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ABSTRACT: We present a novel polarizable embedded
resolution-of-identity coupled cluster singles and approximate
doubles (PERI-CC2) method for calculation of two-photon
absorption (TPA) spectra of large molecular systems. The
method was benchmarked for three types of systems: a water-
solvated molecule of formamide, a uracil molecule in aqueous
solution, and a set of mutants of the channelrhodopsin (ChR)
protein. The first test case shows that the PERI-CC2 method
is in excellent agreement with the PE-CC2 method and in good agreement with the PE-CCSD method. The uracil test case
indicates that the effects of hydrogen bonding on the TPA of a chromophore with the nearest environment is well-described with
the PERI-CC2 method. Finally, the ChR calculation shows that the PERI-CC2 method is well-suited and efficient for calculations
on proteins with medium-sized chromophores.

1. INTRODUCTION

Modern spectroscopy often uses multiphoton absorption
processes as a very useful tool for analyzing the electronic
structure of photoactive materials. Two-photon absorption1

(TPA), where two photons are simultaneously received by a
photoactive sensitizer molecule, is the most widely applied of
the nonlinear absorption methods. Since its experimental
confirmation,2 TPA has found wide application in laser
fluorescence microscopy,3 photoinitiated polymerization reac-
tions,4 photodynamic cancer therapy,5,6 two-photon fluores-
cence microscopy and deep tissue imaging,3,7−9 two-photon
microfabrication10 and lithography,11 optical data storage,12 and
others. The advantage of TPA compared to one-photon
absorption is that is offers better spatial resolution and longer
wavelength laser beams, which reduces light scattering and
improves penetration into media such as biological tissues13

without damaging the tissue itself. TPA can also experimentally
find electronic transitions that are symmetry-forbidden in one-
photon processes.14

The beneficiary features of TPA urge the development of
more advanced and accurate theoretical models for instrinsic
prediction of molecular sensitizers with amenable TPA
spectroscopic properties. The coupled cluster15 (CC) method
has proven to be a high-accuracy method for calculating
molecular properties, but the high cost of CC calculations is a
limiting factor in its use. The introduction of approximations
such as CC2,16 as well as resolution-of-the-identity17−19 (RI),
enables an efficient treatment of larger molecular systems
(several dozens of atoms).
A particular challenge for real chemical systems is not only

the intrinsic optical or other properties of single molecules in
vacuo but also their properties in an environment (solution,

encapsulation, protein, complex, etc.). The environment can
play a crucial role in enhancing desired properties. The
treatment of excited states requires a sophisticated description
of the interaction between a chromophore and its environment
due to the change in electron density upon molecular
excitation. The polarizable embedding20−24 (PE) scheme is
one such approach, which belongs to QM/MM-type
methods,25,26 and the idea behind it is similar to the effective
fragment potential method (EFP),27−29 as it divides the
environment into smaller fragments (solvent molecules or
amino acids of a protein) and calculates their local properties
using a QM method. The atomic sites of the environment in
the PE approach are assigned charges and multipoles up to a
certain order, as well as polarizablities up to an order. The
atomistic description of the environment provides information
about the spectral broadening by sampling a set of
configurations for which the excited state properties are
calculated. The configurations are usually produced using an
MD simulation. This makes it a more refined approach than the
widely used polarizable continuum models.30,31 The formula-
tion of the PE scheme enables efficient derivation and
implementation of response properties for molecular systems.
The TPA transition matrix elements can be determined from
the quadratic response function.32 A good description of
environmental effects is expected to be of particular importance
for calculation of the TPA properties of complex molecular
systems.21

In this work, we report the derivation and implementation of
the PERI-CC2 method33 for calculating TPA transition
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moments. The method is based on and inherits the efficiency of
the previous implementation of RI-CC2 for excitation
energies18 and one- and two-photon34,35 transition properties
as well as the PERI-CC2 implementation33 of excitation
energies and one-photon transition properties.
The method was validated against previously reported PE

methods for TPA calculations. The first system is the
formamide molecule in water solution. The small size of
formamide enables the excited state properties of a large
number of conformations of the solute−solvent system to be
easily calculated using different theoretical methods. A similar
study of an aqueous solution of uracil was performed to
examine the PE description of hydrogen bonding in the TPA
context. The last system studied is a series of mutants of
channelrhodopsin (ChR) that were considered in a previous
work.36 The chemically important part of the protein is rather
large; however, it will be shown that PERI-CC2 can efficiently
calculate the TPA properties of a large number of mutants. This
proves the applicability of PERI-CC2 for the computational
screening of the effects of mutations, thus demonstrating that it
can contribute to research in optogenetics.

2. THEORY
2.1. General PE-CC Response Theory. Before defining

the details of the PERI-CC2 TPA implementation, we briefly
summarize the theoretical background. For further details on
PE-CC theory, we refer to the literature.23,33,37−39

The CC wave function has an exponential ansatz

| ⟩ = ̂ | ⟩TCC exp( ) HF (1)

where |HF⟩ is a Hartree−Fock wave function and T̂ is the
cluster operator consisting of cluster amplitudes t and excitation
operators τ ̂ in the following way

∑ ∑ τ̂ = ̂ = ̂
μ

μ μT T t
i

i
i , i

i i
(2)

The index i denotes the rank of excitations such that i = 1
corresponds to single, i = 2 is for double excitations, etc. The
index μi enumerates the excitations of the corresponding rank.
The fact that the CC state is not determined using the

variational principle requires the introduction of another set of
variables, named Lagrangian multipliers, tμ̅i. The derivation of
response functions starts from the coupled cluster polarizable

embedding quasi-energy Lagrangian based on the time-
dependent amplitudes t(t) and multipliers t(̅t)

∑

̅ = Λ ̂ + ̂ − ∂
∂

− +

‐

‐

L t t H G i
t

F R F E

t t( ( ), ( )) CC

1
2 uv

u uv v

PE CC QM es

sta, sta, non el

(3)

where the auxiliary ⟨Λ| state is

∑ μ⟨Λ| = ⟨ | + ̅ ⟨ | − ̂
μ

μ

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟t THF exp( )

i
i

, i

i

(4)

In eq 3, Ĝes describes the electrostatic interaction between the
electronic density and the multipoles in the environment. Fsta,u

is the static field at site u in the environment. The polarization
effects are described by the second to last term, where Ruv is the
symmetric relay matrix,21 which describes the interaction
between polarizable sites u and v. Enon‑el collects all of the
terms that do not depend explicitly on CC amplitudes and
Lagrangian multipliers. The static field is composed of the field
from the nuclei in the QM region, the field from the QM
electronic density, and the field originating from the induced
moments at the other polarizable sites. The interaction of the
fields with the electrons is described by the operators ε.̂
The QM Hamiltonian Ĥ̂QM is a sum of the unperturbed QM

electronic Hamiltonian Ĥ0
QM and a perturbation V̂ that can be

expanded in a Fourier series

∑ ∑ω ω̂ = − ϵ ̂
=−

V i t Xexp( ) ( )
k N

N

k
X

X k
(5)

where X̂ is a perturbation operator, ϵX is the associated strength
parameter, and ωk is the frequency of the perturbation. The
perturbation is assumed to influence only the QM region. In
the unperturbed case (V̂ = 0), t and t ̅ become time-
independent, and the quasi-energy Lagrangian becomes the
energy Lagrangian for PE-CC. In the case of no PE
environment, this further reduces to the standard energy
Lagrangian, which leads to standard CC energy and amplitude
equations.
From the quasi-energy Lagrangian, we can determine

response functions following well-known procedures.40 The
necessary quantities for CC calculation of TPA can be obtained

Table 1. General PE-CC Expressions for the Elements of Matrices Important for the Description of Two-Photon Transitions

definition vacuum contribution PE contribution

Fμiνj
ω ω

∂
∂ ∂μ ν

L

t t

{ }

( ) ( )
T

i
Y

Y j
Z

Z

2 (2) τ τ⟨Λ| ̂ ̂ ̂ | ⟩μ νH[[ , ], ] CC0 i j τ τ τ⟨Λ| ̂ ̂ ̂ + ̂ ̂ ̂ | ⟩μ ν
μ ν μ

νG P G CC[[ , ], ] [ , ]1
2i j

i j i
j

Aμiνj

ω ω
∂

∂ ̅ ∂μ ν

L

t t

{ }

( ) ( )
T

i
X

X j
Y

Y

2 (2) μ τ⟨ ̅ | ̂ ̂ | ⟩νH[ , ] CCi 0 j μ τ⟨ ̅ | ̂ ̂ + ̂ | ⟩ν
ν

G G[ , ] CCi j
j

Fμiνj
X

ω ω ω
∂

∂ϵ ∂ ∂μ ν

L

t t

{ }

( ) ( ) ( )
T

X X i
Y

Y j
Z

Z

3 (3) τ τ⟨Λ| ̂ ̂ ̂ | ⟩μ νX[[ , ], ] CC
i j

μ ν σG
i j k

ω ω ω
∂

∂ ∂ ∂μ ν σ

L

t t t

{ }

( ) ( ) ( )
T

i
X

X j
Y

Y k
Z

Z

3 (3) τ τ τ⟨Λ| ̂ ̂ ̂ ̂ | ⟩μ ν σH[[[ , ], ], ] CC0 i j k τ τ τ τ τ⟨Λ| ̂ ̂ ̂ ̂ | ⟩ + ̂ ⟨Λ| ̂ ̂ ̂ | ⟩μ ν σ
μ ν σ μ

ν σG P G[[[ , ], ], ] CC [[ , ], ] CC1
2i j k

i j k i
j k

μ νA Y
i j

ω ω ω
∂

∂ ̅ ∂ϵ ∂μ ν

L

t t

{ }

( ) ( ) ( )
T

i
X

X Y Y j
Z

Z

3 (3) μ τ⟨ ̅ | ̂ ̂ | ⟩νY[ , ] CCi j

μ ν σB
i j k

ω ω ω
∂

∂ ̅ ∂ ∂μ ν σ

L

t t t

{ }

( ) ( ) ( )
T

i
X

X j
Y

Y k
Z

Z

3 (3) μ τ τ⟨ ̅ | ̂ ̂ ̂ | ⟩ν σH[[ , ], ] CCi 0 j k μ τ τ μ τ⟨ ̅ | ̂ ̂ ̂ | ⟩ + ̂ ⟨ ̅ | ̂ ̂ + ̂ | ⟩ν σ
ν σ ν

σ
ν σ

G P G G[[ , ], ] CC [ , ] CCi i
1
2j k

j k j
k

j k

μ ν σK
i j k

ω ω ω
∂

∂ ̅ ∂ ̅ ∂μ ν σ

L

t t t
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i
X
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i j j
k
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from the linear and quadratic response function. The quadratic
response function is obtained from the time-averaged
Lagrangian of the third order in the perturbation after the
application of the 2n + 1 rule for the amplitudes and multipliers
and using a fixed time-independent HF state

ω

ω ω ω

ω ω ω

⟨⟨ ⟩⟩ = ̂ ̂ +

+ ̅ +

+ ̅ ̅

ω ω
ω± ⎜ ⎟

⎜ ⎟

⎧⎨⎩
⎛
⎝

⎞
⎠

⎛
⎝

⎞
⎠

⎫⎬⎭

X Y Z C P F Gt

t t A Bt

t t K t

; ,
1
2

1
2

1
6

( )

( ) ( )
1
2

( )

1
2

( ) ( ) ( )

XYZ X X
X

Y
Y

X
X

Y Y
Y

X
X

Y
Y

Z
Z

,Y Z

(6)

Ĉ±ω symmetrizes the entire expression with respect to the
change in sign of the frequency and complex conjugation of
vectors and matrices. The matrices in the equation are defined
in Table 1, separated into vacuum and PE contributions. The
operator Ĝ is the effective environment operator

∑ ε ε̂ = ̂ − ⟨Λ| ̂ | ⟩ ̂G G RCC
s

uv

u uv ve

(7)

and its respective derivatives used in Table 1 are

∑ ε τ ε̂ = ∂ ̂
∂

= − ⟨Λ| ̂ ̂ | ⟩ ̂μ

μ
μG

G
t

R[ , ] CC
uv

v vu ui

i
i

(8a)

∑ μ ε ε̂ = ∂ ̂
∂ ̅

= − ⟨ ̅ | ̂ | ⟩ ̂μ

μ
G

G
t

RCC
uv

i
v vu ui

i (8b)

∑ ε τ τ ε̂ = ∂ ̂
∂ ∂

= − ⟨Λ| ̂ ̂ ̂ | ⟩ ̂μ ν

μ ν
μ νG

G
t t

R[[ , ], ] CC
uv

v vu u
2

i j

i j
i j

(8c)

The ground-to-excited state TPA properties can be derived
from the single residues of the quadratic response function
when the frequency of the external perturbation Y or Z
approaches the frequency of the transition to the excited state f
(ωY = ±ωf and ωZ = ±ωf). When deriving the residue of the
pole, it is convenient, accurate, and, by now, standard (see refs
37, 41, and 42 for discussion) to omit the term K. Thereby, the
residues have the same form as in vacuum,18,40 but all matrices
have terms describing PE interactions. The required TPA
transition moments can be derived from the cubic response
function as its residues,35 and these are the right moments

= ̂ +← ⎜ ⎟
⎛
⎝⎜

⎛
⎝

⎞
⎠

⎞
⎠⎟M P L A Bt t

1
2f

XY f X X Y
0

XY

(9)

and the left moments

= ̂ + + ̅ +

+ ̅ ̂ +

← ⎜ ⎟

⎜ ⎟

⎛
⎝⎜
⎛
⎝

⎞
⎠

⎞
⎠⎟

⎛
⎝

⎞
⎠

M P R

M P

F Gt t t A Bt

A Bt t

1
2

( )

1
2

f
XY X X Y X Y Y f

f XY X X Y

0
XY

(10)

The vectors Lf and Rf are the respective left and right
eigenvectors of the Jacobian matrix A. The auxiliary vector M̅f

depends on matrices F and A

ω̅ = − + −M RF 1 A( )( )f f
f

1
(11)

The matrices contained within the moments are all listed in
Table 1.

2.2. Response Functions in the PERI-CC2 Form. The
PE-CC calculations start from a polarizable embedding
Hartree−Fock (PE-HF) calculation. This means that the
mutual polarization between the environment and the quantum
region is first determined fully self-consistently at the HF level.
The PE-HF energy expression is in analogy to eq 3 and
following ref 33 given by:

∑= ⟨ | ̂ + ̂ | ⟩ −

+

‐

‐

E H G F

R F E

D

D

HF HF
1
2

( )

( )

uv

u

uv v

PE HF
0
QM es sta, HF

sta, HF non el
(12)

Fsta,u(DHF) is the static field at site u including electronic effects
due to the HF electron density. It is also convenient to
introduce operators in their normal ordered form with respect
to the HF wave function and in that way to facilitate the
separation of the PE-HF terms from the correlation terms.

̂ = ̂ − ⟨ | ̂| ⟩O O OHF HFN (13)

The ground state PE-CC quasi-energy Lagrangian can be then
written as a sum of the PE-HF energy and a CC correlation
contribution

∑ ε ε

= + ⟨Λ| ̂ + ̂ + ̂ − ∂
∂

| ⟩

− ⟨Λ| ̂ | ⟩ ⟨Λ| ̂ | ⟩

‐ ‐L E F V W i
t

R

CC

1
2

CC CC

N N

uv
N
u uv

N
v

PE CC PE HF PE QM

(14)

where the QM Hamiltonian is separated into the QM Fock
operator F̂QM and the QM fluctuation potential ŴQM. The PE
Fock operator is composed of the QM Fock operator, the
electrostatic interaction operator, and the HF effective
polarization contribution

̂ = ̂ + ̂ + ̂F F G GPE QM es pol,HF
(15)

Since we use a PE-HF reference, most of the PE contributions
for the unperturbed solvated system are already implicitly
included through F̂PE and the PE-HF orbitals. The only
contribution that one has to account for explicitly in the CC
calculation is the polarization term and its response to external
perturbations.
The starting point for the derivation of the PERI-CC2

Lagrangian is the PE-CCSD Lagrangian, for which a number of
approximations are applied. Similar as for the vacuum CC2
model, the operator F̂̂PE and the singles amplitudes and
multipliers are treated as zeroth order in the fluctuation
potential. The operator ŴQM, as well as the doubles amplitudes
and multipliers, are treated as first-order quantities. The
amplitude equations are then kept fully for singles, but for
the doubles only the first-order terms are kept. In addition, we
make two approximations in PERI-CC2 that have only a small
effect on the result, but they significantly reduce the
computational cost: (1) we neglect the contributions propor-
tional to the doubles amplitudes in the last term of eq 14 so
that we can recover a simple quadratic structure of FRF, which
can be expressed with the CCS-like density,33 and (2) we use
the RI approximation (or density-fitting) for more efficient
treatment of two-electron integrals in the correlation
contributions. The PERI-CC2 Lagrangian accordingly has the
form
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∑

∑

∑

μ

μ

ε ε

= + ⟨ | ̂ + ̂ + ̂ ̂ | ⟩

+ ̅ ⟨ | ̂ + ̂ + ̂ ̂ + ̂ + ̂ ̂

− ∂
∂

| ⟩

+ ̅ ⟨ | ̂ + ̂ + ̂ ̂ − ∂
∂

| ⟩

− ⟨ + ̅ | ̂ | ⟩ ⟨ + ̅ | ̂ | ⟩∼ ∼

∼

∼ ∼

∼

͠ ͠

͠ ͠

͠

μ
μ

μ

μ
μ μ

‐ ‐L E V W W T

t V W F T V W T

i
t

t

t W F V T i
t

t

t R t

HF [ , ] HF

[ , ] [ , ]

HF

[ , ] HF

1
2

HF HF HF HF

N N

N N N

N N

uv
N
u uv

N
v

PERI CC2 PE HF QM QM
2

1

QM PE
1

QM
2

2

QM PE
2

1 1

1

1

1

2

2 2

(16)

To obtain a compact notation for the PERI-CC2 equations, we
have in t roduced the T̂ 1 - t r ans formed opera tor s ,

̂ = − ̂ ̂ ̂∼O T O Texp( ) exp( )1 1 . The PE contributions from the
quadratic response function appear only for matrices G, B,
and K. In the end, matrix K is neglected for the purpose of TPA
calculations and is therefore not implemented. Matrices F and
A had their PE contributions implemented for the calculation
of one-photon properties in previous work. Therefore, the only
nonvanishing PE contributions that had to be implemented are
those in matrices G and B

τ τ= ̂ ⟨ ̅ | ̂ ̂ ̂ | ⟩∼
μ ν σ

μ ν σ μ

ν σG P t G
1
2

[[ , ], ] HFPE
11 1 1

1 1 1 1

1 1 (17a)

μ τ τ τ= ⟨ | ̂ ̂ ̂ + ̂ ̂ ̂ + ̂ | ⟩∼ ∼ ∼
μ ν σ ν σ

ν σ ν

σ

ν σΔ
B G P G G[[ , ], ] [ , ] HFPE

11 1 1 1 1

1 1 1

1

1 1

(17b)

3. IMPLEMENTATION
For the implementation, we refer to previous RI-CC2 papers
for the calculation of many of the necessary RI-CC2 quantities
and densities18,35,43,44 and the previous PERI-CC2 work for
integration of PE in RI-CC2.33 In what follows, we will focus on
the additional steps required for the RI-CC2 TPA implementa-
tion.
Generally, when evaluating the environment operators, we

do not store the integrals for the interaction of the electrons
with the individual multipole and polarizability centers because
this could cause a storage bottleneck. Instead, we evaluate them
whenever needed and contract them immediately with a one-
electron density and the multipole moments to the environ-
ment operator Ĝ̂ or derivatives of Ĝ̂ contracted with the
response of the cluster amplitudes and Lagrange multipliers.
This strategy has a negligible effect on the overall operation
count, which is dominated by the cost of the two-electron
integrals, but it ensures that the disk and memory demands for
the PERI-CC2 calculations are not significantly larger than
those in the vacuum case.
The densities are separated into four blocks: occupied/

occupied, occupied/virtual, virtual/occupied, and virtual/
virtual. For convenience, occupied orbitals are denoted with
indices i, j, k, and so on, whereas indices a, b, c, and so on are
assigned to virtual orbitals. Indices p, q, r, and so on are used to
denote MOs in general, without any reference to their
occupancy. For evaluating the necessary PE contributions, we
introduce auxiliary densities. The following densities are needed
for the PE part of matrices G and B:

∑ μ= ⟨ | ̂ | ⟩ξ

μ
μD L L E( ) HFpq pq1

1

1
(18a)

∑ τ= ⟨ + ̅ | ̂ ̂ | ⟩η

μ
μ μD R t E R( ) HF [ , ] HFpq pq1

1

1 1
(18b)

∑ μ τ= ⟨ | ̂ ̂ | ⟩
μ ν

μ ν νD L R L E R( , ) [ , ] HFpq
A

pq1
1 1

1 1 1

(18c)

∑ τ τ= ⟨ ̅ | ̂ ̂ ̂ | ⟩
μ ν

μ ν μ νD R R t E R R( , ) [[ , ], ] HFpq
F X Y

pq
X Y

1

1 1

1 1 1 1

(18d)

∑ μ τ τ= ⟨ | ̂ ̂ ̂ | ⟩
μ ν σ

μ ν σ ν σD L R R L E R R( , , ) [[ , ], ] HFpq
B X Y

pq
X Y

1
1 1 1

1 1 1 1 1

(18e)

The T̂1-transformation of the operators gives an opportunity to
introduce the T̂1-transformed integrals xp̃q. The densities in eqs
18 are defined for a T̂1-transformed MO basis, for which the
MO integrals are given in terms of the AO integrals

∑̃ = Λ Λ
σρ

ρ σ ρσx xpq p
p

q
h

(19)

where ρ and σ are AO indices and Λ = −C 1 t( )p
1
T and

Λ = +C 1 t( )h
1 are the occupied and virtual transformation

matrices, respectively.
The elements of the density matrices are listed in Table 2. At

this point, it is possible to find computationally tractable

expressions for matrices G and B transformed with two or three
vectors. Matrix G can be contracted with three right auxiliary
vectors, so its PE contribution to eq 10 becomes

∑

∑ ∑
= ̂ ⟨ ̅ | ̂ | ⟩

= − ̂ ̅ ̃

+ ̅ ̃

∼

μ ν σ
μ ν σ μ ν σ

η

η

η

Δ

Δ

Δ

G R R R

P t G R R R

P t G R

t G R R R

D

D

D

[[ ( ( )), ], ] HF

( ( ( ))

( ( )))

X Y Z

XYZ X Y Z

XYZ

ia bj
bi ja

X

aj ib
X

bj
Y

ai
Z

PE

1 1 1 1

1

1

1 1 1
1 1 1 1 1 1

(20)

with the correlated polarization term for a given CCS-like

density D being εε̂ = −∑ ̂ ̃∼Δ
G RD D( ) Tr( )uv

u uv v .
The matrix B is contractd with one left and one right

auxiliary vector to evaluate its contributions in eqs 9 and 10.
When written out in a form appropriate for implementation,
this transformation becomes

Table 2. Elements of the CCS-Like Density Matrices Used
To Evaluate the Response of the Environment Potential Ĝ to
Changes in the Amplitudes and Multipliers

density Dij Dai Dia Dab

ξ LD ( ) 0 Lai 0 0
η RD ( )

−∑ ̅t Ra aj ai

0 2Rai
∑ ̅t Ri ai bi

L RD ( , )A

−∑ L Ra aj ai

0 0
∑ L Ri ai bi

R RD ( , )F X Y 0 0

− ̂ ∑ ̅P t R RXY
bj bj aj

X
bi
Y

0

L R RD ( , , )B X Y 0 0

− ̂ ∑P L R RXY
bj bj aj

X
bi
Y

0
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The polarization contributions are then added to the
contractions of matrices G and B, needed for evaluation of
the transition moments. These matrices are implemented in the
local development version of the Turbomole package,45 based
on release V6.6.

4. CALCULATIONS

Three systems were chosen to illustrate the performance of the
implemented method: a water-solvated formamide molecule, a
water-solvated uracil molecule, and a series of mutants of the
ChR protein. In the first example, the PERI-CC2 method was
benchmarked for TPA against well-documented previous
implementations of PE-CC methods for TPA. In the case of
uracil, the PERI-CC2 description of the influence of hydrogen
bonding on TPA was analyzed. The last example has been used
to depict the efficiency and accuracy of the PERI-CC2 method
in the calculation of TPA properties of a protein with a large
photoactive site.
4.1. Aqueous Solution of Formamide. Formamide is a

small molecule well-suited for a large number of calculations
using different computational methods. In this case, the TPA
calculations were performed on 120 snapshots of a water-
solvated formamide molecule. The details of the preparation
procedure of the snapshots and embedding potential
calculations can be found in a previous study.23 The embedding
potential describing the solvating water molecules includes
multipoles up to quadrupoles and anisotropic polarizabilities.
The results from the PERI-CC2 calculations were compared
with the results from the calculations performed using PE-CC2
and PE-CCSD methods that were previously implemented in
the Dalton program.46 In all calculations, the aug-cc-pVDZ47

basis set was used. For PERI-CC2, a large auxiliary basis set,
aug-cc-pV6Z,48−50 was used to minimize the error that arises
from the RI approximation. The primary difference between
PE-CC2 and PERI-CC2 is, therefore, not the RI approximation
of two-electron integrals per se but the special approximation of
the PE response term; PERI-CC2 uses the CCS-like density,
whereas PE-CC2 uses the full CC2 density. In vacuum, the
formamide molecule was optimized at the B3LYP/aug-cc-
pVTZ level of theory using Gaussian 09,51 and its TPA

spectrum was calculated using the RI-CC2 method with the
same basis sets as those for PERI-CC2.
Properties of the first four vertically excited states of the

formamide molecule surrounded by 248 PE water molecules
were calculated. The variations of calculated TPA transition
probabilities (δTPA) throughout the snapshots are shown in
Figure 1. The values of δTPA were convoluted in a Lorentzian-

type shape function as described elsewhere,52 and the full-
width-at-half-maximum (fwhm) was set to 0.2 eV. The
simulated TPA spectrum calculated with all three methods is
shown in Figure 2a.
The PERI-CC2 results are in almost perfect agreement with

the PE-CC2 results, visible from the fact that the lines for
PERI-CC2 and PE-CC2 in the spectra nearly completely
overlap. This holds not only on average, as in Figure 2, but also
for each snapshot individually, as shown in Figure 1. As
expected, the PE-CCSD method yielded somewhat different
results for excitation energies and TPA cross-sections. The
spectral maxima for PERI-CC2 and PE-CC2 are red-shifted by
about 0.2 eV from the PE-CCSD peak, and the PE-CCSD peak
is lower by about 0.5 Göppert-Mayer (GM) units. This
indicates that the main differences between the PE-CCSD and
PERI-CC2 methods have their origin in the CC2 approx-
imation of the doubles excitations manifold.
The large peak corresponds to the intensive transition from

the ground to the second, third, and, to a lesser extent, fourth
excited states, depending on the snapshot. The fourth excited
state also appears as a weak shoulder on the right-hand side of
the intensive peak. The first excited state corresponds to a very
weak transition in the range from ∼6.1 to ∼6.9 eV (depending
on the snapshot), and it is not visible in the spectrum. It is also
visible from Figure 1 that the largest difference in TPA between
the CCSD- and the CC2-based approaches arises in the second
excited state, where the PE-CCSD values of δTPA are visibly
lower than the PE-CC2 and PERI-CC2 values.
Regarding the nature of the excited states, the first excited

state exhibits clear features of the n → π* transition. The other
three excited states are a mixture of valence states produced by
π → π* transitions and Rydberg-type states. The complicating
circumstance for this system is that the nature of these three
states clearly varies throughout the snapshots for both CC2-

Figure 1. Comparison of TPA transition probabilities of the aqueous
solution of formamide throughout 120 snapshots calculated using PE-
CCSD, PE-CC2, and PERI-CC2 for the first (a), second (b), third (c),
and fourth (d) excited states.
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based methods, but it does not vary that much for PE-CCSD.
This explains the large fluctuations in δTPA values for PE-CC2
and PERI-CC2 seen in Figure 1. The slight difference in
behavior for PE-CCSD and PERI-CC2/PE-CC2 is thus
attributed to somewhat larger errors for the Rydberg transitions
for CC2 compared to CCSD. The RI approximation, however,
does not seem to be affected by the presence of Rydberg states,
as was also found in previous vacuum work.35

Large fluctuations in δTPA for this case also imply the need for
a large number of configurations (approximately 100 or more)
in order to obtain a statistically relevant sample for averaging. It
can be seen from the results included in the Supporting
Information that a small set (30 points) yields an erroneous
spectrum, but a gradual increase in the number of
configurations improves the result and for 90 points and
more changes are small, in particular for the peak maximum
value and position.

For comparison, the OPA spectrum (in the Supporting
Information) exhibits much less difference between PE-CCSD
and PERI-CC2, which implies that the description of the
nonlinear absorption depends much more strongly on the
inclusion of doubles amplitudes than linear absorption. The
reason for this probably lies in the fact that in CC response
theory the doubles amplitudes describe not only correlation
effects and the physical excitation processes but also partially
the response of the correlated and uncorrelated parts of the
wave function to the electric fields. In difference to the OPA
moments, the TPA moments depend explicitly on the first-
order responses of the ground state wave function and might,
for this reason, be more sensitive to approximations in the
doubles amplitudes.
Water solvation produces a blue shift for all four excited

states, as visible in Figure 2b,c. The δTPA value is significantly
higher in vacuum than in solution for the second excited state,

Figure 2. (a) TPA cross-section (σTPA) of a water-solvated formamide molecule as a function of the laser frequency (ω) calculated with PE-CCSD,
PE-CC2, and PERI-CC2 methods, (b) TPA stick spectra of 120 snapshots of a water-solvated formamide molecule calculated with PERI-CC2 and
(c) TPA stick spectrum of the formamide molecule in vacuum calculated with RI-CC2.
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it is lower for the third excited state, and it is higher than most
PE snapshots for the fourth excited state. For the first excited
state, there is generally no significant difference in δTPA for
vacuum and PE, as it is an extremely weak transition.
4.2. Uracil in Water. The second analyzed system was the

water solution of a uracil molecule, a pyrimidine nucleobase
that naturally occurs in ribonucleic acid (RNA), where it forms
double hydrogen bonds with adenine. An accurate description
of interaction of nucleobases with light is needed for further
elucidation of the process of photoinduced damage of nucleic
acids.53,54 The UV−vis spectrum of uracil in gas phase and
solution has been a target of myriad experimental and
theoretical studies.55−63 However, the literature on two-photon
properties of nucleobases does not seem to be abundant.
The water solution of uracil was described using two models:

model 1, where only the uracil molecule was included in the
QM region and all of the solvating water molecules were
described with PE, and model 2, where four water molecules
hydrogen-bonded with uracil were included in the QM region
and the rest of the solvating system was described with PE. This
analysis gave insight into the accuracy of the PE description of
the influence of hydrogen bonding on TPA transition
probabilities and the positions of band maxima in the PERI-
CC2 context. The applied basis set was aug-cc-pVDZ, along
with the aug-cc-pV6Z auxiliary basis set; the large auxiliary basis
set minimizes the error arising from the RI approximation in
the PERI-CC2 model. The first two excited states were
calculated for 120 snapshots generated from an MD simulation.
The first excited state corresponds to a π → π* transition, and
the second excited state, to a n → π* transition. The order of
these two states is reversed in vacuum,59 and this reversal has
been found in other studies as well.64 The details of the applied
computational procedure for MD can be found elsewhere.62

The obtained spectra of 120 snapshots were convoluted in a
Lorentzian shape function and averaged to produce a single
spectrum. The fwhm value is set to be 0.2 eV. Using 120
snapshots for uracil ensures that a reliable spectral simulation is
attained, as for formamide, although for uracil, this can already
be achieved with 60 snapshots, as shown in the Supporting
Information.
Figure 3 shows the TPA spectra for the two approaches.

Both spectra show one distinct and strong band. The maximum
TPA cross-section for both approaches is at a laser frequency of

2.58 eV, which corresponds to an excitation energy of 5.16 eV.
Our predicted OPA band maximum for the two models is also
at 5.16 eV, which is 0.37 eV higher than the experimental result
(4.79 eV for the OPA spectrum).56,60 The maximum TPA
cross-section is higher by ∼0.1 GM unit for model 2 than for
model 1 with the given fwhm. This strong band corresponds to
the π→ π* transition. The weak n→ π* transition is located at
5.51 eV for model 1 and at 5.43 eV for model 2. Since the
second transition is not visible from the spectrum, its position
for the two models was retrieved as the averaged excitation
energy of the second singlet excited state of the 120 snapshots.
The analysis indicated that the additional four hydrogen-

bonded water molecules in the QM region produce only slight
differences in the TPA spectrum and that the PE approach
provides a very good description of the influence of hydrogen
bonding on TPA transition strengths. On the other hand, the
inclusion of additional four water molecules into the QM
region increases the computational problem (from 236 to 408
basis functions and from 21 to 37 occupied valence orbitals),
which leads, approximately, to a 10-fold increase in computa-
tional time. The benefits of this improvement in the description
of the system are only marginal, considering the magnitude of
other errors involved.

4.3. Large-Scale Application: Channelrhodopsin. ChR
is a photoactive transmembrane protein found in algae
Chlamydomonas reinhardtii.65−67 It has been a key system
suitable for optogenetic research,68 and a number of its variants
and mutants have been experimentally scrutinized.69,70 Large
two-photon cross-sections have also been reported.71 The
reason for choosing this system is 2-fold: (a) a previous study
of a series of pertinent point mutants36 allowed us to make a
comparison with already existing data and (b) the size of its
chromophore makes a TPA study of a large number of mutants
using high-accuracy theoretical models a challenging task. It
shall be shown in this study that it is computationally tractable
to calculate TPA properties of ChR with the PERI-CC2 model.
A calculation of one mutation took about 220 h of wall-clock

time on eight processors (Intel/Nehalem X5550, 2.6 GHz),
which is computationally demanding but not unfeasible with
available resources. There are no other computational times
available for comparison with PERI-CC2, and a PE-CC2
calculation would be unrealistic and inefficient for a large set of
ChR mutations. This can be attributed to the fact that the RI
approximation reduces the RI-CC2 operation count from
O(nN4) to O(n2N3), where n is the number of electrons and N
is the number of basis functions. This typically leads to a
reduction by 1 or 2 orders of magnitude in computational time
for both vacuum and PE calculations.
The computational procedure was the same as that indicated

in the previous study by Sneskov et al.,36 and it included the
same chimeral C1C2 variant72,73 and the same set of mutants of
C1C2. Only one fixed molecular configuration per mutation
was used for the calculations. This introduced an error, namely,
no dynamic effects are taken into consideration and the peaks
for the transitions have no spectral width, as in experimental
spectra or computational spectra of snapshots generated using
MD simulations. On the other hand, using such MD sampling
would increase the number of calculations from one to at least
30 per mutation (not taking the MD simulation and QM/MM
optimization into account), making it much more costly to
screen a large set of different mutants.
The first series of mutations included those for which

experimental and computational results for TPA properties are

Figure 3. TPA cross-section (σTPA) of a water-solvated uracil molecule
as a function of the laser frequency (ω) without and with four
hydrogen-bonded water molecules in the QM region.
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already available. The TPA results of the first series of pertinent
mutants are shown in Table 3. The combined mutation
T198C/E162T and a single mutation E162Q give the largest
red shift in the excitation energy and provide the best
enhancement in the TPA properties. H173R, on the other
hand, yields deterioration of the TPA properties. This result is
in agreement with previous results and confirms predictions of
the PE-TDDFT study.36

Another series included a set of point mutations of different
amino acids to glycine (G). The result showed that changing
amino acids that are closest to the chromophore has the largest
influence on both the spectral shifts and the TPA transition
probabilities (Figure 4). Although the distance from the
chromophore plays a crucial role in the extent of the influence
of mutation on the TPA transition probabilities, there are still
several mutations that have an unusually large effect compared
to that for other mutations at sites of comparable distances.
These correspond to mutations from positively or negatively
charged amino acids (lysine (K), glutamate (E), and arginine
(R)) to G and from tryptophan (W) and serine (S) to G.
Whereas substitution of W and K with G yields deterioration of
the TPA properties, substitutions of S and R enhance TPA.
Interestingly, substitutions of two different E residues (122 and
274) produce the opposite effect on the TPA properties of the
protein. There is no indication why this would be the case.
The last series consisted of a set of point mutations of E162

to various amino acids. Glutamate is an amino acid with a
negatively charged side chain. As visible from Figure 5, it seems
that the largest enhancement in TPA properties takes place
upon mutation from E to an amino acid with a positively
charged side chain, like K or R. The previous study (PE-
TDDFT) predicted less TPA enhancement for the E162K
mutant than for E162R, whereas PERI-CC2 predicts that the
E162K mutation would have a larger TPA transition probability
than that for E162R. This observation is also in line with the
fact that E162K has the largest red spectral shift. E162Q also
exhibits a significant enhancement in the TPA properties,
whereas other mutations all exhibit nearly the same extent of
spectral shifts and changes in TPA transition probabilities. The
smallest difference in TPA properties relative to those of the
wild-type protein is exhibited by the E162D mutant, which is
also expected because aspartate (D) is the amino acid most
similar to E.

5. CONCLUSIONS

In this work, we extended the PERI-CC2 method to the
calculation of TPA spectra of large molecular systems and
presented an implementation of it in the Turbomole package
for quantum chemistry. This method enables significantly more

efficient computational predictions of TPA spectra with a CC
method than were possible before.
It is shown in the case of formamide that the PERI-CC2

method provides virtually the same results as those with the
previously implemented PE-CC2 method but with much less
computational effort. This justifies the use of CCS-like densities
for the polarization. The PE approach likewise satisfactorily
describes the influence of hydrogen bonding on the TPA of a
chromophore with little additional computational effort, as
shown in the example of uracil. In the last example, the PERI-
CC2 method was applied on a series of mutants of the ChR
protein. The active site in the protein is quite large (66 atoms),
yet the PERI-CC2 method successfully managed to fulfill the

Table 3. Spectral Shifts and Relative Differences in TPA Transition Probabilities of ChR Mutants with Respect to Wild-Type
ChR and Comparison with Previous Computational (PE-TDDFT) and Experimental Results

(λmut − λwt)/nm ((δmut
TPA − δwt

TPA)/δwt
TPA) × 100%

mutant PERI-CC2 PE-TDDFT36 exp74,75 PERI-CC2 PE-TDDFT36

T198C 3.5 3 0 18 20
T198C + E162T 50.8 28 35 161 150
H173R −6.8 0 0 0.5 0
E162A 45.7 25 20 133 120
E162D 10.1 6 10 27 30
E162Q 67.2 37 30 186 160
E162T 42.2 23 30 124 120

Figure 4. Spectral shifts (up) and TPA transition probability ratios
(down) with respect to the wild-type protein for a series of amino
acid-to-glycine mutations, ordered with respect to the distance from
the Schiff-base of the chromophore.
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task. The results of the last study are compared with previous
experimental and computational studies, and they either
reproduce or improve on previous computational results.
In summary, the presented PERI-CC2 TPA implementation

provides a useful new tool for the theoretical description of
complex photoactive systems.
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