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Abstract

The performance of the second-order methods for excitation en-
ergies CC2 and ADC(2) is investigated and compared with the more
approximate CIS and CIS(D) methods as well as with the coupled-
cluster models CCSD, CCSDR(3) and CC3. As a by-product of this
investigation the first implementation of analytic excited state gradi-
ents for ADC(2) and CIS(Dy) is reported.

It is found that for equilibrium structures and vibrational frequen-
cies the second-order models CIS(D), ADC(2) and CC2 give often
results close to those obtained with CCSD. The main advantage of
CCSD lies in its robustness with respect to strong correlation effects.
For adiabatic excitation energies CC2 is found to give from all second-
order methods for excitation energies (inclusive CCSD) the smallest
mean absolute errors. ADC(2) and CIS(Dy,) are found to give almost
identical results.

An advantage of ADC(2) compared to CC2 is that the excitation
energies are obtained as eigenvalues of a Hermitian secular matrix,
while in coupled-cluster response the excitation energies are obtained
as eigenvalues of a non-Hermitian Jacobi matrix. It is shown that, as
a consequence of the lack of Hermitian symmetry, the latter methods
will in general not give a physically correct description of conical in-
tersections between states of the same symmetry. This problem does
not appear in ADC(2).
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1 Introduction

Since the early days of response theory [1, 2, 3, 4] the description of electronic
excitations, including ionization and electron attachment, has been a central
subject of this branch of theoretical chemistry. Its main idea, the direct
calculation of molecular properties as e.g. excitation and ionization energies,
transition strengths, frequency-dependent properties, etc. provides a viable
alternative to state specific approaches. For frequency-dependent properties
the response function approach, i.e. the evaluation of (higher-order) polariza-
tion propagators, is today the most successful and efficient route to calculate
such quantities. For excitation and ionization energies it bypasses through
the evaluation of these quantities as poles of the polarization propagator
some subtle balance problems encountered in state specific approaches. But
at least as important for the response function or propagator approach to
molecular properties has been that it offers a route for the description of
electronic excitations with single reference wavefunction models since it does



not require (non-linear) optimizations for excited states. This ansatz is the
basis for such successful and widely applied approaches as time-dependent
density functional theory (TDDFT) and coupled-cluster response theory.

Partially because of the success of the latter two methods and their
availability in several quantum chemistry packages, the interest in earlier
ansitze for approximate calculations of polarization propagators or response
functions as e.g. the polarization propagator approaches (SOPPA [5, 6, 7],
TOPPA [5], etc.) or the algebraic diagrammatic construction [8, 9, 10] has
in recent years been relatively limited. These approaches aimed at a di-
rect expansion of the response functions in orders of the electron fluctuation
potential without reference to a specific wavefunction model for the ground
state. Giving up the reference to a certain model for the ground state energy,
introduces additional freedom which allows e.g. to enforce some properties of
the exact response function, which else are often lost. On the other hand, if
total energies are needed—for example for the determination of equilibrium
structures of excited or ionized states—the reference to a specific model for
the ground-state energy or wavefunction is unavoidable.

Excitation energies may be taken as an example to demonstrate what is
meant above: Given a ground-state model for the energy, a general approach
to derive the expressions for the response functions is through the construc-
tion of a time-dependent quasi-energy Lagrangian. The latter is made up
of the expectation value for the energy (H) and some constraints fi[H] for
the (wavefunction) parameters Az, both generalized for the time-dependent
case by replacing the time-independent Hamiltonian with the Schrodinger
operator H(t) — i

L A t) = (H() —i5) + SASHO g0 ) ()

The expressions for the response functions are then obtained by taking the
derivatives of L(\, M\, t) with respect to strengths parameters of harmonic
time-dependent perturbations with the sum of all frequencies restricted to
zero [11, 12, 13]. The poles of the response functions occur at the eigenvalues
of the stability matrix of the Lagrangian, i.e. for variational methods (SCF,
DFT, MCSCEF, CI, etc.) at the eigenvalues of the electronic Hessian
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and for non-variational methods, as the coupled-cluster methods are, at the
eigenvalues of the electronic Jacobian
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For response methods derived from an approximation for the ground-state
energy or wavefunction, the expressions for the stability matrix, and thus its
structure, properties, and symmetries are determined by the approximations
used for the ground-state. In particular, the stability matrix will in general
be non-symmetric for any non-variational method. A well-known example
for this is the non-symmetric coupled-cluster eigenvalue problem [14, 15].
The loss of Hermitian symmetry leads to different left and right eigenvec-
tors, which increases somewhat the computational costs if both vectors are
needed, but else does not give rise to major problems. But a potentially more
severe consequence is that eigenvalues may become complex and then can no
longer be used to obtain a qualitatively correct and quantitatively accurate
description of the corresponding excited states. In propagator type methods
which avoid such a connection to a ground-state model these problems can be
bypassed by imposing Hermitian symmetry of the stability or secular matrix
by construction, as it is done e.g. in SOPPA and in the ADC methods.

In the present article some of the above mentioned problems will be
studied at the example of three iterative second-order methods, namely the
approximate coupled-cluster singles-and-doubles model [16] CC2, the iter-
ative variant of the doubles correction to configuration interaction singles
[17] CIS(Dw) and the algebraic diagrammatic construction through second
order [8, 9] ADC(2). As shown in the next section these three methods are
closely related to each other and thus are an interesting example to discuss
some aspects of response theory. In Sec. 3 the problems that may arise from
non-Hermitian secular matrices will be discussed in connection with coni-
cal intersections between two excited states. The remaining sections will be
concerned with the implementation of analytic derivatives for CIS(D,,) and
ADC(2), which are a prerequisite for an efficient determination of stationary
points on the (excited state) potential energy surfaces, and a comparison
of the performance of the three methods CC2, CIS(Dy) and ADC(2) for
equilibrium structures and vibrational frequencies.



2 Relation between CC2 and the CIS(D.)
and ADC(2) models

For the CC2 model, which has been designed such that for single replacement
dominated transitions the excitation energies are correct through second-
order in the fluctuation potential, the Jacobian becomes

<C; [(FI+ [FI,TQ]),TE”HF> < [H T,gld]|HF>
ACC2 — (4)

(5[4, 7] |F) (5|17 7¢f] e

where F is the usual Fock operator and H = exp(—T1)H exp(T}), ie. a
Hamiltonian similarity transformed with the exponential function of the sin-
gle replacement part of the cluster operator 7' = T} + T;. Here and in the
following indices 7, j, k, . ..are used for orbitals which are occupied in the ref-
erence determinant |HF) and indices a, b, ¢, ...are used for virtual orbitals.
¢ and 758 denote, respectively, single and double replacement operators.

As by-product of its construction as derivative of the residual of ground-
state cluster equations, the CC2 Jacobian contains some contributions which
would not be needed to obtain excitation energies correct through second-
order: the terms introduced via the similarity transformation with exp(—7})
contribute only in third and higher orders to the excitation energies of single
replacement dominated transitions. The “minimal” Jacobian which gives
excitation energies correct through second order is obtained by replacing
in A€C? the CC2 ground-state cluster amplitudes by the amplitudes from
first-order perturbation theory—which implies that the singles replacement
part of the cluster operator 71 vanishes, if the Brillouin condition is fulfilled.
The resulting Jacobian is that of the CIS(D,) model, an iterative variant of
CIS(D) introduced by Head-Gordon et al. [18]:

<j [(H+ [H, T,}”]),T,g] HF> < [H, T,gld”HF>
= (5)
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Similar as the CIS(D) perturbative second-order correction to CIS excitation
energies, also the CIS(D,,) excitation energies cannot directly be derived
from the response function of a known (ground-state) wavefunction model.
A characteristic it has in common with propagator methods. Indeed, the
secular matrix for CIS(Dy,) differs only in a small (but important) detail
from a propagator method proposed about two decades ago by Schirmer [8]:
the algebraic diagrammatic construction through second order ADC(2). The
secular matrix used in ADC(2) is just the symmetric or, in the complex case,
the Hermitian part of that for the CIS(Dy,) model:

1
AADC2) 5(ACIS(D(,O) + (ACIS(DOO))T) (6)

Provided that the Hartree-Fock reference determinant fulfills the Brillouin
condition (¢|H|HF) = 0, i.e. for a closed-shell or an unrestricted open-shell
case, the CIS(Dy,) Jacobian can be rewritten as:

¢ o+ HF) |
(o H|) (o “)
(7)

with Fyr = (HF|H|HF) and Ey = (HF|F|HF). Thus, in these cases the
symmetrization in Eq. (6) affects only the second-order contribution to the
sin%les—singles block, i.e. the terms proportional to the ground-state doubles
Tz(l . All other contributions are already Hermitian.

The above relations between CC2, CIS(Dy,), and ADC(2) provide a sim-
ple recipe to implement the latter two methods in an existing CC2 program:

H — Eyp H

([, 75"), ]
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H

F—FE,

e For CIS(D) the only modification required is that the converged CC2
ground-state amplitudes are replaced by those from first-order pertur-
bation theory.

e For ADC(2) in addition the contributions of [H,75"] to the singles-
singles block have to be symmetrized. This can be achieved with a few
additional operations at costs of O(n?N?).



3 Intersections of excited states in coupled-
cluster response theory

As pointed out in the introduction, the coupled-cluster response or equation-
of-motion methods lead to Jacobi or secular matrices which in general are not
symmetric. While this usually does not cause any problems in single-point
calculations for vertical excitation spectra or in the optimization of excited
state equilibrium structures, it has serious consequences for the topology of
the potential surfaces at intersections between excited states.

If one assumes that the Jacobi matrix has been block diagonalized by
applying a (non-unitary) transformation

A=LAR with LR=1, (8)

such that for a pair of nearly degenerate states (7, j) one is left with a 2x2-
problem which has been decoupled from all other eigenvalues:

.0 0 0

— |0 4 4y o

A=l 0 4, 4, o )
0 0 0 -

The 2x2 block for this effective two-state problem can in general be written

in the form B
~2><2_ E—A S—A
A _<S+A E+A (10)

which gives the eigenvalues F) o = E & /A2 + 52 — A2, For a symmetric
matrix, i.e. when A = 0 for all values of the coordinates, the two states
will be degenerate if both parameters A and S become zero. This leads to
the well-known result [19, 20] that (ignoring spin-orbit effects) states of the
same symmetry may have a seam of intersection with the dimension N —2,
where N is the number of internal degrees of freedom (nuclear coordinates).
For states of different symmetry S vanishes for symmetry reasons and the
intersection seam may have the dimension N — 1.

For a non-symmetric Jacobi matrix, as in general obtained for the itera-
tive coupled-cluster response or equation-of-motion coupled-cluster methods,
a number of different cases can be distinguished, depending on the magnitude
of the antisymmetric contribution to the coupling A:
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Figure 1: Intersection of two states of the same symmetry as described by
a symmetric and a non-symmetric secular matrix. The potential curves ob-
tained with a symmetric secular matrix are shown as broken lines. The full
lines are the potential curves for a non-symmetric secular matrix in the region
where both eigenvalues are real, while for the region where the eigenvalues
are complex only the real part is shown as a dashed and dotted line.



1. A% < A?+5?, which is the situation usually encountered in single-point
calculations for vertical excitation energies and in the optimization of

equilibrium structures for excited states: One obtains two real eigen-
values By 9 = E £ /A% 4 52 — A2,

2. A2 < A? 4+ 52 this leads to a conjugated pair of degenerate roots with

eigenvalues E} 9 = E +ivA2 — A2 - §2,

3. A2 = A? + 5?2 a condition, which for states of the same symmetry in
general will be fulfilled in N™* — 1 dimensions. In this case one obtains
an unphysical apparent degeneracy. It can be considered as a kind of
instability along a path which connects the two previous cases.

4. only for A = A = S = 0 a true intersection of the states is found.
For states of the same symmetry this condition will only be fulfilled in
N _3 dimension, i.e. in a manifold which compared to the intersection
seam of a symmetric matrix is reduced by one dimension.

Methods with a non-symmetric secular matrix will thus in general not be
able to describe conical intersections between states of the same symmetry
qualitatively correct. Figure 1 shows a typical two-dimensional cut through
potential energy surfaces in a plane where the two states intersect. While a
symmetric secular matrix leads to a conical intersection, the potential energy
curves obtained with a non-symmetric secular matrix pass—as the intersec-
tion is approached—through a point with an (apparent) degeneracy of the
two states before a region is entered in which the eigenvalues are complex.
This region encloses the intersection seam obtained with a symmetric ma-
trix. At the points with apparent degeneracies the derivatives of the potential
energy curves with respect to the coordinate ) become singular.

Figure 2 shows a three-dimensional plot of a similar situation, but now
the energy axis has been skipped and instead the points where the two eigen-
values are degenerate are shown in a space spanned by the tuning coordinates
of the conical intersection and one coordinate along the intersection seam.
In this subspace, the points at which the two states become degenerate with
a non-symmetric Jacobian (4% = A? + S?) form a tube or cone around the
intersection seam obtained with a symmetric secular matrix. If the anti-
symmetric contribution to the off-diagonal matrix element A is a parameter
independent of the symmetric contribution S, a true intersection of the two
states is only found in a subspace with a dimensionality which-—compared
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Figure 2: Intersection of two states shown in a space spanned by the two
tuning coordinates of the conical intersection and one coordinate along the
intersection seam. The thick line is the intersection seam obtained with a
symmetric secular matrix. For the non-symmetric matrix the surface on
which the two eigenvalues are degenerate is plotted.
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to the dimensionality of intersection seam obtained with a symmetric secular
matrix—is reduced by one.

The standard coupled-cluster response and equation-of-motion coupled-
cluster methods (CC2, CCSD, ...) will thus in general not give a qualita-
tively correct description of potential energies surfaces (for excited states) at
or close to conical intersections. Only if, e.g. because of symmetry reasons,
the antisymmetric and the symmetric contribution to the coupling matrix
element vanish simultaneously a true intersection will be found. To obtain a
qualitatively correct description of intersections between states of the same
symmetry requires a symmetric secular matrix. For such problems the alge-
braic diagrammatic construction methods could be a useful alternative. But
in order to make them applicable to intersections in molecules with more than
a few atoms, efficient techniques for the localization of stationary points on
(excited state) potential energy surfaces are needed [19]. Analytic gradients
for excitation energies and total energies of excited states are one important
prerequisite for this.

4 Implementation of analytic excited state
gradients for ADC(2) and CIS(D.,)

4.1 The relaxed excited state Lagrange function

Since in contrast to the CC2 model, ADC(2) and CIS(D,) are not derived
from the response function of a ground state method, there is no unique
definition of total energies. One could combine the excitation energies pro-
vided by these methods with ground state energies of any suitable method.
However, both for consistency to which order in the fluctuation potential cor-
relation effects are accounted for and for computational convenience second-
order Mgller-Plesset perturbation theory appears to be the most natural
choice. With this definition of the total energies, the implementation of an-
alytic gradients for excited states becomes a relatively simple task. Indeed,
all the expressions can be obtained as simplifications of those for the CC2
model [21]. In particular, we can define a variational Lagrange function for
the total energy of an excited state f as [21, 11, 22]:

2
L' = (HF|H+[H T|HF)+ Y > El A, El (11)

v
6,J=1 WiV
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The first term on the right hand side gives the MP2 ground state energy,
with |HF) the Hartree-Fock reference wave functions and Ty = 3° ,, t,,,7,, the
cluster operator for the first-order doubles. (In the following u; or 4 will be
used to enumerate single replacements and ps or v, for double replacements.)

The second term in Eq. (11) represents the excitation energy and the
subsequent term ensures the (bi-)orthonormality of the eigenvectors E/ and
EJ. To cover both the ADC(2) and the CIS(Dy) model, we allowed for
different left (E7) and right (E7) eigenvectors. Requiring stationarity of the
Lagrangian with respect to E/ and E7 leads to the left and right eigenvalue
problems for the Jacobian A, which determine Ef, Ef and w/. Since for
ADC(2) the Jacobian A is Hermitian, for this model left and right eigenvec-
tors will always be identical.

The last two terms of the Lagrangian in Eq. (11) resemble terms in the
Lagrange function for the MP2 ground state energy. The first one determines
the Lagrange multipliers ¢,, for the ground states doubles equations,

Quy, = (2| H + [F, To]|[HF) = 0 (12)

where F' is the Fock operator (for the definition of the projection manifold
(12| see e.g. Ref. [23]), and the other determines the Lagrange multipliers
Ky, for the Hartree-Fock equations, i.e. it implements the constraint that the
subspace pi of the Fock matrix elements is zero. Depending on the choice for
the manifold uo one obtains either the Brillouin condition (Fj, = 0) or the
canonical condition (diagonal Fock matrix) or an intermediate semi-canonical
condition. The Hartree-Fock state is for the following parameterized as

[HF) = exp (g (7o — 7)) HF ) (13)

10
where |HFy) is either the unperturbed state, or if the orbital basis depends
on the perturbation—as it does in the case of geometric derivatives and
also for magnetic fields if GIAOs are used—a determinant build from the

orthonormalized molecular orbital (OMO) basis for the distorted system [24].

Similar as MP2 and CC2, also the ADC(2) and CIS(D,,) models can be
implemented very efficiently using the resolution-of-the-identity (RI) approx-
imation which allows for a fast AO to MO transformation

B =3 (Y Cu ;cﬂxamm)v;é” (14)

P

12



and a subsequent fast formation of four-index integrals in the MO basis

(ai|bj) =~ (ai|bj)™ ZB (15)

In the latter equations Vpg = (P|Q) and (a3|P) are, respectively, two- and
three-index electron repulsion integrals (ERIs) and P, @) denote orbitals from
an auxiliary basis used to resolve the identity. Since only N3-scaling inter-
mediates are needed on disk, the I/O requirements are reduced drastically
compared to a conventional four-index transformation. For further details
about the RI approximation, e.g. the choice of auxiliary basis sets and the
accuracies obtained for ground and excited state energies and properties, the
reader is referred to Refs. [21, 25, 26].

4.2 The effective orbital-relaxed one- and two-particle
density matrices

In the present implementation the Hartree-Fock equations are still solved
using conventional four-index integrals. Therefore, we need to distinguish
between contributions to the Lagrangian which arise from the reference state
and the Fock operator and those which are calculated using the RI approx-
imation. However, this is anyway advantageous since it leads to simple ex-
pressions to account for a frozen core approximation. For this purpose, we
rewrite the Lagrange function, Eq. (11), as

L = (HF|H[HF) + Z Fouo Fuo + Z (D@ + Dp (B, E)) Fyg (16)

o(l— Y Y EE,)+ - 2 (dpser4(t) + dpser*(E, E)) (pg|rs)™

=12 U

where the superscript f is from now on omitted for brevity. Above, the
one-particle densities

DF& Ztuz (12| [Epg, To] | HF) (17)
and
Dy (B,E) = ZZWEEM (11|[Epg> 7, ][HF) B, (18)
+ “z; Epy (p2|[Epg, 70, HF) E

13



Table 1: Explicit expressions for the one-particle densities DTE(t) and
DFA(E, E) defined in Egs. (17) and (18).

DT(t) DFA(E, E)
D;; — Pav Tptep — Y0 EojBoi — Lo ESER
D;, 0 Zjb Ebj(QEfjb — Ef;)
Dy Yije E?ft%: > EaiEyi + Dije E%CE%:

have been introduced. These densities contain only contributions from the
correlation and excitation treatment. The two contributions to the non-
separable two-electron density read:

dZ,fff’f(f) = (HF|[epqrs, T>]|HF) + ; tus (12| €pgrs|HF) (19)
and
dyport (B, E) = EV:I E, (11|[€pgrs: Tn] + [[epgrs; ), TRl [HF)E,, (20)
+ %;2 E, (i1 [epgrs; o) [HF) B, + %}:1 E,, (2| [epgrs; 7, | [HF) B,

Explicit expressions for the densities are given in Tables 1 and 2 for a
closed-shell RHF reference determinant and an excited singlet state. For
the modifications needed for excited triplet states or for an UHF reference
determinant see Refs. [27, 21]. Note that the elements of D" and d"*® are
non-zero only if all indices refer to active orbitals. D;;”f and d™*¢P<€ are related
to the unrelaxed correlation contributions to the MP2 one- and two-electron
densities, which are recovered as D/f(tM"') and dpseb4(#MP!) where M7
are the Lagrangian multipliers from first-order Mgller-Plesset perturbation
theory. D4 and d"**P4 contain the contributions from the eigenvectors,
which do not have counterparts in the expressions for the MP2 ground state
densities.

The equations determining the Lagrangian multipliers ¢,, for the ground
state doubles equations are obtained as

2 tus (ol [F, 7, ) HF) = —(HF|[H, 7,,,]|HF) (21)

14
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H171

They reduce to the calculation of MP1-like doubles amplitudes with modified
two-electron integrals [26, 28, 29] and can in the canonical orbital basis di-
rectly be inverted. Similar the double replacement parts of the eigenvectors
E and E are obtained as:

Z ((MQHF’ TU2]|HF> - w5M2V2)EV2 = - Z(MQHH’ TU1]|HF>EU1 ’ (22)
and
Z EMQ ((MZHF’ Tl/z] |HF> - wauzvz) = - Z Eul <:U‘1 | [H’ Tvz] |HF> . (23)

The Lagrangian multipliers for the Hartree-Fock equations & are determined
as usual from a set of CPHF or Z-vector equations:

> kar(Aarps — 6apea — drs€r) = =1, (24)
Al

where the indices I, J and A, B denote, respectively, general (i.e. active and
frozen) occupied and virtual orbitals and ¢, are the SCF orbital energies. The
CPHF matrix Apgs is defined as Apys = 4(pg|rs) — (prlgs) — (ps|rq) with
conventional four-index ERIs. The right-hand-side vector for the Z-vector
equations can be calculated from the one- and two-particle densities in Eqs.
(17)—(20):

1 ex exr 1 ex exr
Nar = 2 (DZ’I + D4 )(61 —€4) = 4 > (D;:;’ + D(ZB )quAI (25)
Pq

3 [ (e + e (ol o)™ — (e + i) (plrs)™

prs

where for brevity the excited state densities

Dy = Dy + Dyt (26)
disepes = qusent 4 qnoepA, (27)

were introduced.
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Table 2: Explicit expressions for the non-separable two-particle density ma-
trices d™¢(f) and d™4(E, E) defined in Egs. (19) and (20). The intermediate
C used for the formulation of d™>#(E, E) is defined as Cy; = Y3 Ep; (2650 —1%);
for the definition of the Lagrangian multipliers f%’ and the symmetrization
operator S see text.

&(D) 4 (E, E)
dijka 0 — ¥ By (2B} — EY) — 3y BV By,
dijab 0 _Eaiji
diagp 4%@ — 2t3 Sfjb{QCaiEbj = ChiEqj
i = Sk (X EeBey) (2155 — 147)
= Zo (Sk EoxBor) (2158 — 136}
+2EbjEm-
diase 0 5, Ey(2B% — B%) 4+ 5, ESE,

The first derivative of the excited state energy with respect to an external
perturbation z can now be evaluated from an expression which is analogous
to that for RI-CC2 [28, 21]:

dL e ao Se CLO e ao
<d—> ZD h haﬂ+ > A (aBlyo) ZF f1aogll (28)
z =0 aﬂ’yé
+ Z AT (aB|P)E ZVPQVPQ,

afP

where hlZl, SEL (aB|v8), (aB]P)*! and VIL% are the derivatives of, respec-
tively, the one-electron Hamiltonian, the overlap and the four-, three- and
two-index coulomb integrals in the AO basis and the effective (or relaxed)
one-particle density is defined as

D =3~ CopCpe Dyt (29)
pq
with X
e ! VA - -
DIl = DSOF + DI+ DEA + 5 (Fpg + Figp). (30)

16



The separable part of the two-electron density is easily constructed on-the-fly
during the contraction with the derivatives of the ERIs from D¢/ and the
SCF one-electron density DS¢F:

dz%of,yt;o _ 8,%3 (1 B %Pﬂé) (Dzjgf,ao B _DSCF ao) DSCF ,a0 (31)

Here, 5% "5 Symmetrizes a function according to fff ffff = ff;‘f + fff‘ and Pygs
denotes a permutation operator which interchanges two indices.

The non-separable part of the two-electron density is contracted with two-
and three-index electron repulsion integrals to the intermediates

A" anpcﬂqunsfﬁ “(rs|Q)V; (32)
rs@
and
vrg = O (aBIR)ALF VRS, (33)
aBR

The latter occurs in the gradient expression since also the auxiliary basis
depends on the nuclear coordinates which gives rise to a contribution from
the first derivative of the metric matrix Vpg. A similar contribution from
the overlap matrix of the one-electron basis is contracted with an effective
Fock matrix, which can be expressed as

e ao ]‘ mnsep,exr nsep,exr
i = 03 CapCaa X (A + disgt ) (rslta) ™. (34)
pq

rst

1
+§ % CapCiq (D;ch;f + D;}ff) €+ % CarCq ; (Dyi’ew + Rrs)Arqu
The implementation of the one- and two-particle density within the frame-
work of the RI approximation and the partitioned doubles-amplitude direct
formulation follows closely the algorithms described in Refs. [28] and [21] for
the ground and excited state gradients for CC2.

For ADC(2) and CIS(Dy,) the course of a gradient calculation after the
solution of the eigenvalue problem (which for CIS(D,) implies the deter-
mination of both the right and the left eigenvectors) can be be sketched as
follows:

e First the eigenvectors are normalized as 3-,—1 5>, E,E, =1

2
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e Then the unrelaxed one-electron densities D¢ and D4 and interme-
diates for the two-electron densities are computed.

e The right-hand-side for the CPHF 7" equations and the effective Fock
matrix F¢// are set up and the CPHF equations are solved.

e Finally the contributions to the gradient are evaluated by contracting
the derivative integrals with the respective densities.

Note, that in contrast to CC2 for ADC(2) and CIS(D) after the solution
of the eigenvalue problem no other equations with O(N?) scaling costs must
be solved iteratively.

5 Performance of correlated second-order
methods for excited state structures and
vibrational frequencies

From the discussion in Secs. 2 and 3 it follows that for well-isolated states,
i.e. far from same-symmetry intersections, the non-Hermitian contribution to
the Jacobian in which ADC(2) and CIS(D) differ should have only a small
effect on the eigenvalues and vectors. Test calculations on a few diatomic
molecules and CH,O and CyHj show that indeed ADC(2) and CIS(Dy,) give
not only vertical excitation energies, but also adiabatic excitation energies,
bond lengths and vibrational frequencies, which are almost identical. The
differences are close to or fall even below the convergence threshold used
for the calculations. Since ADC(2) has both conceptual and computational
advantages over CIS(Dy), the latter model will in the following not be con-
sidered further.

In the next two subsections the results of two sets of test calculations are
presented. The first test is a comparison of a hierarchy of single-reference
methods methods for excited states up to approximated coupled-cluster sin-
gles, doubles and triples methods in large basis sets but restricted to diatomic
molecules. In the second part only ADC(2) and CC2 are compared for a set
of small and medium sized polyatomic molecules for which excited state ge-
ometries and frequencies are experimentally well-known.
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Table 3: Comparison of ADC(2) and CIS(D,,) for excitation energies and
structures of excited states. The calculations on Ny and BF where carried out
in the aug-cc-pwCVQZ basis sets and all electrons have been active, while
for CH,0O and CsH; the aug-cc-pVQZ basis and a frozen core approximation
was used. Experimental values taken from Refs. [30, 31, 32].

Molecule State Property CIS(D.,) ADC(2) CC2 Exp.

Ny wlA, Tyer 10.629 eV 10.628 eV 10.584 eV
T, 9.36 eV 9.36 eV 9.37 eV 8.94 eV
R, 128.1 pm 128.1 pm 1293 pm 126.8 pm
we 1449 cm™! 1449 em™! 1360 cm™! 1559 cm™!

BF AMI Ty 6.424eV  6.424 eV
T, 6.36 eV 6.37 eV 6.36 eV 6.34 eV
R, 1312 pm 131.2pm 131.4pm 130.4 pm
We 1214 cm™! 1214 em™! 1213 em™! 1265 cm™!

CH,O 11'A" T, 3.930eV  3.930 eV 4.025 eV
To 3.30 eV 3.30 eV 3.52 eV 3.49 eV
d(CO) 1382pm 138.2pm 1355 pm 132.3 pm
¢ 14.6 deg  14.6 deg  25.7deg  34.0 deg
vo(a’) 1344 ecm™' 1344 cm™' 1321 em™' 1293 ¢cm !

CH,O 13A" T, 3.477eV  3.476eV  3.556 eV
To 2.91 eV 2.91 eV 3.05 eV 3.12 eV
d(CO) 134.5pm 1345 pm 133.6 pm 132.3 pm
¢ 33.4deg 33.5deg 38.1deg 41.1 deg
va(a’) 1323 em™ 1320 ecm™ 1298 ecm™ 1283 cm™!

CoHy 1A, Tyer 7.224eV  T7.224eV  7.199 eV
Ty 5.38 eV 5.33 eV 0.23 eV
d(CC) 137.3pm 1373 pm 138.1 pm 137.5 pm
vao(ag) 1426 cm™' 1426 ecm™' 1368 cm™ 1385 ¢cm™!
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5.1 Benchmark study on the four diatomic molecules
N,, CO, BH, and BF

81— ]
- 1 max. abs. error e
5 B mean error B
] mean abs. error
= B 7 standard deviation 7
O 41—
=
= L
— 2
b -
0
2+ CIS CIS(D) ADC(2) CC2 CCSD CCSDR(3) CC3 —

Figure 3: Errors in calculated bond lengths for 19 excited states. Experi-
mental data from Ref. [31]; for technical details of the calculations see text.

For the comparison of the second-order methods for excitation energies
with highly correlated methods which account also for the effects of connected
triples, four molecules N5, CO, BH, and BF have been selected since for these
several excited states are experimentally well known and have minima at not
too far stretched internuclear distances and accurate basis sets are available.
The test set consists of 11 singlet and 19 triplet states:

Ny : A’SS, BPll,, B'*°%;, o 'S, a ', w'A,, C°II,
CO: oI, AL BIS*, C I+

BF : o311, A'II, B 'S+, C 'S+, b 3%, d 311

BH: A 'l B IS+

and the following methods have been included in the comparison:
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e configuration interaction singles (CIS), which is equivalent to coupled-
cluster singles (CCS)—provided that the Hartree-Fock reference wave-
function fulfills the Brillouin condition

e CIS(D), a perturbative doubles correction to CIS

e the algebraic diagrammatic construction through second order ADC(2)
e the approximate coupled-cluster singles and doubles model CC2

e coupled-cluster singles and doubles (CCSD)

e CCSDR(3), a perturbative triples correction to CCSD—since for this
method no implementation for triplet excited states is available, the
results for CCSDR/(3) include only the 11 singlet states of the test set.

e the approximate coupled-cluster singles, doubles, and triples model

CC3

For single excitation dominated transitions, as the investigated states are,
CIS is correct through first order in the fluctuation potential, the methods
CIS(D), ADC(2), CC2 and CCSD are correct through second order, and
CCSDR(3) [33] and CC3 [34, 35] are correct through third order. As in Sec.
4 the total energies for CIS(D) and ADC(2) were defined as the sum of the
excitation energies obtained with these models and the MP2 ground state en-
ergy, the CCSDR/(3) excitation energies were combined with the ground state
energies from from the CC(3) perturbative triples correction [33] to CCSD.
The CCSD, CCSDR(3), CC(3), and CC3 calculations have been carried out
with the Dalton quantum chemistry package [36]; for all other calculations a
development version of Turbomole was used.

To avoid any bias of the results due to core correlation effects all electrons
have been correlated and the aug-cc-pwCVQZ basis [37, 38, 39, 40] has been
used. This basis set should even for the triples methods CCSDR(3) and CC3
give results close to the basis set limit. Detailed results for the bond lengths,
the harmonic vibrational frequencies and the adiabatic excitation energies
are given in the Appendix. A summary of the results is shown in Fig. 3 — 5.

For none of the three investigated quantities (bond lengths, vibrational
frequencies and adiabatic excitation energies) the convergence within the
coupled-cluster hierarchy is as smooth it is usually found for vertical ex-
citation energies. In particular for the bond lengths and the vibrational

21



500

7
E4 max. abs. error
400+ B mean error N
- mean abs. error
standard deviation
3001 7] =
&
(&)
= 200 -
£
S
— 100 - B
@ ?
i & & y / .E
0 I A
-100| CIS CIS(D) ADC(2) CC2 CCSD CCSDR(3) ccs3 N

Figure 4: Errors in calculated harmonic frequencies for 19 excited states in
Ny, CO, BH, and BF. Experimental reference data taken from Ref. [31]; for
technical details of the calculations see text.

frequencies the results indicate some oscillations within the CC model hi-
erarchy, similar to that found for ground state bond length and vibrational
frequencies [23]: CIS gives, similar as SCF for the ground state, much too
short bond lengths—for the 19 states included in this test set R, is on the
average underestimated by about 3 pm. CC2 overestimates the correlation
contribution and thus the bond lengths and their change upon excitation,
while CCSD gives again too short bond lengths, even though CCSD is much
more robust with respect to strong correlation effects, as encountered in Ny
and CO if the bond is stretched upon excitation from a bounding into an
anti-bonding orbital. After inclusion of the effects of connected triples at the
CCSDR(3) and the CC3 level the results are very accurate.

Compared to CC2 the ADC(2) model profits from the somewhat better
stability of the underlying MP2 for the ground state, while the results for the
perturbative doubles correction CIS(D) are intermediate between the results
for CIS and ADC(2). However, two of the example molecules, Ny and CO, are
difficult cases for single-reference methods and in particular for CC2. Taking
this into accound, one can, based on the above trends, expect that for single
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Figure 5: FErrors in adiabatic excitation energies for 19 excited states in
Ny, CO, BH, and BF. Experimental reference data taken from Ref. [31]; for
technical details of the calculations see text.

replacement dominated excited states CC2 and CC3 for larger molecules with
polyatomic chromophores give equilibrium geometries of similar accuracy as
obtained with these methods for the ground state, i.e. close to the accuracy
obtained with, respectively MP2 and CCSD(T). Similar, CCSD cannot be
expected to give for excited states geometries which are more accurate than
those for ground states. Its main advantage lies in its robustness.

The results for harmonic frequencies corroborate the above observations.
For almost all excited states it is found that the vibrational frequencies are
overestimated (underestimated) the more the bond lengths are underesti-
mated (overestimated). Thus, CIS and, to a lesser extend, CCSD give too
high vibrational frequencies, while CC2 usually yields to low vibrational
frequencies. Again, after inclusion of approximate triples in the methods
CCSDR(3) and CC3 the results are close to the experimental values.

In contrast to the smooth convergence of vertical excitation energies in
the hierarchy CCS — CC2 — CCSD — CC3, the adiabatic excitation energies
change more irregular: no improvement is obtained when going from CC2 to
CCSD. The CCSD results have about the same accuracy as those obtained
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with ADC(2). The results obtained with the perturbative doubles correction
CIS(D) are slightly larger. First after the inclusion of connected triples at

the CCSDR(3) and CC3 level a systematic and significant improvement upon
CC(C2 is obtained.

5.2 Comparison of ADC(2) and CC2 for polyatomic
molecules

The benchmark results from the previous subsection include only states in
four diatomic molecules. It will of cause require further studies, in particular
for polyatomic molecules to see how general these findings are. But, for
polyatomic molecules excitations are usually delocalized over chromophores
which comprise several atoms and, as a consequence, the changes in the
bond lengths upon excitation will be more moderate than they are in small
molecules.

This means that the results will be much more dominated by the perfor-
mance of the underlying ground state method. Though, one would expect
for polyatomic molecules—in particular if the differences between the bond
lengths in the ground and the excited states are not large—that the approx-
imate doubles methods ADC(2) and CC2 give results of almost the same
accuracy as obtained for ground state geometries with MP2 and CC2. How-
ever, for small molecules like CH,O, CyH,, where the excitation process is
essentially localized at one bond, similar difficulties as found above for the
diatomic molecules have to be expected.

In Tables 4 — 6 some results are listed for 0-0 transition energies, equilib-
rium bond lengths and angles and vibrational frequencies for 13 excited states
of small polyatomic molecules, where accurate experimental results are avail-
able. The CC2 results, which have been taken from Ref. [21], and the ADC(2)
results, which are from the present work, have been obtained in the aug-cc-
pVQZ basis sets (aug-cc-pV(Q+d)Z for the atoms Si—Cl) [37, 38, 39, 42]. The
frozen core approximations has been used throughout, with the 1s orbitals
frozen for the atoms B-F and 1s2s2p frozen for Si—ClI.

In contrast to the diatomic molecules investigated in Sec. 5.1, where from
the experimental data values for 7,, R, and w, could be extracted, for the
excited states in these molecules experimental data is only available for 7y,
Ry and fundamental frequencies. This limits somewhat the comparability
with the calculated values, which have been obtained within the harmonic
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Table 4: 0-0 transition energies (in eV) in the harmonic approximation.

Molecule State CC2 ADC(2) Exp.
SO4 13B; 2.92 2.94 3.19%
SiFy 1B, 5.49 5.44 5.34°
CCl, 1B, 2.11 2.00 2.14°
CS, 13A, 3.29 3.18 3.25
HCN 1A 6.72 6.82 6.48°2
HCP 1 LA 4.48 4.51 4.312
CoHy 1A, 5.33 5.38 5.232
CH,0 11A” 3.52 3.30 3.49¢

13A" 3.05 291 3.12¢

CH,S 11A, 2.15 2.03 2.03¢

1 3A" 1.79 1.69 1.80°

CHOCHO 1A, 2.70 2.63 2.722
HC,CHO 1 LA 3.17 2.90 3.242

*From Ref. [31]. °From Ref. [41]. °From Ref. [32]

approximation. This impairs in particular the results for C-H bond lengths
and the corresponding stretchings modes, for which anharmonic effects are
sizable.

The results listed in Tables 4 — 6 indicate that the above anticipated
trends are indeed found for polyatomic molecules. In the 0-0 transition en-
ergies f.ex. the mean absolute error (MAE) is for CC2 0.1 eV, only for SO,
and HCN the errors are larger than 0.2 eV. Also for ADC(2) the MAE of
0.17 eV for these polyatomic molecules is considerable smaller than for the
diatomic molecules studied in Sec. 5.1. Interestingly, the difference in mean
absolute errors for CC2 and ADC(2) is almost the same for the excited states
in the polyatomic molecules listed in Table 4 and for the excited states in
the diatomic molecules (Table 9) studied in the previous subsection.
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Table 5: Excited state structure parameters (bond lengths in pm and angles
in degrees) calculated with CC2 and ADC(2). Unless otherwise stated the
experimental data was taken from Refs. [31, 30].

Molecule State Parameter CC2  ADC(2) Exp.
SO, 13B,  d(SO) 155.4  151.8 149.4
£(0S0) 1288 1265 126.1
SiFy 2 1B, d(SiF) 162.8 162.3 160.1
/(FSiF) 115.9 116.0 115.9
CCl, ® 11B,  d(CQl) 164.8  164.7 165.2
/(Cl1CQl) 132.0 131.6 131.4
CS, 13A, d(CS) 164.9 163.7 164.0
/(SCS) 135.7 136.7 135.8
HCON 1A d(CH) 1115  111.3 114.0
d(CN) 1321 1293 129.7
/(HCN) 1223 127.6 125.0
HCP 11A” d(CP) 171.6 168.2 169.0
/(HCP) 128.4 137.1 128.0
CoH, ® 1'A,  d(CC) 1381  137.3 137.5
d(CH) 109.2  109.1 110.5
/(HCC) 122.0  122.2 121.4
CH,O © 1'A”  d(CH) 108.7  108.4 109.8
d(CO) 135.5  138.2 132.3
/(HCH) 121.6  124.1 118.4
¢4 25.7 14.6 34.0
CH,O © 13A"  d(CH) 109.2 1089 108.4
d(CO) 133.6  134.5 130.7
/(HCH) 118.0  119.8 117.9
¢ ¢ 38.1 33.5 41.1
CH,S © 1A, d(CH) 108.3 108.3 107.7
d(CS) 170.6 1719 168.2
/(HCH) 121.2  121.2 120.7
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Table 5: (continued)

Molecule State Parameter CC2  ADC(2) Exp.
CH,S © 13A" d(CH) 108.2 108.2 108.2
d(CS) 168.9  169.3 168.3
/(HCH) 1205 1213 119.3
¢ 15.0 4.3 11.9
trans-(CHO), ¢ 1A,  d(CQO) 147.9 147.7 146.0
d(CH) 109.5 109.4 112.0
d(CO) 1254 125.0 125.0
/(HCC) 114.5 114.9 114.0
/(0OCC) 123.9 123.6 124.0
HC,CHO 1'A"  d(CiCy) 123.8 122.9 123.8
d(C,H) 106.3  106.3 107.5
d(C5Cs) 136.0  135.8 136.4
d(C5H) 1085  108.3 109.1
d(C30) 140.6 144.9 132.5
2Experimental values from [41].  PExperimental values from [43].

°Experimental values from [32]. ?Out-of-plane angle of the oxygen or
sulfur atom, respectively. °Experimental values from Ref. [44].

Table 6: Harmonic vibrational frequencies (cm™') calculated with CC2 and
ADC(2). Unless stated otherwise, the experimental values are taken from
Refs. [31, 30].

Molecule State Mode CC2 ADC(2) Exp.
SOQ 1 3B1 14} (CLl) 673 852 906
vo(ar) 285 337 360
SIFQ 1 1B1 1/1(&1) 705 714 598
vs(ay) 235 236 342
CCIQ a 1 lBl 14} (CLl) 641 643 634
vo(ar) 308 310 303

27



Table 6: (continued)

Molecule State Mode CC2 ADC(2) Exp.
CSQ 1 3A2 12} (al) 682 727 692
vo(ay) 243 311 311

HCN 1A () 1345 1661 1496
vs(d') 963 973 941

HCP 1IA"  py(d!) 888 1061 951
vs(d') 636 647 567

C,H, 1A, w(ay) 1368 1426 1385
vs(ay) 1086 1088 1048

CH,O ® 1IA"  yi(d!) 3064 3107 2846
vo(a') 1321 1344 1293

vs(a') 1015 859 1183

vs(a) 3202 3255 2968

ve(a) 873 867 904

13A" () 1298 1320 1283

CHQS b 1 1A2 141 (al) 3127 3124 3034
vo(ar) 1343 1346 1320

vs(ar) 799 751 859

va(br) 3253 3254 3081

vs(br) 769 772 799

v (a’) 1337 1342 1320

vs(d') 846 826 859
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Table 6: (continued)

Molecule State Mode CC2 ADC(2) Exp.
trans-(CHO), ¢ 1A,  1v1(ay) 3052 3070 2809
vo(ay) 1369 1410 1391
vs(ag) 1233 1252 1195
v4(ag) 995 1019 952
vs(ayg) 494 504 509
ve(ay) 754 760 720
vr () 219 221 233
vg(by) 763 782 735
vio(by) 1248 1219 1281
v (by) 1176 1096 1172
v12(by,) 372 372 379
HC,CHO ¢ 1TA"  wy(d) 3170 3200 2953
v3(a') 1898 1970 1946
vy(a’) 1218 1205 1304
vs(a') 1074 1090 1120
ve(a') 780 695 952
vr(a) 642 655 650
vg(a') 471 477 507
vo(a') 171 172 189
vip(a”) 550 593 507
1/11(61,”) 416 449 390
1/12(61,”) 324 340 346

*Experimental values from Ref. [41]. *PExperimental values from Ref. [32].
*Experimental values from Ref. [45]. “Experimental values from Ref. [46].

For bond lengths and angles and for vibrational frequencies the perfor-
mance of the two methods is—at least for the present test set—on the aver-
age very similar. ADC(2) improves upon CC2 in several cases where multiple
bonds are weakend upon excitation, es e.g. for HCN, HCP, CyHj or the dif-
ficult case of SO,. On the other hand, ADC(2) performs inferior for n — 7*
transitions as in CH,O, CHyS and HC;CHO, where it gives by far too long
C-0O distances and too low frequencies for the modes involving these bonds.
However, one has to keep in mind that the calculated CC2 and ADC(2) re-
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sults are not strictly comparable to the experimental reference data, since in
in the calculations anharmonic effects have been neglected. Even though this
is not expected, it cannot, without further investigations, be excluded that
corrections from the anharmonicities will change the conclusions about the
performance of CC2 and ADC(2) for excited state equilibrium structures.

6 Summary and Conclusions

The coupled-cluster methods CCS (CIS), CIS(D), CC2, CCSD, CCSDR(3),
and CC3 form today a relatively well-established hierarchy of black-box
methods for excited states. With the implementation of analytic gradients
[21, 47, 48, 49] it is for some of these methods now possible to obtain equi-
librium structures for electronically excited states of small and medium sized
molecules in an almost routine manner.

The benchmark study in Sec. 5.1 which compares the performance these
methods indicates, in agreement with previous results in the literature [49,
50, 51, 52], that the accuracies obtained for equilibrium structures and har-
monic frequencies of single excitation dominated excited states are almost
comparable to those obtained for the ground state. It is found that CCSD,
even though much more robust with respect to strong correlation effects than
the approximate singles-and-doubles methods CIS(D), ADC(2), and CC2, is
in general for equilibrium structures not systematically more accurate than
these methods. As a consequence CCSD is also not able to improve for
adiabatic excitation energies upon the results obtained at the CC2 level.

A drawback of the standard CC response or equation-of-motion CC meth-
ods is the lack of Hermitian symmetry of the Jacobi or secular matrix. While
this will usually not affect their performance for equilibrium structures, it
leads to qualitative wrong results for the potential energy surfaces of excited
states in the vicinity of intersections between states of the same symmetry:
instead of a conical intersection seam these methods will give a region with
a conjugated pair of complex eigenvalues. Propagator type methods, as the
algebraic diagrammatic construction (ADC) models, which have a Hermitian
secular matrix could for such situations be a valuable alternative.

In Sec. 4 the equations for orbital-relaxed one- and two-particle densities
and analytic gradients of excited states have been derived for the ADC(2) and
the CIS(Dy) model. These have been implemented in the RICC2 module [53]
of the Turbomole package [54] and were used to investigate the performance
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of ADC(2) for excited state potential energy surfaces. The results presented
in Secs. 5.1 and 5.2 show, that ADC(2) gives equilibrium structures and
harmonic frequencies with an accuracy comparable to that of CC2. In some
cases, as for example Ny and CO, ADC(2) is due to the underlying MP2
ground state more robust than CC2. Only for excitation energies ADC(2)
gives somewhat larger errors than CC2.
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A Appendix

In the three tables below the data underlying Figs. 3-5 is collected.

34



9'TeT  ¢'TeT ¢'1gT 12T S03T 03T z0zl  661T X d
6' 12T 2'TTl IR44 6T¢T 90T S0z 90T €0zl I, Vv Hd
01el  CIZl - L0l ¢T3l 013l 018l 6611 II¢ P
0231 Gal iaad| SIel  LeIl 2Tl I'2el 8021 XD
L0z 012l 6031 20gT  0TeT  <C0gT  ¥03T €611 X, d
¢Igl 6121 - T'Iel 6121 ¥'IgT €713 0021 +Xeq
70T L°0€T ¢'0eT T0eT  FIET  TIET '€l 7S¢l I, V
g0eT  T'TET - 90eT  6TET  9TIET ¢TeT  8'6CT Il ® ad
¢TIl ¥ell 021l Q0IT €Il 0%¢IT  LIIT ¢80T +X1D
021l GZIl I'ell 6'0IT €T 9¢IT €¢Il 9801 +X;4d
¢egl  SPel e'eol zeel  98¢T 231 0921 012l I Vv
90T T8l - 61T Leel  ¥IeT 0Tl GLIT Il¢ ® 0D
6FIT  9FIT - TeIT  €9IT  FCIT  €FIT  TOIT "D
8921  ¥Lal €931 eVel €621 TSl 9231 8T "V M
022l ¢eal Rl '0gT 9921  SFgl  0€l 06T 1, e
¢'LeT  0'82T 6'92T 8FCT  TO0ST 0631 ¢zl geer "X e
8221 €82l - ¢eeT  L0eT  g6eT 98T g€l 'R d
S A B R KA - ¢6IT 6721  1°€¢l 2eer 9Ll Pl d
L8231 €631 - 891  CIEl  ¥6¢T 063 8Tl 1XeV eN
dxg €00 (9uasod asdd @D (@pav (@smo S SULITSET (6] (6 1

‘[1€] 39y woj senfea

[ejuewILIodXe ("G "D9G 998 S[IR}8p [ROIUYDL] 1) 10 "Se[nod[owt orwoleIp jo (wd) 2y syjdus| puog :), 9[qR],

35



00¥¢ 68€¢ 06€¢ 86€C 9Lv¢ V8¥¢ 86¥¢ 8CS4C +&1 d

14¢¢ G0ge 60€¢ GELT €LVC 08¥¢ 08¥¢ 064¢ I; v Hd
L691 6191 6666 GeLIT €991 L691 VOLT VLLT IIg P
€191 L84T 1091 1€91 LLGT L091 G191 €0LT +&1 0
7691 091 6891 veLl 9991 6691 TTLT V8LI +K1 d
6¢91 6641 6666 G991 G641 1€91 8E91 VrLT +X&¢ 9
q9ct 1621 6GCl 6.¢1 e1el vict 8eCl G9¢T I; v
veel VIET 6666 VEET LLCT 16¢1 86¢C1 6LET Mg ® G kS|
9L1¢ vele VL1C L8¢¢ are1 ITT¢ veIe 88V¢ +&1 0
€L1C 790¢ 0¢lc €€ee GI8I 0€8I G861 08¥¢ +& d
8ICT 9er1 9€qt V6ST 0LTT vict 9¢ET P91 Iy v
VLT 8891 - 0€8T 429! Grot 9891 G961 IT¢ ® 0D
Lv0¢ €rIe - G9¢¢ G881 7661 €ele €€a¢ "I O
6Ga1 6041 v091 GSLT 09€T ¥Vl esvl 6S81 VM
7691 G891 €GLT 8ERI €ael Gost 9191 7061 °I1, ®
0€CT 16v1 G8ST GELT €0ET [qig! Lyl 18T el
LTGT 08V - T0LT 06¢T OVl 1ig4! P81 "Re M
€eLT 8CL1 - 7881 GEVI 9.G1 €e91 800¢ e g
1971 0cvl - G841 €ccl 6LET LOVT €L81 1Re ¥V °N

“dxg €00 (9)udasoo asod o (@oav (a@)sid S 91e)g  O[NIB[OIN

‘[1g] 1oy woxg senfea [RlULWILILAXS ("G "00G

998 S[IRJOP [BOIUTDD) O} I0] SO[NOIV[OW JIWOIRIP JO (,_UID) M S9IduaNboIj [RUOTIRIQIA JIUOULIRY] :§ d[qR],

T

36



6v'9 7a9 ¢9'9 LS9 879 879 7<9 79 +&1 d

L8¢C 88'C 98°C 06°C 08°C 08¢ 6L°C 48'¢ II; V Hd
LL'8 9L'8 - 188 LL'8 a8'8 L8'8 8¢'8 g P
9¢'8 €98 ¢9'8 L8 798 cL'8 VL8 198 +&1 D
0r's ar's 9I'8 6C'8 GG'8 €e'y ge's €L’y +X£1 49
LGL LGL - 69°L LSL L9°L €Ll Ve L +Xe 9
7e9 7e9 7€9 0¥9 9€9 LE9 6€°9 9¢'9 II; V
19°¢ 09°¢ - 6S°€ eve ov'e e €LC IMe® dd
OV'11 09°TT IG°TT QLTI 2! 8811 6L 1T LGCl +&1 0
8L0T1 7601 96°01 [ran! ITTI GeIIl 6V 11T 60l +&1 d
L0'8 70’8 IT'8 9¢'8 L6°L L0'8 V'8 G8'8 I; V
709 609 - LT9 809 819 9¢'9 8L°G ITg ® 0D
01T IT°TT - €C1l Ve1l 6C'T1 IS TI G811 " O
76’8 068 70°6 vE6 LE6 9¢'6 9¥°'6 €r'sy Vi A
69°8 19°8 L9'8 a8’8 6€'8 9¢'8 988 096 I, ®
ar'8 €v'8 [A5RSS ¢8'8 cL'8 €L ¢8'8 ¢4'L Ry e
GG'8 618 - ¢9'8 L9°8 0L'8 6L'8 ¢S "Re M
6€°L 8EL - 69°L €L vy L V9L L. Il
6G'9 €r9 - €e9 ra9 G99 049 0€°¢ 1Re ¥V °N

"dxo €00 (£)™asod dsdo OO (pav (s SO 91®)G  S[MIBIOIN

‘[1¢] “Joy woi senfea [ejusuILIddXD
‘T°G "D9G 998 S[IRJOP [ROIUYDD) ) 10 "SI[NIB[OUW JIWOIRIP JO (AS) 2 SOISIaUS UOTIRIIIXS DIJRQRIPY :6 SR,

37



