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A Lagrangian, integral-density direct formulation and implementation
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Using a Lagrangian formulation an integral-density direct implementation of the analytic CCSD~T!
molecular gradient is presented, which circumvents the bottleneck of storing eitherO(N4)
two-electron integrals orO(N4) density matrix elements on disk. Canonical orbitals are used to
simplify the implementation of the frozen-core approximation and the CCSD gradient is obtained as
a special case. Also a new, simplified approach to~geometrical! derivative integrals is presented. As
a first application we report a full geometry optimization for the most stable isomer of SiC3 using
the cc-pV5Z basis set with 368 contracted basis functions and the frozen-core approximation.
© 2003 American Institute of Physics.@DOI: 10.1063/1.1531106#
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I. INTRODUCTION

Many important molecular properties may be evalua
from derivatives of the electronic energy with respect to
given perturbation. Among the properties derived from
first energy derivatives are expectation values, in particu
the molecular electric dipole and quadrupole momen
which characterize the charge distribution in the molecu
Within the Born-Oppenheimer approximation, the electro
energy represents the potential for the motion of the nu
and the equilibrium geometry of a molecule is given by t
minimum of the electronic energy with respect to the nucl
coordinates. Efficient optimizations of molecular equilibriu
geometries thus rely on the implementation of analytic g
dients. Geometry optimizations are indeed one of the m
common tasks in computational chemistry, and accurate
ometries are of fundamental importance to obtain accu
molecular properties. Also, harmonic vibrational frequenc
and dipole gradients, needed to simulate the infra-red s
trum of a molecule within the double harmonic approxim
tion, may be obtained by numerical differentiation of, resp
tively, the gradient and the dipole moment with respect to
nuclear coordinates.

The detailed theory behind the computation of analyti
energy derivatives is well-known for conventional electron
wave functions~see Refs. 1, 2 for reviews!, and different
implementations of first and second derivatives have b
presented.3–14 Especially important are the implementatio
concerning the hierarchy of wave functions second-or
Møller–Plesset perturbation theory~MP2!, coupled-cluster

a!Electronic address: coriani@univ.trieste.it
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singles-and-doubles~CCSD! and CCSD augmented with
perturbational correction for connected triple excitatio
@CCSD~T!#, which offers a systematic improvement in th
description of correlation effects at each level.

Beyond the density functional theory~DFT! and MP2
levels, the coupled-cluster~CC! approach is presently recog
nized as the most efficient way of describing dynamical c
relation for systems with wave functions dominated by
single determinant. With the progress in integral-dire
techniques15–17 the application range of CC theory has i
creased significantly, allowing us to treat systems that on
few years ago were too large. The CCSD model, defin
upon restriction of the cluster operator to single and dou
excitations, is the simplest and most commonly used mo
in the CC hierarchy and has a computational scaling
O(O2V4), whereO and V are the number of occupied an
virtual orbitals in the Hartree–Fock~HF! determinant,
respectively.18 Truncation at the triple excitation level resul
in the CCSDT model,19–21 which scales asO(O3V5) and
O(O4V4) and is too demanding for routine application
However, it has been recognized that triple excitations
mandatory in order to obtain quantitative accuracy in el
tronic structure calculations.

Among the various models which attempt to account
triple excitations at a lower computational cost, name
O(O3V4), the most successful and economical one is
CCSD~T! approach,22,23 where the triples contribution is
added perturbatively to the CCSD energy. The CCSD~T!
model has been used to calculate a variety of molec
properties24,25 as equilibrium geometries,26–28 dipole and
quadrupole moments,29–32 atomization energies,33,34 vibra-
tional frequencies,35–39 with an accuracy comparable—an
5 © 2003 American Institute of Physics
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2986 J. Chem. Phys., Vol. 118, No. 7, 15 February 2003 Hald et al.
sometimes superior—to the experimental one.
We present in this paper a novel, integral-density dire

implementation of the analytic CCSD and CCSD~T! gradi-
ents. Such approaches have been presented before in se
variants for MP2,40,41 but not for higher-order correlate
methods as for instance CC models, where to our knowle
only ‘‘conventional’’ nondirect implementations have be
reported.4–13 For these methods the two-electron density
more complicated and integral-density direct implemen
tions are more difficult to obtain. In the integral-density d
rect approach, both integral and density distributions in
atomic-orbital~AO! basis are calculated on the fly.

The use of canonical orbitals allows us to introduce, i
general and transparent way, the frozen-core approxima
The latter represents a fundamental approximation to red
the number of excitations to the most relevant ones, t
contributing to extend—together with the use of an integr
density direct approach —the applicability of the CCSD~T!
approach to systems with a large number of electrons. W
equilibrium geometries may be determined for molecu
containing first-row atoms without the use of the frozen-c
approximation, the latter is more or less mandatory for m
ecules containing second- or higher-row elements—fi
since basis sets for systematic improvement in the desc
tion of the core are often not available; second, since, eve
they were, the cost of the calculation would be so high tha
would prohibit the calculation to be carried out.

As a preliminary application of the new implementatio
a fully analytical geometry optimization is presented for t
most stable cyclic isomer of SiC3 within the frozen-core ap-
proximation.

II. THEORY

A. The CCSD „T… energy

For a closed-shell molecule described by the Ham
tonianH, the single-reference CCSD wave function is giv
by the exponentialansatz

uCC&5exp~T11T2!uHF&5exp~T!uHF&, ~1!

where the single and double excitation parts of the clu
operator are given by

T15(
ai

t i
aEai , ~2!

and

T25
1

2 (
aib j

t i j
abEaiEb j , ~3!

respectively. Indicesa, b, c, d, e, fand i, j, k, l, m, n refer to
unoccupied and occupied molecular orbitals~MOs! in the
HF reference, respectively. Indicesp, q, r, s, t, uwill be used
for general MOs. In a shorthand notation the cluster oper
is written as

T5(
i 51

2

(
n i

tn i
tn i

, ~4!
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wheretn i
are the excitation operators for the excitation lev

i, andtn i
the associated cluster amplitudes.

The CCSD energy is obtained from projection of the C
Schrödinger equation against the HF reference

ECCSD5^HFuexp~2T!H exp~T!uHF&

5^HFuH exp~T!uHF&, ~5!

and the cluster amplitudestn i
are determined by projection

against the manifold of single and double excitations out
the HF reference

^m i uexp~2T!H exp~T!uHF&50, ; i 51,2. ~6!

Using a biorthonormal representation25,42 the basis of the ex-
citation manifold^m i u is chosen such that a unit metric m
trix is obtained:

^m i utn j
uHF&5dmnd i j . ~7!

We assume that the HF-orbitals are determined from
canonical condition

Fpq5dpqep , ~8!

whereep are the canonical orbital energies and the inact
Fock matrix elements are defined as

Fpq5
1

2 (
s5a,b

^HFu@aps
† ,@aqs ,H##1uHF&. ~9!

Although the canonical condition is stronger than the B
louin condition

^HFu@Eai2Eia ,H#uHF&5^HFu@Eai
2 ,H#uHF&50, ~10!

which is equivalent to an occupied–unoccupied block dia
nalization of the inactive Fock matrix, the canonical con
tion will be employed throughout this study since the froze
orbital approximation is then easily accounted for.

The CCSD~T! energy is obtained from the CCSD energ
by adding a perturbative correction for triple excitations

ECCSD~T!5ECCSD1 (
m5m1 ,m2

tm* ^mu@F,T3#uHF&

5ECCSD1 (
m5m1 ,m2

tm* ^mu@H,T3#uHF&, ~11!

whereF is the fluctuation potential (F5H2F). The tm* are
fixed linear combinations of the cluster amplitudes chosen
accordance with the biorthonormal representation

t i*
a52t i

a , ~12!

t i j*
ab54t i j

ab22t j i
ab , ~13!

and the triple excitation amplitudes in the operator

T35
1

6 (
aib jck

t i jk
abcEaiEb jEck , ~14!

are determined from the equation

^m3u@F,T3#1@H,T2#uHF&50, ~15!

where we recall that the Fock operator is diagonal
IP license or copyright, see http://ojps.aip.org/jcpo/jcpcr.jsp
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F5(
pq

FpqEpq5(
p

epEpp . ~16!

B. The orbital-relaxed CCSD „T… energy Lagrangian

If the molecule is subjected to an external perturbationx,
the Hamiltonian becomesx-dependentH(x), and the wave
function responds to the perturbation. The dependence o
u
e

an
io
tio
rs
ar

d
-

e
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c

g
ur
tte
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Hamiltonian~and of all the wave function parameters! on x
is expanded in a Taylor series:

H~x!5H ~0!1H ~1!x1 1
2H

~2!x21¯ ~17!

The right superscript on an operator~or parameter! denotes
the order of the derivative. For an arbitrary value of t
external perturbation, the variational CCSD~T! energy La-
grangian allowing for orbital relaxation is constructed fro
Eqs.~5!, ~6!, ~8!, ~11!, and~15! as
LCCSD~T!5^HFuexp~2T!exp~k!H~x!exp~2k!exp~T!uHF&1 (
m5m1 ,m2

t̄ m^muexp~2T!exp~k!H~x!

3exp~2k!exp~T!uHF&1 (
m5m1 ,m2

tm* ^mu@exp~k!H~x!exp~2k!,T3#uHF&

1(
m3

t̄ m3
^m3uS F(

p
epEpp ,T3G1@exp~k!H~x!exp~2k!,T2# D uHF&1 (

p>q
k̄pq~Fpq2dpqep!, ~18!
e
ies
are

O
e
O
il-
on-

ing
ils.
wherek is the orbital-rotation operator

k5 (
p>q

kpqEpq
2 . ~19!

In Eq. ~18!, an overbar is used to denote the Lagrange m
tipliers ~which are multiplied by the constraint equations d
termining the corresponding wave-function parameters!, and
the implicit dependence of the wave-function parameters
multipliers on x has been suppressed for ease of notat
Note that the orbital energies are treated as wave func
parameters, and that thetm* are not independent paramete
and therefore no corresponding Lagrange multipliers
needed. Note also that the corresponding CCSD@T# @formerly
known as CCSD1T(CCSD)] energy Lagrangian is obtaine
by restricting the summation in Eq.~11! @and hence the sec
ond summation in Eq.~18!# to double excitations only. If all
terms in Eq.~18! involving the triple excitation manifold
~third and fourth term! are omitted, the expression for th
CCSD energy Lagrangian is recovered.

For a review of the Lagrangian approach to the calcu
tion of geometrical derivatives for nonvariational wave fun
tions, see Refs. 1, 43.

C. The CCSD„T… molecular gradient

Following Helgaker and Jørgensen,1,43 the first deriva-
tive with respect to the external perturbation at zero stren
of the perturbation—which in case of a geometrical pert
bation corresponds to the molecular gradient—can be wri
as
l-
-

d
n.
n

e

-
-

th
-
n

L ~1!5^HFuexp~2T~0!!H ~1! exp~T~0!!uHF&

1 (
m5m1 ,m2

t̄ m
~0!^muexp~2T~0!!H ~1! exp~T~0!!uHF&

1 (
m5m1 ,m2

tm*
~0!^mu@H ~1!,T3

~0!#uHF&

1(
m3

t̄ m3

~0!^m3u@H ~1!,T2
~0!#uHF&1 (

p>q
k̄pq

~0!Fpq
~1! ,

~20!

where full advantage has been taken of the 2n11 and 2n
12 rules1 for the wave function amplitudes and th
Lagrange multipliers, respectively. Since the orbital energ
are treated as wave function parameters, their derivatives
not required according to the 2n11 rule. In Eq.~20!, H (1) is
the first-order Hamiltonian in the orthonormalized M
~OMO! basis,1 which consists of two contributions—th
first-order Hamiltonian in the differentiated unmodified M
~UMO! basis (H @1#) and the one-index transformed Ham
tonian representing the reorthonormalization term and c
taining the differentiated UMO overlap matrixS@1#,1

H ~1!5H @1#2 1
2$S

@1#,H ~0!%. ~21!

HereH @1# andS@1# are defined as the derivatives ofH andS
in the covariant AO basis, transformed to the MO basis us
the undifferentiated MO coefficients. See Ref. 1 for deta
The gradient may be rewritten as

L ~1!5(
pq

hpq
~1!Dpq

CCSD~T!1
1

2 (
pqrs

gpqrs
~1! dpqrs

CCSD~T!

1 (
p>q

k̄pq
~0!Fpq

~1! , ~22!

in terms of CCSD~T! one- and two-electron densities
IP license or copyright, see http://ojps.aip.org/jcpo/jcpcr.jsp
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Dpq
CCSD~T!5S ^HFu1 (

m5m1 ,m2

t̄ m
~0!^mu D

3exp~2T~0!!Epq exp~T~0!!uHF&

1(
m2

tm2
* ~0!^m2u@Epq ,T3

~0!#uHF&

[Dpq
SD1Dpq

~T! , ~23!

dpqrs
CCSD~T!5S ^HFu1 (

m5m1 ,m2

t̄ m
~0!^mu D

3exp~2T~0!!epqrs exp~T~0!!uHF&

1 (
m5m1 ,m2

tm*
~0!^mu@epqrs ,T3

~0!#uHF&

1(
m3

t̄ m3

~0!^m3u@epqrs ,T2
~0!#uHF&

[dpqrs
SD 1dpqrs

~T! . ~24!

Considering the re-orthonormalization terms in the d
rivative Hamiltonian explicitly, see Eq.~21!, and recalling
that the Fock matrix~to any ordern! is

Fpq
~n!5hpq

~n!1(
k

~2gpqkk
~n! 2gpkkq

~n! !

5hpq
~n!1

1

2 (
rs

Drs
HF~2gpqrs

~n! 2gprsq
~n! !, ~25!

where Drs
HF5^HFuErsuHF&52d rsd rk is the HF density ma-

trix, the gradient expression can be further simplified to

L ~1!5(
pq

hpq
@1#Dpq

eff1
1

2 (
pqrs

gpqrs
@1# dpqrs

eff 2(
pq

Spq
@1#Fpq

eff ,

~26!

in terms of the variational oreffectivedensities

Dpq
eff5Dpq

CCSD~T!1k̄pq
~0!8 , ~27!

dpqrs
eff 5dpqrs

CCSD~T!12k̄pq
~0!8Drs

HF2k̄pr
~0!8Dps

HF, ~28!

with k̄pq
(0)85 1

2(11dpq)k̄pq
(0) and the generalizedeffectiveFock

matrix

Fpq
eff5(

o
Dpo

effhqo1(
ors

dpors
eff gqors . ~29!

For later convenience, we also consider the gradient in
AO basis

L ~1!5(
ab

hab
@1#Dab

eff 1
1

2 (
abgd

gabgd
@1# dabgd

eff 2(
ab

Sab
@1#Fab

eff ,

~30!

with the integrals in the covariant AO basis and the densi
and the effective Fock matrix transformed with the MO c
efficient matrix Cap to contravariant AO basis accordin
to—for example,

Dab
eff 5(

pq
~Dpq

CCSD~T!1k̄pq
~0!8!CapCbq . ~31!
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In Eqs.~23! and~24!, the one- and two-electron densitie
were separated into singles and doubles terms~the first term
of each equation! and into triples terms so as to highlight th
similarities and differences between the densities of
CCSD~T! and CCSD models. The densitiesDSD and dSD

thus collect all terms that do not explicitly contain the tripl
excitation manifold. They have exactly the same structure
the densities of the CCSD method and can be calcula
using the same strategy. Note, however, that, in the CCSD~T!
method, the SD densities arenot the CCSD densities, as th
CCSD~T! singles and doubles multipliers are not the CCS
multipliers due to the inclusion of the triples multipliers
their right-hand side@vide infra, Eq.~43!#. The densitiesD (T)

andd(T) represent the new contributions that must be imp
mented when CCSD is extended to CCSD~T!.

The CCSD-like densitiesDSD anddSD are most conve-
niently determined in aT1-similarity-transformed basis
with the operators transformed as, for instance,Ĥ (1)

5exp(2T1
(0))H(1) exp(T1

(0)). In this basis the densityDSD sim-
plifies to

Dab
SD5(

pq
D̃pq

SDLap
p Lbq

h , ~32!

D̃pq
SD5S ^HFu1 (

m5m1 ,m2

t̄ m
~0!^mu D

3exp~2T2
~0!!Epq exp~T2

~0!!uHF&, ~33!

and similar equations hold for the two-electron part. No
that D̃SD no longer contains the singles amplitudes. The
tegrals of theT1-transformed operators are conversely o
tained as for instance

ĥpq5(
rs

hrs~12t1!pr~11t1!sq[(
ab

habLap
p Lbr

h , ~34!

whereLp andLh are modified MO coefficient matrices fo
the similarity transformed basis15,16,44

Lp5C~12t1
T! ~35!

Lh5C~11t1!, ~36!

with

t15S 0 0

$t i
a% 0D . ~37!

If necessary, the one-electron density in the regular MO b
can be obtained from the density in theT1-transformed basis
via the transformation

Dpq
SD5(

rs
D̃rs

SD~12t1!rp~11t1
T!sq . ~38!

A similar expression holds for the partially backtransform
two-electron densitydpqgd

SD .

D. CCSD„T… first-order one-electron properties

Expressions for first-order one-electron properties, l
the molecular electric dipole moment, are conveniently o
tained from the expression for the full gradient by omittin
IP license or copyright, see http://ojps.aip.org/jcpo/jcpcr.jsp
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the two-electron part and all the reorthonormalizati
terms in the Hamiltonian derivative, keeping onlyh@1# as
perturbation:

^h@1#&5^HFuexp~2T~0!!h@1# exp~T~0!!uHF&

1(
m2

tm2
* ~0!^m2u@h@1#,T3

~0!#uHF&

1 (
m5m1 ,m2

t̄ m
~0!^muexp~2T~0!!h@1# exp~T~0!!uHF&

1 (
p>q

k̄pq
~0!hpq

@1# . ~39!

This expression, as the one in Eq.~23!, has been simplified
compared to Eq.~20! from a consideration of excitation lev
els and operator ranks. It is conveniently rewritten in ter
of the effective one-electron density matrix as

^h@1#&5(
pq

hpq
@1#Dpq

eff . ~40!

The orbital-relaxed first-order one-electron properties
thus determined from the contraction of the effective o
electron densityDpq

eff with the property integralshpq
@1# .

E. The CCSD„T… response equations

The zero-order cluster amplitudes are determined fr
Eqs.~6! and~15!, while the equations for the zero-order mu
tipliers are obtained by requiring the Lagrangian to be s
tionary with respect to the cluster amplitudes. The trip
amplitude multipliers are determined by the conditi
]L (0)/]tn3

(0)50:

05 (
m5m1 ,m2

tm*
~0!^mu@H ~0!,tn3

#uHF&

1(
m3

t̄ m3

~0!^m3u@F ~0!,tn3
#uHF& ~41!

⇔

t̄ n3

~0!52
1

en3

~0! (
m5m1 ,m2

tm*
~0!^mu@H ~0!,tn3

#uHF&, ~42!
Downloaded 31 Jan 2003 to 141.52.232.84. Redistribution subject to A
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whereen3

(0) is the sum of HF orbital energy differences for th

triple substitutionn3 . For the single and double amplitud
multipliers, we obtain the equations

]L ~0!

]tn
~0! 50, ;n5n1 ,n2 ⇔

05 (
m5m1 ,m2

t̄ m
~0!^muexp~2T~0!!@H ~0!,tn#exp~T~0!!uHF&

1^HFuexp~2T~0!!@H ~0!,tn#exp~T~0!!uHF&

1^n* u@H ~0!,T3
~0!#uHF&

1(
m3

t̄ m3

~0!^m3u@H ~0!,tn#uHF&, ;n5n1 ,n2 , ~43!

where ^n* u is the same linear combination of excited co
figurations as the linear combination of amplitudes
t* (0) @Eqs. ~12! and ~13!#—that is, ^ i

a
* u52^ i

au and ^ i j
ab

* u
54^ i j

abu22^ j i
abu—and the last term in Eq.~43! only contri-

butes forn2 . Finally,

]L ~0!

]ep
~0! 50 ⇔

k̄pp
~0!5(

m3

t̄ m3

~0!^m3u@Epp ,T3
~0!#uHF&, ~44!

determines the diagonal part of the orbital-rotation multipl
matrix, and
]L ~0!

]k rs
~0! 50, ;r .s⇔

05 (
p>q

k̄pq
~0!

1

2 (
s

^HFu@aps
† ,@aqs ,@Ers

2 ,H ~0!###1uHF&1^HFuexp~2T~0!!@Ers
2 ,H ~0!#exp~T~0!!uHF&

1 (
m5m1 ,m2

tm*
~0!^mu@@Ers

2 ,H ~0!#,T3
~0!#uHF&1 (

m5m1 ,m2

t̄ m
~0!^muexp~2T~0!!@Ers

2 ,H ~0!#exp~T~0!!uHF&

1(
m3

t̄ m3

~0!^m3u@@Ers
2 ,H ~0!#,T2

~0!#uHF&, ;r .s, ~45!
IP license or copyright, see http://ojps.aip.org/jcpo/jcpcr.jsp
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gives the off-diagonal part. Note that the diagonal orbit
rotation multipliers are trivially zero in the CCSD cas
Equation~45! is the coupled-perturbed HF~CPHF! equation,
also known as theZ-vector equation

k̄~0!A5 k̄h, ~46!

with the right-hand side

k̄hpq
CCSD~T!5S ^HFu1 (

m5m1 ,m2

t̄ m
~0!^mu Dexp~2T~0!!

3@H ~0!,Ers
2#exp~T~0!!uHF&

1 (
m5m1 ,m2

tm*
~0!^mu@@H ~0!,Epq

2 #,T3
~0!#uHF&

1(
m3

t̄ m3

~0!^m3u@@H ~0!,Epq
2 #,T2

~0!#uHF&

[k̄hpq
SD1 k̄hpq

~T! . ~47!

Expressions for the matrixA can be found, for instance, i
Ref. 45. In Eq.~47!, the vectork̄hpq

CCSD(T) is written as a sum
of SD and ~T! contributions, where the SD part—the fir
term in Eq.~47!—is structurally identical to the CCSD right
hand side. After some manipulation and using the comm
tion relationships

@h,Epq#5(
r

~hrpErp2hqrEpr!, ~48!

1

2
@g,Epq#5(

rst
~grstpestp2grsqteptrs!, ~49!

whereh andg on the left-hand side are one- and two-electr
parts of the~undifferentiated! Hamiltonian in second quanti
zation, the right-hand side can be rewritten in terms of
previously defined densities and the undifferentiated in
grals

k̄hpq
CCSD~T!5~12Ppq!H(

t
~Dtq

CCSD~T!1Dqt
CCSD~T!!hpt

1(
trs

~dtqrs
CCSD~T!1dqtrs

CCSD~T!!gptrsJ . ~50!

The density form of the CCSD-like and~T! contributions is
immediately identified by inserting the decomposition of t
densities, Eqs.~23! and ~24!. The present density-base
implementation of the right-hand side of the orbital-rotati
multiplier equations is described in Sec. III D.

III. IMPLEMENTATION

The CCSD~T! gradient and first-order-properties ha
been implemented~with the corresponding CCSD propertie
as special cases!47 in the DALTON code.46 Furthermore the
MP2 and CC2 gradient and first-order-properties have a
been implemented.

A crucial step in the calculation of first-order properti
and gradients of correlated methods is the construction of
two-electron density matrix and its contraction with~1! un-
differentiated integrals to the inhomogenity of theZ-vector
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equationsk̄h and the effective Fock matrixFeff and ~2! the
differentiated integrals to the two-electron contribution to t
gradient. To avoidN4 storage bottlenecks which woul
hinder any large-scale applications, neither the density
the integrals should be stored as a complete set on disk. B
the density and the integrals must be calculated on the
and contracted in a direct manner to obtain the final resu
Such algorithms have been used before in integral-direct
semi-direct implementations of MP2 gradients,40,41but to our
knowledge no integral-density direct implementation of C
gradients has yet been reported. To implement an integ
density direct algorithm, the two-electron density must
constructed with one or two fixed indices~or index shells! in
the AO basis, making its construction even more compl
For the present implementation, we have chosen a stra
with one fixed index in the AO basis, which is most conv
niently combined with the integral-direct CCSD approa
described in Refs. 15, 16. Our strategy can be outlined
follows:

• precalculate some intermediates which can be store
memory or on disk

• loop over D ~where D is a subset of basis function
belonging to the same shell and related by symmetr!

—depending on what the requested result is
* calculate dpqgd ;p,q,g or dabgd ;a,b,g and

;dPD

* calculategabgd ;a,b,g and;dPD and contract
with dabgd to the corresponding contribution t
Feff, or calculategpqgd;p,q,g and contract with
dpqgd;p,q,g to the corresponding contributio
to k̄h

* calculategabgd
@x# and contract withdabgd to the

two-electron contribution to the gradient

• end loopD

We thus avoid storage ofO(N4) intermediates on disk and
can keep the memory requirements as low as for the solu
of the cluster equations. Considerations about the implem
tation of the CCSD gradient along these lines are also gi
in Ref. 47, and the calculation of CCSD first-order propert
within such a scheme has been described in Ref. 14. In
following, we describe the implementation of this strate
for the two-electron density, the intermediatesk̄h and Feff,
and the two-electron contribution to the gradient in so
detail, with special emphasis on the contributions from
triple substitutions needed for CCSD~T! first-order properties
and gradients.

A. The response equations

The Lagrange multiplierst̄ n3
for the triples amplitudes

are determined by Eq.~42!. The two contributions to the
right-hand side become

(
ai

t i*
a^ i

au@H ~0!,t lmn
de f #uHF&5Plmn

de f~Lmen ft l*
d2Lmel ftn*

d!,

~51!
IP license or copyright, see http://ojps.aip.org/jcpo/jcpcr.jsp
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(
aib j

t i j*
ab^ i j

abu@H ~0!,t lmn
de f #uHF&

5Plmn
de fF t lm*

deFn f2t ln*
deFm f2(

i
t l i*

deLmin f

1(
i

t in*
deglim f1(

a
t lm*

daLaen f2(
a

tmn* daglea fG , ~52!

with Lpqrs52gpqrs2gpsrq . Inserting the above expression
in Eq. ~42! gives the following expression for the triple
multipliers:

t̄ lmn
de f52

1

e lmn
de f Plmn

de f S Lmen ft l*
d2Lmel ftn*

d1t lm*
deFn f

2t ln*
deFm f2(

i
t l i*

deLmin f1(
i

t in*
deglim f

1(
h

t lm*
daLaen f2(

h
tmn* daglea fD , ~53!

where e lmn
de f5ed2e l1ee2em1e f2en and the symmetriza

tion operatorPi jk
abc is defined as

Pi jk
abc~Ai jk

abc!5Ai jk
abc1Aik j

acb1Ajik
bac1Ak ji

cba1Aki j
cab1Ajki

bca .
~54!

Note that we often omit the superscript~0! in the amplitudes,
multipliers and integrals for ease of notation.

For the singles and doubles multipliers, we need to so
Eq. ~43!. The first two terms are structurally identical to th
CCSD terms, and their integral-direct implementation is
scribed in detail elsewhere.14 Only the triples specific terms
in the equation are considered here. These are found as

^ i
a
* u@H ~0!,T3

~0!#uHF&52(
ckdl

~ t ikl
acd2tkil

acd!Lldkc , ~55!

^ i j
abu i j

ad
* u@H ~0!,T3

~0!#uHF&

5Paib j
TCMEH 2Pi j

abF(
ck

~ t i jk
abc2t ik j

abc!Fkc2(
ckl

~2t i lk
abc2tkli

abc

2t ikl
abc!gl jkc1(

ckd
~2t ik j

acd2tki j
acd2t i jk

acd!gbdkcG J , ~56!

and

(
m3

t̄ m3

~0!^m3u@H ~0!,t i j
ab#uHF&

5Pi j
abS (

ckd
t̄ ik j

acdgckdb2(
ckl

t̄ ikl
acbgck jlD , ~57!

with the symmetrization operators

Pi j
abAi j

ab5Ai j
ab1Aji

ba , ~58!

Paib j
TCMEAi j

ab52Ai j
ab2Aji

ab . ~59!

Note that the contributions in Eqs.~55! and ~56! are similar
to two triples specific terms in the ground-state amplitu
equations for the CC3 model—see terms~IX ! and ~X! in
Table I of Ref. 48—differing only, in Eq.~56!, by the opera-
Downloaded 31 Jan 2003 to 141.52.232.84. Redistribution subject to A
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tor Paib j
TCME defined in Eq.~59! and in that the integrals refer t

the usual MO basis instead of theT1-transformed basis. The
implementation is thus basically identical to the impleme
tation presented for the CC3 ground-state energy in Ref.
just with slightly different integrals and followed by the ap
plication of thePaib j

TCME operator on the doubles result vecto
The contributions from the triples multipliers explicitly give
in Eq. ~57! are quite similar to the last two contributions
Eq. ~56!, with the triples multipliers in place of the triple
amplitudes. Since the multiplierst̄ n3

have a structure simila
to that of the zero-order triples cluster amplitudes—that
they can be written in the form

Xi jk
abc52

1

e i jk
abc Pi jk

abc~X̃i jk
abc!, ~60!

where X̃i jk
abc is one of the six permutational components

Eq. ~53!, we may implement the terms in Eq.~57! via S and
Q intermediates similar to those introduced in the calculat
of the contribution from the triples amplitudes to the CC
ground state vector function described in Ref. 48. For
triples Lagrange multipliers, theS and Q matrices can be
identified from Eqs.~53! and ~60!, recalling that the genera
definitions are:48

Sbc~aik j !52
1

e i jk
abc ~X̃i jk

abc1X̃j ik
bac!, ~61!

Qbc~ai jk !52
1

e i jk
abc X̃ik j

acb . ~62!

B. The one-electron densities

Explicit expressions for the one-electron densityD̃SD in
the T1-transformed basis, which are easily found from t
equation

D̃pq
SD5S ^HFu1 (

m5m1 ,m2

t̄ m^mu D $Epq1@Epq ,T2#%uHF&,

~63!

are collected in Table I. The implementation ofD̃SD does not
present any complication and will not be discussed furt
here. The triples contribution to the one-electron density
found from

TABLE I. The one-electron SD and~T! densities. Note that the SD densit
is in theLp, Lh-basis, whereas the~T! density is in the regular MO basis

Correlated space

D̃ai
SD5 t̄ i

a

D̃ab
SD5(ckltkl

cbt̄ kl
ca[Yba

D̃i j
SD52d i j 2(cdktki

cdt̄ k j
cd[2d i j 2Xi j

D̃ ia
SD5(b j t̄ j

b(2t i j
ab2t i j

ba)[(b j t̄ j
b t̃ i j

ab[«ai

¯

Dia
(T)52(dlem(t lmi

dea2t lim
dea)t* lm

de

Additional frozen-core term

DIJ
SD52d IJ
IP license or copyright, see http://ojps.aip.org/jcpo/jcpcr.jsp
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Dpq
~T!5(

aib j
t i j*

ab^ i j
abu@Epq ,T3#uHF&. ~64!

Within the canonical formulation, the only nonvanishin
contribution appears in the occupied-virtual block:

Dia
~T!52 (

dlem
~ t lmi

dea2t l im
dea!t lm*

de . ~65!

It is very similar in structure to Eq.~55! and to the triples
contribution to the single excitation part of the CC3 vec
function, witht i j*

ab replacing anLia jb integral. Therefore, the
implementation of the density block in Eq.~65! follows the
implementation of that particular contribution, see Ref. 4
The densityD (T) is precalculated and stored on disk for lat
use in the calculation of the inhomogenity for theZ-vector
equationk̄hCCSD(T) Eq. ~47! and for the gradient.

C. The two-electron densities and the integral-density
direct algorithm

The CCSD-like two-electron densityd̃SD in the
T1-transformed basis is obtained as

TABLE II. The symmetry-unique blocks of the CCSD-like two-electro

density in theLp, Lh-basis. The intermediates aret̃ kl
cd52tkl

cd2t lk
cd ; «ck

5(dl t̃ kl
cdt̄ l

d ; M̃ i jm,n5(cdt̄ jn
cdt im

cd ; Xi j 5(cdktki
cdt̄ k j

cd ; Yab5(ckltkl
cat̄ kl

cb .

Correlated space

d̃i jkl
SD 54d i j dkl22dk jd i l 1dk j(cdmt̄ ml

cdtmi
cd22d i j (cdmt̄ ml

cdtmk
cd

22dkl(cdmt̄ m j
cdtmi

cd1d i l (cdmt̄ m j
cdtmk

cd 1(cdt̄ j l
cdt ik

cd

[4d i j dkl22dk jd i l 1dk jXil 22d i j Xkl22dklXi j 1d i l Xk j1M̃ i jkl

d̃i jka
SD 52d i j (cl t̄ l

c t̃ kl
ac2d jk(cl t̄ l

c t̃ i l
ac2(ct̄ j

c t̃ ki
ac

[2d i j «ak2d jk«ai2(ct̄ j
c t̃ ki

ac

d̃i jab
SD 52d i j (ckl t̄ kl

catkl
cb2(ckt̄ k j

catki
cb2(ckt̄ jk

cat ik
cb

[2d i j Yba2(ckt̄ k j
catki

cb2(ckt̄ jk
cat ik

cb

d̃ia jb
SD 52 t̃ i j

ab1(ckemt̄ mi
eat̄ mk

ec t̃ k j
cb1(ckemtmk

abt i j
cet̄ mk

ce 2(ckemt̃ i j
ebtkm

ca t̄ km
ce

2(ckemt̃ m j
abtki

cet̄ km
ce 2(ckemt̃ im

abtk j
cet̄ km

ce 2(ckemt̃ i j
actkm

eb t̄ km
ec

2(ckemtk j
cat̃ mi

ebt̄ km
ce 1(ckemtk j

actmi
ebt̄ km

ce 1(ckemtk j
act im

ebt̄ mk
ce

[2 t̃ i j
ab1(ckemt̃ k j

cbt̃ mi
eat̄ mk

ec 1(kmtmk
abM̃ im jk2(et̃ i j

ebYae2(mt̃ m j
abXim

2(mt̃ im
abXjm2(ct̃ i j

acYbc2(ckemtk j
cat̃ mi

ebt̄ mk
ce

1(ckemtk j
actmi

ebt̄ km
ce 1(ckemtk j

act im
ebt̄ mk

ce

d̃aib j
SD 5 t̄ i j

ab

d̃ai jk
SD 52d jk t̄ i

a2d i j t̄ k
a

d̃ai jb
SD 5(dkt̄ ik

adt̃ k j
db2d i j (ckl t̄ kl

catkl
cb[(dkt̄ ik

adt̃ k j
db2d i j Yba

d̃abic
SD 5(mt̄ m

a t̃ mi
bc

d̃abcd
SD 5(mnt̄ mn

ac tmn
bd

Additional frozen-core terms

d̃IJKL
SD 54d IJdKL22dKJd IL

d̃i jKL
SD 54d i j dKL22dKL(cdmt̄ m j

cdtmi
cd[4d i j dKL22dKLXi j

d̃iJKl
SD 522dKJd i l 1dKJ(cdmt̄ ml

cdtmi
cd[22dKJd i l 1dKJXil

d̃IJka
SD 52d IJ(cl t̄ cl t̃ ak,cl[2d IJ«ak

d̃iJKa
SD 52dJK(cl t̄ cl t̃ ai,cl[2dJK«ai

d̃aIJk
SD 52d IJ t̄ k

a

d̃aiJK
SD 52dJKt̄ i

a

d̃IJab
SD 52d IJ(ckl t̄ kl

catkl
cb[2d IJYba

d̃aIJb
SD 52d IJ(ckl t̄ kl

catkl
cb[2d IJYba
Downloaded 31 Jan 2003 to 141.52.232.84. Redistribution subject to A
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d̃pqrs
SD 5^HFuepqrs1@epqrs ,T2#uHF&

1 (
m5m1 ,m2

t̄ m^mu H epqrs1@epqrs ,T2#

1
1

2
@@epqrs ,T2#,T2#J uHF&. ~66!

The explicit expressions for the various blocks of the S
two-electron density in theT1-transformed MO basis are
given in Table II. We shall return to the implementation
the CCSD-like two-electron density later in this section.

The symmetry-unique blocks of the triples contributio
to the two-electron densityd(T) are presented later~see Table
IV !. These contributions cannot be evaluated efficiently fr
the amplitudes and the Lagrange multipliers on the fly, w
one index in the AO basis. Therefore, they are precalcula
in the MO basis as described below and stored on disk. T
is possible since these densities require at mostO(OV3) disk
space~vide infra!, which does not constitute a serious bottl
neck in CCSD~T! calculations.

The densitydia jb
(T) is similar to the Fock contribution to

the double excitation part of the vector function in a CC
ground-state energy calculation@cf. Fock contribution in Eq.
~56!# and is therefore implemented the same way, witht l*

d

replacing the Fock matrix element.48

The first term india jk
(T) and the only term indai jk

(T) are
similar and calculated in the same manner—for example

dai jk
~T! 52(

dle
t̄ lki

deat l j
de

52(
dle

$Sae~dlki !1Qae~dlik !

1Sad~ekli!1Qad~ekil!%t l j
de

52(
dle

$@Sae~dlki !1Qae~dlik !#t l j
de

1@Sae~dkli !1Qae~dkil !#t l j
ed%. ~67!

The second and third term india jk
(T) can be seen to be equal t

the densityDia
(T) in Eq. ~65! multiplied by a Kronecker delta

and are easily evaluated.
The most difficult blocks to calculate are the densit

dabci
(T) and dabic

(T) . They cannot be stored in memory due
their sizeOV3 as we allow at most objects of sizeO2V2 in
memory. The two densities are very similar and so is th
implementation—for example,

dabci
~T! 52(

dlm
t̄ lmi

dact lm
db

52(
dle

$@Sdc~amil!1Qdc~amli!#t lm
db

1@Sda~ciml!1Qda~cilm!#t lm
db% . ~68!
IP license or copyright, see http://ojps.aip.org/jcpo/jcpcr.jsp
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To obtaindabci
(T) , we store two different intermediate densiti

on disk. One is stored witha as the outer index and the oth
with c as the outer index. Next, the two intermediates
added together.

To prepare the densityd(T) for contraction with two-
electron AO integrals, the last index of each block is ba
transformed to the contravariant AO basis and the densit
stored asdpqrd

(T) on disk. More specifically, taking advantag
of the full permutational symmetry of the MO integrals, th
~T! density blocksdabci

(T) anddabic
(T) are added together to giv

the symmetrized densitySdabic
(T) , which is then backtrans

formed to Sdabid
(T) . A similar strategy is used with thedi jka

(T)

and di jak
(T) blocks to obtainSdi jkd

(T) . This gives maximum I/O
and storage requirements of the orderV2NO.

As pointed out at the beginning of Sec. III, an integr
density direct implementation of first derivatives requir
that the two-electron density can be calculated efficiently i
loop over basis functions with at least one index transform

to the AO basis. The CCSD-like contributionsd̃SD cannot be
precalculated in the MO basis and stored on disk as done
the triples contributiond(T). Thus these density contribution
must be formulated with one back-transformed index to
low for an on-the-fly construction ofdpq,r

d in a loop overd
from some smaller intermediates.~Note that we allow, as in
the implementation of the CCSD vector function,15,16at most
intermediates of the sizeO2V2 in memory.! Such a reformu-
lation is presented in Table III. Assuming that the tripl
contributionsSdabid

(T) , Sdi jkd
(T) , dai j d

(T) , daibd
(T) , dia j d

(T) , diabd
(T) are

already available on disk, the algorithm for the calculation
dpqr

d can be sketched as follows:

• precalculate the intermediatesXi j , Yab , M̃ i jm,n , «ck

[D̃kc
SD, t̃ aib j ~see Table III!,

• precalculate the one-electron densityD̃pq
SD, read Dia

(T)

from disk and construct the one-electron dens
Dpq

CCSD(T)

• loop over D ~where D is a subset of basis function
belonging to the same shell and all symmetry rela
counterparts!

—loop over symmetrized AOs~SAO! dPD
–calculate the intermediatestai, j

d 5(bt i j
abLdb

h ,

t̄ ai,b
d 5(bt̄ i j

abLd j
h , Zei, j

d 5(dkt̄ ik
edtdk, j

d , and

Z̃ei, j
d 5(dkt̄ ik

edt̃ dk, j
d ,

–construct the first seven blocks of the one-ind

backtransformed densityd̃pq,r
SD,d from the expres-

sions given in Table III;
–construct from these blocks the two-index bac

transformed densityd̃pq,g
SD,d ; construct thed̃abc

SD,d

contribution to d̃abg
SD,d directly in an inner loop

over g;
–readdpqr

(T),d from disk, backtransformr to g and

construct from the resulting blocks andd̃pq,g
SD,d the

CCSD~T! densitydpq,g
CCSD(T),d ;

–add the frozen-core contributions listed in Tab
II and IV;
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–if necessary, backtransform remaining indices
AO basis within a loop overg;

–if necessary, add relaxation contributions fromk̄;
–for k̄h read in the undifferentiated integral distr

butions, transform theab indices to MO and con-
tract with the density;

–for Feff contractdab,gd with the undifferentiated
two-electron integrals; for contraction with de
rivative integrals storedab,gd on disk;

—end loopd;

• end loopD.

In the current implementation of the CCSD~T! and CCSD
gradients, the SD two-electron density is thus calcula
twice—once to generate the right-hand side of theZ-vector
equationk̄h, and once to calculate the effective Fock mat
and the contribution to the gradient from the derivative in
grals. An alternative approach, where the~nonseparable!
two-electron density is calculated only once, can be dev
oped using the methodology of Ref. 40.

TABLE III. The SD ~and CCSD! densities in theLh-backtransformed basis

where we have introduced the intermediates~Ref. 14!: t̃ kl
cd52tkl

cd2t lk
cd ; «ck

5(dl t̃ kl
cdt̄ l

d ; tdk, j
d 5( f tk j

d fLd f
h ; t̃ dk, j

d 5( f t̃ k j
d fLd f

h ; Zei, j
d 5(dkt̄ ik

edtdk, j
d ; Z̃ei, j

d

5(dkt̄ ik
edt̃ dk, j

d ; M̃ i jm,n5(cdt̄ jn
cdt im

cd ; Xi j 5(cdktki
cdt̄ k j

cd ; Yab5(ckltkl
cat̄ kl

cb .

Correlated space

d̃i jk
SD,d54d i j Ldk

h 22dk jLd i
h 12d i j (a«akLda

h 2dk j(a«aiLda
h 2(et̃ ei,k

d t̄ j
e

1dk j( lXil Ld l
h 22d i j ( lXklLd l

h 22Xi j Ldk
h 1Xk jLd i

h

1( l M̃ i jk ,lLd l
h

d̃i ja
SD,d52d i j (kt̄ k

aLdk
h 2 t̄ j

aLd i
h 12d i j (bYbaLdb

h 2(ckt̄ jk
actck,i

d 2(ckt̄ jk
catci,k

d

d̃ai j
SD,d52 t̄ i

aLd j
h 2d i j (kt̄ k

aLdk
h 2d i j (bYbaLdb

h 1Z̃ai, j
d

d̃aib
SD,d5( j t̄ i j

abLd j
h

d̃ia j
SD,d52«aiLd j

h 2«a jLd i
h 2(ekt̃ j i

eat̄ k
eLdk

h 12 t̃ ai, j
d 2(eYaet̃ ei, j

d

2(mXimt̃ am, j
d 2(mXjmt̃ ai,m

d 2(bct̃ i j
acYbcLdb

h 1(kmtam,k
d M̃ im jk

2(emt jm
aeZ̃em,i

d 1(emt jm
eaZem,i

d 1(emt̃ mi
eaZ̃em, j

d 1(ckemtk j
act̄ mk

ce tei,m
d

d̃iab
SD,d5(mt̃ ai,m

d t̄ m
b 2YabLd i

h 1(dk j t̃ ik
adt̄ k j

dbLd j
h

d̃abi
SD,d52YbaLd i

h 1(mt̄ m
a t̃ bm,i

d 2(ck jtki
cbt̄ k j

caLd j
h 2(ck jt ik

cbt̄ jk
caLd j

h

d̃abc
SD,d5(mntbm,n

d t̄ mn
ac a

aTo avoid an expensive backtransformation of thec index to AO, the given
contribution is calculated directly with two indices in the AO basis

d̃ab
SD,dg5(mntbm,n

d t̄ am,n
g within an inner loop overg.

TABLE IV. The symmetry-unique blocks of the two-electron~T! density in
the regular MO basis. The permutation operatorsPi j

ab andPaib j
TCME are defined

in Eqs.~58! and ~59!, respectively.

Correlated space

dia jb
(T) 5Paib j

TCMEPi j
ab(dl(t i j l

abd2t l j i
abd)t* l

d

dia jk
(T) 522(dle(2t l j i

dea2t i j l
dea2t li j

dea)t* lk
de

12(dlem@2d jk(t lmi
dea2t lim

dea)2d ik(t lm j
dea2t l jm

dea)#t* lm
de

dai jk
(T) 52(dlet̄ lki

deat l j
de

dabci
(T) 52(dlmt̄ lmi

dact lm
db

dabic
(T) 52(dlm(2t lim

dcb2t lmi
dcb2t ilm

dcb)t* lm
da

Additional frozen-core terms

diaJK
(T) 52dJKDia

(T)

dIa jK
(T) 52d IKD ja

(T)
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D. The right-hand side of the orbital-rotation
multiplier equations within the integral-density
direct algorithm

The general expression for the right-hand side vector
the Z-vector equations in terms of the one- and two-elect
density matrices was given in Eq.~50!. For an integral-
density direct formulation, we transform two indices in t
two-electron contribution to the AO basis:

k̄hpq
CCSD~T!5~12Ppq!H(

t
~Dtq

CCSD~T!1Dqt
CCSD~T!!hpt

1(
tgd

~dtq,gd
CCSD~T!1dqt,gd

CCSD~T!!gpt,gdJ . ~69!

Within the scheme described at the beginning of Sec. III,
equation is implemented as follows: Within a loop overd,
the d̃pq,r

SD,d is calculated on the fly, and the various blocks
dpq,r

(T),d are read from disk. For both densities, ther index is
backtransformed to the AO basis to obtaind̃pqg

SD,d , dpqg
(T),d and

finally dpqg
CCSD(T),d . The integralsgabg

d ~calculated in the loop
over D! are read into memory, partially transformed to t
MO basis in a loop overg, and contracted with the two
electron densities.

Note that, in the CCSD case, the occupied–occupied
virtual–virtual blocks ofk̄h are not required since the CCS
energy is invariant to orbital rotations among the occup
orbitals or among the virtual orbitals. The explicit expre
sions for the symmetry-unique blocks of the right-hand si
of the orbital-rotation multipliers are collected in Tables
and VI, for the SD and~T! parts, respectively.

E. The diagonal orbital-rotation multipliers

The diagonal orbital-rotation multipliers originate excl
sively from the triples space:

k̄pp5(
m3

t̄ m3
^m3u@Epp ,T3#uHF&. ~70!

For p5a andp5 i , in particular, we obtain

k̄aa5
1

2 (
ckdlm

t̄ klm
cdatklm

cda , ~71!

k̄ i i 52
1

2 (
ckdle

t̄ kli
cdetkli

cde. ~72!

These multipliers cannot be calculated using theS and Q
intermediates of Ref. 48. Instead, we need to introduce
other intermediate

Uab~ck j i !52
1

e i jk
abc X̃i jk

abc ~73!

such that a triples amplitude or multiplier can be rewritten

Xi jk
abc52

1

e i jk
abc Pi jk

abc~X̃i jk
abc!

5Pjk
bc$Sbc~aik j !1Ubc~aik j !%. ~74!
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The diagonal orbital-rotation multipliers can then be calc
lated as

k̄aa5
1

2 (
ckdln

Pkl
cd$S̄cd~anlk!1Ūcd~anlk!%

3Pkl
cd$Scd~anlk!1Ucd~anlk!%

5 (
ckdln

$S̄cd~anlk!1Ūcd~anlk!%

3Pkl
cd$Scd~anlk!1Ucd~anlk!%, ~75!

TABLE V. Explicit expressions for the symmetry unique blocks of the S
~and CCSD! right-hand sides of the orbital-rotation multiplier equation
within the correlated space in terms of densities and integrals in theLp,
Lh-basis. Note that the occupied-occupied and virtual-virtual blocks are
required in the CCSD case. In the frozen core approximation a few con
butions must be added to each block, which are obtainable from the e
tions below letting the summation indices over occupied orbitals refer

frozen orbitals. The additional blocksk̄haI
SD and k̄h iJ

SD are also required,
which can be easily derived from the formulas given here and the recip
Sec. III G.

k̄hai
SD5( t(ĥtaD̃ ti

SD2ĥit D̃at
SD2ĥti D̃ ta

SD1ĥatD̃ it
SD)

2( t j ta j(ĥti D̃ t j
SD2ĥ j t D̃ it

SD)1( tbtbi(ĥtbD̃ ta
SD2ĥatD̃bt

SD)

1( tb jta jtbi(ĥtbD̃ t j
SD2ĥ j t D̃bt

SD)1( trs(ĝtarsd̃tirs
SD

2ĝitrsd̃atrs
SD 2ĝtirsd̃tars

SD 1ĝatrsd̂itrs
SD )2( trs jta j(ĝtirsd̃t jrs

SD 2ĝ j trsd̃itrs
SD )

1( tbrstbi(ĝtbrsd̃tars
SD 2ĝatrsd̃btrs

SD )1( tb jrsta jtbi(ĝtbrsd̃t jrs
SD 2ĝ j trsd̃btrs

SD )

k̄hab
SD5(12Pab)$( t(ĥtaD̃ tb

SD1ĥatD̃bt
SD)1( t( j tb j(ĥtaD̃ t j

SD2ĥ j t D̃at
SD)

1( trs(ĝtarst̃ tbrs
SD 1ĝatrsd̃btrs

SD )1( trs( j tb j(ĝtarsd̃t jrs
SD 2ĝ j trsd̃atrs

SD )%

k̄h i j
SD5(12Pi j )$( t(ĥti D̃ t j

SD1ĥit D̃ j t
SD)1( t(ctc j(ĥtcD̃ ti

SD2ĥit D̃ct
SD)

1( trs(ĝtirsd̃t jrs
SD 1ĝitrsd̃ j trs

SD )1( trs(ctc j(ĝtcrsd̃tirs
SD 2ĝitrsd̃ctrs

SD )%

TABLE VI. Explicit expressions for the symmetry-unique blocks of the~T!
right-hand side of the orbital-rotation multiplier equations in the regular M
basis, within the correlated space. In the frozen core approximation a
contributions must be added to each block, obtainable from the expres
below by letting the summation indices over occupied orbitals refer to

zen orbitals. The additional blocksk̄haI
(T) and k̄h iJ

(T) are also required,
which can be easily derived from the formulas given here and the recip
Sec. III G.

k̄hai
(T)5(bhabDib

(T)2( jhj i D ja
(T)1( lcm@Sdlimc

(T) 1Sdilmc
(T) #glamc

2( f cm@Sdf amc
(T) 1Sda f mc

(T) #gf imc2( lmn@dlamn
(T)

1dalmn
(T) ]glimn2( lcm@dlamc

(T) #glicm2( lcd@dlacd
(T)

1dalcd
(T) ]glicd1( f mn@df imn

(T) 1di f mn
(T) #gf amn

1( f cd@df icd
(T) 1di f cd

(T) #gf acd1( f cm@di f mc
(T) #gf amc

k̄h i j
(T)5(12Pi j )$(chicD jc

(T)1(cmn@
Sdn jmc

(T) 1Sdjnmc
(T) #gnimc

1( lmc@dc jlm
(T) 1djclm

(T) #gcilm1( ldc@djcld
(T) #gcild

1( f dc@dc j f d
(T) 1djc f d

(T) #gci f d%

k̄hab
(T)5(12Pab)$( jhjaD jb

(T)1(nml@dlbnm
(T) 1dblnm

(T) #glanm

1(mcl@dlbmc
(T) #glamc1(dcl@dlbdc

(T) 1dblac
(T) #gladc

1(dcl@
Sdcbld

(T) 1Sdbcld
(T) #gcald%
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k̄ i i 52
1

2 (
ckdle

Pkl
cd$S̄cd~eilk!1Ūcd~eilk!%

3Pkl
cd$Scd~eilk!1Ucd~eilk!%

52 (
ckdle

$S̄cd~eilk!1Ūcd~eilk!%Pkl
cd$Scd~eilk!

1Ucd~eilk!%. ~76!

We thus need to calculate theSandU intermediates for both
combinations of the two fixed summation indices, whi
means that we will haveOV4 I/O in comparison withOV3

for the ground-state energy calculation. For a more thoro
discussion of the implementation, see Ref. 48.

F. The CCSD„T… geometrical gradient
in the integral-density direct algorithm

A demanding step in the gradient calculation is the c
traction of the two-electron densities with the derivative tw
electron integrals to the contribution

L @1#~2e!5
1

2 (
abgd

gabgd
@1# dabgd

eff . ~77!

Already the storage of the full undifferentiated AO integra
gabgd poses serious limitations to the applicability for lar
systems, unless direct techniques are used. Even mor
any approach where the derivative AO integrals are pre
culated and stored on disk is highly impractical even
systems of moderate size, since it would require an orde
magnitude more disk space with no reduction in the ope
tion count.

The algorithm adopted in the present implementat
still assumes thatdabgd

eff is calculated in a loop over the AO
index d for all a, b, g. Since an efficient integral evaluatio
requires that all derivative integrals with AO indicesd be-
longing to the same shell and all symmetry-related coun
parts are calculated simultaneously, and since we ca
store a complete batch of the differentiated integralsgabg

@1#,d

for all a, b, g in memory, we have developed the followin
scheme, where the two-electron density is accumulate
three-index batches on disk, read back in two-index batc
and contracted with differentiated integrals calculated on
fly:

TABLE VII. Equilibrium CCSD~T! bond lengths~in Å! of the cyclic 2s
isomer of SiC3 . C* indicates the transannular carbon atoms; ‘‘fc’’ stands
‘‘frozen-core approximation’’ and ‘‘all’’ for ‘‘all electrons correlated.’’ The
number in square parentheses corresponds to the number of contracted
functions in the given basis set.

cc-pVQZ/fc
@224#

cc-pV5Z/fc
@368#

cc-pwCVQZ~Si!/
cc-pCVQZ~C!/alla

@361#

r Si-C* 1.8393 1.8359 1.8290
r C-C* 1.4381 1.4370 1.4342
r C* -C* 1.4902 1.4887 1.4830

aFrom Ref. 50.
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• loop over D ~where D is a subset of basis function
belonging to the same shell and all symmetry rela
counterparts!

—loop over SAOsdPD
calculateddabgd

eff for all a,b,g
storedabgd

eff on disk
—end loopd
—loop over G ~where G is similar subset of basis

functions asD!
readdabgd

eff ;a, b and;gPG, dPD
calculategabgd

@x# ;a, b and;gPG, dPD and all
necessary directionsx ~12 at most!
contract density and integrals toL @x#(2e)
5 1

2(abgdgabgd
@x# dabgd

eff

—end loopG

• end loopD

In this way, we keep the memory and disk space requ
ments essentially down to what is needed for the calcula
of the densitydeff. The additional disk space needed for t
out-of-core treatment of the density isO(N3) and the addi-
tional I/O introduced isO(N4). The strategy used for the
efficient evaluation of the two-electron derivative integrals
outlined in Sec. IV.

G. Implementation of the frozen-core approximation

When introducing frozen-core orbitals, we divide the o
bitals into three sets: frozen occupied (I ,J,K,L,...), active
occupied (i , j ,k,l ,...), andactive virtual (a,b,c,d,...). As
shown in Ref. 3, the criterion for frozen-core orbitals is th
the Fock matrix does not have an interaction between
frozen and the active subspaces:

FIi 5FiI 50, ~78!

FIa5FaI50. ~79!

These constraints have to be incorporated in our Lagra
function in Eq. ~18!. In the canonical representation, how
ever, these criteria are already fulfilled since the Fock ma
is diagonal, implying that the multipliersk̄ fulfill an even
stricter criterion. The frozen-core approximation—where t
frozen orbitals correspond to the innermost HF~canonical!
orbitals—may therefore be implemented by the use of
‘‘nonfrozen orbital’’ Lagrange function with the canonica
condition as a constraint, and letting the amplitudes and m
tipliers only refer to active orbitals. By contrast, thek̄h vec-
tor, the densities, and the integrals may possess indices
refer to inactive orbitals.

Having obtained a result without the frozen-core a
proximation~but in the canonical representation!, the ~addi-
tional! frozen-core terms can easily be obtained as discus
above. As an example, we consider thed̃i jab

SD density in Table
II. Except for the term with the Kronecker delta, all indice
refer to either amplitudes or multipliers. The only froze
core contribution is thus

d̃IJab
SD 52d IJ(

ckl
t̄ kl

catkl
cb . ~80!

asis
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Remember that particle symmetry is fulfilled for two
electron quantities, meaning thatd̃abIJ

SD is identical tod̃IJab
SD .

The frozen-core additional MO contributions to the one- a
two-electron densities are given in Tables I, II, and IV. T
various blocks of thek̄hpq vector within the frozen-core ap
proximation can be derived from the expressions in Table
and VI, allowing the indices for the occupied orbitals to re
to both frozen and correlated orbitals. This leads to fi
unique blocks:k̄hai ,

k̄h i j , k̄hab , k̄h iJ and k̄haI . There are
no frozen-core contributions to the diagonal orbital-rotat
multipliers.

IV. INTEGRAL EVALUATION

Let us briefly consider the evaluation of integrals ov
differentiated solid-harmonic Gaussian-type orbitals~GTOs!.
For the calculation of CCSD and CCSD~T! gradients, we
have made a new implementation of derivative integrals
DALTON,46 as required for our integral-density direct form
lation of gradients. In this implementation, we avoid t
separate transformation first from undifferentiated Cartes
GTOs to differentiated Cartesian GTOs and next to differ
tiated solid-harmonic GTOs. Instead, we carry out the tra
formation in a single step, expanding the differentiated so
harmonic GTOs directly in undifferentiated Cartesian GTO
This approach is particularly useful for high-angular mome
tum functions, reducing the cost of the integration.

We apply the McMurchie–Davidson scheme,25,49 in
which the primary integrals are generated over undiffere
ated Cartesian Gaussians of the form

Gi jk~r ,a,A!5xA
i yA

j zA
k exp~2ar A

2 !, ~81!

with i>0, j >0, andk>0. During the calculation, Cartesia
Gaussians are transformed into solid-harmonic form
m
lid
t
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Glm~r ,a,A!5Slm~xA ,yA ,zA!exp~2ar A
2 ! ~82!

with l>umu>0 by means of the transformation

Glm~r ,a,A!5Nlm (
t50

b l 2umu/2c
(
u50

t

(
v5vm

bumu/22vmc1vm

Ctuv
lm

3Gumu12~ t2u2v !,2~u1v !,l 2umu22t~r ,a,A!, ~83!

where

Nlm5
1

2umul !
A2~ l 1umu!! ~ l 2umu!!

2d0m
, ~84!

Ctuv
lm 5~21! t1v2vmS 1

4D tS l
t D S l 2t

umu1t D S t
uD S umu

2v D , ~85!

vm5H 0 if m>0

1
2 if m,0

. ~86!

Since the number of solid-harmonic Gaussians is sma
than the number of Cartesian Gaussians, this transforma
is carried out as early as possible in the course of the i
gration.

To evaluate derivatives of solid-harmonic Gaussians,
first note that differentiated Gaussians are simple linear c
binations of undifferentiated Gaussians:

dGi jk~r ,a,A!

dAx
52aGi 11,j ,k~r ,a,A!2 iGi 21,j ,k~r ,a,A!.

~87!

It should therefore be possible to generalize the transfor
tion Eq. ~83! to the expansion of differentiated solid
harmonic Gaussians in terms of undifferentiated Cartes
Gaussians. Such an expansion, valid to all orders, is give
di 1 j 1kGlm~r ,a,A!

dAx
i dAy

j dAz
k 5Nlm (

t50

b l 2umu/2c
(
u50

t

(
v5vm

bumu/22vmc1vm

Ctuv
lm (

a50

i

(
b50

j

(
c50

k

Dtuvabc
lm

3 (
p50

b i 2a/2c
Eap

i (
q50

b j 2b/2c
Ebq

j (
r 50

bk2c/2c
Ecr

k a i 1 j 1k2a2b2c2p2q2r

3Gi 22~a1p!1umu12~ t2u2v !, j 22~b1q!12~u1v !,k22~c1r !1 l 2umu22t~r ,a,A!, ~88!
he

ted
s.

be
n-
where we have introduced

Dtuvabc
lm 5~ umu12t22u22v2a11!a

3~2u12v2b11!b~ l 2umu22t2c11!c , ~89!

Eap
i 5

~21!a1p2i 2a22pi !

a! p! ~ i 2a22p!!
, ~90!

and (x)n5x(x11)¯(x1n21). The linear transformation
Eq. ~88! may be implemented and carried out in the sa
manner as the transformation to undifferentiated so
harmonic Gaussians Eq.~83!, except that the integrals mus
e
-

be scaled by some power ofa prior to the transformation. In
our implementation, we begin by precalculating t
a-independent coefficients from Eq.~88!, setting up the nec-
essary~sparse! matrices~one matrix for eachlm andijk! that
are later used for the transformation from undifferentia
Cartesian GTOs to differentiated solid-harmonic GTO
Since the transformation matrices are independent ofa, the
transformation to derivative solid-harmonic GTOs may
carried out after the transformation from primitive to co
tracted GTOs~if the primitive GTOs are scaled bya before
contraction!.
IP license or copyright, see http://ojps.aip.org/jcpo/jcpcr.jsp
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V. RESULTS

As an illustrative application of the new integral-dens
direct analytic CCSD~T! gradient, we have carried out a g
ometry optimization of the2s cyclic isomer of SiC3 . The
SiC3 isomers have been the subject of several recent stu
aimed to determine the most stable isomer and its equ
rium geometry.50–52 The most accurate result is th
CCSD~T!/cc-pwCVQZ~cc-pCVQZ for C! result obtained by
Stanton, Gauss, and Christiansen50 by numerical geometry
optimization with all 32 electrons correlated. We have reo
timized the geometry at the CCSD~T!/cc-pVQZ and cc-
pV5Z levels, keeping the 1s, 2s, and 2p orbitals of Si and
the 1s orbital of C frozen during the optimization. This co
responds to an analytic CCSD~T! optimization with 16 cor-
related electrons in a basis of 224 and 368 contracted fu
tions for cc-pVQZ and cc-pV5Z, respectively. The results
given in Table VII. By comparing the numerical all-electro
core-valence results of Stantonet al.50 with our frozen-core
results, we can estimate the importance of core correlati

Comparing the cc-pVQZ and the cc-pwCVQZ~Si!/cc-
pCVQZ~C! results, see Table VII, we find that the inclusio
of core correlation leads to a small contraction of the bo
of the order of 0.2%–0.5%. The extension of the basis
from quadruple- to quintuple-zeta also leads to a slight~but
less pronounced! contraction, and the differences betwe
the cc-pV5Z/frozen-core and cc-pwCQZ/cc-pCVQZ/a
electrons results are of the order of 0.2%–0.4%. Howe
this modest loss of accuracy is more than compensated
the saving in computational cost of about 80%, consider
the O(O3V4) bottleneck of the CCSD~T! approach.

VI. CONCLUSION

We have presented a novel, integral-density direct imp
mentation of the analytic CCSD~T! gradient, based on th
Lagrangian formulation of the CCSD~T! energy. The CCSD
gradient has been obtained as a subset of the CCSD~T! gra-
dient. Using the canonical condition for the HF orbitals, t
treatment of frozen orbitals has been incorporated into
CCSD and CCSD~T! gradient at a general, abstract lev
The frozen-core approximation is important for reducing
number of excitations for systems with a large number
electrons, thus extending the applicability of the CCSD~T!
method to larger systems. For molecules containing seco
row elements, the use the frozen-core approximation is
most mandatory since core-valence basis sets are in ge
not available and, if they were, the calculation would be
expensive. Furthermore, all-electron calculations using
lence basis sets may have large errors in the treatment o
core electrons.

As a preliminary application, we have considered t
geometry optimization of thec-SiC3 ~2s! isomer at the cc-
pVQZ and cc-pV5Z levels with only the valence electro
correlated, allowing us to estimate the importance of c
correlation by comparison with the numerical results of St
ton, Gauss, and Christiansen.50 A systematic and detailed in
vestigation of the effect of core correlation on bond leng
and bond angles of small and medium-sized molecules c
taining second-row elements will be presented in a sepa
Downloaded 31 Jan 2003 to 141.52.232.84. Redistribution subject to A
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communication. With the present CCSD~T! frozen-core
implementation of the molecular gradient, geometry optim
zations for systems with 5–10 atoms in triple-zeta basis
have become routine, and systems containing as many a
atoms may be studied in special cases.
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