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Abstract During the last decade it became possible to calculate by quantum chemical ab
initio methods not only static but also frequency-dependent properties with high
accuracy. Today, the most important tools for such calculations are coupled clus-
ter response methods in combination with systematic hierarchies of correlation
consistent basis sets. Coupled cluster response methods combine a computation-
ally efficient treatment of electron correlation with a qualitatively correct pole
structure and frequency dispersion of the response functions. Both are improved
systematically within a hierarchy of coupled cluster models.

The present contribution reviews recent advances in the highly accurate cal-
culation of frequency-dependent properties of atoms and small molecules, elec-
tronic structure methods, basis set convergence and extrapolation techniques.
Reported applications include first and second hyperpolarizabilities, Faraday,
Buckingham and Cotton—Mouton effects as well as Jones and magneto-electric
birefringence.

Keywords:  coupled cluster, CCSD, CC3, response theory, quasi-energy Lagrangian, time-
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abilities, basis set convergence, magnetic optical rotation, magnetic circular
dichroism, Verdet constant, Faraday effect, Buckingham effect, Cotton—Mouton
effect, Jones birefringence, magneto-electric birefringence.
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Introduction

The developments of laser technology have in the last decades made the field
of nonlinear optics (NLO) increasingly important. Today lasers that produce
light with well-defined properties and high intensities are in widespread use. In
recent years it has become possible to generate in addition very strong magnetic
fields. Thus a wealth of NLO processes that arise in the presence of strong static
and dynamic electric and magnetic fields became accessible. Accordingly many
modern experiments are related in one or the other way to NLO processes.
Another motivation for studying NLO properties is the quest for new materials
with specific NLO properties for creating new generations of optical devices.
This quest has initiated a significant activity in the development of theoretical
methods for describing NLO processes.

The theoretical prediction of NLO properties using high accuracy ab ini-
tio methods has been primarily focused on small molecules, where there has
been a significant interplay between theory and experiment [1-39]. Among
NLO properties, the interest in birefringences and their absorptive counterparts
(dichroisms) has increased during the last decade with the progress in optics
and detection techniques on the experimental side, and with the fast advance
of methods and computational power from the theoretical side [40]. The in-
terplay between theory and experiment has also been essential for illuminating
the role of various physical effects in relation to NLO processes and for the
design of molecules, chromophores, functional groups, etc., with specific NLO
properties.

The calculation of NLO properties with high accuracy is challenging and
requires consideration of many different issues. While electron correlation
is known to be important for accurate predictions of essentially all molecular
properties, it is often of extreme importance for NLO properties. Rather exten-
sive one-electron basis sets must be used to obtain reasonably well-converged
results. NLO properties are related to optical experiments with external fre-
quencies different from zero. The calculation of frequency-dependent prop-
erties can nowadays be achieved in theoretical methods for example with the
response theoretical approach [41-44] discussed in this review. However, it
cannot easily be obtained via the finite field techniques that are often used in
the calculation of static properties. Molecular vibrations also have a significant
effect on NLO properties. They cause an averaging of the electronic contri-
bution over the vibrational motion leading to a so-called zero-point vibrational
(ZPV) correction to the electronic contribution calculated at the equilibrium
geometry. For many NLO properties there are also significant pure vibrational
contributions. We refer to later chapters of this book for a detailed discussion
of these contributions.
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Relativistic effects have also been considered. Though they may be important
for heavier elements, we shall not discuss this issue in detail here, since most
of the applications presented are for molecules containing only light atoms.
Our review will focus on the prediction of electronic contributions to NLO
properties of molecules in the gas phase discussing the above issues in relation
to theory and to actual calculations on small molecules. It will be shown that
with benchmark calculations it is nowadays possible to predict NLO effects
with unprecedented accuracy in a variety of systems and in this way to assess
the quality of experiments.

The ab initio calculation of NLO properties has been a topic of research for
about three decades. In particular, response theory has been used in combina-
tion with a number of electronic structure methods to derive so-called response
functions [41-48]. The latter describe the response of a molecular system for
the specific perturbation operators and associated frequencies that characterize
a particular experiment. For example, molecular hyperpolarizabilities can be
calculated from the quadratic and cubic response functions using electric dipole
operators. From the frequency-dependent response functions one can also de-
termine expressions for various transition properties (e.g. for multi-photon ab-
sorption processes) and properties of excited states [42].

One of the advantages of response theory is that it can be applied for most
quantum chemical methods, including Hartree-Fock self-consistent-field (HF-
SCF) [42,45], multi-configurational SCF (MCSCF) [42,49,50], and coupled
cluster (CC) [44,46,51]. Inrecent years density functional theory (DFT) based
response theory [52,53] has also received considerable interest. Response the-
ory based upon HF-SCF and DFT has the advantage of being applicable to rather
large systems, but on the other hand is not always appropriate for detailed and
quantitatively accurate comparisons with experiment. Since dynamic electron
correlation is typically very important for the predictions of NLO properties
efficient and accurate treatments of dynamic correlation are required for ob-
taining quantitative results. Due to the exponential parameterization and the
accompanying correct scaling with the size of the system, CC methods have the
possibility to give accurate results for systems with both few and many electrons
as long as the calculations are feasible.

The high accuracy of CC methods is well established for a number of molec-
ular properties including structures, vibrations, NMR shielding etc. In partic-
ular CC models with an approximate treatment of triple excitations as e.g. the
CCSD(T) method [54] provide a high accuracy. Despite all its qualities there
is an inherent problem in the use of CCSD(T) in relation to NLO properties:
While static properties can be obtained with high accuracy using CCSD(T) the
description of the frequency dependence is dubious within this approach. A
similar problem holds for MP2. These methods have a frequency dependence
that is corrupted by the presence of poles due to the HF-SCF reference state.
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However, a hierarchy of CC methods has been developed [55-71] for the cal-
culation of response properties including CC2 [57], coupled cluster singles and
doubles (CCSD) [72], and CC3 [56,58], etc. The advantage of CC2 and CC3, as
compared to MP2 and CCSD(T), is that they have a frequency dependence that
matches the quality of the static properties. Thus in the CC2, CCSD and CC3
sequence both static and frequency-dependent molecular properties as well as
electronic excitation energies are obtained with increasing accuracy at the cost
of increasing computational effort. For these methods linear [60—64], quadratic
[65—-67] and cubic response functions [67,68] have been implemented and allow
today accurate and systematic calculations of NLO properties including hyper-
polarizabilities [30,32,36,37,73], magneto-optical effects [38,39,70,71,74],
two-photon absorption [75,76], and so on. In principle, the hierarchy of CC
methods also extends further to the full coupled cluster singles, doubles and
triples (CCSDT) method and beyond, but at this level the calculation begins
to be too demanding using present day standards for computer equipment and
such methods have been little used for the calculation of NLO properties be-
sides benchmark studies [34,39,64,77,78]. On the other hand CC2 and in
some cases even CCSD are not accurate enough for detailed studies of NLO
properties of small molecules. The experience with CC3 has been that this
is a very accurate method also for NLO properties. Indeed, CC3 is probably
the most accurate methodology for frequency-dependent properties applicable
nowadays to systems with more than a few electrons. In this paper the focus is
on high accuracy NLO calculations and the role of CC3 is in this context ex-
tremely important since it often gives the final increase in accuracy that allows
us to support, interpret, predict, or reject experimental results with confidence.

In the next section we summarize the theoretical background for coupled
cluster response theory and discuss certain issues related to their actual imple-
mentation. In Sections 2 and 3 we describe the application of quadratic and
cubic response in calculations of first and second hyperpolarizabilities. The
use of response theory to calculate magneto-optical properties as e.g. the Fara-
day effect, magnetic circular dichroism, Buckingham effect, Cotton-Mouton
effect or Jones birefringence is discussed in Section 4. Finally we give some
conclusions and an outlook in Section 5.

1.  Coupled cluster response theory

In standard time-independent coupled cluster theory the wavefunction is
parameterized as

|CC) = exp(T)|Ref) , (1.1)

where T = 3 . tuTy 1s the cluster operator, [Ref) a reference state—usually
taken as the Hartree-Fock wavefunction |HF')—and 7, excitation operators [79]
which applied to the reference state generate excited determinants or configura-
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tions |®,,) = 7,|Ref). The amplitudes t,, of the cluster operator are determined
by projecting the Schrodinger equation onto the bra states (Ref \%ﬁ exp(=T):

0= <Ref‘7°;[ exp(=T)H exp(T)’Ref> , (1.2)
and the energy is obtained as
Ecc = (Ref|H|CC) . (1.3)

By truncating the cluster operator T after single, double, triple, ...replace-
ments the hierarchy of coupled cluster models CCS, CCSD, CCSDT, etc. is
obtained. In this series the accuracy of the results—but also the computational
costs—converge rapidly to those of Full Configuration Interaction (FCI). This
motivated the development of several intermediate methods which are derived
from the above standard models by either

m augmenting the CC energy of Eq. (1.3) with perturbative corrections (e.g.
CCSDIT] [80,81], CCSD(T) [54], CCSDT(Qy) [82], ...)

m or introducing approximations into the cluster equations (1.2) — (e.g.
CC2 [57], CC3 [56], CCSDT-1a [83,84], ...)

For a detailed review of coupled cluster methods for ground state energies and
static properties the reader is referred to Refs. [79,85-87].

1.1  Including a time-dependent perturbation

In response theory one considers a quantum mechanical system described by
the time-independent Hamiltonian H© whichis perturbed by a time-dependent
perturbation V (¢, €)

H(t,e)=HOY +V(te) . (1.4)

We assume that the perturbation V' can be expanded in a sum over monochro-
matic Fourier components as

V(t,e) = ¢ exp(—iwjt) X; | (1.5)
j

where X ; are hermitian time-independent one-electron operators and ¢ ; are the
amplitudes of the associated field-strengths. (The letter e without index is above
and in the following used as abbreviation for all field strengths {¢;} included
in V) We shall furthermore assume for simplicity that the perturbations in Eq.
(1.5) have a common time period and that V is hermitian, which implies that
for each frequency w; also its negative is included in the summation.

The time-dependent ground-state coupled cluster wavefunction for such a
system is conveniently parameterized in a form, where the oscillating phase
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factor caused by the so-called level-shift [43—45, 88, 89] or time-dependent
quasi-energy W(t, €) (vide infra) is explicitly isolated [42—-46,90,91]:

‘T(t, e)> = exp ( -1 tt W(H, e)dt/) CC(t,e)> (1.6)
with
|CC(t, €)) = exp(T'(t, €))|Ref) . (1.7)

Note that in the time-independent limit |[CC(¢,¢€)) becomes the usual time-
independent CC wavefunction, Eq. (1.1), while the full time-dependent wave-
function |CC(t, €)) goes to exp (i Ecc(to—t))|CC). The reference state should
be chosen such that it is time-independent—for the following it will be assumed
that |Ref) is the Hartree-Fock wavefunction of the unperturbed molecule |HF ().
By keeping the uncorrelated reference state fixed in the presence of the pertur-
bation, a two—step approach, which would introduce artificial poles into the
correlated CC wavefunction due to the response of the orbitals, is avoided.
Inserting the above ansatz into the time-dependent Schrddinger equation and
projecting on the bra states (HF |7°l exp(—T'), the time-dependent cluster equa-
tions become

. A\ - . d d
0= (HF, \Tg exp(—=T)H(t, €) exp(T) }HF0> —ity = eu(tie) — it
(1.8)
The energy, which in the time-dependent case is no longer a constant of motion,

has to be generalized to the time-dependent quasi-energy:
W(t,e) = <HF0‘ exp(—T)H(t,€) exp(T)‘HF0> . (1.9)

Frequency-dependent higher-order properties can now be obtained as deriva-
tives of the real part! of the time-average of the quasi-energy {WW} 1 with respect
to the field strengths of the external perturbations. To derive computational effi-
cient expressions for the derivatives of the coupled cluster quasi-energy, which
obey the 2n+1- and 2n+2-rules of variational perturbation theory [44,45,93],
the (quasi-) energy is combined with the cluster equations to a Lagrangian:

L(t,€) = W(t,€) + Y fueult€) - i%tu) (1.10)
o

IThe imaginary part of W(t, €) is connected to the time derivative of the wavefunction norm and does
not contain information about physical observables. For normalized wavefunctions and bra and ket state
conjugated to each other the quasi-energy is real [44,45]. However, the CC energy is calculated from a
projection expression and in general not real. Thus with CC wavefunctions it is important to consider only
the real part of the quasi-energy [44,65,92].
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The time-average of the quasi-energy Lagrangian

1 +to
{L(t,e)}r = lim — L(t,e)dt , (1.11)
to—oo 2ty J_t
is required to be stationary with respect to the cluster amplitudes ¢, and the
Lagrange multipliers t_u [43-45,48,88,94].

{L(t,e)}r =0 (1.12)

The last equation is a variation principle for the coupled cluster quasi-energy
and wavefunction within oscillating harmonic external fields. If one inserts a
perturbation and Fourier expansion as ansatz for the cluster amplitudes

o0
1 X X
tu(t,e) = t+3 EE T (W wy,) (113)
n=1"" J1 Jn

n
X [T €jmWj,,) exp(—iw;,,t)
m=1
and an analogous ansatz for the Lagrange multipliers Eq. (1.12) becomes a set
of linear equations for the individual expansion coefficients of ¢,, and t,,, apart
from the unperturbed cluster amplitudes, t&o), for which the nonlinear cluster
equations, Eq. (1.2), are recovered. The response functions, i.e. the frequency-
dependent higher-order properties, are obtained as derivatives of the real part
of the time-dependent quasi-energy Lagrangian [44,65,92,95]:

d* S EL(t,e) + LL(t, €)*
(X1 Xy XD wmoon = ( {2 = }T , (1.14)
0

der(wr) ... den(wp)

o (4L O}y
QC (del(wl)...den(wn))o’ (1'15)

where C+ symmetrizes with respect to an inversion of the signs of all frequen-
cies and simultaneous complex conjugation”. Note that as a consequence of
the time-averaging of the quasi-energy Lagrangian, the derivative in the last
equation gives only a non-vanishing result if the frequencies of the external
fields fulfill the matching condition ), w; = 0.

1.2 The issue of orbital relaxation

As pointed out above, in the time-dependent case the correlation treatment
cannot be based on time-dependent Hartree-Fock orbitals—at least not on the

2The operator C7 is defined by C:'if(wl,wg, o) = flwr,we, .. )+ f(—wi, —wa, .. )*.
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real frequency axis in the vicinity of poles of the response functions. Thus,
the polarization of the wavefunction must be described through the variables
of the correlations method, i.e. for the CC approach by means of the cluster
amplitudes. This has important implications on the choice or suitability of
correlation methods. As it is apparent from the sum-over-states expression for
the n-th response function [96]

(K13 Xy, X in = P50 X0 S (0| X [W,)

l1...ln
Ey—E,, +>i w

m=1

(1.16)

(where PXn+1Xn--X1 jg symmetrization operator generating all possible per-
mutations of the operators together with the accompanied frequencies and the
summations are over all states ¥;, ) a qualitatively correct description requires
up to (n + 1) /2-tuple excitations, i.e. single excitations for linear and quadratic
response functions, double excitations for cubic and quartic response functions
and so on. To account simultaneously for dynamic correlation also at least the
next two higher excitation levels need to be included, i.e. at least triple excita-
tions for the linear and quadruple excitations for the cubic response function.
These excitations are not necessarily connected and are therefore most effi-
ciently parameterized via the exponential coupled cluster ansatz, Eq. (1.1). In

Table 1.1. Hierarchy of coupled cluster methods for response calculations. The table sum-
marizes to which order in the electron fluctuation potential ground state and single excita-
tion energies and response functions are obtained correctly at a given level of the correlation
treatment. The analysis is based on a Mgller-Plesset like partitioning of the Hamiltonian as
H(t,e) = '+ U + V (t,€), where U is the electron fluctuation potential [58,59].

scaling of ground state single excitation response
method comp. effort* energy® poles functions
HF-SCF < N* (iter.) 1 1 1
CCS < N* (iter.) 1 1 0
MP2 nN* 2 — —
cC2 nN* (iter.) 2 2 1
CCSD n2N* (iter.) 3 2 2
CCSD(T) n3N* 4 — —
CC3 n3N* (iter.) 4 3 3
CCSDT-1a/b n3N* (iter.) 4 2 2
CCSDT niN* (iter.) 4 4 4

®n and N are, respectively, the number of electrons and basis functions, an addition (iter.)
indicates that the highest cost appear in iterative steps. Given are the formal scaling without ex-
ploiting screening; the exact costs depend heavily on the implementation. ® for the unperturbed
system, i.e. no fields added after the HF calculation.
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a configuration interaction (CI) picture, however, these high excitations need to
be explicitly included. For this reason, truncated CI methods have never been
applied very successfully for the calculation of frequency-dependent properties
of many-electron systems, even though implementations have been reported in
the literature [97-100].

Also for coupled cluster methods the use of unrelaxed orbitals has some im-
plications. A perturbation theoretical analysis based on a Mgller-Plesset like
partitioning of the Hamiltonian as H (t,e) = F'+ U + V (¢, €), where U is the
electron fluctuation potential and F+ V(t, €) is used as zeroth-order Hamilto-
nian, leads to the conclusion that in the presence of “unrelaxed” fields the results
of coupled cluster methods are in general not correct through the same order
in the fluctuation potential as they are in the absence of such fields [59]. Thus,
CCSD, for example, gives response functions which are only correct through
second order in U, while CCSD ground state energies are correct through third
order (compare Table 1.1). However, it is unclear how the loss of one order
in perturbation theory affects the accuracy of the results. It is well established
for static properties like dipole moments and polarizabilities that the orbital—
relaxed and orbital-unrelaxed results differ substantially. But the results are
sometimes on different sides of the FCI values, with deviations of similar mag-
nitudes depending on the molecule and the CC model [34,39,77,101-103]. We
shall return to this issue in the numerical studies in Secs. 3.2 and 4.3.

1.3  Implementation in quantum chemistry programs

The approach outlined above combines the calculation of response functions
(i.e. of frequency-dependent properties) with the theory of analytic derivatives
developed for static higher-order properties. In the limit of a static perturbation
all equations above reduce to the usual equations for (unrelaxed) coupled cluster
energy derivatives. This is an invaluable advantage for the implementation of
frequency-dependent properties in quantum chemistry programs.

The CC response functions are conveniently expressed in terms of partial
derivatives of L(t, €) with respect to cluster amplitudes, Lagrange multipliers
and field strengths, which are given for the lowest orders in Table 1.2. Assuming
that all perturbations included in V(t, €) are described by one-electron operators
and that the basis set does not depend on the external fields (as it would e.g. with
so-called gauge including atomic orbitals (GIAOs) [71,104-108]) for example
the quadratic response function is obtained as:

1o s 1 1
({A;B,Copwe = §Ci“PABC{EGtAtBtC+§FAtBtC+ (1.17)

1. )
5ztABtB tC L HAAB tc} .
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Table 1.2. Partial derivatives of the Lagrange functional for the coupled cluster quasi-energy

i = (%) =0 Auw = (3?2;’5“) e=0

B = (Btué)t ) =0 B = (‘%#at at"r)
Guvy = (at at, atw) & = (3fa at”) =0

My = (aiaw)E 0 Al = (f*Xatuat“) =0

In the above equation the operator PABC symmetrizes with respect to per-
mutations of the perturbations A, B, and C' together with the accompanied
frequencies and C* is the symmetrization defined in Sec. 1.1. The first-order
responses of the cluster amplitudes and Lagrange multipliers are denoted as,
respectively, X and ¥ . In addition to these and the unperturbed cluster ampli-
tudes ¢(9) also the zeroth-order Lagrange multipliers ¢(°) are needed. All these
parameters are obtained from linear so-called response equations in which the
Jacobian A as stability matrix enters as a central object:

tOA = —5© (1.18)
A —wx1]t¥(wx) = —¢¥ (1.19)
Fwx)[A+wxl] = (0" +Ft¥(wy)) (1.20)

The above equations are relatively straightforward to implement in a “direct”
way without explicitly setting up and storing the matrices (and higher-order
tensors) A, F, G, AX, etc. Only intermediates of at most the size of the cluster
amplitudes—i.e. (nN)™, where n is the number of electrons, N the number
of basis functions and m the highest excitation level—need to be stored in
memory or on disk. Actually, for some approximate CC models one can reduce
this further, as we shall see in the following for the CC3 model.

1.4  The approximate triples model CC3

For nonlinear (magneto-) optical properties, calculations of an accuracy close
to that of modern gas phase experiments require—similar to what has also
been found for other properties like structures [79, 109], reaction enthalpies
[79,110,111], vibrational frequencies [112,113], NMR chemical shifts [114],
etc.—at least an approximate inclusion of connected triple excitations in the
wavefunction. This has been known for years now from calculations of static
hyperpolarizabilities with the CCSD(T) approximation [9-13]. CCSD(T) ac-
counts rather efficiently for connected triples through a perturbative correction
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on top of CCSD. For the reasons pointed out in Sec. 1.1 CCSD(T) is, as a two—
step approach, not suitable for the calculation of frequency-dependent proper-
ties. Therefore, the CC3 model has been proposed [56,58] as an alternative to
CCSD(T) especially designed for use in connection with response theory. CC3
is an approximation to CCSDT—alike CCSDT-1a and related methods—where
the triples equations are truncated such that the scaling of the computational
efforts with system size is reduced to O(n3N%) as for CCSD(T), but the iter-
ative character of the method is kept. The CC3 response functions are correct
through third order in the fluctuation potential.

An important aspect of CC3 and other approximate triples methods is that due
to the approximations made in the triples equations, it is possible to avoid the
storage of the triples parts of the cluster amplitudes and Lagrange multipliers.
This is essential since otherwise the storage and not the CPU requirements
would limit the applicability of these methods.

To reduce the storage requirements, however, a more complicated partitioned
formulation must be used which exploits the particular simple structure of the
triples equations and the diagonality of the triples—triples block of the Jacobian.
It allows to express the triples parts of the cluster amplitudes and Lagrange
multipliers in terms of the singles and doubles parts and to reformulate the
ground state cluster equations and the response equations that have to be solved
to calculate properties, into effective equations in the space spanned by just the
single and double excitation manifolds. Thereby the storage of full sets of triples
amplitudes on disk or in core memory can be avoided. Instead the triples parts
are calculated whenever needed “on-the-fly” from the singles and doubles parts
and some integral intermediates. However, in the orbital-unrelaxed response
approach needed for frequency-dependent properties some partial derivatives
of L(t,¢) that appear in the right-hand-side vectors (e.g. £€X, nX, and AX)
induce an off-diagonal coupling between the triples amplitudes or multipliers
of different order in response. This leads in higher order to quite involved
expressions and algorithms, in particular if the optimal formal scaling of the
computational costs with O(n*N?) should be conserved, and eventually this
coupling will limit the applicability of a fully partitioned formulation.

What gives CC3 special prominence in response calculations is that this
method is the simplest CC wavefunction model that yields response functions
correct through third order in the fluctuation potential [56,58]. The first imple-
mentations of the linear and quadratic response functions at the CC3 level that
exploit the partitioning to eliminate the storage requirements for triples ampli-
tudes were reported by Christiansen, Gauss and Stanton [62,66] based on the
triples code of the ACES II program package [115]. While the iterative solution
of the response equations with given right hand sides proceeded with O(N7)
scaling, these authors allowed in some non-iterative terms for higher-order scal-
ings of the computational costs to obtain a close to optimal performance for
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small molecules. Hald et al. [63,69] and Pawlowski et al. [67,73] reported
an alternative implementation of the linear and quadratic response functions of
CC3 and a first implementation of the cubic response function which conserves
strictly the O(N7) scaling of the CC3 model at the expense of somewhat larger
costs for small molecules. The latter implementation is based on the integral-
direct coupled cluster code [116,117] included in the Dalton program [118].

2.  Frequency-dependent first hyperpolarizabilities

The conceptually simplest NLO property is the electric first dipole hyperpo-
larizability 3. Nevertheless, itis a challenging property from both the theoretical
and experimental side, which is related to the fact that, as third-rank tensor, it
is a purely anisotropic property. Experimentally this means that (3 in isotropic
media (gas or liquid phase) cannot be measured directly as such, but only ex-
tracted from the temperature dependence of the third-order susceptibilities x ).
In calculations anisotropic properties are often subject to subtle cancellations
between different contributions and accurate final results are only obtained with
a carefully balanced treatment of all important contributions.

2.1  Basis set convergence

According to the 2n+1-rule first hyperpolarizabilities require similar to the
linear polarizabilities only the calculation of the first-order response of the
wavefunction. Thus, the minimal basis set requirements for a qualitative correct
description of (3;;), are similar to those for the components of the linear polar-
izability o}, i.e. for calculations at a correlated level the basis set should be at
least of triple-C quality augmented with diffuse functions for a better description
of the long range part of the electron density and its response. However, for the
first hyperpolarizability the experimentally observed properties (in most cases
)| or 31) are anisotropic tensors and therefore usually more sensitive to the
quality of the wavefunction than the isotropic polarizability &. Within the hier-
archy of correlation-consistent basis sets [120—123] augmentation with a single
set of diffuse functions (aug-cc-pVXZ) is often sufficient for the calculation of
polarizabilities of polyatomic molecules [101, 123]. For hyperpolarizabilities,
in particular for small molecules, the doubly-augmented basis sets (d-aug-cc-
pVXZ) give much better convergence with the cardinal number X, while the
addition of even more diffuse functions as in the t-aug-cc-pVXZ sets does not
give any further systematic improvements (see Tab. 1.3).

2.2 Convergence with correlation treatment

The situation is somewhat different for the convergence with the wavefunc-
tion model, i.e. the treatment of electron correlation. As an anisotropic and non-
linear property the first dipole hyperpolarizability is considerably more sensi-
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Table 1.3. Basis set convergence of first hyperpolarizabilities 3 (in a.u.) at the (unrelaxed)
CCSD level. For FH, CO, and H20O results are given for the static limit 3 (0), while for HCI the
results are for 3 (—w,w, 0) with w = 0.072003 a.u. (632.8 nm). In all calculations a frozen
core approximation with the electrons in the 1s shells of non-hydrogen atoms kept inactive in
the correlation and response calculations is employed.

basis FH* HCIP Cco° H.0¢

aug-cc-pvVDZ —9.32 19.53 27.95 —16.27

aug-cc-pVTZ —9.80 12.42 26.34 —18.40

aug-cc-pvVQZ —8.63 8.77 25.37 —18.02

aug-cc-pV5Z —8.29 9.49 25.12 —18.24
d-aug-cc-pVDZ —6.01 10.96 26.78 —14.09
d-aug-cc-pVTZ —7.68 9.71 25.43 —-17.73
d-aug-cc-pVQZ —7.73 8.95 25.06 —18.07
d-aug-cc-pV5Z =777 8.94 24.99 —18.11
t-aug-cc-pVDZ —6.29 26.77 —16.02
t-aug-cc-pVTZ —-7.93 9.48 25.26 —18.48
t-aug-cc-pVQZ —7.87 25.04 —18.28
g-aug-cc-pVDZ —6.40 27.00 —15.94
g-aug-cc-pVTZ —-7.93 9.34 25.34 —18.50
g-aug-cc-pVQZ —7.84

® Rru = 1.7328 bohr; Z axis points from F to H; Refs. [65,119]. ® Ruci = 1.27455 A; Z axis
points is from H to CI; Ref. [37] (including some previously unpublished numbers). ¢ Rco =
2.132 bohr; Z axis points from O to C; present work and Ref. [36]. ¢ Ron = 0.957 A, Z(HOH)
= 104.5°; Z axis points from O to the center of mass; present work and Ref. [36].

tive to the correlation treatment than linear dipole polarizabilities. Uncorrelated
methods like HF-SCF or CCS yield for 3| results which are for small molecules
at most qualitatively correct. Also CC2 is for higher-order properties not accu-
rate enough to allow for detailed quantitative studies. Thus the CCSD model is
the lowest level which provides a consistent and accurate treatment of dynamic
electron correlation effects for frequency-dependent properties. With the CC3
model which also includes the effects of connected triples the electronic struc-
ture problem for 3 seems to be solved with an accuracy that surpasses that of
the latest experiments (vide infra).
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Table 1.4. The first hyperpolarizability of CO (from Ref. [36], results in a.u.).

Method pjratie B4 (694.3 nm)
CCSD/d-aug-cc-pvVQZ? 25.06 29.09
CC3/d-aug-cc-pVTZ? 27.15 31.91
CC3/d-aug-cc-pvVQZ>"® 26.78 31.44

CCSD(T)° 235 27.00
experimental value® 302 +3.2

2 Ref. [36]; Rco = 2.132 bohr. ® estimated from CC3/d-aug-cc-pVTZ and CCSD results.
° Ref. [8] static CCSD(T) result with Sadlej POL basis; for 3"'“ scaled with HF-SCF disper-

sion. ¢ Ref. [1] rescaled in Ref. [16].

2.3  Comparison with experiment: CO, H.O, FH, and HCI

Carbon monoxide.  Table 1.4 shows results from Ref. [36] for the static
and the second harmonic generation hyperpolarizabilities ﬁf’HG of CO at 694.3
nm. The electronic contributions were obtained from CC3/d-aug-cc-pVTZ cal-
culations carried outat Rco = 2.132 bohr. These were approximately corrected
for remaining basis set errors by adding the difference between CCSD/d-aug-
cc-pVQZ and CCSD/d-aug-cc-pVTZ results for the same frequency and inter-
nuclear distance. For CO the triples correction for 3 (0) is 1.72 a.u. or ~ 6 %.
At a wavelength of 694.3 nm the triples correction is already 2.35 a.u. or =~ 7%.
Thus, there is in this case a notable triples effect on the frequency dispersion.
Since there is no information available about correlation contributions beyond
CC3, it is difficult to assess the accuracy of these results.

The experimental result for BﬁHG at 694.3 nm is 30.2 £ 3.2 a.u. [1, 16].
This is in good agreement with the best theoretical estimate for the electronic
contribution (31.44 a.u.). However, a direct comparison of the two values is
hampered by the fact that presently no results are available for the zero-point
vibrational correction as well as for the pure vibrational contribution.

Water. The same approach leads for water, HO, at the equilibrium
geometry of Rog = 0.957 A and /(HOH) = 104.5° to a best estimate of
—21.28 a.u. for the electronic second harmonic generation hyperpolarizability
BFHG at 694.3 nm [36]. Also in this case connected triples are essential to ob-
tain quantitative accuracy (they amount to = 4%), but have only a minor effect
on the dispersion (0.01 a.u. at 694.3 nm). For both the zero-point vibrational
(ZPV) correction and the pure vibrational contribution, there are results avail-
able from previous theoretical investigations at the HF-SCF [15], MCSCEF [14]
and MP2 [15] levels. It is difficult to judge which of these results, which differ
considerably, are most accurate. Probably the MP2 results of Ref. [15] are most
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Table 1.5. The first hyperpolarizability of H2O (from Ref. [36], results in a.u.).

Method pjratie B4 (694.3 nm)
CCSD/d-aug-cc-pvVQZ? —18.07 —21.98
CC3/d-aug-cc-pVTZ? —17.04 —21.02
CC3/d-aug-cc-pvVQZ>"® —17.38 —21.28

zero point vibr. correct.® —0.95

pure vibr. contrib.® —-0.21

best theoretical estimate —22.4
experimental value® —22.04+0.9

2 Ref. [36]; Rou = 0.957 A, Z(HOH) = 104.5° ® estimated from CC3/d-aug-cc-pVTZ and
CCSD results. © Ref. [15] MP2 results. ZPV correction was calculated for static limit.  Ref.
[1] rescaled in Ref. [16].

consistent with the coupled cluster calculations. At this level the ZPV correc-
tion has been estimated to be of the order of —0.95 a.u. The pure vibrational
contribution has been calculated to about —0.21 a.u. at a frequency of 0.07 a.u.
This frequency corresponds roughly to the experimental wavelength of 694.3
nm. Adding the MP2 vibrational corrections to the coupled cluster result for
the electronic hyperpolarizability one obtains as a best estimate for the final
result at 694.3 nm a value of —22.4 a.u. This is in excellent agreement with the
experimental result for BEHG of —22.0 £ 0.9 a.u. reported in Refs. [1,16] for
this wavelength.

A comparison with an experimental result for a wavelength of 1064 nm
of —19.2 + 0.9 a.u. [17] is limited by missing data for the pure vibrational
contribution at this wavelength. However, the best estimate for the electronic
contribution including the aforementioned MP2 value for the ZPV correction
obtained in Ref. [36] is with —19.81 a.u. in agreement with the experimental
value.

Hydrogen fluoride. A somewhat special case is 3710 of hydrogen

fluoride (FH). Since its experimental determination by Dud#ey and Ward [7]
about twenty years ago and its first ab initio investigation by Sekino and Bartlett
[13], there has been a discussion in the literature whether the experimental
result is in agreement with theory or not [8,13,16,18,26-28,31,33,65,66,124].
However, both the experimental and the calculated results have relatively large
uncertainties of 5—10%. For the theoretical value the main source of uncertainty
are the vibrational contributions. The electronic contribution is today known
with good accuracy from CC3 calculations [66] in a t-aug-cc-pVTZ basis and
estimates for the remaining basis set error from CCSD calculations in large basis
sets [65,119] and for higher-order correlation effects from FCI calculations [34]
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Table 1.6. Second harmonic generation hyperpolarizability ﬁﬁHG of FH at 694.3 nm (in a.u.).

319(694.3 nm)

CC3/t-aug-cc-pVTZ® at R. —8.32

est. remaining basis effects® +0.16 £0.1
est. remaining correl. effects® +0.07 £ 0.1
zero point vibr. correct.®® —-0.72+0.1
pure vibr. contrib.® —0.64 £0.2
best theoretical estimate —9.45+0.5
experimental value® —109+1.0

2 Ref. [66], R. = 1.7328 bohr. " diff. between CCSD/d-aug-cc-pV5Z and CCSD/d-aug-
cc-pVTZ, Refs. [65,119]. © diff. between CC3/aug-cc-pVDZ and FCl/aug-cc-pVDZ, Ref.
[34]. ¢ diff. between vibrational averaged and single point (at Rrn = 1.7328 bohr) results,
Ref. [119]. © calculated with CCSD/t-aug-cc-pVTZ frequency-dependent properties and a
CCSD(T)/t-aug-cc-pVTZ potential, Ref. [119]. * Ref. [7] based on CF4 as reference.

in the aug-cc-pVDZ basis. The zero-point vibrational correction and the pure
vibrational contributions have been calculated from (unrelaxed) CCSD/t-aug-
cc-pVTZ results for the property curves and a potential energy curve evaluated at
the CCSD(T)/t-aug-cc-pVTZ level [119]. Combining these results, one arrives
for BﬁHG (694.3 nm) at a best estimate of —9.45 £ 0.5 a.u., as shown in Table
1.6. This estimate includes for the remaining correlation and basis set errors
an uncertainty of 0.2 a.u. and for the ZPV correction and the pure vibrational
contributions uncertainties of, respectively, 0.1 and 0.2 a.u.

The experimental value is with —10.9 4 1.0 a.u. somewhat larger, but has
also a relatively large uncertainty of ~ 10%. It is thus difficult to conclude
from these numbers that there exists a significant disagreement between the
experimental and theoretical results. However, as suggested previously, an
experimental reinvestigation of ﬂﬁ’HG for FH, would be needed to resolve the
remaining discrepancy, in particular since the measurement of Ref. [7] was
carried out with CF, as reference gas, for which the second hyperpolarizability
is not known very accurately.

Hydrogen chloride. For hydrogen chloride a very similar approach
results in considerably better agreement between the experimental and the ab
initio calculated result. The electronic contribution has been obtained from
calculations at the CC3/d-aug-cc-pVTZ level supplemented by CCSD/d-aug-
cc-pV5Z for remaining basis set effects. The ZPV correction and the pure
vibrational contributions were calculated from CC3/d-aug-cc-pVTZ results for
the properties and a CCSD(T)/aug-cc-pVQZ potential energy curve. The final
best estimate obtained in Ref. [37] for 6EHG(694.3 nm) by combining these
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Table 1.7. Second harmonic generation hyperpolarizability ﬁﬁHG of HCl at 694.3 nm (in a.u.).

ﬁﬁHG(69443 nm)

CC3/d-aug-cc-pVTZ?® at R, 9.84

est. remaining basis effects® —0.94

zero point vibr. correct.® —0.16

pure vibr. contrib.? +0.4

best theoretical estimate 9.14
experimental value® 9.76 + 0.96

2 Ref. [37], Ruci = 1.27455 A. ® diff. between CCSD/d-aug-cc-pV5Z and CCSD/d-aug-cc-
pVTZ, Ref. [37]. © static result from CC3/d-aug-cc-pVTZ property and CCSD(T)/aug-cc-
pVQZ potential, Ref. [37]. ¢ from CC3/d-aug-cc-pVTZ frequency-dependent properties and
CCSD(T)/aug-cc-pVQZ potential, Ref. [37]. © Ref. [7] based on CF4 as reference gas.

results is with 9.14 a.u. in very good agreement with the experimental value of
9.76 £ 0.96 a.u. from Ref. [7].

3.  Frequency-dependent second hyperpolarizabilities

Naively, one would expect that second hyperpolarizabilities -y are theoreti-
cally and experimentally more difficult to obtain than first hyperpolarizabilities
(. From a computational point of view the calculation of fourth-order properties
requires, according to the 2n+1-rule, second-order responses of the wavefunc-
tion and thus the solution of considerably more equations than needed for (3 (cf.
Sec. 1.3). However, unlike 3 the second dipole hyperpolarizability ~ has two
isotropic tensor components () and +y, ) which are amenable to very accurate
gas phase measurements [2—6,16,29] on atoms and small and highly symmetric
molecules for which also very accurate calculations can be carried out.

3.1 Basis set convergence

Since second hyperpolarizabilities depend in addition to the first-order also
on the second-order response of the wavefunction, the minimal requirements
with respect to the choice of basis sets are for v somewhat higher than for
the linear polarizabilities « and the first hyperpolarizabilities (, in particular
for atoms and small molecules. For the latter at least doubly-polarized basis
sets augmented with a sufficient number of diffuse functions (e.g. d-aug-cc-
pVTZ or t-aug-cc-pVTZ) are needed to obtain qualitatively correct results.
Highly accurate results at a correlated level will in general only be obtained in
quadruple-( or better basis sets.

Table 1.8 shows the results of basis set studies for the static isotropic second
hyperpolarizabilities of Ne, N2, and CH4. These numbers illustrate the typical
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Table 1.8. Basis set convergence of v (0) (in a.u.) in HF-SCF and (unrelaxed) CCSD.

HF-SCF CCSD
Basis Set
NCEl N2 b CH4 ¢ NCEl Ngb CH4 ¢
aug-cc-pvVDZ 20.3 456 1497 29.6 684 1931
aug-cc-pVTZ 28.3 560 1745 42.2 745 2199
aug-cc-pvVQZ 38.6 654 1830 58.5 822 2285
aug-cc-pV5Z 50.1 685 76.8 844
d-aug-cc-pVDZ 49.3 672 1774 83.9 938 2328
d-aug-cc-pVTZ 57.3 697 1868 94.2 895 2364
d-aug-cc-pVQZ 62.0 710 1864 100.2 881 2330
d-aug-cc-pV5Z 67.5 714 108.0 873
d-aug-cc-pV6Z 68.6 714 869
t-aug-cc-pVDZ 53.2 669 1815 94.4 935 2378
t-aug-cc-pVTZ 66.5 710 1869 110.3 903 2365
t-aug-cc-pVQZ 67.8 713 1868 110.0 883
t-aug-cc-pV5Z 68.6 714 110.2 873
t-aug-cc-pVoZ 68.9 715 110.0
q-aug-cc-pVDZ 53.3 680 1816 94.5 943 2380
g-aug-cc-pVTZ 68.9 717 1871 114.5 909
g-aug-cc-pVQZ 68.5 715 111.2 884
g-aug-cc-pV5Z 68.7 110.2
g-aug-cc-pV6Z 68.9 110.0
limit 68.8 715

2 Refs. [32,119], CCSD calculations with frozen core approximation for 1s shell. ®* Ryn =
2.074 bohr; Refs. [32,35]. ¢ Rcu = 2.052 bohr; Refs. [32], CCSD calculations with frozen
core approximation for 1s shell at C.

basis set convergence of this property, which apart from the higher minimal
needs, resembles that of the isotropic polarizability &. As observed before by
other authors [123], the results converge slowly with the cardinal number (or
(-level) if the augmentation level is low. This reflects the important role of
diffuse functions for these properties. For atoms (as Ne) one obtains both at
the HF-SCF and at the correlated level an acceptable convergence first in the
triply-augmented series t-aug-cc-pVXZ. The fourth set of diffuse functions im-
proves slightly the convergence, but for correlated calculations an increase in
the cardinal number X is more important. For molecules the basis set conver-
gence is somewhat faster, in particular with respect to diffuse functions. For
N, and CH4 already in the doubly-augmented series an increase of the cardinal
number X is of the same importance as triply augmentation.

At the Hartree-Fock level the hyperpolarizabilities usually increase if the
augmentation level and also if the cardinal number X are increased. For the
correlated contribution to ), (0) the convergence pattern is dominated by differ-
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Table 1.9. Convergence of 7||(0) with the wavefunction model. The basis sets are for Ne and
Ar t-aug-cc-pV5Z and for N2 and CHy t-aug-cc-pVTZ for HF-SCF, CCS and CC2 and d-aug-cc-
pVTZ for CCSD and CCSD(T). Coupled cluster results with frozen—core approximation® with
the exception of Ne and Ar, where all-electron CCSD(T) and CC3 results are given. Where not
stated otherwise, the results are taken from Ref. [32].

orbital-relaxed orbital-unrelaxed
HEF-SCF CCSD CCSD(T) CCS CC2 CCSD CC3
Ne 68.6 99.1 107.1 78.2 135.8 110.2 108.0°
Ar 961 1106 1159 1154 1247 1178 1172¢
N, 710 854 911 825 992 895
CHy4 1869 2176 2294 2228 2557 2364

® Ref. [73]. © Ref. [125].

ent effects: At the CCSD level an increase of ) (0) with the cardinal number
beyond T is only found for the lower augmentation levels. In particular for
molecules we observe, as illustrated in Table 1.8 for N, and CH4, a monotonic
decrease of the second hyperpolarizability when the correlation treatment is
improved in the series X =T, Q, 5, etc. The results for X =T typically overesti-
mate ) (0) by a few percent. Many correlated hyperpolarizability calculations
in the literature were performed with basis sets of triple-( or similar quality and
basis set convergence was often only explored with respect to augmentation
with diffuse functions. From the above observations one may conclude that
many of these studies obtained too large results for v (0).

3.2  Convergence with correlation treatment

Coupled cluster response calculations are usually based on the HF-SCF wave-
function of the unperturbed system as reference state, i.e. they correspond to
so-called orbital-unrelaxed derivatives. In the static limit this becomes equiva-
lent to finite field calculations where the perturbation is added to the Hamiltonian
after the HF-SCF step, while in the orbital-relaxed approach the perturbation is
included already in the HF-SCF calculation. For frequency-dependent proper-
ties the orbital-relaxed approach leads to artificial poles in the correlated results
whenever one of the involved frequencies becomes equal to an HF-SCF exci-
tation energy. However, in the static limit both unrelaxed and relaxed coupled
cluster calculations can be used and for both approaches the hierarchy CCS
(HF-SCF), CC2, CCSD, CC3, ... converges in the limit of a complete cluster
expansion to the Full CI result®. Thus, the question arises, whether for second

3 Note that if a frozen core approximation is used a small difference will persist in the Full CI limit since
the unrelaxed series converges to a limit with the core orbitals constrained to be those of the unperturbed
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hyperpolarizabilities one of the two approaches is superior, i.e., converges faster
to the FCI limit. A theoretical analysis of the response functions [59] based on a
Mgller-Plesset like partitioning of the Hamiltonian indicates that the unrelaxed
hierarchy converges at least initially slower. It is therefore sometimes assumed
in the literature that the orbital-relaxed hierarchy is more reliable [31,126,127],
although numerical investigations [34,77,102,103] on small molecules do not
support this supposition.

In order to compare the performance of the relaxed and unrelaxed hierarchies
for second hyperpolarizabilities, the static limit y}(0) has been calculated for
Ne, Ar, Ny, and CH, using relaxed HF-SCF, CCSD and CCSD(T) and unre-
laxed CCS, CC2, CCSD and CC3 (see Table 1.9). The lowest levels, HF-SCF
and CCS, give results of similar accuracy, although the CCS values are some-
what higher and for all these cases between the HF-SCF and the correlated
results. This indicates that the singles excitation manifold in the cluster ex-
pansion can account implicitly for most of the orbital relaxation effects. CC2
overestimates the correlation contributions to response properties and does not
improve systematically upon HF-SCF and CCS—most likely a consequence
of the fact that CC2 response functions are, as the HF-SCF ones, only correct
through first order in the electron-electron interaction. This effect is less severe
for (orbital-relaxed) MP2, which usually gives quite good results for second
hyperpolarizabilities [8,11, 16, 123], but this method cannot be used in the un-
relaxed response approach needed for frequency-dependent properties. At the
CCSD level the unrelaxed results have errors which are by a factor 2 to 4 smaller
than those obtained with orbital-relaxed CCSD, which, similar as HF-SCF, sys-
tematically underestimates isotropic hyperpolarizabilities. This has also been
observed for other molecules and (isotropic) properties [34,55,59, 128-130]
and it seems to be a common trend. After including the effects of connected
triple excitations at the CCSD(T) or CC3 level, the differences between the
relaxed and unrelaxed approaches are small and, in the basis set limit, both
provide results close to experimental accuracies. Thus, there is no indication
that the implicit treatment of orbital relaxation via the singles and higher cluster
excitations impairs the accuracy of coupled cluster response methods compared
to the calculation of orbital-relaxed derivatives.

3.3 Comparison with experiment: Ne and N,

Neon. The ESHG hyperpolarizability of Ne has been the subject of
several experimental investigations and numerous ab initio calculations. The
“ups” and “downs” of the theoretical and experimental estimates for 7(1]\16 have

system whereas in the relaxed series the relaxation contribution of the core orbitals is included. For electric
(hyper)polarizabilities this effect is usually negligible.
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Figure 1.1. Electric field induced second harmonic generation in neon. Comparison of the
CCSD and CC3 results from Ref. [73] with the experimental data from Refs. [6,23]. For
“shifted CCSD” the dispersion curve obtained with CCSD has been shifted to match best the
experimental points for the two highest frequencies.

been described in detail in reviews by Bishop [24], Shelton and Rice [16] as
well as in recent work by Hittig and Jgrgensen [32] and Pawlowski, Jergensen
and Hattig [73]. After the latest ESHG experiments by Shelton and Donley
[23], measurements at four frequencies were presumed to be accurate within
+0.4 — 0.8 au. A fit of the expression 7|]|ESHG (w) = Y0(1 + 6A4w? + 36 Bw?)
to these four points with B constrained to 5.50 au (a value arbitrarily chosen
between the results of a MP2 [12,25] and a CASSCF [19] calculation) led for
fy(l)\le to an estimate of 108 + 2.2 au. However, the dispersion curve obtained by
this fit does not overlap with the error bars of the two ESHG measurements at
1319 and 1064 nm (see Fig. 1.1). As already pointed out by Shelton and Donley
[23], this indicated that one of these two points has a larger error than conveyed
by its statistical uncertainty. From the available data it was not possible to
determine which of the two points is inaccurate.

A CCSD response calculation in a large basis set for the ESHG dispersion
curve [30] showed that the inaccurate point is the one at 1319 nm. A revised
extrapolation based on the CCSD dispersion curve led to a new static limit of
e =106.4 + 2.2 au.

In Ref. [73] the non-relativistic CC3 basis set limit of fy(l]\fe was determined to
107.0+ 0.4 au. The corresponding CCSD(T) value is about 0.8 au smaller. For
the first-order relativistic correction to ﬂy(l]\Ie Klopper et al. [131] obtained at the
CCSD(T)/g-aug-cc-pCV6Z level a value of 0.59 a.u. The largest uncertainty
in the calculations is presently due to correlation effects beyond CC3, since
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Figure 1.2. Electric field induced second harmonic generation in nitrogen N2 (in a.u.). Com-
parison of the CCSD [32] and CC3 [35] results with a previous MCSCEF calculation [20] and the
experimental data from Refs. [2,3,6].

FCI calculations are only possible in small basis sets. The best available FCI
result [125] for fy(l)\le, calculated in a d-aug-cc-pVDZ basis, is —0.17 a.u. below
the corresponding CC3 value. It is not known how well this result reproduces
the basis set limit of the higher-order correlation contributions and we include
therefore in our best estimate an uncertainty of 0.6 a.u. Adding the relativistic
and the FCI—CC3 correction to the CC3 results leads to a best estimate for
7o of 107.4 £ 1.0 a.u. in good agreement with the value extrapolated from the
experimental results (106.4 + 2.2 a.u.). For a comparison with the frequency-
dependent experimental results see Fig. 1.1.

Nitrogen. For this molecule, ESHG measurements are available for
a much larger number of frequencies. Thus, there is little doubt about the
accuracy of the experimental values and a dispersion curve could be fitted to
the measured data (corrected for rovibrational contributions) without referring
to calculated dispersion coefficients [2,3,6].

For No, there is a sizeable triples contribution to the lowest dipole allowed ex-
citation energy of about 0.07 eV or 0.7%. As a consequence of this (unrelaxed)
CCSD underestimates the absolute value of the isotropic hyperpolarizability
and its dispersion. The electronic contribution to the static limit fyé\l ? has been
calculated at the CCSD/t-aug-cc-pVTZ level [32] to be 903.0 a.u. However, as
indicated above, the triple-C level is often too low for the calculation of second
hyperpolarizabilities and the 7(1)\12 obtained at the CCSD/t-aug-cc-pVTZ level
turned out to be about 40 a.u. above the CCSD basis-set limit result. The latter
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has been calculated to be 863.3+3.3 a.u. [35]. Before comparing this result to
the value extrapolated from experimental results, it has to be corrected for the
ZPV contribution, which has been obtained in Ref. [32] to 12.0 a.u., thereby
yielding 875.3+3.3 a.u. as the best estimate for the electronic contribution to
7(1)\12 at the CCSD level. Shelton [6] obtained an experimental value of ’yé\b,
91749 a.u., from the extrapolation of the results in Ref. [2] corrected for the
pure rotational and vibrational contributions. The discrepancy between this
experimental value and the CCSD best estimate is as large as 42 a.u. and makes
very clear the importance of the triples contribution.

After inclusion of connected triples at the CC3 level and accounting for
the zero-point vibrational contribution at this level and for remaining basis set
effects, a theoretical value of 912.9+4.3 a.u. is obtained as best estimate for the
electronic ’ygI 2 [35]. The latter value is in excellent agreement with the value
of 91749 a.u. extrapolated from the ESHG experiments [6].

A comparison of the CCSD and CC3 results obtained in the d-aug-cc-pV6Z
basis with the experimental results is shown in Fig. 1.2. While the CCSD results
for 7|]IESHG (w) differ from the experimental results typically by 6-8%, the CC3
results are generally in perfect agreement with experiment. Only for the highest
frequencies the deviations become larger than the error bars of the measure-
ments. These deviations are attributed mainly to remaining correlation effects,
which are enhanced for the highest frequencies. The relativistic contribution to
WESHG(w) of Ny is small (about 1.0 a.u.) [35].

4. Mixed electric and magnetic properties: birefringences
and dichroisms

In the previous section we discussed pure electric—dipole hyperpolarizabil-
ities, in particular second harmonic generation. Another important class of
NLO processes includes birefringences and dichroisms which can be rational-
ized (at least to lowest orders in perturbation theory) in terms of response func-
tions involving, besides the electric—dipole, also magnetic—dipole and electric—
quadrupole operators. Prominent examples related to quadratic response func-
tions are

= magneto-optical activity (MOA). It comprises two effects, both originat-
ing from a differential interaction of the right and left circularly polarized
components of linearly polarized light with matter due to the presence
of a magnetic field parallel to the direction of propagation. The first is
the magnetic optical rotation (MOR, also known as Faraday effect) [21],
i.e. an induced rotation of the plane of polarization (or circular bire-
fringence). The other is an induced circular dichroism referred to as
magnetic-circular dichroism (MCD) [21,22,132,133].
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m electric-field gradient (EFG) induced birefringence, also known as Buck-
ingham effect (BE). This birefringence is observed when linearly polar-
ized light interacts with matter in the presence of an electric-field gradient
[134,135]. The relationship with MOA and in particular MOR will be
discussed later.

Examples of NLO processes that involve also cubic response functions are:

=  Cotton-Mouton effect (CME) [136, 137], the linear birefringence which
arises in a sample with a magnetic induction field perpendicular to the
linearly polarized light beam. The CME is the magnetic analogue of the
Kerr effect (KE) [138,139] which describes the birefringence induced by
an electric field. The optical axes in CME are the same as in the magneto-
electric birefringence (MEB), the latter being observed in the presence
of both an electric and a magnetic field perpendicular to each other and
to the direction of propagation. In experimental investigations, the three
birefringences usually superimpose, but their effects can be separated via
their different dependences on the field strengths, i.e., KE oc E2, CME
o B?, and MEB « EB.

= Jones birefringence (JB) [140-143]: this birefringence is observed when
linearly polarized light traverses a sample in the presence of both an
electric and a magnetic field perpendicular to the direction of propagation
but (unlike in the case of MEB) parallel to each other. The theoretical
expression for JB is identical to that for MEB, but it should be noted
that the two effects correspond to different experiments with the optical
axes in the JB directed at £45° with respect to those of the other three
birefringences (KE, CME and MEB).

In the following, we will discuss how these effects can be investigated using
quantum chemical methods and present results from high-level ab initio calcu-
lations that have been reported in the last few years.

An important issue for optical processes that involve a magnetic field as
perturbation is the possible gauge-dependence of the results when obtained
by means of approximate quantum chemical calculations. The dependence
on the chosen origin for the vector potential (usually termed in the quantum
chemical community the gauge-origin dependence) is unphysical and entirely
due to the approximations imposed on the calculations (in particular, but not
only, the use of finite one-electron basis sets). In many cases, the gauge-origin
dependence can successfully be dealt with by using explicitly magnetic-field
dependent basis functions such as the gauge-including atomic orbitals (GIAOs,
also known as London atomic orbitals (LAOs)) [104,105,144]. However, some
complications arise in the coupled-cluster treatment for frequency-dependent
properties. Straightforward solutions to the gauge-origin problem are here only
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possible if the corresponding response functions can be written as derivatives
of lower-order response functions with respect to the applied magnetic field
components (for a detailed discussion, see Ref. [71]).

4.1  Magneto-optical activity

The key quantity for the Faraday effect [21, 145, 146] is the Verdet con-
stant [147] V(w) which for molecules in the gas phase is given by

V(w) o i5a6v<<ﬂa§ mﬁyﬂ7>>0,w ) (1.21)

i.e., as the isotropic average over mixed electric- and magnetic-dipole quadratic
response function components. In Eq. (1.21), £,3, denotes the Levi-Civita
tensor and /i and 7 indicate the electric dipole and magnetic dipole operators,
respectively.

MCD is quantitatively analyzed in terms of three magnetic rotatory strengths,
the so-called Faraday A, B, and C terms [21]. The B terms are particularly
important for detecting hidden transitions, even though they are in general small
and difficult to measure [148]. Therefore, theoretical determinations of MCD
may play an important role for a correct interpretation of experimental data.
For a transition between the states a and j, the B term is given as the residue
of the quadratic response function entering V' (w) in Eq. (1.21), i.e.

B(a = j) < igapy | _lim (@ = wa) (i g, fla)ow]  (1.22)

Waj

with fiw,; as the corresponding transition energy.

Basis set convergence: MOA. Verdet constants have been investigated in
Refs. [74] and [38] for a few centro-symmetric molecules using coupled-cluster
response-theory techniques. For atoms, corresponding results can be found in
Ref. [149].

The basis set convergence in the calculations of V' (w) is illustrated by dis-
cussing Ho for which the CCSD calculations yield FCI results [74]. As seen
from Table 1.10 addition of diffuse functions is essential to obtain reliable re-
sults. With the first augmentation level (aug-cc-pVXZ), convergence within 3
decimals is obtained at the quadruple- and quintuple-C level. Doubly- and triply
augmentation on the other hand barely affect the results with remaining changes
in the order of less than 0.1%. Comparison with the explicitly-correlated results
from Bishop and Cybulski [150] proves the “benchmark™ quality of the corre-
sponding CCSD results. It is also worth noting that the basis set convergence
is more or less independent of the frequency.

For other molecules (nitrogen No, acetylene (CoHs), and methane (CHy)),
the basis set studies from Ref. [74] indicate again the importance of diffuse
functions. However, compared to Ho, it is found that the second augmentation
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Table 1.10. FCI Verdet constants (a.u. X 107) for Hy at four different frequencies.®

w (au)

Basis Set

0.11391 0.08284 0.06509 0.05360
cc-pvVQZ 0.22640 0.11607 0.07070 0.04761
aug-cc-pvVQZ 0.45643 0.22998 0.13912 0.09335
d-aug-cc-pVQZ 0.45679 0.23002 0.13911 0.09334
t-aug-cc-pVQZ 0.45665 0.22995 0.13907 0.09331
cc-pV5Z 0.28236 0.14421 0.08773 0.05903
aug-cc-pV5Z 0.45597 0.22965 0.13887 0.09319
d-aug-cc-pV5Z 0.45562 0.22944 0.13876 0.09310
Ref. [1501° 0.45556 0.22946 0.13877 0.09312
Ref. [1501°¢ 0.50527 0.25361 0.15316 0.10270
Exp. [151] 0.501 0.251 0.150 0.103

@ From Ref. [74]. ® Explicitly correlated results at equilibrium geometry. ¢ Rovibrationally and
thermally averaged values

is slightly more important, while for a sufficiently large valence basis set the
effects due to triply augmentation are almost negligible.

Convergence with electron correlation treatment: MOA. The conver-
gence with respect to the electron correlation treatment has been analyzed in
Ref. [74] for Ny, CoHg, and CHy4 using the CCS, CC2, CCSD hierarchy. Ad-
ditional CC3 results have been reported in Ref. [38]; those calculations were
motivated by the rather large discrepancies to experiment seen at the CCSD
level.

The most significant observation with respect to electron correlation is the
surprisingly large triples contribution for N9 and CoHs. While the CCS, CC2,
and CCSD calculations indicate smooth convergence with the usual reduction
in the correlation contributions at each consecutive level and, thus, predict that
triple excitation contributions should be rather small, the opposite is seen in the
actual calculations [38]. The effect due to triple excitations as obtained at the
CC3 level was found to increase the CCSD results by 4% and 16%. Apparently
there seems to be no guarantee that triple excitation effects are small when
the CC2 model is a good approximation to CCSD. On the other hand, triple
excitation effects are found to be rather small for CH4 (only 1.5% of the CCSD
results) [38] consistent with the prediction based on the corresponding CCSD-
CC2 difference [74].

Comparison with experiment: MOA. Verdet constants for Hy, No, CoHa,
and CH,4 have been measured at various frequencies (at 1 atm and 298 K) by
Ingersoll and Liebenberg [151] in 1956 and are considered to be accurate within
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Figure 1.3. Deviation (in percent) from experiment [151] for the calculated Verdet constant
V(w) of Ng, C2Ha, and CHy4. The calculations have been carried out in the aug-cc-pVQZ
(N2) and d-aug-cc-pVTZ (C2H2 and CH4) basis sets and at frequency w = 0.11391 a.u. ZPV
corrections for No amount to about 1.3 % and have been determined at the CCSD level (for
details see text and Ref. [38]).

1 %. The claimed accuracy has been confirmed in the case of Ho — by the
explicitly correlated results of Bishop and Cybulski [150] and again by the
FCl/d-aug-cc-pV5Z results of Ref. [74] (see Table 1.10).

For Ng, CoHg, and CHy, Fig. 1.3 shows the deviation (in percent) from exper-
iment for the calculated Verdet constants. As already discussed, for both Ny and
CyHs, triples corrections are substantial, as their inclusion brings the computa-
tional results within 1% of the experimental values. However, in the case of N
consideration of vibrational effects (about 1.3 %, obtained at the CCSD/t-aug-
cc-pVTZ level using a CCSD(T)/aug-cc-pVQZ potential curve [38]) slightly
worsens the agreement with experiment, although the result remains within
three times the experimental uncertainty (i.e., the 99.9 % confidence interval
of the experiment). Whereas the agreement between experimental and calcu-
lated Verdet constants can be considered satisfactorily for No and CoHs, the
situation is quite different for CHy. The CC3 results for V' (w) are still about
8-9% lower than the corresponding experimental values (see Fig. 1.3) and,
thus, are clearly outside three times the experimental uncertainty. A possible
reason for this discrepancy might be the large magnitude of the ZPV effects,
whose consideration has been proven important earlier for other properties of
methane [114, 152-154]. ZPV correction have been estimated for CH4 by
performing calculations (at the HF-SCF level) for both the equilibrium bond
distance (R, = 1.0858 A) [155] and the vibrationally averaged bond distance
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Table 1.11. CCSD results for the total Verdet constant at w = 0.11391 a.u. in the case of hy-
drogen fluoride. Results labeled as “Unrelaxed” refer to the use of the unrelaxed (one-electron)
magnetic dipole moment operator together with the usual magnetic-field independent basis sets.
Results labeled “Relaxed” include additional contributions due to orbital relaxation in the pres-
ence of the magnetic field. Results labeled “LAO” are those obtained when using GIAOs/LAOs.?

Gauge® V(w) x 10% a.u.
Basis origin Unrelaxed Relaxed LAO
cc-pvVDZ CM 1.3365 1.3313 1.2259
H 0.8713 0.8822 1.2259
aug-cc-pVDZ CM 2.6116 2.6070 3.0381
H 2.4365 2.4561 3.0381
aug-cc-pVTZ CM 2.7843 2.7805 3.0883
H 2.6473 2.6699 3.0883
d-aug-cc-pVDZ CM 3.2737 3.2697 3.3473
H 3.3233 3.2504 3.3473
d-aug-cc-pVTZ CM 3.2190 3.2153 3.2126
H 3.1936 3.2186 3.2126

@ All results taken from Ref. [71]. ® CM indicates the center of mass.

Ry =1.09397 A [156]. The values obtained for the latter geometry are, for all
considered frequencies, by about 2.8% larger than the corresponding equilib-

rium results, thus indicating the importance of ZPV averaging in the case of
CH;.

Gaugeissues: MOA and MCD. Both the Verdet constant V' (w) of MOR and
the B term of MCD suffer from gauge-origin dependence when computed for
non-centrosymmetric molecules using approximate quantum chemical models.
The gauge-origin dependence can be dealt with for these properties by using
GIAOs/LAOs and recasting both quantities in the form of derivatives of a prop-
erty with respect to an external magnetic field [70,71]. The Verdet constant can
be written as a total derivative of the frequency-dependent dipole polarizability
with respect to the strength of an external magnetic field:
V( o (Lap(Zwiw) 1.23

w) weam\s(T)o (1.23)
and the B term can be reformulated as the corresponding derivative of the
one-photon dipole transition strength S;7:

. dS((aluali)Glusla)\ (45
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Table 1.12. Effect of a gauge-origin shift on the B term for the five lowest dipole-allowed (sin-
glet) transitions from the ground state X A of formaldehyde (CH20) obtained at the CCSD/aug-
cc-pVTZ level. The molecule is placed on the xz-plane with the C'; axis along z and the center
of mass (CM) as origin of the coordinate system. Direction of transition in parentheses and
excitation energies in atomic units (from Ref. [70]).

Gauge origin at CM Gauge origin at z = 25 bohr

Sym.  oX¢ trans.

energy strength Unrelaxed LAO  Unrelaxed LAO
B, 0.2659 0.0189 (x) —1.6844 —1.6819 —1.6325 —1.6819
B, 0.2987 0.0394 (x) —31.796 —34.190 —29.899 —34.190
Ay 0.3019 0.0543 (z) 30.776 33.939 32.865 33.939
B> 0.3433 0.0006 (y) —0.4109 —0.3640 —0.6172 —0.3640
A 0.3578 0.1360 (z) —10.730 —12.323 —3.3815 —12.323

However, the equivalence of the response functions to the property derivatives
is in approximate methods not always strict, as, for example, CC response func-
tions as defined in Sec. 1 do not involve contributions due to orbital relaxation
while property derivatives usually do. The incorporation of orbital relaxation
effects in the property derivatives is mandatory when perturbation-dependent
basis functions such as GIAOs/LAOs are used. Applying the above reformu-
lation to the expressions for a(—w, w) and S% obtained from the CC response
functions takes only relaxation with respect to the (static) external magnetic
field into account [70,71]. The frequency-dependent electric fields are treated
in an unrelaxed manner, which avoids spurious poles due to orbital relaxation
(see Sec. 1.2).

The advantage of using GIAOs/LAOs is nicely demonstrated in the case
of hydrogen fluoride and formaldehyde (CH20O). In Table 1.11, results for the
Verdet constants V' (w) of HF are summarized. While those obtained without
using GIAOs/LAOs exhibit a distinct gauge-origin dependence (which how-
ever becomes smaller for the larger basis sets) gauge-origin independence is
preserved in the GIAO/LAO calculations. In addition, it would appear that the
use of GIAOs/LAOs leads to a faster basis set convergence as well-known for
the calculation of other magnetic properties [157].

Table 1.12 collects first CCSD results for the various contributions to the B
term due to the five lowest dipole-allowed electronic transitions in formalde-
hyde. The lacking gauge-origin independence is here illustrated via calculations
for two different gauge origins. Again, the use of GIAOs/LAOs resolves this
problem and is thus generally recommended.
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4.2  Buckingham effect

For closed-shell systems, the temperature dependence of the BE is given
by [40,134,135,158,159]

An= A+ 2 (1.25)

with An = n — n_ as the corresponding anisotropy of the refractive index,

1 )
Ao X b(w) = 1—5{Ba57a5 — Ba,a,@ﬁ} — ;ffaﬁfyt]&,ﬁ,«/ (1.26)

5
Al X —BOap008 — lla (Aﬁ,a6+;5aﬁleﬁ,v) (1.27)
and
Bagas(—w;w,0) o< R((fas i3, O15))w0 (1.28)
Baﬂ%5(_W;va) X W@a;ﬂa,@ﬁ«/»o,w (1.29)
3y (w3 w,0) o S((fia; M, fiy))w,0 (1.30)
Qop(—wiw) o R((fias 18))w (1.31)
Aapy(—wiw) o< R{{fia; Opy))w (1.32)
Glp(—wiw) o S{{fia; M) (1.33)

In the equations above, u and © indicate the permanent dipole and (traceless)
quadrupole moments, respectively. In the case of non-dipolar molecules the
birefringence becomes

20,8003 _

F
e =bhw) + (1.34)

An x b(w) + T

and for spherical systems it reduces to [159,160]

An x b(w) . (1.35)

The connection between BE and MOA are evident, as the response function in
Eq. (1.30) also appears in the corresponding expression for the Verdet constant
V(w), Eq. (1.21), though with a different frequency argument. The response
function in Eq. (1.30) plays also a central role in the BE, as for low frequencies it
constitutes the most important contribution to the temperature-independent term
b(w) and as it is solely responsible for the BE in the case of spherical systems.
A more detailed discussion concerning the relationship between V' (w) and b(w)
can be found in Refs. [160] and [149].
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Basis set convergence.  The basis set convergence in the quantum chemical
calculation of the temperature-independent contribution to the BE has been
investigated for several different small molecules in Ref. [149,161-164]. Due
to the different operators involved in the response functions required for the
calculation of b(w), it is difficult to put forward theoretical arguments or simple
rules concerning the basis set convergence. Nevertheless, smooth convergence
with extension of basis set is observed in all cases investigated so far. To some
extent this is probably due to some error cancellation as the involved quadrupole
hyperpolarizabilities are usually known to be quite demanding with respect to
the size of basis sets.

Overall, it seems that—similar to the calculation of hyperpolarizabilities—
(doubly) augmented basis sets of at least triple-C or better quadruple-¢ quality
are required to obtain reasonable results, as the use of non-augmented basis sets
might even lead to qualitatively wrong results, i.e., a wrong sign of b(w). For
N> monotonic convergence is observed for both the singly augmented and the
doubly augmented series and the two series approach the basis set limit from
different sides [161]. The good convergence achieved in such calculations is, for
example, seen by the fact that for X = Q the remaining differences are with 0.2
% rather small. Similar trends are also seen for the other molecules [161,162],
although the convergence pattern is for Cla somewhat less regular [163].

Convergence with correlation treatment. The temperature-independent
contribution b(w) as well as the other BE related terms have so far mostly been
computed either at HF-SCF and/or CCSD levels. For Ne and Ar CCS and CC2
results have also been reported [149]. CO is the only case for which CC3 results
are available [165]. Overall, it is seen that correlation effects are not negligible
and in some cases even larger than the remaining basis set effects. For example,
they amount (based on CCSD results) to about 0.5% for N, 15% for acetylene,
and 11% for methane [161]. In the case of CO inclusion of triple excitation
effects (at the CC3 level) lead to a substantial decrease (about 8 to 10%) in b(w)
in comparison to the CCSD results. Their inclusion thus seems to be essential
when aiming at a rigorous comparison with experiment.

Comparison with experiment: Quadrupolar molecules. The experi-
mental importance of the BE is due to the fact that it allows the experimental
determination of molecular electric quadrupole moments ©. The procedure is
based on Eq. (1.34) and was first proposed by Buckingham [134] in the late
fifties. With the assumption that the molecular polarizability is known, © can
be extracted from measurements of An. In order to separate the A from the A,
contribution, it is necessary to perform BE measurements over an appropriately
large temperature range.
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Nevertheless, in several cases measurements were carried out only at a single
temperature and the contribution due to Ay was assumed to be much smaller
than F'/T and consequently neglected. Quadrupole moments obtained in this
way are referred to as “apparent” quadrupole moments and are not necessarily
identical to the actual quadrupole moment of the molecule.

In other cases [166,167] literature values for (supposedly) b(w) taken from
quantum chemical calculations were used to separate the Ay and A; contri-
butions. While this is in principle preferred over the first approach, the use
of computational data leads to questions concerning their reliability, as low-
level data might easily deteriorate the accuracy of the quadrupole moments
obtained in this way. In addition, there has been some confusion in the earlier
literature concerning the hyperpolarizability correction term b(w). In the orig-
inal papers by Buckingham and coworkers [134, 168] this term was called B
and was referred to as a quadrupole hyperpolarizability. This was apparently
misunderstood and led to the incorrect use of the averaged static dipole-dipole-
quadrupole hyperpolarizability %Bagag as correction term instead of b(w) in
the determination of the quadrupole moment [166, 167].

The most striking example of the consequences of these different assump-
tions and choices is the Ny case. In 1998 Graham and co-workers [167] pub-
lished an experimental result for the quadrupole moment of Ny based on a
single temperature measurement of the birefringence. The measured appar-
ent quadrupole moment (obtained by neglecting the Ay term) was found to
be (—5.2540.08)x 10740 Cm?2. After revision with an incorrect Ag value
taken from the literature, the quadrupole moment of N2 was determined to
(—4.6540.08)x10~4° Cm?, i.e., noticeably lower than previous experimental
and theoretical estimates.

Using our CCSD results [161] for b(w), we redetermined the experimen-
tal moment from the birefringence measurement of Graham and coworkers to
(—5.01 4 0.08) x 10~4% Cm2—now in excellent agreement with the best cur-
rently available theoretical results ((—4.93 + 0.03) x 10740 Cm? [169], see
Table 1.13).

More recently, Ritchie, Watson and Keir [170] carried out new experiments
on the BE of Ny for a variety of different temperatures, thus enabling a proper
separation of the temperature-independent contribution from the orientational
term. These authors also performed new measurements for the polarizability
anisotropy. Combining all their experimental data, they were able to extract a
new experimental value of (—4.97 4 0.16) x 10749 Cm? for the quadrupole
moment of No. The good agreement with the previous (with the CCSD result)
revised experimental value as well as the corresponding theoretical results (see
Table 1.13) clearly eliminates any remaining doubts concerning the experimen-
tal quadrupole moment of N,.
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Table 1.13. Theoretical estimates and experimental values for the quadrupole moment O, the
orientational term F'/T', and temperature independent correction b(w) (all quantities in atomic
units and for 7'=273.15K) for N2, C2Hs, Cls, CO2, and CSs.

(C] F/T b(w)
Theory Exp. Theory Theory Exp.
N2 —1.098+0.007* —1.114:0.04° —785.1°  —36.13° —76.62423.57°
—1.124:0.02¢
C2H2 4.794+0.03° 4.6640.19° 9257°¢ —193.3¢
Clz 2.32740.0108  2.31/2.36£0.04> —6479.9" —213.6"
CO,  —3.1854:0.020° —3.187+£0.13* —7536.7F —54.46" —159£77*
—3.18+0.14" —118+178"
CS2 2.338° 2.56+0.11% 25500 —410° —1179+£766"

2 Ref. [169]. CCSD(T) basis set limit including ZPV corrections, estimates of correlation
beyond CCSD(T), and relativistic effects. ® Ref. [170]. ¢ Ref. [161]. CCSD/d-aug-cc-
pVQZ/frozen-core equilibrium results. ¢ the apparent moment ©°7f=—1.170 in Ref. [167]
after revision with b from Ref. [161]. © Ref. [171]. ZPV corrected CCSD(T) basis set limit
including estimates for correlation beyond CCSD(T) and relativistic effects. ® the apparent
moment ©°/f=—4.55+0.22 in Ref. [173] after revision with b from Ref. [161]. & Ref. [163].
ZPV corrected CCSD(T) basis set limit including estimates for correlation beyond CCSD(T)
and relativistic contributions. ™ Ref. [163]. Revision of the apparent quadrupole moment
(2.23£0.04) in [167] with the calculated b(w). * Ref. [163]. ZPV corrected CCSD/d-aug-cc-
pVQZ result including relativistic and pure vibrational corrections. J Ref. [162]. ZPV corrected
CCSD(T) basis set limit including estimates for correlation beyond CCSD(T) and relativistic
effects. ® Ref. [172]. ! Ref. [162]. CCSD/d-aug-cc-pVQZ/frozen-core equilibrium results.
™ Ref. [167]. ™ Ref. [174]. ° Ref. [162]. CCSD(T)/d-aug-cc-pVQZ/frozen-core equilibrium
value. P Ref. [162]. CCSD/aug-cc-pVQZ/frozen-core equilibrium value.

Revisions of the apparent quadrupole moments of quadrupolar systems based
on ab initio results for b(w) were undertaken in the last few years for Cly [163]
and CoHjy [161,171] (see Table 1.13)). Direct comparison of the hyperpo-
larizability terms b(w) calculated ab initio and derived from measurements at
various temperatures, such as in the case of CO4, CS9 [172] and the most recent
results for No [170] turns out to be difficult in all cases due to the very large
error bars associated with the experimentally derived results (see Table 1.13).

Comparison with experiment: Atoms and spherical systems. From a
theoretical point of view, rare gas atoms are ideal test systems. This is also the
case for the BE, as for these systems the BE is entirely due to the hyperpolar-
izability term b(w). Table 1.14 collects our “best theoretical results” for the
hyperpolarizability term b(w) of all atomic and spherical systems investigated
so far together with the available experimental data in the literature.

From the datain Table 1.14, itis possible to derive estimates for the anisotropy
An under some hypothetical standard experimental conditions for pressure,
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Table 1.14. Best theoretical estimates and experimental values of the hyperpolarizability con-
tribution b(w) at 632.8 nm (in atomic units).

System Theory Experiment
Helium —3.15°
Neon —5.89°
Argon —58.0° 04109¢
Krypton —117.90°
CHy —97.3¢ —262+66°
SFs —958 04109¢

2 Ref. [149]. FCl/d-aug-cc-pV6Z results. ° Ref. [149]. CCSD/d-aug-cc-pV5Z results.
4 Ref. [176]. ° Ref. [40]. CCSD/d-aug-cc-pV5Z results. T Ref. [161]. CCSD/d-aug-cc-pVQZ
results. & Ref. [149]. CCSD/d-aug-cc-pVDZ results.

temperature, path length and electric field gradient, see Refs. [40,70,159]. For
both helium and neon, it appears that the BE is too small to be detected with
current experimental devices (for a discussion, see Ref. [175]). For krypton,
CH,, and SFg theory predicts birefringences of approximatively the same size
and about twice as large as for argon. Experimentally, it has so far not been
possible to detect the BE for argon and SFg [176]. For CHy4 theory and experi-
ment agree on the sign of the effect, but the theoretical value is much smaller,
although still within three standard deviations of the experiment. Clearly the
computational results need to be improved and (as already discussed for the
Verdet constant of methane) ZPV effects need to be considered before a final
judgment of the experimental value seems appropriate. To our knowledge, no
experimental data is available for krypton.

Comparison with experiment: Dipolar species. = Experimental measure-
ments of the BE can also be used to determine quadrupole moments for dipolar
systems. The values obtained in this way refer to an origin which is denoted as
the effective quadrupole center (EQC) [135]. The EQC is defined as the point
at which the combination of dipole-quadrupole and dipole-magnetic dipole po-
larizabilities multiplied with the dipole moment given in Eq. (1.27) vanishes
so that an expression for the BE similar to the one for quadrupolar molecules,
Eq. (1.34), is recovered.

The position of the effective quadrupole center, R, cannot be determined
from the BE experiment and has to be identified by means of calculations. This
is usually done by determining the origin shift which is necessary to makes the
dipolar contribution in the A term to zero.

Two semiclassical theories existed in the literature for the BE of dipolar
species, one due to Buckingham and coworkers (BLH) [134,135,160], and one
due to Imrie and Raab (IR) [158]. In Refs. [159, 162-165], it was shown by
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Table 1.15. Computed and experimentally derived effective quadrupole centers (EQC, R., in
bohr) with respect to the center of mass for CO at 632.8 nm. The molecule is oriented along the z
axis with positive direction pointing from C to O, so that the dipole moment is positive. CCSD/d-
aug-cc-pVQZ results are from Ref. [164]. CC3/d-aug-cc-pVQZ results are from Ref. [165]. The
computed shifts are ro-vibrationally corrected.

Property BLH IR

RSCSP 4.5240.5 2.5040.5

RSO3 5.9640.5 3.0640.5
RE¥Papp 2 7.740.5

RP,CCSD ® 6.2540.51 5.7840.51
R&¥P,CC3 ¢ 6.1640.51 5.6940.51

2 “Apparent” experimentally derived shift obtained from @ (F=) = oM _ 2R pt combining

the experimental values for the dipole moment i, the apparent quadrupole moment ©°f7 from
Buckingham birefringence and the quadrupole moment at the center of mass ©* from molec-
ular beam electric resonance. ® The experimentally derived value where ©°f/ from Buckingham
birefringence has been corrected for b(w) computed at the CCSD level. See Refs. [164,165] for
details. © The experimentally derived value where ©°/f from Buckingham birefringence has
been corrected for b(w) computed at the CC3 level. See Refs. [164,165] for details.

means of quantum chemical calculations that these two theories led to different
numerical results for the induced anisotropy in a variety of cases. The differ-
ences could not be ascribed to deficiencies in the computational approach, as
they persisted even for two-electron systems (such as helium and Hq [159]), for
which practically “exact” results are available.

The most striking disagreement was observed for the EQC and the resulting
quadrupole moment of CO [164,165]. In our first study [164] CCSD(T) calcu-
lations for the quadrupole moment at the center of mass and CCSD calculations
for the EQC were used to determine the quadrupole moment with respect to the
EQC within both theories. Our results slightly favored the BLH theory, but the
computations were not of sufficient accuracy to decide unambiguously which
of the two theories could be correct.

In Ref. [165], a second analysis was carried out focusing on the remaining
deficiencies in the used computational approach. The main aspect was that the
EQCs were now determined using the CC3 approach with an inclusion of triple
excitations. The obtained results for the EQC are summarized in Table 1.15.

The CC3 data clearly favored the BLH theory, but did not supply any expla-
nation for the discrepancy between the two theories. Triggered by these results,
a revision of both theories has been recently undertaken and an error in the IR
approach was identified and corrected (for details, see Ref. [177,178]).
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4.3 Cotton—-Mouton effect

The general expression of CME [136,137] has for diamagnetic fluids the form
of Eq. (1.25), where now Ay and A; involve the following properties [179,180]

1

1
Ao o Anw) = 2 (apas — 5laas) (1.36)

1
A1 o (apbas — 30%0abss) (1.37)

ap 1s the magnetizability and 7,43 s the hypermagnetizability tensor

NoBrs = ﬁgiﬁciw(—w;w’o)+77§%7:35(—w;w,0,0) (1.38)
M as(—wiw,0,0) o R({fia fig, 112y, 15) )00 (1.39)
el (—wiw,0) o R({flas fi3, €550 (1.40)

where édi“ is the diamagnetic susceptibility operator, and the other quantities
were already defined above. As for BE above, the inverse-temperature con-
tribution dies out for spherical systems, where thus the anisotropy is entirely
given by the higher order contribution A

An oc An(w) (1.41)

Convergence with the basis set. Table 1.16 shows the results of a basis
set study from Ref. [39] for the anisotropy of the hypermagnetizability An
and the all-parallel component 7., .. at the CC3 level for Ne and Ar. As it
can be inferred from the table, the convergence of n with the increase in the
cardinal number X and the augmentation level n of the n-aug-cc-pVXZ series
is mostly monotonic and smooth, especially for neon. Similar to the purely
electric second hyperpolarizability ~y|, the results converge very slowly with
the singly-augmented basis sets and triply augmentation is needed for atoms to
obtain good convergence with the cardinal number. As for 7|, at least triple-
¢ basis sets are required to obtain a qualitatively correct description. With
the t-aug-cc-pVQZ and t-aug-cc-pV5Z basis sets the results are expected to
be converged is within a few percent, both for the individual components and
for the anisotropy. When core—valence basis sets are employed in all-electron
calculations the differences are for Ne in the order of 0.03 a.u. or &~ 1% for X
=T, dropping to ~ 0.01 a.u. or ~ 0.3% for X = Q. For argon the effect of the
core functions is somewhat larger, in particular for the anisotropy An.

Convergence with electron correlation treatment. The need for an ac-
curate account of electron correlation for the high-order properties involved in
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Table 1.16. Cotton-Mouton effect in neon and argon. CC3 response results for the static limit
(from Ref. [39], all-electron calculations, results in a.u.).

Neon Argon

Basis Set

Nzz,zz A’I] Nzz,zz A’I]
aug-cc-pVDZ —1.61 0.50 —16.8 5.2
aug-cc-pVTZ —-2.13 0.96 —20.8 11.7
aug-cc-pVQZ —2.60 1.47 —-24.0 17.3
aug-cc-pV5Z —2.87 2.04 —21.7 19.9
d-aug-cc-pVDZ —3.67 1.60 —32.3 13.6
d-aug-cc-pVTZ —3.38 2.21 —24.1 22.6
d-aug-cc-pVQZ -3.15 2.54 =227 23.5
d-aug-cc-pV5Z —-2.96 2.86 —-21.7 24.6
t-aug-cc-pVDZ —-3.92 1.72 —32.1 13.5
t-aug-cc-pVTZ —3.07 2.83 —22.3 25.5
t-aug-cc-pVQZ —2.94 2.87 —21.6 25.1
t-aug-cc-pV5Z —293 291
t-aug-cc-pCVTZ -3.05 2.82 —22.1 25.1
t-aug-cc-pCVQZ —2.94 2.87 —-21.5 24.8

CME, JB and MEB is particularly evident in systems of spherical symmetry,
where these properties provide the whole contribution to the observable.

Table 1.17 summarizes the results of a benchmark study for the convergence
of An for neon with the correlation treatment in a series of CC methods from
Ref. [39]. Whereas CCSD yields results still ca. 3% too low (orbital-relaxed) or
1.4% too high (orbital-unrelaxed), the CCSDT results differs from the FCI limit
by only 0.002 a.u. or = 0.1%. Thus CCSDT provides for the Cotton—-Mouton
effect of Ne results which are converged within approximately 0.1%.

Figure 1.4 shows the convergence behavior of the (static) hypermagnetiz-
ability anisotropy An(0) of neon and argon up to CCSDT in the fairly large
basis sets d-aug-cc-pV5Z (Ne) and d-aug-cc-pVQZ (Ar). The orbital-relaxed
results were obtained for HF-SCF, MP2, CCSD, CCSD(T), CC3 and CCSDT by
numerical differentiation of analytically computed magnetizabilities. A second

Table 1.17. Convergence of the anisotropy of the static hypermagnetizability An(0) of neon
with the correlation treatment (from Ref. [39]; finite field orbital-relaxed results (unless specified)
for d-aug-cc-pVDZ, frozen core approximation for 1s shell, numbers in atomic units.).

CCSD CCSD (unrel.) CCSDT CCSDTQ CCSDTQP FCI

1.546 1.614 1.594 1.593 1.593 1.592
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Figure 1.4. Static hypermagnetizability anisotropy, An(0), computed with the d-aug-cc-pV5Z
basis set (Neon) and d-aug-cc-pVQZ basis set (Argon). Orbital-relaxed results obtained with a
finite field approach from analytically evaluated magnetizabilities are compared to those obtained
from orbital-unrelaxed quadratic and cubic response functions.

series of orbital-unrelaxed results was obtained via analytic quadratic and cubic
response functions for the CCS, CC2, CCSD and CC3 wavefunction models.
Figure 1.4 illustrates how the two series converge to a common limit as the level
of electron correlation is increased. For instance for neon, the CCSD results
obtained in the two approaches differ by almost 10%, while at the CC3 level
the difference is five times smaller. These percentages are sensibly smaller for
argon. It is expected that at the CCSDT level the orbital-relaxed and unrelaxed
approaches give essentially the same results. In the orbital-relaxed hierarchy the
contribution of connected triples (CCSDT vs. CCSD) increases the anisotropy
by ~ 3-5 %. In the unrelaxed hierarchy the triples effect seems to be somewhat
smaller. The latter hierarchy was used to calculate the CME at the experimental
wavelength.

Comparison with experiment. Table 1.18, taken from Ref. [39] (see
also Ref. [40]), shows a comparison between theory and experiment for the
CME of neon and argon gas. For the best non-relativistic theoretical results
the absolute uncertainties can be placed around 0.1 a.u. for Ne and (probably)
around 1 a.u. for Ar, i.e. in the order of 2-3%. They substantiate the claim
that, at least in this case, the computational results should be considered the
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Table 1.18. Comparison of experimental and computational results for the hypermagnetizability
anisotropy An(w) of neon and argon. Atomic units.

A Theory Experiment
Neon %9) 2.89(10)>®
790 nm 3.2+1.2°
514.5 nm 1.4£0.1¢
Argon 00 24.7°
790 nm 2745¢
514.5 nm 30.0+£4.5°

2 The number in parenthesis indicates the estimated absolute error on the last digit. ® Ref. [39].
Static value estimated at CCSDT level; frequency dependence estimated using CC3 analytic
response (and found to be negligible). ¢ Ref. [181], pressure of 1.52x10° Pa, temperatures in
the range 285-293 K. The value is estimated for an average of 289 K. ¢ Ref. [182], temperature
of 298.15 K and extrapolated at a pressure of 1 atm. ° Ref. [183].

reference nowadays. For instance the hypermagnetizability of argon is of a
magnitude that allows a relatively easy measurement and can be computed with
an accuracy more than one order of magnitude better than presently afforded
by experiment. Thus, currently it appears advantageous to use the computed
value for argon as a standard for calibration of the optical apparata employed
for CME measurements.

4.4  Jones and magnetoelectric birefringence

As for BE and CME, also for JB and MEB the birefringence can be expressed
with a general relationship such as Eq. (1.25). In this case it is [141,143,184]:

AO X 3Ga75a18 + 3GC|{,6,8,C! - 2GC|{,CM,8,B

w

—5%apy (0,655, T Tap6.5) (1.42)
Ar o< p1a(3Gapp + 3Gpas — 2G5 8a)

w

— 5 %apy (1ya 55,5 + Ho0a,55,) (1.43)
and now

Uy 6. (—w30,0,0) 0 S({fLa; 4oy 11155 fle) )i0,0,0 (1.44)
Gaprow) = GBI 5(w) + Gy 5(w) (1.45)
GPU (—wiw,0,0) oc R({fiai g, 1, fis))woo  (1.46)
Gat 5(—w;w,0) o R({fia; E5 fis))w,0 (1.47)
a;,g%(;(—w;w,()) X %<<ﬂa;q&yam5>>w,0 (148)



40 Accurate NLO Properties For Small Molecules. Methods And Results

i e o 0@
2.0 - e N
o §
° .
p v °
1.54 4 @ v — v e A a4
v y
1.0+ . R B 47
v v
n
0.5 4 /V/ 1 -—m— @G P*@ 4
it
v . ) _
777.777 4..<dla
0.0 - Jjit .
jkiii
0.5 "—a 4 v A §
.
u g m——N —s—E—N
‘1-O|'|'|'|' T 17 1 T 17 1
D T Q 5 D T Q 5 D T Q 5
aug-cc-pVXZ d-aug-cc-pVXZ t-aug-cc-pVXZ

Figure 1.5. Contributions to the Jones and magneto-electric birefringences of neon. CC3 all-
electron response results in atomic units.

Gapy(w) = GEEN (W) +GE% (W) (1.49)
GEES (—w;w,0) o R({flai 113,171 ))wr0 (1.50)
Gl (—wiw) o R{{fia; €LY (1.51)

where ¢ is the traced quadrupole moment operator.

Convergence with the basis set.  The basis set convergence of the response
functions that enter the expressions for JB and MEB are illustrated in Figs. 1.5
and 1.6 with CC3 results for Ne and Ar from Ref. [185]. As demonstrated before
in Ref. [184], the non- and singly-augmented basis sets (cc-pVXZ and aug-cc-
pVXZ) are inadequate for mixed electric and magnetic field birefringences.
An acceptable rate of convergence requires at least doubly-augmented basis
sets, but for the atoms Ne and Ar the third set of diffuse functions in the t-
aug-cc-pVXZ series still improves the convergence. As for other third- and
fourth-order magneto-electric properties double-( basis sets give rise to rather
large errors, while beyond the DZ level the changes with the cardinal number are
smooth. With respect to convergence with the one-electron basis set the most
demanding contributions to A, = Gji; + %a; rii—and thus to the observable
An—are G%* and o/, i.e. the quadratic response functions which involve both
the electric dipole and quadrupole operators. Similar as for || and 7, at least t-
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Figure 1.6. Contributions to the Jones and magneto-electric birefringences of argon. CC3
all-electron response results in atomic units.

aug-cc-pVTZ basis sets appear to be needed for atoms to guarantee a good level
of confidence that basis set convergence is approached for these contributions.
With these basis sets the results seem to be converged within a few percent.
(For further information on the basis set convergence for JB and MEB for other
atoms and molecules the reader is refereed to Ref. [184].)

Convergence with electron correlation treatment.  Figure 1.7 illustrates
the convergence of the response properties involved in JB and MEB with the im-
provement of the electron correlation treatment in the hierarchy HF-SCF, CCS,
CC2, CCSD, CC3. The results are those obtained for neon and argon, using
the d-aug-cc-pV5Z and d-aug-cc-pVQZ basis sets, respectively, in all electron
calculations within an orbital-unrelaxed approach. Again, the convergence is
somewhat slower for neon than for argon, with HF-SCF and CCS on one side
and CC2 on the other side of CCSD and CC3. After some initial oscillations,
all properties seem to be quite well converged at the CCSD level, with CC3
yielding only small corrections. The triples effect on the observable, measured
by comparing CCSD and CC3 results, are for Ne and Ar in the order of 1%. In
Ref. [185] it is shown that these percentages increase to ~ 2-3% for nitrogen
and even higher (ca. 6%) for CO and can in some cases be notably higher for
the individual response properties than for the total observable.
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Figure 1.7. JB and MEB of neon and argon. Analytical response result, all electron, unrelaxed
orbitals.

Comparison with experiment. = Measurements of JB and MEB are a very
recent occurrence, and they have been limited so far to systems in the condensed
phase [186—188], where measurable birefringences can be observed in optical
paths of the order of centimeters. Computational analysis has been limited,
on the other hand to the gas phase [40, 184,185,189, 190]. However, optical

Table 1.19. Comparison of estimated JB and MEB with the values computed for CME. ¢ is
the retardance (¢ = 2wlAn/N), i.e. the property which is actually measured. A = 632.8 nm,
path length [ = 1 m, pressure P = 1 bar, temperature T = 273.15 K, electric field strength
E =2.6 x10° V. m™', magnetic induction field B = 3 T. The acronym nXZ is a shorthand
notation for the correlation consistent n-aug-cc-pVXZ basis set. “Wf” is the wave function
model employed. From Ref. [40].

Jones CME
An/1071 Basis/Wf  ¢/nrad An/10712 Basis/Wf ¢/mrad
Ne —0.035 t5Z/CC3 —0.35 0.00581 t5Z/CCSDT 5.8x10*
Ar —0.30 t5Z/CC3 -3.0 0.0497 d5Z/CC3 4.9%10?
N» —0.75 dQz/ccSD  —7.4 —2.84 {TZ/B3LYP  —2.8x10*
C2H2 =3.0 aQZ/CCSD =30 —1.50 aTZ/MCSCF  —1.5x10*

CO —-1.2 dQZ/CCSD —12 —1.80 {TZ/B3LYP  —1.8x10*
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apparata designed for measurements in the gas phase of other birefringences,
as the Kerr and Cotton-Mouton effects, may in principle be adapted to measure
JB and MEB. It is thus probably useful to provide reliable predictions of the
magnitude of the effect. Table 1.19 shows a comparison from Ref. [40] of pre-
dicted birefringences and corresponding retardances for the two birefringences
discussed in this section, i.e. CME and JB (or MEB).

For these systems Jones and magneto-electric birefringences yield retar-
dances which are under the usual experimental conditions about two orders
of magnitude weaker than those observed for CME. For the rare gases the pre-
dicted retardances for the JB and MEB are comparable to those of BE. The
current detection limit for retardances of = 2 nrad [175] makes their observa-
tion in these systems rather challenging, but they should be measurable for No,
CO and even better for CoHs.

5. Conclusions and Outlook

The calculation of NLO properties with high accuracy is a very challenging
task requiring consideration of many different issues, including the electronic,
vibrational, and condensed phase contributions. In this review we have de-
scribed the application of CC response methods for the calculation of the elec-
tronic contributions to first and second hyperpolarizabilities as well as some
magneto-optical NLO properties. As a result of many years work on imple-
menting CC response theory [46,47,58-63,65-71,191-203] we can nowadays
employ CC methods for detailed and accurate studies of many different molec-
ular properties. A cornerstone has been the CC3 wavefunction model. The
development of efficient implementations for these methods has required a sig-
nificant effort. Yet, actual applications are today still limited to small systems.
The pay-back is, however, that high accuracy can indeed be obtained with CC3.
Since electron correlation is typically of extreme importance for NLO prop-
erties the CC3 model stands central for such calculations. With the accuracy
obtained at this level the interpretation of experiments can be discussed with
confidence.

Looking into the future for the calculation of NLO properties for small
molecules some challenges remain. A basic problem is that the standard CC
wavefunction models including CCSD and CC3 are single-reference methods.
While for multi-reference cases MCSCF response theory can be applied, for
more than a few electrons it will still be very difficult to achieve an accuracy
comparable to that obtained in CC calculations on closed—shell single-reference
molecules. A more practical restriction in the present implementations of CC3
response theory is that it does not include open—shell molecules even when they
can be described by single reference theory. However, very recently an open—
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shell CC3 implementation (using one additional approximation) was presented
for response calculations of excitations [204].

The example of neon, where relativistic contributions account for as much
as ~ 0.5% of 7|, shows that relativistic effects can turn out to be larger for
high-order NLO properties and need to be included if aiming at high accuracy.
Some efforts to implement linear and nonlinear response functions for two- and
four-component methods and to account for relativity in response calculations
using relativistic direct perturbation theory or the Douglas-Kroll-Hess Hamil-
tonian have started recently [131,205,206]. But presently, only few numerical
investigations are available and it is unclear when it will become important to
include relativistic effects for the frequency dispersion.

An important issue for magneto-optical properties is gauge origin indepen-
dence. GIAOs/LAOs are a widely applied approach to ensure gauge origin
independence in ab initio calculation of properties that involve static magnetic
fields. For frequency-dependent magnetic fields it is a still unsolved problem
how gauge origin independence can be ensured in approximate calculations.
GIAOs include the magnetic field already at the level of basis functions and
thus necessarily in the uncorrelated reference function. This is incompati-
ble with the requirement that the frequency-dependence of the wavefunction
should solely be determined through a single—step method to ensure a correct
pole structure.

Another important question in electronic structure calculations for NLO
properties is what method to use for larger molecules. While DFT can be
used for rather large systems it fails to have the accuracy and systematic behav-
ior of CC theory. In particular problems have been reported for calculations of
NLO properties [52,53,207,208]. On the other hand it is unlikely that accurate
CC methods including triple excitations like CC3 will become applicable to
large systems within the next few years. In recent years the so-called local
coupled cluster approach extended successfully the applicability of CC meth-
ods for ground state energies to larger molecules. However, the local coupled
cluster ansatz faces in its present formulation severe problems when applied
in the framework of response theory to excitation energies and to frequency-
dependent properties if orbital relaxation has to be treated implicitly through the
cluster operator [209,210]. A complementary approach to reduce the computa-
tional costs involves inner projection methods for electron repulsion integrals,
as Cholesky decomposition and the resolution-of-the-identity approximation.
These have recently been successfully applied for excitation energies and linear
response properties at the CC2 level [202,211]. The operation count for some
computational steps can be reduced with inner projection methods by orders of
magnitude, but only in special cases the scaling of the costs with system size
N is reduced.
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Going beyond the narrow framework of electronic structure theory other
major challenges become apparent. The rovibrational contributions to NLO
properties are known to be significant. This includes both the vibrational aver-
aging as well as pure (ro)vibrational contributions. The development of general,
accurate and efficient methods for the calculation of vibrational contributions is
an important area for future research. It requires input from electronic structure
calculations and the theoretical interface between electronic and vibrational
structure theory is an important issue in this research. For a more detailed
discussion we refer to a later Chapter of this book.

Proceeding from the gas to the condensed phase many new issues appear. For
NLO properties several additional complications arise when an environment
interacts with the system under investigation and external fields need to be
considered. Already for the gas phase the proper definition of local field factors
and the pressure dependence of (magneto-) optical properties is a difficult issue.
In condensed phase, an important question is the proper definition of solute
properties and the solvent effect for the electronic property itself. We refer the
reader to a comprehensive discussion of solvent effects on NLO properties in
a later Chapter. Some of the schemes for modeling solvent effect have been
employed in connection with calculation of electronic NLO properties, also
recently at the CC level [212,213]. This is still an area where much progress is
expected in the coming years.
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