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ABSTRACT: In this work, we present a new pair natural
orbitals (PNO)-based incremental scheme to calculate CCSD-
(T) and CCSD(T0) reaction, interaction, and binding
energies. We perform an extensive analysis, which shows
small incremental errors similar to previous non-PNO
calculations. Furthermore, slight PNO errors are obtained by
using TPNO = TTNO with appropriate values of 10−7 to 10−8 for
reactions and 10−8 for interaction or binding energies. The
combination with the efficient MP2 focal-point approach
yields chemical accuracy relative to the complete basis-set
(CBS) limit. In this method, small basis sets (cc-pVDZ, def2-TZVP) for the CCSD(T) part are sufficient in case of reactions or
interactions, while some larger ones (e.g., (aug)-cc-pVTZ) are necessary for molecular clusters. For these larger basis sets, we
show the very high efficiency of our scheme. We obtain not only tremendous decreases of the wall times (i.e., factors >102) due
to the parallelization of the increment calculations as well as of the total times due to the application of PNOs (i.e., compared to
the normal incremental scheme) but also smaller total times with respect to the standard PNO method. That way, our new
method features a perfect applicability by combining an excellent accuracy with a very high efficiency as well as the accessibility to
larger systems due to the separation of the full computation into several small increments.

■ INTRODUCTION

Since the first ideas by Coester and Kümmel1,2 as well as its
introduction into quantum chemistry by Čiźěk and Paldus,3,4

the coupled cluster approach has emerged as one of the most
important ab initio models for the description of electron
correlation. As a wave function-based method, it offers a
hierarchical improvability with respect to both the one- and the
N-electron basis.5 Especially the coupled cluster method with
singles, doubles, and perturbative triples correction (CCSD-
(T)6) has been established as the quantum chemical “gold
standard” due to its very high accuracy.7 However, canonical
CCSD(T) features two main disadvantages.
The first one is the slow convergence with respect to the ζ-

level of the one-particle basis set.8 Thus, very large basis sets are
required to reach a sufficiently small basis set incompleteness
error (BSIE). However, the BSIE can be reduced at rather small
computational cost by either CBS extrapolations,9,10 the
application of explicitly correlated methods,11−14 or the
estimation with a lower-level method like MP2.15−23 The latter
approach is simple and very efficient, as the CCSD(T)
calculation has to be performed only with a small basis set,
but due to an MP2 increment, the results feature the accuracy
of the large basis. Recently, this focal-point method has been
successfully used in combination with our incremental
scheme.24

A second disadvantage of canonical CCSD(T) is the
unfavorable scaling (O3V4) with respect to the number of
occupied (O) and virtual (V) orbitals,6 which limits its
application to rather small molecules. Therefore, many
approximate methods with a reduced scaling have been
developed over the last decades, exploiting the locality of
electron correlation.
A first group of these methods is based on the fragmentation

of the whole system into smaller units. Here, the total
correlation energy is obtained from correlation energy
contributions of these units. Examples are the fragment-MO
approach of Fedorov, Kitaura, et al.,25−27 the cluster-in-
molecule method (CIM),28−34 the divide-expand-consolidate
(DEC) method,35−37 natural linear scaling coupled cluster,38−40

the divide-and-conquer scheme,41−43 or the EE-MB expansion
of Truhlar et al.44

Another class of local correlation methods deals with
compact representations of the occupied and virtual orbital
spaces. Based on the framework of Pulay and Saebø,45−49

several methods using projected atomic orbitals (PAOs) were
implemented by Werner, Schütz et al.,50−57 by Scuseria and
Ayala58 and by Head-Gordon and co-workers.59,60 Further-
more, pair natural orbitals (PNOs) have been implemented and
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applied very successfully within the local pair natural orbital
(LPNO) and domain-based LPNO (DLPNO) methods of
Neese et al.,61−70 Werner et al.,71−73 and Haẗtig, Tew, and co-
workers.74−84

In our work, we utilize another local correlation method, the
incremental scheme, which was originally introduced by Stoll
for periodic systems.85−87 It is based on the generalized Bethe-
Goldstone expansion of Nesbet.88−90 The method was
successfully applied to compute energies of periodic
systems91−105 and closed-106−115 and open-shell116−119 mole-
cules. Also, molecular properties, like dipole moments,120

quadrupole moments,121 and polarizabilities,122,123 have been
calculated.
In this paper, we present a highly efficient and accurate

method, which combines our incremental scheme with pair
natural orbitals and the focal-point approach. The latter one
enables an accuracy close to the CBS limit, while the other two
approaches provide a 2-fold reduction of the computational
effort. The incremental scheme is known to feature negligible
errors with respect to standard CCSD(T), when using a third-
order truncation of the incremental series and an MP2-based
correction to account for the domain-specific basis set error.
The accuracy of the combined method is assessed in this paper,
varying different thresholds controlling the accuracy and
considering intermolecular interaction and cluster binding
energies. Due to the decimated computational effort, we are
able to perform CCSD(T) calculations for large molecules.
Furthermore, the received method is fully parallelizable in
terms of the increment calculations.

■ THEORY

Incremental Scheme. In the incremental scheme, the total
correlation energy is calculated from correlation contributions
of fragments (domains) of the complete system.
In a first-order approximation, only the one-site domains are

considered. These are disjoint and spatially compact sets of
occupied localized molecular orbitals (LMOs), received from a
partitioning procedure.124−126 In that algorithm, occupied
Hartree−Fock MOs are Boys-localized,127 and afterward a
graph partitioning as well as a subsequent refinement128 are
performed. The target size of a one-site domain is given by the
domain size parameter (dsp), which refers to an approximate
number of LMOs in this domain. The number of domains,
calculated from dsp, is used in the partitioning to give one-site
domains with sizes equal or close to dsp. In previous works, a
value of dsp = 4 has been established.128 Within the domain-
specific basis set approach, using the MP2 error correction, this
value provides very small local errors, which are not
significantly improvable by an increase of dsp. Furthermore, it
is small enough to result in a high efficiency.
The correlation contribution of a domain is computed by

correlating only the included occupied LMOs. By summing up
the one-body increments, that is, the correlation contributions
of the one-site domains, a first-order truncation of the
incremental series is performed.
For a suitable accuracy of the total correlation energy higher-

order increments, that is, nonadditive corrections to the first
order, are necessary. Therefore, correlation contributions of N-
site domains, which are set unions of N one-site domains, have
to be calculated. Within the general expression of an Nth-order
increment, which is denoted in eq 1, the subtraction of lower-
order increments prevents their multiple counting.85,124 Here,

( ) refers to the power set of the orbital set , which
represents a specific N-site domain.

∑Δϵ = ϵ − Δϵ ∀ ∈ ∧ | | < | |     



 { : ( ) }

(1)

In general, these increments decrease with increasing order,
which enables the truncation of the incremental series. The
total incremental correlation energy of the truncation order O is
then obtained by summing up all increments up to this order
according to

∑= Δϵ ∀ ∈ ∧ | | ≤   


E { : ( ) O}corr
inc

(2)

where ( ) refers to the power set of the set of one-site
domains. In most cases, a truncation at third order is sufficient.
The increments also decrease with increasing pairwise

distances of the included one-site domains. Therefore, it is
reasonable to use an order-dependent truncation distance,
tdist(i), to reduce the number of N-site increments to be
calculated. The truncation function in eq 3 with an adjustable
parameter f has been utilized successfully in the past,125,126,129

and a value of f = 30 bohr has been found to allow a truncation
without a noticeable loss of accuracy.128

=
−

t i
f

i
( )

( 1)dist 2
(3)

Furthermore, we use the domain-specific basis set approx-
imation129,130 to reduce the virtual space within the incremental
calculations. In this approach, a main region for a specific N-site
domain is constructed by the application of a distance
parameter tmain (see Figure 1). Then all atoms inside the

main region are treated in the large target basis set, while a
smaller basis (SV) is applied in the environment. Hence, we
exploit the fact that virtual orbitals far away from the correlated
occupied orbitals are negligible for the description of the
correlation effects in the domains.
For every domain, SCF orbitals are calculated from a HF

calculation with the specific basis set at first. As the initial
domain partitioning, which provides all orbitals to be correlated
for a specific increment, is done in a small SV basis, the
corresponding correlated orbitals in the domain-specific basis
set must be identified for every single incremental calculation.
Therefore, we map the orbitals in a domain-specific basis to
those in the SV basis by a template localization, for which a new
implementation has been presented recently.131

The introduction of the domain-specific basis set causes an
error. It has already been shown that this error can be reduced

Figure 1. Schematic representation for the construction of the
domain-specific basis set. The centers of charge of the considered
domain are given in red and their main regions, defined by tmain, in
light gray. The dark gray atoms in the set union of all main regions are
treated with a larger basis set than those in the environment. The
centers of charge in the environment are given in blue.
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significantly by an MP2-based correction scheme132,133

according to

|

= − −

E

E E E

(CCSD(T) MP2)

(CCSD(T)) [ (MP2) (MP2)]
corr
inc

corr
inc

corr
inc

corr (4)

A similar MP2 correction scheme has also been applied by
Müller and Usvyat.120 However, please note that our scheme
corrects only for the domain-specific basis set error, that is, it
does not correct for a method-specific error due to the
incremental expansion itself.120

Pair Natural Orbital Approach. The idea of pair natural
orbitals (PNOs) was first introduced by Edmiston and Krauss
in the 1960s.134,135 One decade later, Meyer was the first one to
implement this concept in context of configuration interaction
(CI) and the coupled-electron pair approximation
(CEPA).136−138 Later Ahlrichs, Lishka, Staemmler, and
Kutzelnigg picked up this idea in a series of papers,139−141

but PNOs could not really be established due to the large
amount of required PNO integral transformations. However,
Neese et al. revisited this approach in 2009 and solved this
bottleneck by means of density fitting, which led to a revival of
this research field.61,62

PNOs enable a tensor factorization of the doubles space.
However, beside PNOs the PAO46,49 and the OSV142,143 ansatz
are other choices for this purpose.
PAOs are generated by orthogonalization of the AOs against

the set of (localized) occupied MOs (LMOs). A compressed
virtual space for a LMO is often constructed by population
analysis in combination with a distance criterion to assign

spatially close PAOs to the LMO. For a pair of LMOs ij, the
PAO sets of i and j are unified. The error control in this
procedure can be unbalanced in some cases, and quite large
compressed virtual spaces might be required to ensure
sufficiently accurate results. However, the advantage of using
PAOs is the requirement of only one integral transformation to
the PAO space.
When using PNOs, the virtual space for a given pair ij can be

further compressed since for each pair of localized occupied
orbitals a test wave function is analyzed to construct an optimal
specific set of virtuals. Thus, integrals must be transformed for
every orbital pair, but compared to PAO-based algorithms, the
accuracy and error control is increased.
More recently, the OSVs were introduced by Yang et al.143

They are somehow a compromise between PAOs and PNOs.
The analysis prior to the construction of a specific orbital set is
only carried out for each LMO and, according to the PAO case,
a pair specific virtual orbital basis is built by unifying the sets for
the LMOs.
Most recent local correlation codes feature a strategy of

combining these approaches in hybrid schemes, for example, by
a prior construction of PAOs or OSVs, so that the subsequent
generation of the PNOs is executed in an already truncated
doubles space. Such a hybrid OSV−PNO approach is also used
in this work. The truncation threshold for the intermediate
OSV basis (TOSV) must be adapted to the threshold for the
PNOs (TPNO) to preserve their accuracy. In the case of the
hybrid approach in this work, a setting of TOSV = 0.1TPNO was
found to be sufficient to achieve this goal. That way, the
threshold TPNO for the truncation of the PNO expansion is in

Figure 2. First part of the two-molecule complexes considered in this work. Each consists of two (small- or medium-sized) structures, mainly from
the FH test set, and was optimized with BP86-D3/def2-TZVP. The 21 complexes in this figure were used for analyzing the local errors as well as the
focal-point approach.

Journal of Chemical Theory and Computation Article

DOI: 10.1021/acs.jctc.7b00654
J. Chem. Theory Comput. 2017, 13, 6023−6042

6025

http://dx.doi.org/10.1021/acs.jctc.7b00654
http://pubs.acs.org/action/showImage?doi=10.1021/acs.jctc.7b00654&iName=master.img-002.jpg&w=320&h=313


principle the only parameter that controls the accuracy of
PNO−CCSD and needs to be adjusted. The truncation is
based on keeping only those PNOs that feature an occupation
number above TPNO. For more information on PNO−CCSD,
see ref 62; for details on the construction via the hybrid OSV−
PNO approach as well as the corresponding truncation
thresholds, see ref 79.
In the spirit of the PNO framework also the triples correction

(T) is calculated in a triples specific basis, which was introduced
by Riplinger et al. as triple natural orbitals (TNOs).67 In our
current work the construction of this basis is adapted to the
hybrid OSV−PNO approach as described in ref 82. Similar to
the PNOs, the TNOs are truncated by a threshold TTNO, which
controls the accuracy of the triples correction. However, there
are two choices for this correction available in the used module:
the (T0) approximation, which neglects off-diagonal elements
in the occupied−occupied block of the Fock matrix, and the
Laplace (T) correction, which accounts for these elements but
requires the additional evaluation of integrals at Laplace points
for the Laplace quadrature. The number of these points is
determined by the Laplace error function, f lap, that is, the

number of grid points is increased until flap (RMSE of

numerical integration) is smaller than a predefined convergence
criterion. We refer to the variation of this convergence criterion

with conv X, where X determines convergence by ≤ −f 10 X
lap .

For details on the construction of the TNOs as well as the
Laplace triples approach, we recommend again ref 82.

■ COMPUTATIONAL DETAILS
Test Sets. We tested the performance of our implemented

method by means of the FH test set,128 consisting of 20 small
and 81 medium-sized molecules. The incremental scheme was
applied only to the latter ones, and the resulting relative
energies of 51 corresponding reactions128 were assessed. These
81 absolute and 51 relative energies have already been
considered in previous papers.131,144

Furthermore, 36 two-molecule complexes were newly
generated from selected molecules of the FH test set (see
Figure 2 and 3) to verify also the capability of our method for
intermolecular interaction energies. The complexes were
optimized on the RI-DFT/BP86-D3/def2-TZVP level of
theory as implemented in TURBOMOLE 6.5. Every obtained
geometry was characterized as local minimum by means of
normal-mode analysis.
The method is also assessed for clusters of small molecules.

Therefore, we used a test set of 4 clusters ((H2)20, (CH4)10,
(HF)10, (H2O)10), which have recently been considered.24

Furthermore, a (H2O)20 dodecahedron structure from a
previous work was also applied.145

Statistical and Timing Analyses. For the assessment of
the incremental PNO energies, the following reference with a
very high accuracy close to the CBS limit23 has been calculated:

δ δ= + + * ++ ‐
‐

‐
‐ ‐E E E E Eref HF CABS S

QZ F12
MP2 F12
QZ F12

CCSD(F12 )
TZ F12

(T)
CBS(23)

(5)

with EHF+CABS‑S := Hartree Fock including the CABS-singles
contribution, δEMP2‑F12 := MP2-F12/2B correlation energy,
δECCSD(F12∗) = ECCSD(F12∗) − EMP2‑F12, and δE(T)

CBS(23) = E(T)
CBS(23)

from eq 6.

Figure 3. Second part of the two-molecule complexes considered in this work. Each consists of two (small- or medium-sized) structures, mainly from
the FH test set, and was optimized with BP86-D3/def2-TZVP. The 15 complexes in this figure were only used for analyzing the local errors but not
for the focal-point approach.
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Since the conventional perturbative Triples contribution is
usually not sufficient in explicitly correlated coupled cluster
calculations,146,147 the accuracy was improved by a Schwenke
type extrapolation147 according to

= + −‐ ‐ ‐E E F E E( )(T)
CBS(23)

(T)
DZ F12

(T)
TZ F12

(T)
DZ F12

(6)

with F = 1.489285. The upper index denotes the basis set (XZ-
F12 := cc-pVXZ-F12). Equation 5 is based on the aim of
computing every component with the highest feasible accuracy.
The errors

Δ = −E E E(method) (ref)i i i (7)

of the absolute and relative energies are given in kJ/mol. Based
on these errors, the statistical quantities μ (arithmetic mean
error) and σ (standard deviation), as well as MAE (mean
absolute error), were computed, and Gaussian error distribu-
tions

σ π
= μ σ− −G x( )

1
2

e x1/2(( )/ )2

(8)

were used for graphical representation.
Besides preserving the accuracy of the parent method, the

aim of local correlation methods is a diminution of the
computational costs and thus a higher efficiency. Therefore, we
also analyzed the timings of our calculation for selected
structures, using the total times, ttotal, according to

∑= + ×
=

t t t i(server) 4 (client )
i

total wall
1

60

wall
(9)

for all incremental calculations, which were distributed over 60
client nodes (each with 4 cores) and a server node (using only
one core). Each of these nodes is equipped with an Intel Xeon
E3-1270 3.4 GHz quad-core CPU and 8 GB RAM. For a better
comparability with the incremental timings, we also computed
the total times as

=t N ttotal core wall (10)

for all nonincremental calculations, which were executed on
one node with Ncore cores (Ncore = 4 or 12). All calculations
with Ncore = 12 were executed on a node, equipped with two
Intel Xeon E5-2620 v3 2.40 GHz hexa-core CPUs and 64 GB
RAM. Furthermore, also wall times, twall, are presented.
Focal-Point Method. In order to reach the complete basis

set (CBS) limit of CCSD(T), we use an MP2-based focal-point
method15−23

=

+ −

E E

E E

(CCSD(T)) (CCSD(T))

[ (MP2) (MP2) ]
CBS SB

CBS SB (11)

where the large basis set is termed as CBS, as the application of
cc-pVTZ-F12 for MP2 results at least in a CBS(45)-
extrapolated quality, which is therefore very close to the CBS
limit. Furthermore, SB is a small basis. We refer to the method
by

‐ =

+ ‐ ‐ −

Δ

  

E Y E Y

E MP E Y

(foX Method/ ) (Method/ )

[ ( 2 F12/XZ F12) (MP2/ )]

E X Y(fo / ) (12)

As RI-MP2 is very efficient and features a lower scaling than
CCSD(T), this strategy reduces the computational costs

significantly. It has been found that a good accuracy can be
reached with a triple-ζ basis set as the small one.148−153 In this
work, we test both double- and triple-ζ basis sets within the
incremental scheme.
Please note that explicitly correlated coupled cluster methods

should be used, if possible, as they improve the wave function
ansatz. However, the focal-point ansatz is a computationally less
demanding alternative and thus provides access to larger
systems.

Incremental and Reference Calculations. All calcula-
tions were executed with a development version of the
TURBOMOLE program package.11−13,154−156 We utilized the
frozen core approach in all CC and MP2 calculations. Within
the incremental scheme, MO coefficients, overlaps, and dipole
integrals were received from a modified version of the RICC2
module.157 Furthermore, we applied the established parameter
values dsp = 4, tmain = 3 bohr, and f = 30 bohr.128 We used the
SV basis set158 for the environment of the domains and
expanded the incremental series (eq 2) up to the third order.
The cc-pVXZ and aug-cc-pVXZ (X = D,T,Q,5)159−161 basis
sets as well as the def2-TZVP162,163 basis were used as target
basis sets.
We utilized a development version of the PNO−CCSD

module of Haẗtig et al. to calculate the increments within our
incremental scheme. The Boys localization is used by default.
The triples contributions were obtained by both the (T0)
approximation and the Laplace ansatz. We varied the
parameters TPNO, TTNO, and conv X, described in the theoretical
section on the Pair Natural Orbital Approach, to adjust them
for the use within our incremental method. The OSV
truncation threshold, TOSV, within the hybrid approach is set
to 0.1TPNO, by default. The grid points and their weights are
determined separately for each increment based on the conv X
parameter.
The cc-pVXZ-F12 (X = D,T,Q) basis sets of Peterson164,165

were applied with appropriate CABS166 to obtain the MP2-
based focal-point increments as well as the reference energies.
In all explicitly correlated calculations, we used the Slater type
correlation factor,167 represented as linear combination of six
Gaussians as implemented in TURBOMOLE,168 as well as
ansatz 2, approximation B,169 and the fixed amplitude
approach.170 For the correlation factor, we applied the
recommended exponents, that is, 0.9 for cc-pVDZ-F12, 1.0
for cc-pVTZ-F12, and 1.1 for cc-pVQZ-F12. The CABS singles
correction was added to the Hartree−Fock reference
energy.171,172 Except for the Pair Natural Orbital Approach
section, where also uncorrected error contributions are
analyzed and separate abbreviations are applied, the notation
i3-(PNO)-CCSD(T)/(T0) is used for the third-order (PNO-
based) incremental methods with the conventional canonical
MP2 correction throughout the complete article.

■ RESULTS
Parameter Adjustment. In order to optimize our

implemented PNO-based method regarding its accuracy and
to preserve the very small local errors of the normal
incremental scheme, the described parameters, according to
the section on the Pair Natural Orbital Approach should be
reassessed and, if necessary, readjusted in comparison to the
recommendations for the conventional PNO implementation.
Therefore, the dependency on the TPNO parameter was

analyzed for the 51 reaction energies of the FH test set at first.
TTNO was set to a tight value of 10−8 to minimize the truncation
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error for the triples contribution, and the results are presented
in terms of mean absolute errors (MAEs) in Figure 4. For
comparison, the MAEs of the incremental methods without
PNOs are shown as horizontal lines.

The convergence with respect to the PNO truncation
parameter is well recognizable. Furthermore, the i3-PNO-(T0)
curves still provide a deviation from the pure incremental
values, even at the convergence limit. This error is due to the
(T0) approximation, and the offset appears to be slightly larger
than the local errors of the pure incremental scheme, which
features MAEs of ≈0.29 kJ/mol for DZ and ≈0.28 kJ/mol for
TZ. As the computational cost for the (T0) approximation is
clearly lower, it is qualified for a faster alternative with a good
accuracy. The Laplace triples correction is clearly more time-
consuming but should be the preferred choice due to the higher
accuracy. Anyway, for both triples approaches, a value of TPNO
= 10−7 is sufficient, as the curves are nearly converged, and the
MAEs due to the local approximations are about 1 kJ/mol or
even slightly lower. With this truncation value, the resulting
deviation due to the additional PNO approach is comparable to
the pure incremental error. At the convergence limit, which is
definitely reached for TPNO = 10−8, both (T) curves show a
negligible offset from the pure incremental results. This
indicates that the PNO error is now small in comparison to
the incremental one. Considering the convergence behavior,
there are slight differences between both applied basis sets.
Compared to cc-pVDZ, the def2-TZVP basis causes a larger
deviation from the limit at TPNO = 10−7. Thus, if a TZ basis is
chosen to obtain a higher accuracy, it may be useful to tighten
also the TPNO parameter by one decimal power, that is, to TPNO
= 10−8. Such a behavior has been explained in ref 74 and was
also presented in ref 81. Furthermore, the DZ basis provides a
very small offset from the incremental value without PNOs,
even at the convergence limit. The reason is the remaining
error due to the number of Laplace points, that is, the conv 2
value. The larger effect of this truncation for cc-pVDZ, in
contrast to def2-TZVP (see Figure 6), is presented in the
Supporting Information (SI Figure 1).
Please note at this point that the analysis regarding the

dependency on TPNO was only performed for the reactions of
the FH test set until now, and thus the previous
recommendations refer to reaction energies.

In the next step, the accurate calculation of the triples
contribution had to be adjusted and therefore the convergence
with respect to the truncation value for the TNOs was assessed.
The variation of this parameter is presented for the cc-pVDZ
basis with TPNO = 10−7 and the def2-TZVP basis with TPNO =
10−8.
As is evident from Figure 5, the local errors (MAEs) of the

reaction energies converge well with TTNO. With the Laplace

triples, the cc-pVDZ basis and TPNO = 10−7 convergence is
approximately reached for TTNO = 10−7, while TTNO = 10−8 is
required for def2-TZVP and TPNO = 10−8. In case of the DZ
basis set, the smaller truncation values explain the difference
from the corresponding local error of the incremental scheme
without PNOs. For the (T0) approach, TTNO = 10−7 is
sufficient for both basis sets but there is still an offset from the
pure incremental errors due to the approximate triples
treatment. However, as a consequence we recommend to set
TPNO = TTNO within the PNO-based incremental scheme in any
case, similar to the observations of Schmitz and Haẗtig in
context of the standard PNO−CCSD(T) method.82
Anyway, accuracy and computational effort of the Laplace

triples calculations are also influenced by the number of grid
points, which is affected by the convergence criterion (conv) of
the numerical Laplace transformation. In our incremental
scheme, the grid points and the corresponding weights were
determined specifically for every increment. For details, see the
Pair Natural Orbital Approach section and ref 82. In the
previous considerations as well as throughout the complete
article, we applied the conv 2 setting of the Laplace data group
within our PNO-based incremental scheme. In order to
demonstrate its suitability and to estimate the consequential
error, the convergence criterion was also enhanced to conv 3.
The results for the reaction energies are shown in Figure 6,
using the def2-TZVP basis as well as tight parameters (TPNO =
TTNO = 10−8) to ensure a negligible effect of both truncations.
The graph contains the local error Gaussian distributions,

regarding the conv 1 setting for the Laplace triples (1−2 Laplace
points for every increment). In this case, the errors are very
large and an increase of the Laplace points is necessary.
However, already with the conv 2 setting (2−3 Laplace points),
the triples contribution is significantly improved and chemical
accuracy is clearly obtained. Our definition of chemical accuracy

Figure 4. Mean absolute errors of the PNO-based incremental
CCSD(T)|MP2 and CCSD(T0)|MP2 reaction energies for the FH
test set relative to canonical CCSD(T) with respect to TPNO. Fixed
values of TTNO = 10−8 and conv 2 as well as the cc-pVDZ (DZ) or the
def2-TZVP (TZ) basis set were used. The MAEs from the normal
incremental scheme are shown by horizontal lines.

Figure 5. Mean absolute errors of the PNO-based incremental
CCSD(T)|MP2 and CCSD(T0)|MP2 reaction energies for the FH
test set relative to canonical CCSD(T) with respect to TTNO. The conv
2 setting as well as the cc-pVDZ (DZ) basis with TPNO = 10−7 and the
def2-TZVP (TZ) basis with TPNO = 10−8 were used. The MAEs from
the normal incremental scheme are shown by horizontal lines.
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is based on an error interval of 1 kcal/mol width, that is, the
interval [−2.1 kJ/mol; +2.1 kJ/mol] (depicted by beige
background in Figure 6). To reach this accuracy, the 3σ-
interval of a Gaussian distribution, which incorporates about
99.7% of all errors, must be completely inside the 1-kcal/mol-
interval. For conv 2, a 3σ-interval of [−1.07 kJ/mol; +1.45 kJ/
mol] with a width of 2.52 kJ/mol is received, while it is [−1.00
kJ/mol; +1.28 kJ/mol] with a slightly smaller width of 2.28 kJ/
mol in case of conv 3 (mainly 3 Laplace points). With both
settings for the Laplace triples, the accuracy of the common
incremental scheme is approximately reached, indicating the
convergence with respect to the PNO and TNO truncation.
Therefore, conv 2 is in general sufficient due to the obtained
high accuracy, which has already been found by Schmitz and
Haẗtig for the conventional PNO−CCSD(T) method with the
same setting.82 Anyway, a slight improvement is still possible,
and conv 3 may be useful in some specific cases (see the section
on the Application to Large Systems).
Finally, the recommendations for the assessed parameters in

context of our PNO-based incremental scheme correlate well
with those for the conventional PNO method, which indicates
the suitability of an incremental expansion of PNO energies.
However, a more detailed investigation of the local errors is
useful and therefore provided in the next section.
Error Analysis. As indicated above, clearer insights into the

error contributions due to incremental, PNO, and (T0)
approximation are useful to understand the total local errors
of the reaction energies. In this context, also the MP2
correction according to eq 4 is considered. From previous
works, it is well-known that the incremental CCSD(T) error,
which is mainly due to the domain-specific basis set approach,
can be appropriately diminished by the MP2 incremental error.
For this purpose, that is, to correct only the incremental error,
it may be sufficient to use the PNO-MP2 energy as Ecorr(MP2)
contribution in eq 4. We denote this by i3-PNO−CCSD(T)|
PNO-MP2 (abbreviated by i3-PNO-(T)|PNO-MP2). Another
possibility is the usage of the common correction scheme (as
already performed in the Parameter Adjustment section),
referred to by i3-PNO−CCSD(T)|MP2 (abbreviated by i3-
PNO-(T)|MP2), with canonical MP2 for Ecorr(MP2). While the
first alternative suggests an exclusive correction of the
incremental error, the latter one might also correct for the
remaining deviation, especially the PNO error. Please note that

in this section, i3-PNO-(T) refers to incremental PNO−
CCSD(T) energies without any MP2 correction.
However, another error contribution in case of (i3-)PNO−

CCSD(T0) is based on the approximate (T0) approach.
Therefore, we considered the deviations of (i3-)PNO−
CCSD(T0) from the more precise (i3-)PNO−CCSD(T) to
estimate the (T0) error. The results for cc-pVDZ and def2-
TZVP as well as for truncation thresholds of 10−7 and 10−8 are
denoted in the Supporting Information (SI Table 1) The (T0)
errors of the nonincremental methods are nearly independent
of the truncation thresholds, basis set size, or incremental
treatment. Thus, the (T0) error cannot be influenced
noticeably by enhancing thresholds or the basis set and causes
a nonvanishing deviation. Therefore, the Laplace triples (T) are
again recommended, and further analyses of the PNO and
incremental errors are performed for (i3-)PNO−CCSD(T).
The incremental errors in Figure 7 are obtained from the

deviations of the incremental PNO or non-PNO reaction

energies from their nonincremental counterparts. First, the
MP2-corrected incremental errors without PNOs are similar for
cc-pVDZ and def2-TZVP basis. Furthermore, the incremental
errors of i3-PNO-MP2 and uncorrected i3-PNO−CCSD(T)
increase with enlargement of the basis set from DZ to TZ,
which is due to the larger differences of main and environ-
mental basis and therefore the increased domain-specific basis
set error in the case of def2-TZVP. However, the incremental
errors for both methods (PNO−CCSD(T) and PNO-MP2)
are very similar. The performance of the MP2 correction is
based on this similarity, as the incremental CCSD(T) error is
compensated by the corresponding error of PNO-MP2. This
can be seen especially for TZ and TPNO = TTNO = 10−8, leading
to the high accuracy of i3-PNO−CCSD(T)|PNO-MP2. As

Figure 6. Gaussian error distributions of the PNO-based incremental
CCSD(T)|MP2 and CCSD(T0)|MP2 reaction energies for the FH
test set relative to canonical CCSD(T). The def2-TZVP basis set and
TPNO = TTNO = 10−8 were applied. The (T0) approximation and the
Laplace approach with different settings of conv within the PNO-based
scheme as well as the common incremental scheme are compared.

Figure 7. Gaussian error distributions of different incremental
approaches with respect to the corresponding nonincremental
methods for the reaction energies of the FH test set. The four graphs
show the incremental errors for varied basis sets (DZ = cc-pVDZ, TZ
= def2-TZVP) and truncation thresholds (TPNO = TTNO = 10−7 or
10−8). For the Laplace triples, conv 2 was used.
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previously discussed, the PNO-MP2 energy is suitable to
correct for the domain-specific basis set error of i3-PNO−
CCSD(T) and the correction with canonical MP2 leads to
similar or even worse incremental errors. However, the
correction with MP2 instead of PNO-MP2 may improve the
total accuracy due to a reduction of the PNO error. Finally,
considering the truncation thresholds, the incremental error
does not significantly change from 10−7 to 10−8 for the cc-
pVDZ basis, while it is clearly decreased for def2-TZVP. Thus,
also with regard to the incremental error, the truncation with
TPNO = TTNO = 10−7 is sufficient for DZ, and again 10−8 is
recommended for TZ.
Next, the deviations of the PNO-based (incremental and

nonincremental) reaction energies from the corresponding
results without PNOs are considered in Figure 8. For all

approaches, these PNO errors decrease with the tightening of
the truncation thresholds from 10−7 to 10−8. Furthermore, they
are slightly larger for i3-PNO−CCSD(T) compared to the
nonincremental PNO−CCSD(T). The application of the
PNO-MP2 correction scheme does not improve the accuracy
of i3-PNO−CCSD(T), which is consistent with the previous
discussion on the exclusive correction for the incremental error.
In contrast, the common MP2 correction provides a higher
accuracy than the uncorrected i3-PNO−CCSD(T), that is, a
slight reduction of the PNO error within CCSD(T) by the
corresponding error of MP2 occurs. However, this enhance-
ment is less extensive than the decrease of the incremental
errors by the MP2 correction. The reason is the larger
difference between the PNO errors of the incremental MP2
and CCSD(T) methods, that is, a minor similarity in
comparison to the incremental errors in Figure 7. The PNO
errors of i3-MP2 are clearly lower than those of i3-CCSD(T).

Basically, the PNO and incremental errors feature com-
parable dimensions (see Figure 7), but there are some
differences, depending on the truncation thresholds and the
basis set. For TPNO = TTNO = 10−7, the PNO errors are
somewhat larger than the incremental ones. For cc-pVDZ and
10−8, the PNO error is now smaller than the incremental error,
while def2-TZVP with the same truncation features nearly
equal contributions.
Although the incremental and PNO errors have only been

considered for the Laplace ansatz, the total local errors of the
PNO-based incremental reaction energies with (T0) triples are
additionally presented in the Supporting Information (SI Figure
2). They provide wider distributions, and the tightening of the
truncation thresholds from 10−7 to 10−8 leads to smaller
decreases of the local errors, compared to the Laplace ansatz.
That way, chemical accuracy cannot be reached by the (T0)-
based methods. In case of the Laplace triples, the better
performance of the MP2 correction in comparison to the PNO-
MP2 scheme due to the additional partial compensation of the
PNO error is recognizable. For the PNO/TNO truncation with
10−7, the accuracies of i3-PNO−CCSD(T)|MP2 and PNO−
CCSD(T) are very similar for both basis sets, as the
incremental error contribution is relatively small and the
PNO error is determining the total local error. In case of the cc-
pVDZ basis set, the tightening to TPNO = TTNO = 10−8 clearly
decreases the PNO error, that is, the local error of PNO−
CCSD(T). However, the accuracy of the i3-PNO−CCSD(T)|
MP2 method is less improved, since the incremental error
remaining after MP2 correction is now slightly determining.
Therefore, again truncation thresholds of 10−7 are sufficient for
the smaller DZ basis. In contrast, the tighter truncation is useful
for def2-TZVP. With this approach, the PNO error, the
incremental error, and the local error of the resulting i3-PNO−
CCSD(T)|MP2 method are very similar and clearly provide
chemical accuracy (Figure 9).

Interaction Energies. In order to show the wide
applicability of the PNO-based incremental scheme, intermo-
lecular interactions were also treated with this method. The
local errors of interaction energies were analyzed by means of
36 complexes (see Figures 2 and 3).
Again, the convergence of the local errors with respect to the

truncation parameter for the PNOs was examined for the cc-
pVDZ and the def2-TZVP basis by means of the MAE. Figure
10 shows that the convergence behavior for both basis sets is
quite similar to a slightly stronger decrease for def2-TZVP. In
comparison to the reaction energies (FH test set, see Figure 4),
the convergence of the local error with respect to TPNO is
slower for the interaction energies. Therefore, the truncation
thresholds should be chosen somewhat tighter for intermo-
lecular interactions to preserve a very high accuracy, and we
recommend to use at least TPNO = 10−8 (and thus also TTNO =
10−8) in any case, even for the smaller DZ basis. Within a
recent study on the accuracy of (explicitly correlated)
conventional PNO, Schmitz and Haẗtig obtained similar results
regarding the truncation adjustment for weak intermolecular
interactions.84

Next, Table 1 shows the statistical quantities of the local
errors for the incremental and nonincremental PNO interaction
energies, using the recommended value of 10−8 for both
truncation parameters. In general, the errors are similar with no
clear order for cc-pVDZ and def2-TZVP and slightly smaller
errors for the Laplace triples (compared to the (T0)
approximation). Furthermore, they provide nearly chemical

Figure 8. Gaussian error distributions of different PNO-based
approaches with respect to the corresponding methods without
PNOs for the reaction energies of the FH test set. The four graphs
show the PNO errors for varied basis sets (DZ = cc-pVDZ, TZ = def2-
TZVP) and truncation thresholds (TPNO = TTNO = 10−7 or 10−8). For
the Laplace triples, conv 2 was used.

Journal of Chemical Theory and Computation Article

DOI: 10.1021/acs.jctc.7b00654
J. Chem. Theory Comput. 2017, 13, 6023−6042

6030

http://pubs.acs.org/doi/suppl/10.1021/acs.jctc.7b00654/suppl_file/ct7b00654_si_001.pdf
http://dx.doi.org/10.1021/acs.jctc.7b00654
http://pubs.acs.org/action/showImage?doi=10.1021/acs.jctc.7b00654&iName=master.img-008.jpg&w=228&h=251


accuracy. The incremental methods feature clearly larger
standard deviations than the corresponding nonincremental
PNO ones but provide comparable mean deviations and MAEs.
Therefore, the incremental expansion causes a larger variance
but no significant additional errors (see also Figure 11). Both
the incremental and the nonincremental distributions feature a
positive offset, indicating that the extent of the interaction
energies is underestimated on average.

Focal-Point Approach. At this point, we have analyzed
and adjusted our PNO-based incremental scheme in a way that
we can calculate relative energies with very small local errors.
However, to reach a high overall accuracy, we have to get closer
to the CBS limit. An efficient way is the focal-point approach
according to eq 12, which we utilized for both reaction (Figures
12 and 13) and interaction energies (Figure 14). The

performance of this approach is based on correcting the
CCSD(T) results in a small basis with an MP2 increment that
reduces the basis set error (see Figure 14).
Figure 12 shows the error distributions of the PNO-based

incremental CCSD(T) and CCSD(T0) methods. For the (T0)
approaches (left), the different settings provide nearly the same
accuracy, that is, the less-demanding cc-pVDZ calculation with
TPNO = TTNO = 10−7 is sufficient when using this cheaper

Figure 9. Gaussian error distributions of different CCSD(T)
approaches (common incremental, conventional PNO, PNO-based
incremental) with respect to the canonical CCSD(T) for the reaction
energies of the FH test set. The four graphs show the total local errors
for varied basis sets (DZ = cc-pVDZ, TZ = def2-TZVP) and
truncation thresholds (TPNO = TTNO = 10−7 or 10−8). For the Laplace
triples, conv 2 was used.

Figure 10. Mean absolute errors of incremental PNO−CCSD(T) and
PNO−CCSD(T0) interaction energies for the complexes in Figures 2
and 3 relative to canonical CCSD(T). Fixed values of TTNO = 10−8 and
conv 2, as well as the cc-pVDZ (DZ) or the def2-TZVP (TZ) basis set,
were used.

Table 1. Statistical Quantities (in kJ/mol) Regarding the
Local Errors of Incremental and Conventional PNO-Based
Interactions Energies for the Test Set of Complexesa

μ σ MAE

i3-PNO PNO i3-PNO PNO i3-PNO PNO

DZ,(T) +0.39 +0.34 0.71 0.37 0.52 0.40
DZ,(T0) +0.75 +0.74 1.00 0.33 0.76 0.74
TZ,(T) +0.51 +0.60 0.62 0.29 0.59 0.60
TZ,(T0) +0.61 +0.90 0.70 0.41 0.64 0.90

aSee Figures 2 and 3. Fixed values of TPNO = TTNO = 10−8 and Laplace
triples (T) with conv 2 or (T0) triples as well as the cc-pVDZ (DZ) or
the def2-TZVP (TZ) basis set were used.

Figure 11. Gaussian error distributions of the conventional and
incremental PNO−CCSD(T) and PNO−CCSD(T0) interaction
energies for the test set of complexes relative to canonical CCSD(T).
Fixed values of TPNO = TTNO = 10−8 and conv 2 as well as the def2-
TZVP basis set were used.

Figure 12. Gaussian error distributions of focal-point incremental and
nonincremental PNO−CCSD(T0) (left) and PNO−CCSD(T)
(right) reaction energies for the FH test set relative to eq 5. Different
basis sets (DZ = cc-pVDZ, TZ = def2-TZVP) and truncation values
(10−7, 10−8) as well as conv 2 were used.
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approximation. It is even slightly more accurate than the foT-i3-
PNO−CCSD(T)|MP2 approach with the same setting,
applying the Laplace triples. Furthermore, the deviations of
incremental and standard PNO method are negligible.
The error of foT-i3-PNO−CCSD(T)|MP2, that is, with

Laplace triples and the conv 2 setting (right), is improved by
def2-TZVP instead of cc-pVDZ as small basis set as well as by
the further tightening of the truncation parameters from 10−7

to 10−8. That way, foT-i3-PNO−CCSD(T)|MP2 based on the
def2-TZVP basis and with TPNO = TTNO = 10−8 features an
error distribution close to chemical accuracy. In order to
examine the influence of the incremental expansion, the graph
shows also the conventional PNO methods in combination
with the focal-point treatment. While the deviation from the
corresponding incremental curve is negligible for cc-pVDZ/
10−7 and def2-TZVP/10−8, it is recognizable for def2-TZVP/
10−7 but also clearly smaller than the effect of tightening the
truncation threshold. Thus, the minimal additional incremental
error is again demonstrated.
Next, Figure 13 gives a comparison of our PNO-based

incremental focal-point approach with standard incremental
methods, assessed in a previous work.131 When using the def2-
TZVP basis with truncation values of 10−8 or the cc-pVDZ
basis with 10−7, our scheme with Laplace triples provides nearly

the same distribution as the corresponding conventional
incremental method, that is, without PNOs. With (T0) triples
even a slightly higher accuracy is reached in case of the cc-
pVDZ basis. While the focal-point approach for def2-TZVP
causes a broader error distribution, when using 10−7 as
truncation parameter, the tightening to 10−8 nearly leads to
chemical accuracy. The foT-i3-PNO−CCSD(T)|MP2/def2-
TZVP method (TPNO = TTNO = 10−8) features an accuracy
between those of incremental (non-PNO) explicitly correlated
calculations with a cc-pVDZ-F12 and a cc-pVTZ-F12 basis. But
one has to keep in mind, that the computational effort of the
PNO-based incremental def2-TZVP calculation is lower than
that for an incremental explicitly correlated calculation in the
DZ-F12 basis, already for medium-sized systems. Thus, it is also
significantly faster than an incremental calculation in the TZ-
F12 basis.
The focal-point approach was also assessed for a subset of 21

interaction energies (Figure 2), and the results for the tight
setting of TPNO = TTNO = 10−8 are presented in Figure 14. First,
the increased total accuracy due to the focal-point approach is
demonstrated for both basis sets. While the broad nonfocal
distributions represent the rather large basis set incompleteness
errors, their estimation at the MP2 level leads nearly to
chemical accuracy of the interaction energies. However, all
focal-point methods feature a positive offset, that is, the
(negative) intermolecular interactions tend to be under-
estimated. In comparison to the Laplace triples, the (T0)
approximation provides a similar accuracy, that is, even a
slightly tighter distribution but a somewhat larger offset. The
same behavior is recognizable for the cc-pVDZ basis but with
little worse distributions. However, the focal-point approach in
combination with our PNO-based incremental scheme could
also be established as a very accurate method to calculate
intermolecular interaction energies. If, for example, the def2-
TZVP is used as small basis set together with TPNO = TTNO =
10−8 and conv 2, we obtain μ = 0.78 kJ/mol and σ = 0.53 kJ/
mol as well as a mean error (MAE = 0.81 kJ/mol) similar to
that of the reaction energies for the same parameter setting
(MAE = 0.87 kJ/mol).

Molecular Clusters and Timings. Another important
group of chemical structures are clusters of small molecules.
For the calculation of their binding energies, which may be
based on different types of interactions (e.g., dispersion,
hydrogen bonds), the choice of the basis set is very decisive.
In this context, the basis set superposition error (BSSE) is a
well-known problem, which results in large errors, especially
when using small basis sets without a CP correction. Previously,
it has been shown that the combination of the standard
incremental scheme with the focal-point approach is also
suitable to provide accurate binding energies in a very efficient
way.24 Nevertheless it is always useful to have another ansatz
for the estimation of the CBS limit at hand, for example, the use
of larger basis sets within the incremental scheme together with
corresponding CBS extrapolations. Due to the domain-specific
basis set approach, the common incremental scheme features
an exceedingly high efficiency in this case, which is further
increased by the application of PNOs in this work. Therefore,
we analyzed the accuracy of our PNO-based incremental
scheme with respect to our highly accurate reference for a set of
4 cluster structures24 and took into account both the focal-
point approach as well as larger target basis sets and
corresponding two-point CBS(XY) extrapolations.9,10

Figure 13. Gaussian error distributions of focal-point incremental
PNO−CCSD(T) and PNO−CCSD(T0) reaction energies for the FH
test set relative to eq 5. Different basis sets (DZ = cc-pVDZ, TZ =
def2-TZVP) and truncation values (10−7, 10−8), as well as conv 2 were
used. [a]Comparison to conventional focal-point and explicitly
correlated incremental methods from refs 128 and 131.

Figure 14. Gaussian error distributions of focal-point and nonfocal
incremental PNO−CCSD(T) and PNO−CCSD(T0) interaction
energies for the complexes in Figure 2 relative to eq 5. Different
basis sets (DZ = cc-pVDZ, TZ = def2-TZVP) as well as TPNO = TTNO
= 10−8 and conv 2 were used.
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We performed calculations with the cc-pVDZ (DZ) and
def2-TZVP (TZ) as well as with aVXZ′ (X = D,T,Q,5) basis
sets. Here, aVXZ′ refers to combination of cc-pVXZ and aug-
cc-pVXZ basis sets for different atoms according to Table 2,

that is, augmentation has only been used where necessary.
Before considering the accuracy with respect to our highly
accurate reference, we present the local errors (see Figure 15)
analyzed for the smaller basis sets (DZ, TZ, aVDZ′).
The local errors are rather insensitive against the target basis

set, that is, on average the MAEs are similar for TZ and aVDZ′
as well as slightly smaller for the DZ basis. As expected, the
(T0) local errors are about 1 kJ/mol larger, which is due to the
approximate treatment of the triples compared to the Laplace
ansatz. Furthermore, the truncation parameters have a larger
influence on the accuracy, as tightening from 10−7 to 10−8

reduces the MAE by around 2−4 kJ/mol. Another effect of the
truncations is given by the differences between incremental and
nonincremental approach. In this context, TPNO = TTNO = 10−8,
which refers to a well converged PNO and TNO truncation
series, features only slightly worse MAEs of the conventional
PNO method in comparison to the incremental ones. In
contrast, with a truncation value of 10−7, the MAEs of the
nonincremental approach are about 1.5 kJ/mol larger. The
explanation for the higher accuracy of the incremental binding
energies is the MP2 correction, which mainly corrects for the
incremental error but also compensates the PNO error
particularly. This reduction of the PNO error has already
been shown in the Error Analysis section. In order to
demonstrate this behavior again, we also considered the MP2
correction for the standard PNO method. Especially for the
PNO/TNO truncation with 10−7, a clear decrease of the local
error is recognizable, leading roughly to the accuracy of the i3-
PNO approach. However, this indicates also a negligible
incremental error. For TPNO = TTNO = 10−8, the effect of the

MP2 correction is obviously less decisive. Furthermore, the
accuracy of the PNO-based incremental series is higher for a
second-order truncation than for the third order, again with
larger differences in case of TPNO = TTNO = 10−7. It is well-
known, that the third-order contribution is almost negligible for
clusters consisting of small molecules, as there are no covalent
interactions between the domains and the existing intermo-
lecular forces are sufficiently described by pair interactions. In
combination with PNOs, the second-order expansion seems to
introduce less or smaller PNO errors with a negligible
incremental error, which leads to a higher total accuracy of
the local approximation. As a consequence, second-order
incremental expansions of PNO−CCSD(T)/(T0) energies
should be used to obtain binding energies of molecular clusters
with a high accuracy and efficiency. Besides this, the accuracy
with respect to the CBS limit, which is assessed in the next part,
should be considered for second- and third-order expansions.
After that, also the efficiency of the PNO-based incremental
scheme is evaluated by means of the (H2O)10 and a (H2O)20
cluster in the last part of this section.
Regarding the accuracy relative to our reference binding

energies24 according to eq 5, the deviation between second and
third incremental order is again found to be very small, as
shown in Figure 16 (left) for the (H2O)10 cluster as well as in

Table 2. Applied aVXZ′ (X = D,T,Q,5) Basis Sets for the
Test Set of Four Molecular Clusters

cluster basis

(H2)20 aug-cc-pVXZ
(CH4)10 cc-pVXZ
(HF)10 aug-cc-pVXZ(F)/cc-pVXZ(H)
(H2O)10 aug-cc-pVXZ(O)/cc-pVXZ(H)

Figure 15. Local mean absolute errors (MAEs) of the second- and third-order incremental as well as the nonincremental PNO−CCSD(T) and
PNO−CCSD(T0) binding energies for the cluster test set. Two different PNO/TNO truncation values, 10−7 (7) or 10−8 (8), are compared and conv
2 was applied.

Figure 16. Convergence of the incremental PNO−CCSD(T)/(T0)
binding energies errors for the (H2O)10 cluster relative to our
reference (eq 5) with respect to the ζ-level of the applied aVXZ′ basis
sets. The effects of the PNO truncation thresholds (10−7/10−8), the
(T0) approximation, and the order of the incremental expansion are
demonstrated. Furthermore, the accuracies of the focal-point results as
well as the CBS(XY)-extrapolated energies are assessed.
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Figure 17 (right) for the cluster test set and the combination
with the focal-point approach. However, both figures also

indicate that this difference is increasing with the basis set size.
Furthermore, the deviation depends on the system, that is, the
second-order expansion is more accurate on average (Figure
17) but for the specific case of (H2O)10 it is slightly worse than
the third order. But since a second-order truncation features
clearly lower computational costs, it is used in all further
considerations referring to the accuracy of the clusters binding
energies.
The (T0) approximation provides an additional error, which

is usually less than 1 kJ/mol on average (Figure 17, red curve)
for the focal-point incremental scheme. Contrary to this, it is
even slightly more accurate than the Laplace triples, considering
the MAE for the pure incremental PNO method (dashed pink
curve). The latter one is also recognizable for the (H2O)10
cluster (Figure 16, pink curve).
However, for the binding energies of the molecular clusters

both discussed influences, that is, the incremental truncation
order and the triples ansatz, are clearly within the chemical
accuracy limit and also smaller than the effect of the PNO
truncation parameters. For example, the deviations between the
binding energies of (H2O)10 in Figure 16, obtained with TPNO =
TTNO = 10−7 (right) and 10−8 (middle), are around 3 kJ/mol,
independent of the approach (pure incremental, focal-point, or
two-point CBS(XY) extrapolation). Thus, also the MAE of the
foT-i2-PNO−CCSD(T) method with truncation values of 10−7

(Figure 17, right, dark blue curve) is approximately 3 kJ/mol at
the convergence limit, while the corresponding curve for TPNO
= TTNO = 10−8 (left, dark blue) converges clearly below 1 kJ/
mol. Therefore, we recommend to use this tight truncation
setting for PNOs and TNOs, if binding energies for molecular
clusters shall be calculated with a high accuracy.
Finally, we also discuss the performance of the focal-point

approach as well as the two-point CBS(XY) extrapolations,
regarding the accuracy. When applying the recommended
second-order incremental expansion and 10−8 for the PNO/
TNO truncations, the small cc-pVDZ and def2-TZVP basis sets
are not sufficient, even if the focal-point approach is used, as the
remaining errors are large (see Figure 17, left). Therefore, in
contrast to the reactions and intermolecular interactions,
discussed in the previous sections, the focal-point approach
for molecular clusters must be based on CCSD(T) calculations

in larger basis sets. This is comparable to recent findings of
Schmitz and Haẗtig.84 Anyway, already with an aVTZ′ basis set,
the foT-i2-PNO−CCSD(T) method reaches chemical accuracy
for binding energies with an MAE around 1 kJ/mol and only
slight changes up to the aV5Z′ basis. That way, the focal-point
treatment clearly improves the results from the pure i2-PNO−
CCSD(T)|MP2 calculations. With CBS(34) or CBS(45)
extrapolations, the errors of the incremental binding energy
from an aVQZ′ or aV5Z′ calculation is somewhat improved,
when using the recommended parameter setting (TPNO = TTNO
= 10−8), for example, for the (H2O)10 cluster in Figure 16
(middle). However, even the best two-point CBS(XY)
extrapolation cannot reach the accuracy of the foT-i2-PNO−
CCSD(T)/aVTZ′ method and additionally needs significantly
larger computation times. For the less tight truncation value
(10−7), CBS(34) and CBS(45) extrapolations provide some
higher accuracy than the corresponding focal-point method, as
demonstrated for (H2O)10 in Figure 16 (right) as well as for the
cluster test set in Figure 18. The focal-point approach is even

beaten by the corresponding nonfocal incremental method.
From the results for the (H2O)10 cluster in Figure 16 an
explanation of this behavior can be derived. While the tighter
truncation (10−8) shows worse reduction of the basis set
incompleteness error (BSIE) by two-point CBS(XY) extrap-
olations compared to the focal-point method, which leads to
negative deviations, the looser truncation (10−7) causes a
positive shift of the error within the binding energy (PNO
error). Thus, if TPNO = TTNO = 10−7 is applied in combination
with a two-point CBS(XY) extrapolation, the positive PNO
error contribution and the negative one due to the larger BSIE
are compensating partially. Nevertheless, at the convergence
limit, the MAE of all three approaches (dashed curves in Figure
18) is similar and features an offset of scarcely 3 kJ/mol,
referring to the PNO truncation error for TPNO = TTNO = 10−7.
Finally, after all these considerations, we evaluated the highly
efficient focal-point ansatz in combination with our PNO-based
incremental method as the best approach to calculate also
binding energies of molecular clusters. We strongly recommend
to use a tight PNO/TNO truncation threshold with a value of
10−8. This is also in good agreement with the findings of
Schmitz and Haẗtig regarding the conventional PNO binding

Figure 17. MAEs of the incremental PNO−CCSD(T)/(T0) binding
energies errors for the 4 test set clusters relative to our reference (eq
5) for different basis sets (DZ = cc-pVDZ, TZ = def2-TZVP, aVXZ′ =
(aug-)cc-pVXZ). The influences of the PNO truncation thresholds
(10−7/10−8), the (T0) approximation ,and the order of the
incremental expansion are demonstrated. Furthermore, the effect of
the focal-point approach (foT-) on the accuracy is assessed.

Figure 18. MAEs of the second-order incremental PNO−CCSD(T)/
(T0) binding energies errors for the 4 test set clusters relative to our
reference (eq 5) with respect to the ζ-level of the applied aVXZ′ basis
sets for different PNO truncation thresholds (10−7/10−8). The effect
of the focal-point approach (foT-) and a two-point CBS(XY)
extrapolation on the accuracy is assessed.
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energies,84 and therefore we emphasize again that the
truncation setting should be carefully selected depending on
the considered system. Furthermore, at least an (aug-)cc-pVTZ
basis for the CCSD(T) calculation should be chosen, while a
second-order incremental expansion is clearly sufficient for
these systems.
At the end of this section, we discuss the efficiency of our

incremental PNO scheme in comparison to the conventional
PNO method. Therefore, we analyzed the total and wall times
of the (H2O)10 and the larger (H2O)20 clusters with respect to
the size of the aVXZ′ basis sets.
In general, Figure 19 shows the clearly steeper increase of the

computation time with respect to the ζ-level for the

nonincremental PNO method. The reason is the domain-
specific basis set approach within the incremental scheme,
which features very high efficiencies for increasing differences of
the target (here aVXZ′) and environmental (SV) basis set size
in the calculation of the increments. For TPNO = TTNO = 10−7

and the smaller water cluster, already with an aVDZ′ basis the
recommended second-order calculation is faster than the
conventional PNO, while an aVTZ′ basis is necessary for the
larger cluster. However, for larger basis sets (e.g., aVQZ′), the
differences in the total times are tremendous. Although a
second-order truncation is appropriate for molecular clusters
and their binding energies, a third-order expansion is needed
for most chemical structures (i.e., covalent interactions).
Therefore, we also analyzed the timings of the third-order
incremental calculations. Here, the PNO calculation for the
smaller cluster is slightly longer than the incremental
calculation for an aVQZ′ basis, while the same holds for the
larger cluster and an aVTZ′ basis. The total times for these two
settings are also denoted in Table 3 and supplemented by the
wall times. As a smaller basis is sufficient to obtain a faster
incremental calculation for the larger system, the efficiency of
the usual third-order PNO-based incremental expansion also
increases with the system size. Beside the slightly smaller total
times for the third order and clearly reduced ones for the
second order in Table 3, especially the diminutive wall times of
the incremental approach are remarkable. As the total
calculation of the correlation energy is separated into several
clearly smaller incremental ones, a distribution over a large
number of nodes is possible, and the method is strongly

parallelizable. That way, we can reduce the wall time by, for
example, a factor of around 50 (third order) to 100 (second
order) in case of (H2O)20 as well as the aVTZ′ basis and obtain
our results in a significantly shorter time. Furthermore, the
separation into many small calculations enables the applicability
to larger systems and basis sets on the same hardware,
compared to the conventional PNO method, for example.
The tightening of the truncation values to 10−8 also

influences the computation times (Figure 20), leading to an

even higher efficiency of our incremental PNO method in
comparison to the conventional one, especially for the larger
cluster. For the smaller cluster and an aVDZ′ basis set, the
PNO calculation is clearly more demanding than the
corresponding i2-PNO calculation and only slightly faster
than the third-order one. Again, an aVQZ′ basis is necessary for
a faster i3-PNO calculation, compared to standard PNO (see
also Table 3). When increasing the system to the double-sized
cluster, the total time of the conventional PNO method is now
already larger than that for the third-order PNO-based

Figure 19. Total times (according to eqs 9 and 10) of the PNO-based
second- (i2) and third-order (i3) incremental CCSD(T) calculations
in comparison to the conventional PNO−CCSD(T) ones with respect
to the ζ-level of the applied aVXZ′ basis sets for two water clusters.
Furthermore, TPNO = TTNO = 10−7 as well as conv 2 were applied for
the PNO scheme, and a logarithmic time-scale is used in the graph.

Table 3. Total Times (According to Eqs 9 and 10) and Wall
Times of Selected Second- (i2) and Third-Order (i3) PNO-
Based Incremental CCSD(T) Calculations in Comparison to
the Conventional PNO−CCSD(T) Onesa

total time [h] wall time [h]

10−7 10−8 10−7 10−8

(H2O)10, aVQZ′
i2-PNO-(T) 41.0 138.8 0.33b 1.08b

i3-PNO-(T) 249.1 745.9 1.40b 4.61b

PNO-(T) 265.6 771.5 66.40 192.86
(H2O)20, aVTZ′

i2-PNO-(T) 71.8 97.6 0.35c 0.50c

i3-PNO-(T) 138.9 224.6 0.65c 1.11c

PNO-(T) 146.4 798.6 36.59 199.66
aAn aVXZ′ basis set as well as truncation values of 10−7 respectively
10−8 and conv 2 were applied. The total times of conventional MP2
(for MP2 correction) were added for all incremental calculations,
while the corresponding wall times are only for the incremental parts
(using a distribution over 1 server and 60 client nodes). bThe wall
time for the (parallel executable) MP2 calculations is 0.04 h. cThe wall
time for the (parallel executable) MP2 calculations is 0.51 h.

Figure 20. Total times (according to eq 9 and 10) of the PNO-based
second- (i2) and third-order (i3) incremental CCSD(T) calculations
in comparison to the conventional PNO−CCSD(T) ones with respect
to the ζ-level of the applied aVXZ′ basis sets for two water clusters.
Furthermore, TPNO = TTNO = 10−8 as well as conv 2 were applied for
the PNO scheme, and a logarithmic time-scale is used in the graph.
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incremental approach, using the aVDZ′ basis. As this tighter
truncation setting is recommended in combination with the
aVTZ′ basis, the total times for both the second and third order
are clearly smaller than for the standard PNO, precisely 12%
and 28% for the larger water cluster. According to Table 3, the
parallelization of the incremental scheme on 60 client nodes
even reduces the wall times to 0.25% (i2) and 0.56% (i3).
Finally, to show again the suitability of our recommended

method, we further considered the larger (H2O)20 dodecahe-
dron structure. This cluster has been focused in previous works,
regarding its CBS reference binding energy.84,145 We will
demonstrate the high accuracy of our method and the
tremendous efficiency in comparison to the incremental
scheme without PNOs (see Table 4).
Regarding the accuracy, the nonfocal aVTZ′ calculation in

Table 4 provides a large deviation. Nevertheless, with the focal-
point approach the resulting binding energy agrees well with
the references. An increasing of the aVXZ′ basis (i.e., to X = Q
or 5) is not necessary, as the same binding energy is received.
When using the two-point CBS(XY) extrapolation, the binding
energies converge to a CBS(45) value with a deviation of about
5 and 8 kJ/mol from the references. Therefore, we emphasize
again the suitability of the efficient focal-point scheme. The
computation time of the MP2-F12/cc-pVTZ-F12 calculation of
the recommended foT-i2-PNO−CCSD(T)/aVTZ′ method is
clearly larger than the incremental part of the total time.
However, the total time of this method is smaller than for the
i2-PNO−CCSD(T)/aVQZ′ or the corresponding CBS(34)-
extrapolated calculations. Furthermore, the usage of PNOs
decreases the time of the MP2-corrected second-order
incremental calculation to a small percentage (e.g., 6.8% for
aVTZ′), compared to the common incremental scheme. That
way, the tremendous enhancement of the efficiency of the
incremental scheme by using PNOs is demonstrated.
Application to Large Systems. In order to show the

applicability of our PNO-based incremental scheme for large
systems, we performed calculations regarding the syn−anti
isomerism of a double cyclohexane (syn-/anti-2, see top
structures in Figure 21). These structures have already been
considered in a work of Zhang and Dolg on the influence of
dispersion on this isomerism.173 The authors performed DFT
calculations with and without dispersion correction as well as
correlated calculations for smaller model adducts. Our
supplemental results refer to the original structures syn-/anti-
2 as well as to Tetramethyl-substituted derivatives syn-2* and
anti-2* (see bottom structures in Figure 21). The latter
geometries have been optimized (according to the unsubsituted

ones) on the TPSS-D3/SVP158,174−176 level and characterized
as minima.
Again, we applied the focal-point approach in combination

with our PNO-based incremental method to approximate the
CBS limit. The stability of syn- or anti-isomer is estimated by
the difference of their electronic energies, that is, ΔE = E(syn)
− E(anti). Our obtained results are shown in Table 5.
Zhang and Dolg found that the stability, that is, the sign of

ΔE, is changed by dispersion interactions, which can be
concluded from their DFT calculations for 2. While common
functionals with appropriate basis sets and Grimme’s D3
dispersion correction provide a negative value, that is, the
higher stability of the syn isomer, the neglect of dispersion
changes this order. We found the same for 2*, where the
introduction of the 4 methyl groups increases the dispersion
contribution and leads to more negative values of ΔE, that is, a
higher stabilization of the syn isomer. In contrast, without
dispersion correction, the (positive) energy difference is also
larger for 2*.
When considering the correlated methods, that is, our foT-

i3-PNO approach, the influence of the PNO/TNO truncation
is small, which was demonstrated for 2. Therefore, calculations
for 2* are only performed with TPNO = TTNO = 10−7. In
contrast, both the small basis set (DZ/TZ) and the
convergence criterion for the Laplace triples provide a larger
effect on the energy difference. While enlarging the basis for
PNO−CCSD(T)/(T0) to def2-TZVP decreases ΔE, tighten-
ing the threshold for the Laplace quadrature to conv 3 increases
the value. That way, the best calculations (def2-TZVP, Laplace

Table 4. Binding Energies and Total Times (According to Eqs 9 and 10) of Second-Order PNO-Based Incremental CCSD(T)
Calculations as Well as Resulting Focal-Point and CBS(XY)-Extrapolated Ones for (H2O)20

a

binding energy [kJ/mol] total time [h]

i2-PNO foT-i2-PNO CBS(XY)-i2-PNO i2-PNO foT-i2-PNO CBS(XY)-i2-PNO i2

aVTZ′ −839.0 −829.4 −844.6 97.6 342.1 140.1 1431.2
aVQZ′ −829.8 −829.2 −825.4 560.6 792.6 658.2 4844.5
aV5Z′ −824.8 −829.4 −822.0 2268.7 2451.2 2829.4

reference binding energy from ref 84 [kJ/mol]

fo5b-i2/aV5Z′ −828.4
fo5b-i2/QZ-F12 −828.5

aBinding energies are compared to the best available references (from ref 84) and the total times to second-order incremental calculations without
PNOs. The aVXZ′ basis sets (X = T,Q,5), as well as truncation values of 10−8 and conv 2, were applied. The total times of conventional MP2 (for
MP2 correction) were added for all incremental calculations. bFocal-point ansatz according to eq 12, using aV5Z′ instead of a XZ-F12 basis for MP2-
F12.

Figure 21. Structures for the application of our new method,
optimized with TPSS-D3/SVP (syn-/anti-2 from ref 173).
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triples with conv 3) yield energy differences of ΔE = +1.1 kJ/
mol for 2 (with TPNO = TTNO = 10−8) and ΔE = −3.8 kJ/mol
for 2* (with TPNO = TTNO = 10−7). Thus, for the latter one, the
D3-corrected DFT and the correlated methods both feature a
negative sign, that is, the higher stability of the syn-2* isomer by
some kJ/mol. In contrast, the dispersion seems to be somewhat
overestimated by the D3 correction for structure 2. In this
context, the convergence criterion within the Laplace ansatz is
crucial for the sign of ΔE. While the higher stability of the anti-
2 isomer is indicated with the conv 3 setting, the result, based
on the less tight conv 2 value, is close to the D3-corrected
energy differences, which refer to a slightly higher stability of
the corresponding syn isomer.

■ CONCLUSION
In this work we presented our new incremental scheme, which
is based on the PNO implementation of Haẗtig et al., to
calculate PNO−CCSD(T) and PNO−CCSD(T0) energies.
Furthermore, we provided an extensive analysis of the
performance of our PNO-based incremental method, regarding
various types of energies, that is, reaction, intermolecular
interaction, and cluster binding energies. In this context, we
considered errors due to both our incremental approach and
the PNO implementation. We found, that the pure incremental
error is comparable for canonical and PNO methods.
Therefore, a third-order expansion of PNO−CCSD(T) incre-
ments in the domain-specific basis with the well-established
MP2 correction still provides very small incremental errors,
which are also very insensitive against the target basis set. For
clusters of small molecules, even a second-order truncation is
sufficient, as known previously and confirmed in this work for
the new PNO incremental scheme. Regarding the PNO error,
an assessment of the accuracy with respect to the PNO and
TNO truncation is essential. If the truncation parameters are
tightened appropriately, the PNO error of relative energies can

be reduced to very small values, and chemical accuracy can be
reached by the total local errors of our PNO-based incremental
scheme, when using the conventional MP2 correction to
account for the domain-specific basis set approach. Similar to
the recommendations for the conventional PNO method, we
confirmed TPNO = TTNO as a convenient setting. However, the
optimal adjustment of these truncation parameters depends on
the considered system. While 10 is usually sufficient for
reaction energies, the value should be tightened to 10−8 for the
calculation of intermolecular interactions and, especially, if
binding energies of small-molecule clusters are computed.
Furthermore, we evaluated our new method in combination

with the highly efficient focal-point approach to reach the CBS
limit. We demonstrated by means of statistical analyses that a
rather small basis set like def2-TZVP for the incremental
PNO−CCSD(T) calculation and an explicitly correlated MP2
calculation with cc-pVTZ-F12 are sufficient to obtain chemical
accuracy for reactions and intermolecular interactions. How-
ever, the PNO−CCSD(T) calculations of binding energies for
molecular clusters within the focal-point method must be based
on the larger (aug-)cc-pVTZ basis to reach this high accuracy.
For this basis, we showed that the total time of a third-order

incremental expansion is lower than for the corresponding
standard PNO calculation, when applied to a large cluster.
However, as a second-order expansion provides a sufficient
accuracy of cluster binding energies, the total time of our PNO-
based scheme is further reduced to 12% of the standard PNO
calculation and 7% of the corresponding conventional second-
order incremental one. Thus, also the computational costs are
strongly reduced with respect to the standard incremental
scheme, that is, due to the introduction of PNOs. Besides this,
the wall times can be decreased to a tremendously small
percentage (e.g., 0.25% for (H2O)20), aVTZ′ and TPNO = TTNO
= 10−8) due to the distribution of the small, less demanding
incremental computations on several client nodes. Therefore,
our PNO-based incremental scheme can feature smaller total
computation times in comparison to the standard PNO
implementation with a high parallelizability and significantly
reduced wall times as well as a very high accuracy relative to the
CBS limit, reached in combination with the very efficient MP2-
based focal-point approach. Due to the separation into many
small calculations, larger systems in comparison to the
nonincremental PNO methods are accessible.
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(8) Haẗtig, C.; Klopper, W.; Köhn, A.; Tew, D. P. Explicitly
Correlated Electrons in Molecules. Chem. Rev. 2012, 112, 4−74.
(9) Zhong, S. J.; Barnes, E. C.; Petersson, G. A. Uniformly
convergent n-tuple-ζ augmented polarized (nZaP) basis sets for
complete basis set extrapolations. I. Self-consistent field energies. J.
Chem. Phys. 2008, 129, 184116.
(10) Halkier, A.; Helgaker, T.; Jørgensen, P.; Klopper, W.; Koch, H.;
Olsen, J.; Wilson, A. K. Basis-set convergence in correlated calculations
on Ne, N2, and H2O. Chem. Phys. Lett. 1998, 286, 243−252.
(11) Tew, D. P.; Klopper, W.; Neiss, C.; Haẗtig, C. Quintuple-ζ
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(56) Werner, H.-J.; Schütz, M. An efficient local coupled cluster
method for accurate thermochemistry of large systems. J. Chem. Phys.
2011, 135, 144116.
(57) Adler, T. B.; Werner, H.-J. An explicitly correlated local coupled
cluster method for calculations of large molecules close to the basis set
limit. J. Chem. Phys. 2011, 135, 144117.
(58) Scuseria, G. E.; Ayala, P. Y. Linear scaling coupled cluster and
perturbation theories in the atomic orbital basis. J. Chem. Phys. 1999,
111, 8330−8343.
(59) Subotnik, J. E.; Head-Gordon, M. A local correlation model that
yields intrinsically smooth potential-energy surfaces. J. Chem. Phys.
2005, 123, 064108.
(60) Subotnik, J. E.; Sodt, A.; Head-Gordon, M. A near linear-scaling
smooth local coupled cluster algorithm for electronic structure. J.
Chem. Phys. 2006, 125, 074116.
(61) Neese, F.; Wennmohs, F.; Hansen, A. Efficient and accurate
local approximations to coupled-electron pair approaches: An attempt
to revive the pair natural orbital method. J. Chem. Phys. 2009, 130,
114108.
(62) Neese, F.; Hansen, A.; Liakos, D. G. Efficient and accurate
approximations to the local coupled cluster singles doubles method

using a truncated pair natural orbital basis. J. Chem. Phys. 2009, 131,
064103.
(63) Liakos, D. G.; Hansen, A.; Neese, F. Weak Molecular
Interactions Studied with Parallel Implementations of the Local Pair
Natural Orbital Coupled Pair and Coupled Cluster Methods. J. Chem.
Theory Comput. 2011, 7, 76−87.
(64) Hansen, A.; Liakos, D. G.; Neese, F. Efficient and accurate local
single reference correlation methods for high-spin open-shell
molecules using pair natural orbitals. J. Chem. Phys. 2011, 135, 214102.
(65) Liakos, D. G.; Neese, F. Improved correlation energy
extrapolation schemes based on local pair natural orbital methods. J.
Phys. Chem. A 2012, 116, 4801−4816.
(66) Riplinger, C.; Neese, F. An efficient and near linear scaling pair
natural orbital based local coupled cluster method. J. Chem. Phys. 2013,
138, 034106.
(67) Riplinger, C.; Sandhoefer, B.; Hansen, A.; Neese, F. Natural
triple excitations in local coupled cluster calculations with pair natural
orbitals. J. Chem. Phys. 2013, 139, 134101.
(68) Pavosevic, F.; Neese, F.; Valeev, E. F. Geminal-spanning orbitals
make explicitly correlated reduced-scaling coupled-cluster methods
robust, yet simple. J. Chem. Phys. 2014, 141, 054106.
(69) Liakos, D. G.; Sparta, M.; Kesharwani, M. K.; Martin, J. M. L.;
Neese, F. Exploring the Accuracy Limits of Local Pair Natural Orbital
Coupled-Cluster Theory. J. Chem. Theory Comput. 2015, 11, 1525−
1539.
(70) Liakos, D. G.; Neese, F. Is It Possible To Obtain Coupled
Cluster Quality Energies at near Density Functional Theory Cost?
Domain-Based Local Pair Natural Orbital Coupled Cluster vs Modern
Density Functional Theory. J. Chem. Theory Comput. 2015, 11, 4054−
4063.
(71) Krause, C.; Werner, H.-J. Comparison of explicitly correlated
local coupled-cluster methods with various choices of virtual orbitals.
Phys. Chem. Chem. Phys. 2012, 14, 7591−7604.
(72) Werner, H.-J.; Knizia, G.; Krause, C.; Schwilk, M.; Dornbach, M.
Scalable electron correlation methods I.: PNO-LMP2 with linear
scaling in the molecular size and near-inverse-linear scaling in the
number of processors. J. Chem. Theory Comput. 2015, 11, 484−507.
(73) Ma, Q.; Werner, H.-J. Scalable Electron Correlation Methods. 2.
Parallel PNO-LMP2-F12 with Near Linear Scaling in the Molecular
Size. J. Chem. Theory Comput. 2015, 11, 5291−5304.
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