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Local pair natural orbitals for excited states

Benjamin Helmich? and Christof Héttig®
Lehrstuhl fiir Theoretische Chemie, Ruhr-Universitit Bochum, 44801 Bochum, Germany

(Received 24 September 2011; accepted 9 November 2011; published online 6 December 2011)

We explore how in response calculations for excitation energies with wavefunction based (e.g., cou-
pled cluster) methods the number of double excitation amplitudes can be reduced by means of trun-
cated pair natural orbital (PNO) expansions and localized occupied orbitals. Using the CIS(D) ap-
proximation as a test model, we find that the number of double excitation amplitudes can be reduced
dramatically with minor impact on the accuracy if the excited state wavefunction is expanded in
state-specific PNOs generated from an approximate first-order guess wavefunction. As for ground
states, the PNO truncation error can also for excitation energies be controlled by a single threshold
related to generalized natural occupation numbers. The best performance is found with occupied or-
bitals which are localized by the Pipek-Mezey localization. For a large test set of excited states we
find with this localization that already a PNO threshold of 10~8-10~", corresponding to an average
of only 40-80 PNOs per pair, is sufficient to keep the PNO truncation error for vertical excitation
energies below 0.01 eV. This is a significantly more rapid convergence with the number doubles
amplitudes than in domain-based local response approaches. We demonstrate that the number of
significant excited state PNOs scales asymptotically linearly with the system size in the worst case
of completely delocalized excitations and sub-linearly whenever the chromophore does not increase
with the system size. Moreover, we observe that the flexibility of state-specific PNOs to adapt to the
character of an excitation allows for an almost unbiased treatment of local, delocalized and charge

transfer excited states. © 2011 American Institute of Physics. [doi:10.1063/1.3664902]

. INTRODUCTION

The coupled cluster response theory'~> approach for the
computation of excitation energies® and excited state proper-
ties is size-consistent and converges systematically towards
the full configuration interaction (CI) limit when climbing
up the hierarchy of approximate coupled cluster (CC) mod-
els CCS (singles),”® CC2,° CCSD (singles and doubles),'”
cca ! up to arbitrary order.'>13 For higher orders, however,
the gain in accuracy is accompanied by an unfortunate steep
scaling with the system size \V, e.g., O(N®) for CCSD, which
hinders the application of these methods to extended systems.
Various approaches to reduce the computational costs of cor-
related wavefunction methods by exploiting the locality of
dynamic electron correlation have been proposed in the litera-
ture. In particular, for ground state energies, important exam-
ples are techniques based on integral-screening'+'” and in-
cremental schemes.'®? The most prominent and approved
approaches are probably those based on the local correlation
approach initially proposed by Pulay in the 1980s,?! where
excitations for a pair of localized occupied orbitals i, j are
restricted to projected atomic orbitals (PAOs) that are spa-
tially close to i and j. The domain-based local approach has
later been applied extensively to coupled cluster methods by
Werner, Schiitz and co-workers for the ground state?224 ag
well as excited states.”>>® Besides domain-based local ap-
proaches, excitation energies at the CCSD level for extended
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systems have recently become available in the context of in-
cremental schemes.”

We here present an alternative local approach for an ef-
ficient and accurate computation of excitation energies which
uses a truncated expansion in pair natural orbitals (PNOs).
First reported as pseudo-natural orbitals,’* PNOs became very
popular in the 1970s,>'*! and lead to a tremendous reduction
of the virtual space for calculations using the second-order
Mgller-Plesset perturbation theory (MP2), coupled electron
pair approximation (CEPA), and approximate CI models. In-
troducing only moderate truncation errors in the correlation
energy, the PNO approach facilitated calculations of systems
that could not be performed with conventional methods at that
time. PNOs have later been fallen into disuse because the
integral transformation from the virtual into the PNO space
emerged as an acute computational and storage bottleneck.
Recently, the use of PNOs has been revived by Neese et al. for
the CEPA (Ref. 42) and CCSD (Ref. 43) model in combina-
tion with the resolution of the identity (RI) approximation for
the two-electron integrals*** to bypass these bottlenecks. By
their recent work, Neese et al. showed that the LPNO-CEPA
and LPNO-CCSD method is capable to produce smooth po-
tential energy surfaces which encourages the development of
analytic gradient techniques for PNO based correlation meth-
ods. Moreover, the PNO approach has lately been applied to
compress the space of both virtual and complementary aux-
iliary orbitals within the framework of explicitly correlated
methods.*

PNOs present a way to automatically construct very com-
pact virtual spaces through the PNO analysis of a correlated

© 2011 American Institute of Physics
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approximate wavefunction. The accuracy can be controlled by
a single parameter, which is the occupation number threshold
of the PNO truncation. Besides avoiding technical difficul-
ties in choosing spatial domains, the inherent self-adaptivity
of PNOs makes them attractive for problems which require
an unbiased treatment of local and non-local effects. This is
particularly the case when it comes to the calculation of elec-
tronic excitation energies with response methods, which is the
subject of the present work.

To explore how truncated PNO expansions can be applied
for the calculation of excitation energies in the framework of
response theory we chose as model the perturbative doubles
correction*’ (D) to configuration interaction singles (CIS) ex-
citation energies. CIS(D) is one of the computationally sim-
plest correlated wavefunction approaches for the calculation
of electronic excitation energies with a strong relation to cou-
pled cluster response theory. It has a computational complex-
ity comparable to MP2 and has in common with MP2 and
coupled cluster methods that it is size-consistent and yields
results which are correct through second-order in the electron
fluctuation potential.

Similar as MP2 is often used to generate a first-order
guess for the ground state doubles amplitudes for higher-order
methods as, e.g., CEPA and CCSD, also CIS(D) can be used
to generate a first-order guess for the doubles part of the ex-
citation vector in coupled cluster linear response calculations.
It is, thus, a perfect model to study how the technique of trun-
cated PNO expansions can be transferred from the ground
state to excited states in the framework of response theory
and in particular the calculation of excitation energies.

In the present work, we focus on the construction of
state-specific truncated PNO expansions for the excitation
operator which describes in response theory the transition
from the correlated ground to the correlated excited state
and the analysis of convergence behavior of truncated PNO
expansions for vertical excitation energies where CIS(D) is
used as computation model. In Sec. II, we describe how to
obtain PNOs from an approximate first-order guess for the
excitation operator with emphasis on the similarity between
ground and excited states and present working equations
for a LPNO-CIS(D) method. Details of the implementation
are given in Sec. III. In Sec. IV, we examine the influence
of the occupied orbital space on the convergence of the
PNO expansion and investigate whether it is necessary to
construct state-specific PNOs for excited states. Furthermore,
we investigate the scaling of the number of PNOs kept in
the expansion with the size of the chromophore and the total
system for typical localized and delocalized excitations. We
also show that state-specific PNOs are capable to describe
excitations to charge transfer states almost as accurately as
local valence excitations. In Sec. V, we summarize our results
and give an outline of forthcoming work.

Il. THEORY
A. MP2-PNOs for the ground state

For closed-shell systems the MP2 energy correction is
given by
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2

Y0
i<j 1+ Sij ab
with the doubles amplitudes
y Ko
iy = = 2

EatEp— & —&j

and the two- electron integrals Kab = (ia|jb) and L

= 2[(;’,) — KV .- In Eq. (2), ¢, denote the Hartree-Fock (HF)
orbital energies of canonical molecular orbitals (MOs) p for
the occupied p = i, j and virtual space p = a, b. PNOs are
defined as linear combinations of virtual orbitals,

Z |a)d,?, 3)

which are chosen such that they diagonalize the contribution
D/, of the pair ij to the one-electron density matrix

2 : ij ~NiJ i)
daﬁDabdhE
ab

The eigenvalues of D

=n8,; )

are the natural orbital occupation
numbers n- which are positive and, when sorted in descend-
ing order, converge rapidly towards zero. At the MP2 level
PNOs are calculated from the pair contributions to the den-
sity matrix in Eq. (4) constructed from the first-order wave
function,*> which are given by

Dy, =+~ Z (udtyl + uhtiy). ®)

Nyj=1+—2 > bt (6)
t 1+81] ~— Uaplap»

=2~ )

From the definition of the PNOs in Eq. (4) it is evident that
PNOs for a specific pair ij of occupied MOs are orthogonal to
each other while the overlap between PNOs of different pairs
is given by

SoH Z R 8)

The transformation from canonical virtual MOs to PNOs by
means of Eq. (3) and vice versa can be used to define a pro-
jector onto the PNO space of a pair ij

0y, = Zd” dy, ©)

which becomes the identity §,, if no PNOs are discarded.
The closed-shell MP2 energy correction for a truncated

PNO expansion can be conveniently defined by projecting the

doubles amplitudes of a given pair ij to its own PNO basis:

E=) 1 H D02 L Qutily Qi

i<j ab a'b’
2
= LY4 10
2 1, 2 L (10
1= ab

Downloaded 09 Jan 2012 to 134.147.252.238. Redistribution subject to AIP license or copyright; see http://jcp.aip.org/about/rights_and_permissions



214106-3 Local PNOs for excited states

The PNOs with large occupation numbers are located in
the same region of space as the underlying pair ij of occupied
MOs.!:32:42 In particular, with localized MOs (LMOs) only a
few PNOs per pair ij contribute significantly to the wavefunc-
tion and energy. This can be exploited to achieve considerable
computational savings by truncation of the PNO space. How-
ever, the introduction of LMOs in the occupied space causes
the occupied-occupied block of the Fock matrix to be non-
diagonal and the doubles amplitudes t are then determined
as solution of the linear equation

0= KU + Z Faal—l; + léjc;FEE)

ij,kj kj kj,ij z]tk ik oik,ij
_ZZ( FirSae " t:35q5 + Sac teaSas Fk.i)' )

B. CIS(D)-PNOs for excited states

Within the CIS(D) method*” the second-order correction
to the zeroth-order CIS excitation energy comprises two parts

(2) = Wgs + Wes, (12)

where electron correlation enters in wg, via ground state dou-
bles amplitudes and in w,s via excited state doubles ampli-
tudes.

The second-order energy contribution originating from
the ground state doubles amplitudes, w,,, can be conveniently
evaluated as

g = Dy} Pui(tp), (13)
ai
with the intermediate
pai (i) = Z EQEji + Z EwEy + Z“'k Fu,
(14)

where E;?) are the zeroth-order excited state singles ampli-

tudes which are normalized as Zai(Eff;) )> = 1. For ease of
computation, we used in Eq. (14)

Foo = Z L Ey), (15)

and the two intermediates

]z _+Zui1];7Kba’ (16)
abk
DI a7
cij

which depend solely on the two-electron integrals and
ground state doubles amplitudes tlgl ), and thus, can be re-
tained independently from a particular excited state as global
intermediates.

To truncate the virtual space for the terms that appear in
gy, pair-specific projectors constructed from the MP2-PNOs
of the ground state are employed. The two intermediates that
are independent of the excited state are evaluated in the PNO
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basis as

Eji~ +ZZuﬁbZS”‘ N RS, (18)
F

ab

“h’v_zzd” ZM"ZK’b bb* (19)

Together with the projection of 1 to the (ground state) PNO
basis in the third term of pai(tl()])) this yields

pai(thy) = Z EQEj + Z EwE))

+Xk:Zd”‘ Youlk Zdﬂfgﬁck. (20)

For F; the truncated PNO expansion can be exploited by re-
stricting the two-electron integrals in le_’b to the PNO basis of
the pair &j:

R 3 DD LD ST Y
j ¢ b b

The expression for w,, is closely related to the equations
for the MP2 ground state energy:

1 i i
Wes = Y s Xb: LY EY. (22)

i<j

In the last equation, ﬂ;’; are modified two-electron integrals
ij _ Hpil 2
ab — ZKab - Kba’ (23)
and E;’b are the first-order excited state doubles amplitudes
oy
ij K ab

E; =— . 24
b catep—ei—ej —® 24

Compared to the ground state doubles amplitudes in (2), the
CIS excitation energy »® appears supplementary in the or-
bital denominator of Eq. (24). Furthermore, K, 4 are two-
electron integrals which are one-index transformed with the
CIS singles amplitudes:*3

RY = =3 (EQkilbj) + (@ilkj) E)
k
+2(E

As mentioned before, electron correlation enters into the
contribution w,; through the excited state doubles amplitudes
E;’b We thus propose to construct PNOs separately for each
excited state that provide a compact description of the first-
order excited state wavefunction |W() =", iba Eap!Vab)-
Similar as for the ground state, also for excited states | WD)
accounts already for a large fraction of correlation effects so
that a (truncated) basis of PNOs for |[W(D) can be expected
to provide also a compact and accurate basis for higher-order
correlation contributions to the wavefunction. This explains
the accuracy that is obtained when using approximate PNOs
built from first-order wave functions as it has been demon-
strated by Neese et al. for LPNO-CEPA and LPNO-CCSD.

E\(ac|bj) + (ai|bo)E)). (25)
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214106-4 B. Helmich and C. Hattig

From Eq. (25) it follows that the excited state doubles am-
plitudes depend (through E((l?)) strongly on the nature of the
excited state and can in particular exhibit a long-range charac-
ter whenever the excitation (i.e., Efl?)) is non-local. Therefore,
it is very unlikely that ground state PNOs are an appropri-
ate choice for expanding excited state wavefunctions. We will
come back to this point in Sec. IV C. N

PNOs for excited states can be obtained by replacing 7.}

by EZ in Egs. (5)~(7)

e 2 . L
Dy, = < D0 (@ By + B4 E), (26)
ij ¢
Ni=1+ 2 >l Ey, (27)
ij — P
1+6[j ~ a a
i, =2E» — Ejl. (28)

As ground state PNOs, the excited state PNOs are expanded
in canonical virtual MOs and diagonalize the contributions
to the density matrices built from the first-order CIS(D) wave
function in Eq. (26) for a pair ij. Working equations for the en-
ergy contribution from the excited state doubles amplitudes,
wes, With PNOs are obtained by projecting E.’, to the state-
specific PNO basis. This leads to the expression

1 PP
Wes = Z 148 Z LﬁjEEajE’ (29)

i<j ab

where the amplitudes E;’b are the solution of the linear equa-
tion

_ gl (0) riJ ij i
0=K; -0 E;+ Z (FH‘EEa; + EéEFEb)
¢

ik ki ki ijsik ik ikiif
=2 (Fusig By + S Bl sz Fy).
k

(30)

C. Occupied orbital space for excited states

The applicability of domain-based local methods to ex-
cited state response calculations has been hampered by the
prevalent non-local character of the electronic excitation that
causes an increase of domain sizes or of the domain er-
rors. This issue has been recently addressed by Mata and
Stoll*” for an incremental scheme to compute vertical exci-
tation energies, where a mixed occupied orbital space, built
from LMOs and natural transition orbitals*>->* (NTOs), has
been proposed. NTOs facilitate a compact orbital representa-
tion for the zeroth-order electronic transition density matrix,

Eq = (0| Ea| V), (31

of the ground state HF wave function [W() and excited
state CIS contravariant configuration state function (¥
and are obtained through a singular value decomposition
(SVD) of the single excitation amplitudes EL?) with the eigen-
decompositions

E'Eu; = \ui, i=1,2,...,N, (32)
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EEfv;, = Av;, i=1,2,...,N,, (33)

that procure unitary transformation matrices for occupied,

U=, u,...,uy,) (34)

and virtual
V=(v,v2,...,Vy,) 35)

canonical molecular orbitals. This new set of orbitals for
the occupied and virtual space describes contributions from
particle-hole pairs to excited states. If Efl?) is normalized to

tr(EE) = 1 the singular-values of E;(ZD

[VIEUL; = VA (36)

are bound by 0 < \/A; < 1 and give a weight to each particle-
hole pair. Usually, E;?) can be well approximated by a few
dominant contributions to its SVD. A mixed orbital space for
occupied orbitals can be constructed by localization of all but
the most dominant NTO(s). As already discussed in the work
of Mata and Stoll, this mixed localization procedure carries
the risk of producing poorly localized molecular orbitals, but
this could not be observed in the context of their incremental
approach.”” We investigate the effect of pure and such mixed
localization schemes on the convergence of truncated PNO
expansions for excited states in Sec. IV A.

lll. COMPUTATIONAL DETAILS

The LPNO-CIS(D) approach proposed in Sec. II has
been implemented in a development version of the TUR-
BOMOLE program package. The number of PNOs for ev-
ery pair is determined by truncating the PNO expansion at
natural occupation numbers n; smaller than a user-defined
PNO threshold Tpno. Additionally, pairs ij are neglected if
the corresponding pair contribution to Eypr and w,, respec-
tively, is smaller than a pair threshold 7j;. However, at this
point it should be noted that the introduction of a pair thresh-
old is primarily motivated by avoiding the diagonalization
of an unnecessarily large number of pair-density matrices in
Egs. (5)and (26) for pairs which would not contribute a sin-
gle PNO to the truncated PNO space and, therefore, would be
discarded anyway. Thus, it has been emphasized in previous
works*>40 that the error introduced by truncating the PNO
space can be determined by a single threshold, which is Tpno.
For convenience, we have in the present study set both thresh-
olds to the same value in all calculations. Furthermore, the
number of NTOs is controlled by the number of eigenvalues
A; in Eq. (32) which are larger than a user-defined threshold
Tnto- In all calculations, where we employed a mixed occu-
pied orbital space as described in Sec. II, NTOs with A; < 0.1
have been omitted.

The HF calculations have been performed with the dscf
module,’! density functional theory (DFT) calculations with
the ridft module,’> and CIS(D) and CC2 calculations with the
ricc2 module® of the TURBOMOLE program package>*
using the TZVP>® def2-TZVP and def2-TZVPP %37 cc-
pVDZ and cc-pVTZ,*® and aug-cc-pVTZ orbital basis sets.
For all correlated calculations we made use of the RI ap-
proximation for two-electron integrals and their one-index
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214106-5 Local PNOs for excited states

transformed variants>® using auxiliary basis sets optimized for
the corresponding orbital basis sets from Refs. 56,57, and 60.
Furthermore, all core electrons have been kept frozen, i.e., 1s2
for C,N, and O atoms, and 15225221.76 for S and Cl atoms.

The molecular structures for the benchmark set of
Schreiber et al. were taken from the supporting informa-
tion of Ref. 61 and the structure of 2,4-dichloro-6-[p-(IN,N-
diethylamino)biphenylyl]-1,3,5-triazine (DBQ) from the sup-
porting information of Ref. 62. For the tests sets used
in Refs. 26 and 27 to benchmark local EOM-CCSD and
CC2 implementations the structures were kindly provided by
the authors. The structures of all-trans conjugated alkenes
ConHop o withn = 1,..., 7 and all-trans saturated fatty acids
Con— 1H4n - 1COOH withn = 1, ..., 7 were optimized at the
B3LYP level with the TZVP basis set and are provided in the
supporting information.®?

IV. RESULTS AND DISCUSSION
A. Choice of the occupied space

As pointed out in Sec. II, PNOs which contribute sig-
nificantly to the correlation energy are located in the vicinity
of the underlying localized occupied MOs and, thus, depend
on the localization method. For excited states we furthermore
know that the most important occupied orbitals should be the
occupied space NTOs with the largest singular values. In or-
der to identify the type of occupied orbitals that lead to the
most compact PNO expansion we investigated in this study
different procedures which employ either the Pipek-Mezey®*
(PM) or the Foster-Boys®%® (FB) localization:

1. FB or PM for ground and excited states,

2. PM for the ground state and NTOs for excited states, and

3. FB or PM for the ground state while for excited states
the most dominant NTOs are kept and the remaining oc-
cupied orbitals are localized (for details see Sec. III).

To evaluate their performance we used a benchmark
set proposed in Refs. 61 and 67, which contains 28 or-
ganic molecules that are supposed to represent the most im-
portant chromophores in organic photochemistry. For these
molecules, several vertical excitation energies have been
computed, amongst others, with the CC2 model® using the
TZVP%' and aug-cc-pVTZ®’ basis sets. In the present study,
we have selected for each basis set a subset of singlet states
where the CIS(D) and CC2 vertical excitation energies differ
by less than 1 eV and are dominated by the same orbital tran-
sitions in the CIS and CC2 excited state singles amplitudes,
to keep the calculations comparable. A detailed listing of the
selected states is given in the supporting information.®?

For these excited states the mean absolute PNO trunca-
tion error in the correlation contribution originating from the
excited state doubles amplitudes, w,y, is plotted as a function
of the mean number of excited state PNOs using the TZVP
(Fig. 1) and the aug-cc-pVTZ basis set (Fig. 2). The mean ab-
solute error and the mean number of PNOs are averaged over
all states. The mean number of PNOs has been calculated by
averaging over all pairs which give sizeable contributions to
w,.s. The five data points in each graph correspond to PNO

J. Chem. Phys. 135, 214106 (2011)
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FIG. 1. Mean absolute PNO errors of the w,s; contribution to vertical
CIS(D)/TZVP excitation energies in eV as a function of the mean number
of PNOs per pair for five different occupied orbital spaces. The errors as well
as the number of PNOs are averaged over 116 excited states of 28 organic
molecules (c.f. Ref. 63). The five data points in each graph correspond to
PNO thresholds Tpno of 1 x 107" with n = 6, ..., 10 as the number of
PNOs increases. The NTO threshold Tnto is set to 0.1.

thresholds of 1 x 107" with n = 6, ..., 10 as the number
of PNOs increases. For both basis sets the pure localization
schemes (1) yield much smaller errors for a given number of
PNOs than found with only NTOs (2) and the composite lo-
calization schemes (3) where only the most dominant NTOs
are kept and all other occupied orbitals are localized. For the
latter two approaches we observe that the PNO space is more
compact when all NTOs are kept, rather than including only
the dominant NTO(s) and localizing the remaining orbitals.
Thus, it has to be concluded that using an incomplete set of
NTOs corrupts the localization and leads to rather extended
PNO spaces. On the other hand, keeping all NTOs would
prevent the application of integral pre-screening to reduce

> &
[0}
£ 0.1 A
%)
8@ -\ >
5 N
® 0.01 .
2 e
S
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o ] No NTOs, PM —=— \\‘ .
g 0001 Fl NoNTOs, FB -a-- NS
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FIG. 2. Mean absolute PNO errors of the w,s contribution to vertical
CIS(D)/aug-cc-pVTZ excitation energies in eV as a function of the mean
number of PNOs per pair for five different occupied orbital spaces. The er-
rors as well as the number of PNOs are averaged over 91 excited states of
28 organic molecules (c.f. Ref. 63). The five data points in each graph corre-
spond to PNO thresholds Tpno of 1 x 107" withn =6, ..., 10 as the number
of PNOs increases. The NTO threshold Tnto is set to 0.1.
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214106-6 B. Helmich and C. Hattig

further the computational costs. In contrast to the incremental
approach for excited states proposed in Ref. 29, it seems that
correlation methods with a truncated PNO expansion for ex-
cited states do not benefit from such a composite localization
approach for occupied MOs. In the following, we will thus re-
strict the discussion to the scheme where all occupied orbitals
are localized. For this scheme we note that from Figs. 1 and
2 it is evident that at least for the organic chromophores cov-
ered by the test set the PM localization yields smaller trun-
cation errors for an equal number of PNOs, or rather less
PNOs for the same truncation error, than the FB localization.
Thus, PM localization seems to be the localization method of
choice for excited state PNO calculations. This observation
has been confirmed by additional calculations, though results
with other occupied spaces are in the following omitted for
clarity.

B. Contributions to the excitation energy

In previous PNO studies on the electronic ground state,
it has been shown by Neese et al. for LPNO-CEPA*? and
LPNO-CCSD,* and by Tew et al. for LPNO-MP2-F12% that
the PNO error decreases smoothly and monotonically towards
zero as the number of PNOs increases. However, this is not
expected for LPNO-CIS(D) because the two contributions wg
and w,; have — due to their different physical origin — op-
posite signs: w,, accounts for ground state correlation which
stabilizes the ground state and thereby increases the excita-
tion energy. Thus, wg, is positive. In contrast to this, w,s has
a negative sign which has its origin in the inclusion of ex-
cited state correlation which decreases the excitation energy
since it stabilizes the excited state. An incomplete PNO space
results in negative PNO truncation errors for wg, and posi-
tive PNO truncation errors for w,,. The total PNO error can
thus have a negative or positive sign, depending on the bal-
ance between the two contributions, and does not necessarily
decrease monotonically.

We have plotted for the previous test set the absolute er-
rors of the ground state wg, and excited state contributions
w,s as well as the absolute error in w® = Wgs + W, for the
TZVP and the aug-cc-pVTZ basis set in Figs. 3 and 4. As can
be seen from these figures, the absolute errors in the ground
state wg, and excited state w,, contributions to ®?® decrease
both smoothly and monotonically towards zero with an in-
creasing number of PNOs. The opposite signs of their trun-
cation errors, however, cause the absolute errors of w® to
decrease non-monotonically. The two errors usually have the
same order of magnitude but opposite signs which leads to an
advantageous error compensation for »®. Due to this com-
pensation, we observe for both basis sets and every state in
the test set an absolute error in ©® which is less than ~ 0.01
eV with a PNO threshold of 1 x 1078 and PM localization
(see supporting information®). This accuracy is surely suffi-
cient if one considers that even for methods which account for
connected triple excitations, as, e.g., CC3, the intrinsic error®
for states dominated by single excitations is still in the same
order of magnitude. This high accuracy is also reflected by
the statistical measures for the PNO error in »® tabulated in
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FIG. 3. Absolute PNO errors of vertical CIS(D)/TZVP excitation energies
»@ and its ground w, and excited state contributions w,; in eV as a function
of the mean number of PNOs per pair for the PM and FB localization. The
errors as well as the number of PNOs are averaged over 116 excited states
of 28 organic molecules (c.f. Ref. 63). The five data points in each graph
correspond to a PNO thresholds of 1 x 1076 to 1 x 107! by increments of
% as the mean number of PNOs increases.

Table 1. For our recommended PNO threshold of 1 x 1078
the mean absolute PNO error is less than the maximum PNO
error by a factor of about 5.

C. PNOs for excited states

The state-specific PNOs as proposed in Sec. II intro-
duce further computational costs, which could in principle be
avoided by projecting both ground state (tfj,) and excited state
(E},) doubles amplitudes to the ground state PNO space. To
explore whether this approximation affects the PNO trunca-
tion error we compared the absolute errors for w,, caused by

0.1 g
S &‘ib_\
£ A ..
s \ 51\\
= 0.01 :
(9]
é e
£ 0001 | 0gs, PM —=—
g Ogs, FB ----m---
S W) PM —o—

0.0001 || g, FB ---0---

0, FB s
1e-05 . .
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Mean number of PNOs

FIG. 4. Absolute PNO errors of vertical CIS(D)/aug-cc-pVTZ excitation en-
ergies ®?® and its ground wg and excited state contributions w, in eV as
a function of the mean number of PNOs per pair for the PM and FB lo-
calization. The errors as well as the number of PNOs are averaged over 91
excited states of 28 organic molecules (c.f. Ref. 63). The five data points in
each graph correspond to a PNO thresholds of 1 x 1070 to 1 x 10710 by
increments of 1170 as the mean number of PNOs increases.
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TABLE I. Statistics on mean numbers of PNOs per pair Npno/N;; and PNO errors of ®@ in eV for a benchmark set
containing 116 excited states calculated with the TZVP and 91 excited states calculated with the aug-cc-pVTZ basis
set (see Ref. 63). For Npyo/Njj the mean number AV, standard deviation STD, and maximum number MAX of the
benchmark set are tabulated. For the PNO errors the mean number AV, standard deviation STD, mean absolute error
MAE, and maximum error MXE of the benchmark set are tabulated. The PNO threshold Tpno was set to 107" with

n==6,...,10. Occupied orbitals were localized with the PM localization.
Npno/Njj ‘”ggvo - “’gz)wo
—log(Trno) AV STD MAX AV STD MAE MXE
TZVP
6 15.0 3.7 25.1 0.01563 0.01776 0.01847 0.07716
7 26.8 7.5 44.5 0.00182 0.00646 0.00521 0.02194
8 43.8 11.8 75.5 —0.00002 0.00268 0.00188 0.00854
9 63.4 15.7 112.0 —0.00004 0.00114 0.00074 0.00441
10 82.2 19.2 142.4 0.00010 0.00067 0.00042 0.00372
aug-cc-pVTZ

6 21.3 5.7 34.1 0.02719 0.02480 0.03018 0.09685
7 44.2 13.0 66.4 0.00206 0.00810 0.00666 0.02441
8 81.6 22.7 122.4 —0.00071 0.00329 0.00236 0.01027
9 133.1 32.6 190.7 —0.00037 0.00117 0.00083 0.00375
10 192.9 40.0 283.5 0.00001 0.00037 0.00023 0.00193

truncated excited state CIS(D)- and ground state MP2-PNO
expansions for three different excited states (acetone S7 (o
— m¥), adenine Sg (n — m*), and benzoquinone S4 (7
— m*)) that have different characters (all three states are part
of the benchmark set of the Miihlheim group®'-®). As shown
in Fig. 5 the PNO truncation errors in w,s are 1 to 2 orders
of magnitude larger when using ground state rather than ex-
cited state PNOs. A reasonable accuracy of ~0.01 eV can
with ground state PNOs only be retained if one accepts a dra-
matic increase in the number of PNOs. The additional costs
caused by constructing a PNO basis for each excited state and
transforming some integrals and intermediates into this state-
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1e-05
10 100

Number of PNOs

FIG. 5. Absolute PNO errors of the w,, contribution to vertical CIS(D)/aug-
cc-pVTZ excitation energies in eV as a function of the mean number of PNOs
per pair using ground or excited state PNOs respectively. The occupied or-
bitals are localized by PM. Excited states are: acetone S7 (o — 7 *), adenine
Sg (n — m*), and benzoquinone Sy (7 — 7 *). The five data points in each
graph correspond to PNO thresholds Tpno of 1 x 107" withn =6, ..., 10 as
the number of PNOs increases.

specific PNO basis will for calculations of excitation energies
with higher-order methods like CCSD by far be overcompen-
sated by savings due to the reduction of the PNO space. Thus,
it turns out that for efficient calculations of excitation ener-
gies the exclusive use of ground state PNOs is impractical and
state specific PNOs as introduced in Sec. II are the preferred
choice.

D. Scaling of the PNO expansion with the system size

Probably the most appealing effect of PNOs is their
black-box character in which they adapt to the short-range
behavior of electron correlation (at least for insulators) as the
number of PNOs which contribute significantly scales even-
tually linearly with the system size. This is primarily reached
by a rapid convergence of the natural occupation numbers
towards zero, especially for distant pairs. To investigate the
dependence of PNO expansions on the system size, we first
considered the all-trans conjugated alkenes C,,Hy,, 4 2 with n
=1, ..., 7. Since the chromophore region is extended over
(nearly) the whole molecule, conjugated alkenes are a tough
test case, especially for local approaches to excited states. In
Fig. 6, we plotted the PNO truncation errors for the ground
state Sy and the first excited state S; against the total number
of PNOs divided by the number of carbon atoms which ide-
ally becomes independent of the system size. For the ground
state as well as the first excited state the number of PNOs
per carbon atom tends to converge to a constant value. This
convergence is fast for the loosest PNO threshold Tpno = 1
x 107% and somewhat slower for tighter PNO thresholds.

We also investigated the scaling for a second class of
molecules with the system size, namely the all-trans satu-
rated fatty acids Cy, — |Hqy - jCOOH withn =1, ..., 7. Here,
the chromophore is located at the carboxyl group and re-
mains spatially confined and only the non-chromophore part

Downloaded 09 Jan 2012 to 134.147.252.238. Redistribution subject to AIP license or copyright; see http://jcp.aip.org/about/rights_and_permissions



214106-8 B. Helmich and C. Hattig

C,H,
A
3 0.1 1§ 0.1 2
c L
< & £
<] [ 3 “a g
< \ N b5
5 0.01 S 0.01 a
3 n 11 S =
2 \ NS e 2
=} E=1
2 . \ % 3
2 0.001 LN 0.001
'\Il \ b
SO A Czl'4
S, —m—
0.0001 0.0001
100 1000

Number of PNOs per C atom

FIG. 6. Absolute PNO errors of the w,; contribution to vertical
CIS(D)/TZVP excitation energies in eV of the first excited state S; and rel-
ative PNO errors of the MP2/TZVP correlation energy in % of the ground
state Sp of the all-frans conjugated alkenes ConHop 42 withn=1,...,7asa
function of the total number of PNOs per carbon atom. The occupied orbitals
are localized by PM. The five data points in each graph correspond to PNO
thresholds Tpno of 1 x 107" with n = 6, ..., 10 as the number of PNOs
increases.

increases with n. For this class of molecules one expects
therefore that, on the one hand, the number of significant
ground state PNOs scales linearly with the system size but, on
the other hand, the number of significant excited state PNOs
should reach a constant limit. This is exactly what is observed
in Fig. 7, where the PNO truncation error is plotted against
the total number of PNOs for the ground state Sy and the first
excited state S;. In case of the ground state, the number of
significant PNOs divided by the number of carbon atoms is
approximately constant. For S, the total number of significant
PNOs converges quickly to a constant which can be easily
attributed to the constant size of the chromophore region re-
stricted to the carboxyl group. Since in practice most of the
extended systems that spectroscopists are interested in exhibit
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FIG. 7. Absolute PNO errors of the w,; contribution to vertical
CIS(D)/TZVP excitation energies in eV of the first excited state S; and rel-
ative PNO errors of the MP2/TZVP correlation energy in % of the ground
state So of the all-trans saturated fatty acids Cp,— 1Hspn — jCOOH with
n=1,...,7 as a function of the total number of PNOs. The occupied or-
bitals are localized by PM. The five data points in each graph correspond to
PNO thresholds Tpno of 1 x 107" withn =6, ..., 10 as the number of PNOs
increases.
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a considerable amount of non-chromophore groups, the use of
excited state PNOs will eventually pay off. However, it should
be fairly remarked that for second-order methods excitation
energies comprise of two parts depending on either ground or
excited state PNOs and ground state PNOs are still located
in all parts of the molecule. Nevertheless, the observed linear
(and sometimes sub-linear) scaling of the number of signif-
icant ground and excited state PNOs are promising features
that pave the way for an efficient and accurate calculation of
excitation energies with higher-order coupled cluster response
methods.

E. Local and non-local excitations

Of utmost importance for a reliable excited state method
which exploits the locality of electron correlation is to per-
form equally well for excited states with different characters.
In particular, excited states that have a non-local character
like charge transfer (CT) or Rydberg states should be ide-
ally treated as accurately as local valence excitations (LE).
For the former, less local PNOs are expected since the PNO
basis should automatically adapt to the physical character of
the excitation. To test the self-adaptive behavior of PNOs we
compared the first and third excited state in DBQ which are
CT and LE states, respectively. Recent investigations of DBQ
by Goerigk and Grimme®” revealed that the Sy — S transition
exhibits a significant CT character and its excitation energy
calculated with CIS(D)/def2-TZVPP deviates from the exper-
imental value, though determined in solution, by only 0.05 eV.
In Fig. 8, we plotted the most dominant occupied and virtual
NTOs of S| and S3. For S} the occupied NTO mainly occupies
the two adjacent phenylene rings twisted by 29°, whereas the
virtual NTO is just localized at one of them. In contrast to
this, the most dominant occupied and virtual NTO of S5 are
mainly located at the same phenylene ring. Thus, the analysis
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FIG. 8. Absolute PNO errors of the w,, contribution to vertical CIS(D)/def2-
TZVPP excitation energies in eV of the first §1 and third excited state S3 of
DBQ (43 atoms) as a function of the mean number of PNOs. The occupied
orbitals are localized by PM. The five data points in each graph correspond
to PNO thresholds Tpno of 1 x 107" with n = 6, ..., 10 as the number of
PNOs increases. The most dominant occupied (red and blue) and virtual NTO
(yellow and magenta) are plotted for the charge transfer (CT) Sy and locally
excited state (LE) S3.
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FIG. 9. Absolute PNO errors of the w,; contribution to vertical CIS(D)/cc-
pVDZ excitation energies in eV of the fourth S4 and seventh excited state
S7 of triad (127 atoms) as a function of the mean number of PNOs. The
occupied orbitals are localized by PM. The four data points in each graph
correspond to PNO thresholds Tpno of 1 x 107" withn =6, ..., 9 as the
number of PNOs increases. The most dominant occupied (red and blue) and
virtual NTO (yellow and magenta) are plotted for the charge transfer (CT) S7
and locally excited state (LE) Sj.

of the dominant NTOs underlines the CT character of the S,
— S and the LE character of the Sy — S5 transition (both
m — m*). The truncation error of w,, as a function of the
mean number of excited state PNOs per pair is also shown
in Fig. 8 for both excited states, where the occupied orbitals
were localized with the PM procedure. Despite the clear non-
local character of S; the number of excited state PNOs is for
this state just insignificantly larger than for S3. Due to com-
pensating errors of the ground (w,s) and excited state (w,)
contributions to the excitation energy the CT state has for a
PNO threshold of 1078 even a slightly smaller absolute error
(0.003 eV) than the LE state (0.005 eV).

As another test case we have investigated the fourth
(LE) and seventh (CT) excited state of a phenothiazine-
isoalloxazine-pyrene triad taken from Ref. 27, which for con-
venience will be referred to as triad. The most dominant oc-
cupied and virtual NTOs are plotted in Fig. 9 for S4 and ;.
In case of Sy, the excitation is restricted to the isoalloxazine
chromophore (n — m*). Compared to the S; state of DBQ
where the transition occurs between neighbored phenylene
groups, for S7 the electron is excited from the pyrene unit
to the distant isoalloxazine chromophore (r — 7 *). There-
fore, the charge transfer character of this state is much more
pronounced than for S; in DBQ. Charge transfer transitions
between distant chromophores are often accompanied by a
large correlation contributions to the excitation energy which
is also observed for §; of the triad. For this state the con-
tribution from the excited state doubles amplitudes to the
excitation energy (w,;) amounts at the CIS(D) level to —7.01
eV which is much larger than w,; of S5 (—4.37 eV). This also
affects the convergence of the PNO expansion of the excited
state doubles amplitudes. Up to an error of 0.04 eV in w,, the
mean number of PNOs for §; is even smaller than for S4 as
can be seen from Fig. 9. Beyond this point, as one might ex-
pect the w,; contribution converges slowly with the number
of PNOs. Nevertheless, with on average only 12 PNOs per

J. Chem. Phys. 135, 214106 (2011)

pair and only 0.2 % of the excited state doubles amplitudes
expanded in PNOs (5 times smaller than for the ground state)
w,s is converged within 0.02 eV (and the total error in w®
within 0.016 eV).

Of course, the slow convergence of w,; with the number
of PNOs is an unpleasant, though physically understandable,
feature of such extreme charge transfer states. However, one
should note that an improved accuracy can be obtained either
by choosing different PNO thresholds for ground and excited
state PNOs or by truncating PNOs according to an energy
rather than an occupation number based criterion. This will
be investigated in forthcoming work.

F. Comparison with domain based local methods

Domain based local CC2 methods have recently become
an efficient tool for the computation of excitation energies
for a variety of excited states exhibiting a local and non-
local character.?® A reasonable accuracy has been achieved
where differences between local and canonical CC2 excita-
tion energies are not larger than 0.1 eV. Encouraged by this,
we have compared in Table II the ratio of the number of
doubles amplitudes in the truncated PNO and the full virtual
space rp as well as the error in excitation energies Aw of the
LPNO-CIS(D) method with the results from local CC2 from
Ref. 27. In analogy to Secs. IV A and IV B, we have selected
for the cc-pVDZ and cc-pVTZ basis set a subset of states
where the CIS(D) and CC2 vertical excitation energies dif-
fer by less than 1 eV and are dominated by the same orbital
transitions in the CIS and CC2 excited state singles ampli-
tudes. As can be seen from Table II the ratio of the doubles
amplitude dimensions for LPNO-CIS(D) exceeds the one of
local CC2 only for one state, namely S, in N-acetyl-glycine
calculated with the cc-pVDZ basis set, and only for a rather
small PNO threshold (Tpyo = 1 x 10~19). With this thresh-
old, we obtained for all the states in the test set absolute errors
less than 0.0005 eV in the excitation energy which is with-
out doubt far more accurate than the intrinsic accuracy of the
methods. As has been noted before, a good balance between
accuracy and efficiency is achieved by a PNO threshold of
Tprno = 1 x 1078 which results in ratios of the doubles am-
plitude dimension as well as errors in the excitation energies
which compared to local CC2 are both one order of magnitude
smaller.

It should, however, be noted that a comparison between
local CC2 and LPNO-CIS(D) has to be made with caution.
First of all, we intend to use state-specific PNOs introduced
in Sec. II as an approximation within the framework of higher-
order coupled cluster response methods. In principle, this re-
quires an error analysis for these methods, which are not yet
available. For such methods, the calculation of excitation en-
ergies with CIS(D)-PNOs requires the assignment of CIS to,
e.g., CCSD states or an adaption of the PNO space during the
solution of the eigenvalue problem for excited states. Another
issue might be the comparison of efficiency. On the one hand,
we could show that the virtual space is much more compact
when constructed from PNOs rather than PAOs. On the other
hand, the PNO construction is a O(N?) step which becomes a
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TABLE II. Truncation errors of excitation energies Aw in eV and relative dimension of the doubles amplitudes rp of local CC2 (taken from Ref. 27) and
LPNO-CIS(D) compared with their canonical counterpart using the cc-pVDZ and cc-pVTZ basis set. For LPNO-CIS(D) the occupied orbitals were localized
with the PM localization and the PNO threshold Tpno was set to 107" withn = 6, 8, and 10.

cc-pVDZ

cc-pVTZ

LPNO-CIS(D)

LPNO-CIS(D)

LCC2 nd > 107 nd 108 aY>10710  Lcc2 nd =106 45108 a¥ > 10710
Molecule  Sccz ™ Aw  Scis D Aw D Aw D Aw m Aw Scs Aw D Aw D Aw
N-acetyl- 1 29 -0013 1 0.5 0.0026 43 —0.0003 20 0.0001 28 0.006 1 0.2 0.0117 1.8 —0.0008 11 < 0.0001
glycine
27 0013 2 04 0.0001 3.3 0.0002 31 0.0003 15 0.032 2 0.1 0.0081 1.4 —0.0001 8.4 0.0001
3 65 0005 3 038 0.0160 7.5 0.0002 31 < 0.0001 46 0.076
Propan- 1 54 0001 1 1.9 —0.0008 13 —0.0004 48 <0.0001 31 0.025 1 06 0.0043 5.6 —0.0007 27 < 0.0001
amide
“Dipep- 1 22 —-0019 1 03 0.0034 24 —0.0002 12 <0.0001 19 0.011 1 0.1 0.0132 1.0 —0.0006 6.5 > —0.0001
tide”
2 23 —0.000 2 03 0.0049 2.7 —0.0001 14 <0.0001 19 0.000 2 0.1 0.0130 1.0 —0.0001 7.0 —0.0001
“B-dipep- 1 15 —0.030 1 02 —0.0048 22 —0.0014 11 0.0004 12 0013 1 0.1 —0.0020 0.8 —0.0022 5.6 0.0003
tide”
2 9 —-0012 2 0.1 0.0033 1.5 —0.0002 7.8 0.0001 11 0.003 2 <0.1 0.0131 0.6 —0.0004 4.0 < 0.0001
“Tripep- 1 7 —=0.019 1 0.1 0.0033 0.6 —0.0002 3.2 0.0001 6 0011 1 <0.1 0.0132 0.3 —0.0006 1.7 < 0.0001
tide”
trans- 1 43 0010 2 04 0.0195 4.1 0.0008 20 0.0003 33 0.023 2 0.1 0.0399 1.6  0.0015 11 0.0002
urocanic
acid
2 68 —0.024 1 038 0.0123 6.2 0.0012 23 0.0001 52 0.004 1 02 0.0272 2.5 —0.0003 14 < 0.0001
5 61 —0.061 --- - e e e e e 44 0.045 4 0.1 —0.0025 1.1  0.0004 6.8 0.0001
Guanine 1 66 0002 1 08 0.0182 7.2 0.0003 28 0.0001 50 0.027 1 0.2 0.0307 2.9 —0.0009 16 > —0.0001
2 54 —-0.022 2 04 0.0267 47 —0.0002 24 < 0.0001 39 0.008 3 0.1 0.0448 1.8 —0.0002 13  —0.0002
3 68 —0.002 3 07 0.0206 6.8 0.0011 27 0.0002 51 0.021 2 0.2 0.0331 2.6 —0.0007 15 > —0.0001
1-phenyl- 1 3 0012 1 05 0.0175 5.0 0.0005 23  —0.0001 31 0025 1 0.1 0.0252 1.9  0.0004 12 —0.0001
pyrrole
DMABN 1 31 0038 2 05 0.0073 4.5 0.0011 20 0.0003 27 0.057 2 0.1 0.0097 1.7 —0.0006 11 0.0001
2 57 —0.064 1 0.6 0.0128 5.7 —0.0008 24 —0.0002 46 0.028 /  ---
p-cresol 1 43 0011 1 1.3 0.0067 9.6 —0.0001 32 <0.0001 37 0025 1 04 0.0099 4.0 —0.0014 20 < 0.0001
HPA 1 22 0013 1 03 0.0128 2.7 < 0.0001 14 <0.0001 18 0.030 1 <O0.1 0.172 1.0 —0.0010 6.8 —0.0001
2 10 0011 3 0.1 0.0026 1.1 >—0.0001 6.9 0.0003 7 0.024 3 <0.1 0.0111 0.4 —0.0003 3.1 0.0001
3 28 —0.024 2 03 0.0205 3.0 —0.0002 15 —0.0001 19 o011 /  ---
Tyrosine 1 19 0022 1 02 0.0154 2.1 0.0001 12 >-—0.0001 15 0043 1 0.1 0.0197 0.8 —0.0007 5.6 —0.0001
2 24 —-0.001 3 0.1 0.0123 1.4 —0.0001 9.5 <0.0001 16 0.022 3 <O0.1 0.0231 0.5 —0.0005 40 —0.0001
3 33 —-0.003 2 03 0.0271 2.5 <0.0001 14 —0.0001 23 0.013 2 0.1 0.0386 0.9 —0.0002 6.5 —0.0002
Phenyl- 1 18 0029 1 03 0.0248 2.3 0.0013 12 <0.0001 16 0.045 1 0.1 0.0325 0.8  0.0012 5.9 < 0.0001
alanine
2 27 0.002 3 0.1 0.0111 1.9 —0.0002 12 < 0.0001 18 0.017 <0.1 0.0235 0.6 —0.0007 5.3 —0.0001
3 33 —-0005 2 03 0.0311 2.8 0.0005 15 —0.0001 22 0.020 2 0.1 0.0408 1.0  0.0008 7.1 —0.0001
DALl 1 13 —0.024 1 <0.1 0.0663 0.2 0.0030 1.4 0.0001 ---
DA2 1 35 -0.034 1 <01 0.0570 0.1 0.0029 0.4 >-0.0001 ---

bottleneck for extended systems if no further approximations
are made.

Nevertheless, the automatic adaption of the exited state
PNO space to the physical character of the electronic
excitation is a major advantage of this approach. Previous
work on local CC2 and CCSD excitation energies (see Ref.
26 and 27) has shown that particularly CT states can suffer
from non-negligible errors from the local correlation treat-
ment. Improved numerical results were accomplished by us-
ing the Laplace transformation of the orbital denominators
in the context of local CC2 methods,?® where the eigen-
value problem is solved effectively by using only the un-

truncated singles vector. However, this procedure is lim-
ited to second-order methods like CC2 and cannot be trans-
ferred to higher-order methods like CCSD to which we are
aiming.

V. CONCLUSION

In this paper, we have shown that state-specific PNOs
are an attractive choice for an accurate and efficient com-
putation of excitation energies with a truncated double ex-
citation space. As for ground states, the number of signif-
icant PNOs scales linearly in the asymptotic limit if the
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chromophore region is extended over the whole molecule.
Even a sub-linear scaling is observed if the non-chromophore
part is extended but the chromophore part remains spatially
confined. Unlike ground state PNOs, state-specific PNOs be-
come most compact when the occupied orbitals are localized
by Pipek-Mezey localization. Mixed orbital spaces as they
have been proposed by Mata and Stoll lead to enlarged PNO
spaces and are surprisingly not superior to conventional lo-
calization schemes, at least for excited state PNOs. With a
PNO truncation threshold of 10~® we found an accuracy of
at least ~0.01 eV for a large variety of locally excited states
and even charge transfer states. As for the ground state, the
errors seem to increase slightly with the basis set size. A
pleasant feature of the excited state PNOs is that they auto-
matically adapt to the physical character of the excited state.
For pronounced charge transfer states where the excitation oc-
curs between different chromophores we observe a reduced
convergence with Tpno, although the number of significant
PNOs is still smaller than for the ground state. The accuracy
of these states is still acceptable, though. One possibility to
improve the accuracy might be an alternative truncation cri-
terion where PNOs are selected by means of contributions to
the pair correlation energy. This will be investigated in future
work. In addition, we have shown that the PNO truncation er-
rors in the excitation energy as well as the relative dimension
of the truncated doubles amplitude vectors are about one order
of magnitude smaller than for the local CC2 method reported
in Ref. 27. Altogether, we find that state-specific PNOs are
a promising approach for the development of coupled cluster
response methods capable of calculating excitation energies
of extended molecular systems accurately and efficiently.
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