence basis sets and the corresponding ser
singly augmented core-valence basis sets, den
aug-cc-pCVXZ.27 Relativistic effects onq of CO are ex-
pected to be small, as no heavy nuclei are present. Neve
less, some semirelativistic calculations that take the effec
the mass-velocity and one-electron Darwin terms into
count are performed to estimate the effect of relativity.
interface our theoretical value with the experimentally d
duced one a rovibrational averaging is finally performed.

We do not discuss the details of response theory fo
coupled cluster parameterization of the wave function he
A general description of the method is given in Ref. 2
whereas the derivation of the CCSD quadratic respo
theory equations can be found in Ref. 29. The implemen
tion of the dispersion coefficients for linear and quadra
response properties in coupled cluster response theory is
scribed in Refs. 30 and 31.

II. THEORY

A. Basic theory

The electric-field-gradient induced anisotropyDn of the
refractive indexn for an ideal gas of a polar species and f
light propagating along theZ axis is given by11,12,32
,
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Dn5nX2nY5
1

e0
Ns¹E ~2!

in atomic units, whereN is the number density and, in th
formulation of Imrie and Raab,12

s5
1

60H 6Ba,b,ab22Ba,a,bb2ßa,ab,b23ßa,bb,a

2
10

v
«abgJa,b,g8 1

1

kT F6qabaab22qaaabb

2maS 3aa,bb1ab,ba1
10

v
«abgGb,g8 D G J . ~3!

Hereqab denotes the components of the permanent elec
quadrupole moment tensor,ma the components of the per
manent electric dipole moment vector and«abg the compo-
nents of the Levi–Civita tensor. Einstein implicit summatio
over repeated indices is assumed here and throughout.
remaining tensor elements indicate frequency dependent
ear or quadratic response properties. Thus, in the notatio
e.g., Ref. 33~see also Ref. 34!,

aab~2v;v!5aba~2v;v!52^^m̂a ;m̂b&&v ~4!

denotes the usual electric dipole polarizability, and

aa,bg~2v;v!5aa,gb~2v;v!52^^m̂a ;q̂bg&&v ~5!

and

Ga,b8 ~2v;v!52 i ^^m̂a ;m̂b&&v ~6!

describe the response of the electric dipole moment to
gradient of the electric field and to the time derivative of t
magnetic field associated with the radiation, respectivel35

The frequency dependent quadratic response properties
the dipole–dipole–quadrupole

Ba,b,gd~2v;v,0!5Bb,a,gd~2v;v,0!

5Ba,b,dg~2v;v,0!

5^^m̂a ;m̂b ,q̂gd&&a,0 , ~7!

the dipole–quadrupole–dipole

ßa,bg,d~2v;v,0!5ßa,gb,d~2v;v,0!

5^^m̂a ;q̂bg ,m̂d&&v,0

5Ba,d,bg~2v;0,v!, ~8!

and the dipole-magnetic dipole–dipole

Ja,b,g8 ~2v;v,0!5 i ^^m̂a ;m̂b ,m̂g&&v,0 ~9!

hyperpolarizabilities.
The electric dipole, magnetic dipole, and electric qua

rupole moment operators in the above equations are defi
as follows:

m̂a5(
i

qi r̂ ia , ~10!

m̂a5(
i

qi

2mi
~ r̂ i3p̂i !a , ~11!
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q̂ab5(
i

qi r̂ ia r̂ ib , ~12!

where the summation extends over all particlesi with posi-
tion vectorr i , momentumpi52 i\¹ i , and massmi . Note
the choice of thetraced form for the electric quadrupole
moment operator, as suggested by Imrie and Raab,12 see also
Refs. 10, 36–38.

B. Effective quadrupole center

Again, following Imrie and Raab,12 in the case of a lin-
ear molecule with thez axis as the molecular axis, Eq.~2!
becomes

Dn5
N¹E

2e0
H b1

2

15kT FqDa2
m

2 S 2a11a213a3

1
10

v
G8D G J , ~13!

wherem5mz , q5qzz2qxx , Da5azz2axx and a15az,zz,
a25ax,xz5ay,yz , a35az,xx5az,yy and G85Gx,y8 52Gy,x8
~the dependence on the frequency parameters has bee
out for ease of notation!. Also

bIR5S B̄2ß̄IR1
J̄IR8

v
D , ~14!

where, in detail,

B̄5 2
15 @2Bz,z,xx~2v;v,0!1Bz,z,zz~2v;v,0!

1Bx,x,yy~2v;v,0!2Bx,x,zz~2v,v,0!

16Bx,z,xz~2v;v,0!17Bx,y,xy~2v;v,0!#, ~15!

ß̄IR5 1
5 @3Bz,z,xx~2v;0,v!12Bz,z,zz~2v;0,v!

1Bx,z,xz~2v;0,v!17Bx,x,yy~2v;0,v!

13Bx,x,zz~2v;0,v!1Bz,x,xz~2v;0,v!

19Bx,y,xy~2v;0,v!#, ~16!

and

J̄IR8 52 2
3 @Jx,y,z8 ~2v;v,0!1Jz,x,y8 ~2v;v,0!

1Jy,z,x8 ~2v;v,0!#. ~17!

The subscript ‘‘IR’’ indicates here and below that we a
following the formulation of Imrie and Raab,12 and it will be
used when we want to distinguish quantities for which
expressions differ from those arising in the approach
Buckingham and Longuet-Higgins,11 for which we will use
the subscript ‘‘BLH.’’ Measurements of the EFGB of a lin
ear dipolar molecule over a range of temperatures thus y
information about the term in square brackets in Eq.~13!,
which is a definite property of the molecule not depend
on the choice of the origin. The individual terms with
square brackets, however, do depend on this choice.
shift of origin which brings the term in round brackets
vanish defines the EQC.11,12 Let us indicate with a super
left

e
y

ld

g

he

script ~or! a given origin, e.g., the center of the nucle
masses. With a shiftRz along thez axis, for a neutral linear
molecule

a1→a1
~or!22Rzazz, ~18!

a2→a2
~or!2Rzaxx , ~19!

a3→a3
~or! , ~20!

G8→G8~or!1
v

2
Rzaxx

Mixed , ~21!

where we have introduced the electric dipole polarizability
the mixed length-velocity form,aa,b

Mixed(2v;v), defined as

aa,b
Mixed~2v;v!5

i

v
^^m̂a ;m̂b

p&&v , ~22!

with

m̂a
p5(

i

qi

mi
p̂i ,a . ~23!

Equating the quantity in round brackets in Eq.~13! to zero,
one obtains for the shift of origin defining the EQC,

Rz,IR5
2a1

~or!1a2
~or!13a3

~or!110v21G8~or!

4Da IR
Mixed 5

WIR~v!

4Da IR
Mixed ,

~24!

where

Da IR
Mixed5azz1

axx

4
2

5axx
Mixed

4
. ~25!

Besides for the factor 10/v, this shift depends onv
through thev-dependence of the linear response proper
in the right-hand side of Eq.~24!. This equation holds rigor-
ous even for approximateab initio methods employing non
variational wave functions—as in our case—and/or finite
sis sets. In the case of an exact wave function, or o
variational wave function expanded in a complete~infinite!
basis set, both the Ehrenfest theorem and the operator i
tity @ r̂ ,Ĥ#5 i p̂ hold ~or, equivalently, the hypervirial rela
tionship is fulfilled!, and one obtains

Rz,IR
Hyp5

2a1
~or!1a2

~or!13a3
~or!110v21G8~or!

4Da
5

WIR~v!

4Da
.

~26!

The superscript ‘‘Hyp’’ refers to this situation. Equation~26!
can also be obtained by imposing the condition that in
sence of approximations the quantity in square bracket
Eq. ~13! must not depend on the origin. Note that in appro
mate calculations, independence on the origin of the qua
pole moment is thusnot guaranteed for both the temperatu
dependent and temperature independent contributions to
EFGB in Eq.~1!.

In the formulation of Buckingham and Longue
Higgins,11 the traceless form of the quadrupole moment o
erator is employed, and an analysis similar to the one ab
yields
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Rz,BLH5
2Ax,xz

~or! 1Az,zz
~or!110v21G8~or!

2DaBLH
Mixed ~27!

for the EQC for a linear molecule, where

DaBLH
Mixed5azz1

3axx

2
2

5axx
Mixed

2
. ~28!

The tensor elements in Eq.~27! are the linear responses

Aa,bg~2v;v!5Aa,gb~2v;v!52^^m̂a ;Q̂bg&&v ,
~29!

whereQ̂ab5 1
2(3q̂ab2q̂ggdab) indicates the traceless qua

rupole moment operator. Note especially thatQ̂zz5q̂zz

2q̂xx for linear molecules. The use of the relationships

Ax,xz5
3
2a2 , ~30!

Az,zz5a12a3 , ~31!

leads to

Rz,BLH5
3a2

~or!1a1
~or!2a3

~or!110v21G8~or!

2DaBLH
Mixed 5

WBLH~v!

2DaBLH
Mixed

~32!

and for an exact wave function, or for a variational wa
function expanded on an infinite basis set

Rz,BLH
Hyp 5

3a2
~or!1a1

~or!2a3
~or!110v21G8~or!

2Da
5

WBLH~v!

2Da
.

~33!

Equation~32! provides the EQC estimate in the formulatio
of Buckingham and Longuet-Higgins. In the Results sect
below, the differences between the two formulations will
discussed in some detail. Note that the differences betw
the two approaches also extend to the temperat
independent termb in Eq. ~13!. Working out the expression
given in Refs. 11 and 32 it is possible to show that

bBLH5S B̄2ß̄BLH1
J̄BLH8

v
D , ~34!

where

J̄BLH8 52J̄IR8 ~35!

and

ß̄BLH5 2
15 @2Bz,z,xx~2v;0,v!1Bz,z,zz~2v;0,v!

13Bx,z,xz~2v;0,v!1Bx,x,yy~2v;0,v!

2Bx,x,zz~2v;0,v!13Bz,x,xz~2v;0,v!

17By,x,xy~2v;0,v!#. ~36!

In the static limit,bBLH5 J̄BLH8 /v. Note also that the differ-
ences which clearly exist betweenbIR @Eq. ~14!# and bBLH

@Eq. ~34!# lead as a consequence to the conclusion that
two formulations of the EFGB arenot equivalent anddo not
lead to the same result in the case of nondipolar system
n

en
e-

e

C. The EFGB at the EQC

Choosing the effective quadrupole center as given byRz

@see Eq.~24! or Eq. ~32!#, Eq. ~13! can be rewritten as fol-
lows:

nX2nY5
N¹E

2e0
H b~Rz!1

2

15kT
q~Rz!DaJ , ~37!

whereq(Rz) denotes the molecular quadrupole moment ref
ring to the EQC,

q~Rz!5q~or!22Rzm, ~38!

and

bIR
~Rz!

5bIR
~or!1Rz,IRb8, ~39!

bBLH
~Rz!

5bBLH
~or! 12Rz,BLHb8, ~40!

where

b85
bxxz~2v;v,0!2bzxx~2v;v,0!

3

2
bx,x,z

Mixed~2v;v,0!2bz,x,x
Mixed~2v;v,0!

3
. ~41!

We have here introduced the first hyperpolarizabilities,

babg~2v;v,0!5bbag~2v;v,0!5^^m̂a;m̂b ,m̂g&&v,0 ,

~42!

ba,b,g
Mixed~2v;v,0!52

i

v
^^m̂a ;m̂b

p ,m̂g&&v,0 . ~43!

Using the hypervirial relationship it is easy to prove that,
expected, the temperature-independent contribution toDn
does not depend on the choice of origin~in the ‘‘exact’’
case!, whereas the quadrupole moment does, as indicate
Eq. ~38!. The dependence ofb(Rz) in approximate calcula-
tions is given explicitly in Eqs.~39! and ~40!.

D. Effects of rotation and molecular vibration

We briefly discuss here the effect of molecular vibrati
and of quantized rotation on the anisotropy of the refract
index induced by an electric field gradient. The matter h
been given attention by Buckingham and Pariseau,39 who
derived a fully quantum mechanical expression for the
servable, and discussed the consequences in the case
atomic ~nonpolar! molecules. The authors have shown th
quantization of molecular rotation modifies the classical
pression Eq.~13! by reducing the alignment of the quadru
polar molecule in the field gradient, i.e., by reducing t
inverse-temperature term, and by introducing an extra c
tribution arising from centrifugal distortion. Also, both th
temperature independent termb and the properties enterin
the inverse-temperature term should be zero-point vib
tionally averaged. Equation~13!, under the assumption tha
only the ground vibrational stateuv& of the electronic ground
state is populated, would then become@cf. Eq. ~22! in Ref.
39#,



a-

t.

nt
t

a

d
-
5%
n
us
ze

th
o
s
th
al

ug
t
o
-

lar
–

ol

o
te

i
o

qs

le

nse
per-
for

nd
t the
ies

low
can

-

al

ly
op-

ate

nc-

ri-

e
the

he

M
rop-
the

ns

3081J. Chem. Phys., Vol. 113, No. 8, 22 August 2000 Birefringence of CO
Dn5
N¹E

2e0
H ^vubuv&1

2

15kT F ^vuquv&^vuDauv&

2
^vumuv&

2 S 2^vua1uv&1^vua2uv&13^vua3uv&

1
10

v
^vuG8uv& D GF~T!1C~T!J . ~44!

In Eq. ~44!, ^vuPuv& indicates the average over the vibr
tional ground state of the electronic propertyP ~for the elec-
tronic ground state!, a function of the nuclear displacemen
The functionF(T) has the form

F~T!512s1 8
15 s21¯ , ~45!

wheres5hc0Bv /kT involves the rotational termBv . The
centrifugal termC(T) is in good approximation independe
of the temperature, and its magnitude is proportional
Bv /ve , the ratio of the rotational term and the vibration
frequencyve .

Buckingham and Pariseau39 have shown that quantize
rotation effects are negligible for CO2, but that they are sub
stantial for molecular hydrogen, where they lead to a 2
reduction of theT-dependent term. Centrifugal distortio
was found in both cases rather unimportant. We will disc
the effects of vibrational zero-point average and of quanti
rotation of carbon monoxide in the following.

We shall pay special attention to the description of
effect of coupling of electronic polarization and nuclear c
ordinates, which in general also involves, besides the
called zero-point vibrational average of the properties,
contribution due to the excited vibrational states, gener
identified as pure-vibrational contribution.40 The effect of ex-
cited vibrational states on electronic properties is often h
for static properties, but it becomes much less importan
optical frequencies. In our study we follow the approach
Bishop and Kirtman41 to derive expressions for the vibra
tional dipole–quadrupole and dipole-magnetic dipole po
izabilities which determine the EQC and for the dipole
dipole–quadrupole and dipole–dipole-magnetic dip
hyperpolarizabilities entering the definition ofb. Using the
notations of Ref. 41 we can write

aa,bg
v ~2v;v!5@ ‘‘ mq’’ #, ~46!

Ga,b8v ~2v;v!5@ ‘‘ mm’’ #, ~47!

aab
v ~2v;v!5@ ‘‘ m2’’ #, ~48!

Ba,b,gd
v ~vs ;v1 ,v2!5@ ‘‘ m2q’’ #1@ ‘‘ ma’’ #1@ ‘‘ aq’’ #,

~49!

Ja,b,g8v ~vs ;v1 ,v2!5@ ‘‘ m2m’’ #1@ ‘‘ am’’ #1@ ‘‘ mG8’’ #.
~50!

Detailed expressions will be given elsewhere.42 Equation
~47! and the first and second term on the right-hand side
Eq. ~50! involve matrix elements between vibrational sta
of the magnetic dipole moment function and thus vanish
our approximation. We will discuss below the magnitude
the pure vibrational contribution—computed employing E
o
l

s
d

e
-
o-
e
ly

e
at
f

-

e

f
s
n
f
.

~46!–~50!—and its effect on both the effective quadrupo
center and the temperature independent termb of carbon
monoxide.

E. Frequency dependence and dispersion

The frequency dependence of the different respo
properties above can be obtained through frequency dis
sion coefficients. Linear and quadratic response functions
a finite molecular or atomic system in its electronic grou
state are analytical in the frequency arguments, except a
poles, which occur when a frequency or a sum of frequenc
is equal to an excitation energy. Thus for frequencies be
the first pole, the linear and quadratic response functions
be expanded in power series as15,30,31

^^Â;B̂&&vB
5 (

n50

`

vB
nDAB~n!, ~51!

^^Â;B̂,Ĉ&&vB ,vC
5 (

n,m50

`

vB
nvC

mDABC~n,m!. ~52!

Analytical expressions for the expansion~dispersion! coeffi-
cientsDAB(n) andDABC(n,m) have been derived for a gen
eral coupled cluster quadratic response function.31 The coef-
ficients with even total ordern and (n1m)—in Eqs. ~32!
and ~33!, respectively—are real, while those with odd tot
order are purely imaginary. Thus when the~Hermitian! op-
eratorsÂ, B̂ and Ĉ are real, the expansion contains on
terms of even total order, whereas if exactly one of the
erators is purely imaginary~as inG8, aMixed andbMixed de-
fined above!, only odd terms are present.

Using the dispersion relationships, Eq.~24! @or the
analogous Eq.~26!# takes the general form

Rz5
(n~even!50

` vnP~n!

(n~even!50
` vnQ~n!

, ~53!

whereP(n) andQ(n) are the coefficients of ordern in the
polynomial expansion. In the present case we will trunc
the two series in Eq.~53! after n54, so we will include the
first three terms in the expansion of all the response fu
tions.

III. COMPUTATIONAL DETAILS

All the calculations have been carried out at the expe
mentally derived equilibrium bond distanceRCO

52.1322 a.u.,43 which is only negligibly different from the
state-of-the-artab initio value of 2.1331 a.u. obtained at th
full coupled cluster singles, doubles, and triples level in
cc-pVQZ basis set.44 The molecule is placed on thez-axis,
which is directed from the oxygen to the carbon atom. T
reference origin—labeled with the superscript ‘‘~or!’’
above—was taken at the center of the nuclear masses~CM!.
ThusRz has positive values for displacements from the C
toward the C atom. The frequency dependent response p
erties have been computed at the CCSD level employing
aug-cc-pVXZ (X5D–Q), d-aug-cc-pVXZ (X5D–Q), and
t-aug-cc-pVDZ basis sets with only the valence electro
correlated.
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For the investigation ofqe
(CM) ~where the subscript ‘‘e’’

designates the equilibrium value!, SCF, MP2, CCSD, and
CCSD~T! calculations have been performed employing
aug-cc-pVXZ (X5D–6), d-aug-cc-pVXZ (X5D–6), t-aug-
cc-pVXZ (X5D–Q), and aug-cc-pCVXZ (X5D–5) basis
sets. In the valence basis sets, only the valence elect
have been correlated, whereas in the core-valence basis
all the electrons have been correlated.

All the ab initio calculations presented in this study ha
been performed with a development version of theDALTON

program45 that contains the integral-direct coupled clus
code of Koch and co-workers.26,30,31,46–48This program does
not have analytical evaluation ofq at the CCSD~T! level.
However, it is possible to add an external perturbation
the Hamiltonian explicitly, soq at this level is obtained
from the total energy by central differences numeri
differentiation—the accuracy of the numerical differentiati
has been checked at the MP2 and CCSD level where ca
lations based both on analytical and numerical differentiat
have been performed. At the CCSD level, the mass-velo
and Darwin terms can be calculated in the presence o
external perturbation and added to the nonrelativistic CC
energy obtained in the presence of the perturbation. F
this ‘‘total semirelativistic energy’’ a semirelativistic quad
rupole moment may then be obtained by numerical differ
tiation. This has been done for the aug-cc-pCVX
(X5D–Q) basis sets with all electrons correlated.

For the rovibrational averaging of the quadrupole m
ment, we calculatedq~CM! and the total electronic energy a
ten different geometries at the CCSD~T!/aug-cc-pV5Z level
with only the valence electrons correlated to obtain the
tential energy curve and quadrupole moment function. T
actual rovibrational averaging based on these results was
formed, as for the averaging of the properties as discus
below, with the VIBROT module of theMOLCAS-4

program.49

To compute vibrational corrections toRz andb, consist-
ing of a zero-point vibrational~ZPV! average and a pur
vibrational ~PV! contribution ~see Sec. II D! the relevant

FIG. 1. CO. The effective quadrupole centerRz as a function of the wave-
lengthl in the 290–1090 nm range for different correlation-consistent b
sets in the formulation of Imrie and Raab, see Ref. 12. Atomic units.
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electronic properties have been computed at the CCSD l
using the d-aug-ccpVTZ basis for a total of twelve intern
clear distances equally spaced by 0.1a0 around the equilib-
rium geometry. Vibrational averages have been calcula
for the first eight vibrational states employing the abo
mentioned CCSD~T!/aug-cc-pV5Z potential energy curve
following closely the procedure adopted in Ref. 50. Final
the conversion factors given in the Appendix are used w
converting from a.u. to SI and esu units.

IV. RESULTS AND DISCUSSION

A. The effective quadrupole center

To computeRz in the formulations of Imrie and Raab12

~labeled IR! and Buckingham and Longuet-Higgins11 ~BLH!,
we determined the frequency dispersion coefficients of
linear response functions involved in Eqs.~24! and~32! @see

is
FIG. 2. CO. The effective quadrupole centerRz as a function of the wave-
lengthl in the 290–1090 nm range for different correlation-consistent ba
sets in the formulation of Buckingham and Longuet-Higgins, see Ref.
Atomic units.

FIG. 3. CO. The temperature-independent contribution to the EFG indu
birefringence, computed at the effective quadrupole centerRz , as a function
of the wavelengthl in the 290–1090 nm range for different correlation
consistent basis sets in the formulation of Imrie and Raab, see Ref.
Atomic units.
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also Eqs.~25! and~28!# using the CCSD model and a varie
of correlation-consistent basis sets, see Sec. III. The resu
equilibrium EQC’s are shown as a function of the wav
length l in the range between 290 and 1090 nm in Figs
~IR! and 2~BLH!, respectively. The difference between t
two formulations is noticeable, and will be discussed in m
detail below. Regardless of the approach, the value ofRz

increases in absolute value as the cardinal number~X! of the
basis set increases. Furthermore, the difference betwee
Rz values obtained in a singly augmented and a doubly a
mented basis set for a givenX decreases significantly asX
increases, and the effect of triple augmentation is small—
least at DZ level. The convergence pattern of the prope
with respect to extension of the basis set is smooth and
defined, and we estimate that our best basis set result~d-
aug-cc-pVQZ! for the EQC are within one tenth of an atom
unit of the CCSD basis-set limit.

Figures 3~IR! and 4~BLH! display the frequency depen
dence of the equilibriumb(Rz) for the different correlation-
consistent basis sets. ForbIR the basis-set convergence pa
tern is not as smooth as that of the EQC, and the chan
with the basis are larger, especially from the aug-cc-pVXZ

FIG. 4. CO. The temperature-independent contribution to the EFG indu
birefringence, computed at the effective quadrupole centerRz , as a function
of the wavelengthl in the 290–1090 nm range for different correlatio
consistent basis sets in the formulation of Buckingham and Long
Higgins, see Ref. 11. Atomic units.
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the d-aug-cc-pVXZ sets. At least double augmentation
needed to obtain a reasonable convergence with the car
number for this property. Triple augmentation has no pra
cal effect at least at the double-zeta level. The differen
between the d-aug-cc-pVTZ~284.48 a.u.! and the d-aug-cc-
pVQZ ~283.97 a.u.! results, however, is small, indicatin
that the d-aug-cc-pVQZ value is converged within a few p
cent of the basis-set limit. Convergence is remarkably f
for bBLH , where, due to the near cancellation of the first tw
contributions on the left-hand side of Eq.~34!, it reflects the
surprisingly weak dependence on the details of the basis

of the largely dominatingJ̄8 term, Eq.~35!.
The ‘‘best’’ CCSD values forRz ~d-aug-cc-pVQZ! at the

experimentally relevant wavelengthl5632.8 nm are
22.502 a.u.~IR! and 24.523 a.u.~BLH!, as obtained from
the frequency dispersion function. To check the converge
of the power series, we also determined all response fu
tions, and thus the EQC andb(Rz), analytically at l
5632.8 nm. The corresponding results are shown in Tab
The direct calculation ofRz at the experimental wavelengt
in our largest basis set gives values of22.503 a.u.~IR! and
24.524 a.u.~BLH!, negligibly different from those obtained
via the power series expansions, and the basis-set con
gence pattern displayed forRz in Table I confirms our esti-
mate given above that the basis-set incompleteness erro
the d-aug-cc-pVQZ value is less than 0.1 a.u. Similarly, n
ligible differences between the dispersion and analytical
sults are observed forb(Rz) regardless of the formulation.

Table I also allows us to discuss the dependence on
basis set of other relevant quantities atl5632.8 nm, such as
the combination of linear response functions at the CM
beledW(v) in Sec. II B, or that of the equilibrium electric
dipole polarizability anisotropy~Da!. The former is remark-
ably stable and variations with the basis set are basic
negligible. The functions in the two formulations—WIR(v)
and WBLH(v) as defined in Eqs. ~24! and ~32!,
respectively—differ by about 4%: at the CCSD/d-aug-c
pVQZ level WIR(v)5240.3 a.u. and WBLH(v)5
238.5 a.u. Buckingham, Disch, and Dunmur3 published a
very rough estimate of214310232esu for W(v) at l
5632.8 nm~'2180 a.u., see the Appendix!, associated with
a correspondingRz of '224 a.u., much larger than our va
ues.Da varies by'10% in the range of basis sets in Table

d

t-
e
at
ing
TABLE I. CO. Equilibrium values for theW(v) function @see Eqs.~24! and ~32!#, the EQCRz , the anisotropy of the electric dipole polarizability and th
temperature independent contribution to the anisotropy of the refractive index~b! for a series of correlation-consistent basis sets. Results obtainedl
5632.8 nm with a direct calculation, i.e,not employing the power expansion in Eqs.~51! and~52!. Results labeled as ‘‘Hyp’’ are those obtained by assum
the fulfillment of the hypervirial relationship, see Eqs.~26!, ~33!, and~39!, ~40!. Atomic units.

Da

Imrie and Raab Buckingham and Longuet-Higgins

WIR(v) Rz,IR Rz,IR
Hyp bIR bIR

Hyp WBLH(v) Rz,BLH Rz,BLH
Hyp bBLH bBLH

Hyp

aug-cc-pVDZ 4.2284 237.4237 22.0258 22.2126 252.8545 253.5035 235.5362 23.5477 24.2021 259.3442 261.6174
d-aug-cc-pVDZ 4.0131 236.9732 22.1084 22.3033 277.8299 278.7012 235.8485 23.7696 24.4665 263.9047 267.0204
t-aug-cc-pVDZ 4.0110 237.1497 22.1227 22.3155 277.6674 278.5276 235.9541 23.7928 24.4820 264.1162 267.1904
aug-cc-pVTZ 3.9014 239.7242 22.3880 22.5455 271.5603 271.6436 237.8055 24.2804 24.8451 264.0492 264.3477
d-aug-cc-pVTZ 3.8548 239.7600 22.4264 22.5786 284.4914 284.8773 238.0063 24.3801 24.9297 264.0702 265.4632
aug-cc-pVQZ 3.8187 240.3214 22.4918 22.6397 278.8904 279.0952 238.4163 24.4962 25.0300 263.8946 264.6340
d-aug-cc-pVQZ 3.8065 240.3349 22.5032 22.6491 283.9867 284.3129 238.4579 24.5243 25.0516 263.5570 264.7360
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and increasingX from D to T and fromT to Q for the singly
augmented basis sets the incremental changes are abo
a.u. and 0.1 a.u., respectively. The effect of augmenta
with diffuse functions decreases asX increases, and the
‘‘best’’ d-aug-cc-pVQZ value (Da53.8065 a.u.) is only
0.01 a.u. lower than the value obtained with the aug-
pVQZ basis set. Using the d-aug-cc-pVTZ basis set,
zero-point vibrational correction and the pure vibration
contributions to the polarizability anisotropy were estima
as described above as, respectively,11.10% and20.04%,
leading to a total increase by 1.07%. Experimental literat
references forDa of CO at l5632.8 nm are 3.5960.07
~Ref. 51! and 3.59 a.u.52 A rather detailed analysis of th
reasons for this discrepancy can be found in Ref. 53.

The data of Table I also allow us to estimate the qua
of the approximation made by assuming that the Ehren
theorem holds and the basis set is complete. Thus in Ta
we included the results obtained forRz

Hyp , Eqs. ~26! and

~33!, and for the correspondingb(Rz
Hyp). Under this approxi-

mation the~equilibrium! EQC has ‘‘best’’ values of22.649
a.u.~IR! and25.052~BLH!, respectively, about 5%~IR! and
10% ~BLH! more negative than the ‘‘rigorous’’ result. Th
temperature-independent term is much less sensitive
value ~284.313 a.u. for IR,264.74 for BLH! is 1%–2%
more negative than the one computed assuming basis
completeness and the fulfillment of the Ehrenfest theore

Let us now briefly discuss the effect of quantized ro
tion and of molecular vibration on the EFGB of CO, follow
ing the lines drawn in Sec. II D. Our estimate ofBv5B0

from the CCSD~T!/aug-cc-pV5Z~frozen core! potential curve
of CO is 8.720431026 a.u., which meanss50.010 08 at
T5273.15 K. According to Eqs.~44! and~45! quantized ro-
tation thus reduces the inverse-temperature contributio
the EFGB of CO by'1%. The computed equilibrium vibra
tional frequency isve52163.7 cm21, so that the factor
B0 /ve has a value of 8.8531024 a.u., approximately three
times larger than estimated for carbon dioxide and m
smaller than the value computed for molecular hydrogen,
Ref. 39. The centrifugal distortion contributionC(T) in Eq.
~44! can thus safely be neglected.

Table II collects the results for the ZPVA and PV co
rections to the equilibrium electronic properties, includingRz

and b both in the BLH and the IR formulation. The tota
vibrational corrections to all properties are small, at m
3.4% forDa. We account for vibrational effects onRz andb
by adding the calculated corrections to our ‘‘best’’ results

We believe though that the most relevant issue of t
section is the large difference which exists between the
sults in the formulations of Imrie and Raab12 and of Buck-
ingham and Longuet Higgins.11 There is a factor of roughly
2 between the two estimates for the EQC, and those for
temperature-independent contribution to the EFG indu
birefringence—b(Rz)—differ by as much as 25%. In particu
lar, due to Eq.~38!, the differences in the EQC affec
strongly the theoretical prediction of the molecular quad
pole moment of CO. The consequences of this large
agreement between the two formulations of the same ph
cal process will be discussed in more detail in Sec. IV C
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B. High-accuracy ab initio value of the quadrupole
moment at the center of mass

The calculatedqe
~CM! values~origin taken at the center o

mass, CM! obtained with the different basis sets and wa
function models are given in Table III. We initially note tha
the effect of augmenting the d-aug-cc-pVXZ basis sets w
further diffuse functions is small and becomes negligible
X increases—the difference between the t-aug-cc-pVXZ
d-aug-cc-pVXZ CCSD~T! results decreases from 1.0 mi
liatomic units ~mau! at the double-zeta level to 0.1 mau
the qaudruple-zeta level. Our most accurate result forqe

~CM!

is thus obtained from the d-aug-cc-pV6Z valence-only res
corrected for core-correlation effects. From the d-aug-

TABLE II. CO. Equilibrium values, ZPV average contributions, and pu
vibrational contributions for the quantities of interest. The results are
tained at the CCSD level using the d-aug-cc-pVTZ basis set, an equilibr
distance of 2.132 a.u. and the CCSD~T!/aug-cc-pV5Z~frozen core! potential
curve, as described in the text. Atomic units.

Equilibrium ZPVA~0 K! % ~ZPVA! PV % (ZPVA1PV)

azz 15.9805 0.1780 1.1 20.0069 1.1
axx 12.1277 0.0386 0.3 0 0.3
ā 13.4119 0.0851 0.6 20.0023 0.6
Da 3.8528 0.1394 3.6 20.0069 3.4
az,xx 0.9663 0.0045 0.5 0.0101 1.5
az,zz 14.7860 0.0606 0.4 20.0010 0.4
ax,xz 10.2033 20.0095 20.1 0 20.1
Gx,y8 20.6019 20.0060 1.0 0 1.0
Rz,IR 22.6556 0.0482 21.8 20.0027 21.7
Rz,BLH 25.0835 0.0762 21.5 20.0101 21.3

B̄ 2219.9442 21.5108 0.7 0.5527 0.4

ß̄IR
2165.9054 20.9908 0.6 20.2190 0.7

ß̄BLH
2216.1454 21.4667 0.7 0.4390 0.5

J̄IR8 22.2198 20.0215 1.0 20.0349 2.5

bIR 284.8680 20.8189 1.0 0.2867 0.6
bBLH 265.4572 20.6418 1.0 20.8565 2.3

TABLE III. CO. Basis set and wave function model investigation of t
equilibrium electric quadrupole moment referring to the center of mass
the valence basis sets, only the valence electrons have been corre
whereas in the core-valence basis sets all the electrons have been corre
Atomic units.

Basis SCF MP2 CCSD CCSD~T!

aug-cc-pVDZ 21.5820 21.5715 21.5341 21.5402
aug-cc-pVTZ 21.5457 21.5093 21.4764 21.4807
aug-cc-pVQZ 21.5302 21.4923 21.4591 21.4626
aug-cc-pV5Z 21.5302 21.4905 21.4576 21.4608
aug-cc-pV6Z 21.5300 21.4897 21.4569 21.4599

d-aug-cc-pVDZ 21.5434 21.5417 21.5016 21.5088
d-aug-cc-pVTZ 21.5339 21.4995 21.4666 21.4712
d-aug-cc-pVQZ 21.5297 21.4917 21.4590 21.4625
d-aug-cc-pV5Z 21.5300 21.4902 21.4574 21.4605
d-aug-cc-pV6Z 21.5299 21.4895 21.4567 21.4597
t-aug-cc-pVDZ 21.5410 21.5406 21.5006 21.5078
t-aug-cc-pVTZ 21.5335 21.4995 21.4669 21.4715
t-aug-cc-pVQZ 21.5298 21.4918 21.4591 21.4626
aug-cc-pCVDZ 21.5899 21.5745 21.5395 21.5454
aug-cc-pCVTZ 21.5401 21.4998 21.4707 21.4752
aug-cc-pCVQZ 21.5293 21.4877 21.4584 21.4620
aug-cc-pCV5Z 21.5301 21.4870 21.4582 21.4614
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pV6Z CCSD~T! result and the difference between the au
cc-pCV5Z and aug-cc-pV5Z CCSD~T! results we obtain our
best value as21.460 a.u.

The change inqe
~CM! with each increment inX (qe(X11)

~CM!

2qe(X)
~CM!) decreases steadily asX increases, and from th

basis-set convergence within the d-aug-cc-pVXZ series
basis-set incompleteness error on our best value is estim
to be 0.001 a.u. For the d-aug-cc-pV6Z basis set, the cha
from SCF to CCSD is 0.073 a.u., whereas the change f
CCSD to CCSD~T! amounts to 0.003 a.u., thus the effect
triple excitations~as described by CCSD~T!! is only 4% of
the effect of single and double excitations. In a recent
configuration interaction~FCI! benchmark study25 it was
found that CCSD~T! recovered about 98.5% of the total FC
correlation contribution forqe

~CM! of BH and HF. The per-
centage of the effect of triple excitations~as described by
CCSD~T!! compared to single and double excitations
qe

~CM! of CO is somewhat smaller than forqe
~CM! of BH ~7%!

and HF~16%!,25 and a reasonable estimate of the error d
to correlation beyond CCSD~T! for qe

~CM! of CO thus appears
to be 2% of the CCSD~T! correlation contribution. For the
d-aug-cc-pV6Z basis set this amounts to 0.0014 a.u. Fina
we note that the semirelativistic CCSD results differed
less than 0.001 a.u. from their nonrelativistic counterpart
Table III, and the effect of relativity can thus be neglect
compared to the error due to the incompleteness of
CCSD~T! model. Taking everything into account, our fin
best theoretical value forqe

~CM! of CO thus becomes
(21.46060.002) a.u.5(26.55060.008)310240C m2 ~we
combine the uncertainties as standard deviations!.

The rovibrationally averaged value obtained at t
CCSD~T!/aug-cc-pV5Z level, which provides accurate va
ues ofq~CM! and the electronic energy at reasonable com
tational costs, is21.446 a.u. Compared to the CCSD~T!/aug-
cc-pV5Z qe

~CM! value, the rovibrational effect is 0.015 a.
~1.0%!. Correcting our bestqe

~CM! value accordingly, we
obtain q0

~CM!5(21.44560.002) a.u.5(26.48360.008)
310240C m2.

C. Comparison with an experimentally deduced
quadrupole moment

In a recent study by Grahamet al.,10 q(Rz) of CO was
determined from measurements of EFGB at 298 K to
(29.4760.15)310240C m2. In this study the hyperpolariz
ability correction termb was neglected. Our ‘‘best’’~CCSD/
d-aug-cc-pVQZ! values ofb(Rz) ~ca. 284 a.u. for IR and
265 a.u. for BLH! correspond to roughly 8% and 6% of th
temperature dependent term in Eq.~1!. Thus, although the
b-term is small, it is significant in a comparison with o
high-level ab initio value, and we shall therefore revise th
experimentally derived value of Ref. 10 to take it into a
count. At the EQC, Eq.~44! may be rearranged as follows

q5qapp2
15bkT

2DaF~T!
, ~54!

where we have introduced the apparent quadrupole mom
qapp, which is the result obtained ifb is neglected, and use
the fact thatC(T) can be neglected. Employing our CCSD
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d-aug-cc-pVQZ values ofb(Rz) ~Table I! corrected for vibra-
tional effects~see Table II! together with the experimenta
value52 of Da55.92310241C2 m2 J21 and the above-
mentioned value ofqapp we obtain two revised experimen
tally deduced values,qexp,IR

(Rz) 5(28.7160.15)310240C m2

andqexp,BLH
(Rz) 5(28.8960.15)310240C m2.

In order to compare our theoretical value forq at the
center of mass with these revised experimental values,
need to translate the origin of the former to the EQC. T
may be accomplished using Eq.~38!, which requires knowl-
edge of the electric dipole moment. The experimentally
duced equilibrium electric dipole moment of CO isme

520.123(2)D.54 Using this value together with the CCSD
d-aug-cc-pVQZ values forRz in Table I to translateqe

~CM! we
obtain qe,IR

(Rz)521.702 a.u.527.64310240C m2 in the for-

mulation of Imrie and Raab andqe,BLH
(Rz) 521.898 a.u.

528.51310240C m2 in the formulation of Buckingham and
Longuet-Higgins. Using the experimental valuem0

520.1097(1) D ~Ref. 54! together with the ZPVA- and
PV-corrected value forRz to translateq0

~CM! we obtainq0,IR
(Rz)

521.657 a.u.527.43310240C m2 in the formulation of
Imrie and Raab and q0,BLH

(Rz) 521.830 a.u.528.21
310240C m2 in the formulation of Buckingham and
Longuet-Higgins. It appears immediately that the formu
tion of Buckingham and Longuet-Higgins gives results th
are in better agreement with experiment with respect to th
given by the formulation of Imrie and Raab. So far, howev
we have not discussed the error in the calculated value oRz

and its influence onq(Rz). As Rz has been determined at th
CCSD/d-aug-cc-pVQZ level of theory, an analysis of the
determination ofRz is needed. It is very difficult to obtain a
reliable estimate of the error inRz due to the incompletenes
of the CCSD wave function model and the basis set, as
do not currently have the possibility to increase the level
theory any further. However, a rough estimate of this erro
Rz may be obtained from the difference between theRz and
Rz

Hyp results, which reduces to zero for the exact wave fu
tion. From Table I, this difference is seen to be about 0.5 a
at the CCSD/d-aug-cc-pVQZ level in the formulation
Buckingham and Longuet-Higgins and about 0.15 a.u. in t
of Imrie of Raab. We shall use the largest of these two val
~0.5 a.u.! as a crude~but rather conservative! estimate of the
uncertainty on the determined value ofRz . The additional
uncertainty inq(Rz) due to this estimated uncertainty in th
calculatedRz and the uncertainty onm0 can then be obtained
via Eq. ~38!. Combining the relative uncertainties of bo
quantities, the effect of the indetermination ofRz andm0 on
q(Rz) is estimated to be 0.05 a.u. Combining this addition
uncertainty of60.05 a.u. with our values ofq0

Rz we obtain

the final theoretical values ofq0,IR
(Rz)5(21.6660.05)

a.u.5(27.4360.23)310240C m2 and q0,BLH
(Rz) 5(21.83

60.05) a.u.5(28.2160.23)310240C m2.
Comparing these results with the revised experimen

ones, we see that the theoretical and experimental va
obtained in the formulation of Imrie and Raab do not over
even when three times the uncertainty ranges are conside
whereas the theoretical and revised experimental values
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tained in the formulation of Buckingham and Longue
Higgins overlap when two times the uncertainty ranges
considered. Concerning the difference between the two se
classical interpretations of the EFGB in dipolar molecule
thus appears that in the case of CO, the numerical evide
points in favor of that of Buckingham and Longuet-Higgin
However, further studies to confirm this for other dipol
molecules are certainly desirable. Also a thorough anal
of the recent work of Dumitru and Woolley13,14 might be
worthwhile. Their explicitly origin-independent quantum st
tistical formulation does not involve a definition of an EQ
and as such it bypasses in principle the difficulties which
apparently encountered when an origin dependent appr
to the EFGB of polar molecules is taken.

V. CONCLUDING REMARKS

The first ab initio study of the electric-field-gradient
induced birefringence of a polar molecule has been p
sented. Within two semiclassical formulations of EFGB
dipolar molecules, the effective quadrupole center for C
which cannot be determined directly experimentally, h
been obtained as a function of the frequency at the CC
level in a variety of correlation-consistent basis sets, and
different contributions to the birefringence at the effecti
quadrupole center forl5632.8 nm have been determined
the same level of theory. A highly accurate theoretical va
of the molecular electric quadrupole moment referring to
center of massq0

~CM!5(26.48360.008)310240C m2 is ob-
tained as the basis-set limit value at the CCSD~T! level com-
pleted with estimates of relativistic effects, correlation
fects beyond CCSD~T!, and rovibrational effects. This valu
leads to the theoretical results ofq0,IR

(Rz)5(27.4360.23)
310240C m2 for the quadrupole moment referring to th
effective quadrupole center within the formulation of Imr
and Raab,12 while the corresponding result within the formu
lation of Buckingham and Longuet-Higgins11 is q0,BLH

(Rz)

5(28.2160.23)310240C m2. The revised experimentally
deduced values within the two theories areqexp,IR

(Rz) 5(28.71

60.15)310240C m2 and qexp,BLH
(Rz) 5(28.8960.15)

310240C m2. Comparison of the theoretical and revised e
perimentally deduced results appears to support the form
tion of Buckingham and Longuet-Higgins,11 but not the one
of Imrie and Raab.12 A renewed effort in the analysis of th
reason for the discrepancies between the two formulat
seems appropriate.
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APPENDIX: UNITS

1 a.u. of m[ea0>8.478 36310230C m>2.541 75 D
[2.541 75310218Fr cm;

1 a.u. of a[e2a0
2Eh

21>1.648 778310241C2 m2 J21

>1.481 853102254pe0 cm3;
1 a.u. of q[ea0

2>4.486 554310240C m2

>1.345 03310226Fr cm2;
1 a.u. of a[e2a0

3Eh
21>8.724 96310252C2 m3 J21

>7.841 603102344pe0 cm4;
1 a.u. of G8[e2a0

3\21>3.607 02310235C2 m3 J21 s21

>1.081 36310227Fr cm G21;
1 a.u. of b(5B)[e3a0

4Eh
22>1.696 733

310263C3 m4 J22>4.571 683102414pe0 Fr cm5 erg21;
1 a.u. of J8[e3a0

4\21Eh
21>7.014 53

310247C3 m4 s21 J22>6.304 35310235Fr2 cm2 erg21 G21;
1 a.u. of ¹E[ea0

22Eh>9.717 3631021V m22

>3.241 3631015Fr cm23(4pe0)21.
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