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Abstract

We study the critical behavior of the ferromagnetic Ising model on random trees as well
as so-called locally tree-like random graphs. We pay special attention to trees and graphs
with a power-law offspring or degree distribution whose tail behavior is characterized by its
power-law exponent 7 > 2. We show that the critical inverse temperature of the Ising model
equals the hyperbolic arctangent of the reciprocal of the mean offspring or mean forward
degree distribution. In particular, the critical inverse temperature equals zero when 7 € (2, 3]
where this mean equals infinity.

We further study the critical exponents 8,3 and =y, describing how the (root) magneti-
zation behaves close to criticality. We rigorously identify these critical exponents and show
that they take the values as predicted by Dorogovstev, et al. [I6] and Leone et al. [26].
These values depend on the power-law exponent 7, taking the same values as the mean-field
Curie-Weiss model [2] for 7 > 5, but different values for 7 € (3,5).

1 Introduction

In the past decades complex networks and their behavior have attracted much attention. In the
real world many of such networks can be found, for instance as social, information, technological
and biological networks. An interesting property that many of them share is that they are scale
free [31]. This means that their degree sequences obey a power law, i.e., the fraction of nodes that
have k neighbors is proportional to =7 for some 7 > 1. We therefore use power-law random graphs
as a simple model for real-world networks. Examples of how to generate such random graphs can,
e.g., be found in [§].

Not only the structure of these networks is interesting, also the behavior of processes living
on these networks is a fascinating subject. Processes one can think of are opinion formation,
the spread of information and the spread of viruses. An extensive overview of complex networks
and processes on them is given by Newman in [3T]. It is especially interesting if these processes
undergo a so-called phase transition, i.e., a minor change in the circumstances suddenly results in
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completely different behavior (see [10] for a mathematical survey on Gibbs measures and phase
transitions on sparse random graphs).

Physicists have studied the behavior near phase transitions, the critical behavior, on complex
networks for many different models, see [I7] for an overview. Many of these results have not been
rigorously proved. One of the few models for which rigorous results have been obtained is the
contact process [9], where the predictions of physicists, in fact, turned out not to be correct. A
mathematical treatment of other models is therefore necessary.

We focus on the Ising model, a classical model for the study of phase transitions [32] B3] [34].
In this model a spin value that can be either +1 or —1 is assigned to every vertex. These spins
influence each other with ferromagnetic interactions, i.e., neighboring spins prefer to be aligned.
The strength of these interactions depends on the temperature. The first rigorous study of the
Ising model on a random graph was performed by De Sanctis and Guerra in [35], where the high
and zero temperature regime of the Ising model on the Erdos-Rényi random graph were analyzed.
Later, in [I1], Dembo and Montanari analyzed the Ising model for any temperature on random
graphs with a finite-variance degree distribution that converge locally to a Galton-Watson tree.
In [15], we generalized these results to the case where the degree distribution has strongly finite
mean, but possibly infinite variance, i.e., the degree distribution obeys a power-law with exponent
7> 2. In [I3], Dembo, Montanari and Sun generalize this further to more general locally tree-like
graphs. An analysis of the critical behavior, however, was still lacking.

In this article, we rigorously study the critical behavior of the Ising model on power-law random
graphs by computing the critical temperature of the model and the critical exponents describing
the scaling of two thermodynamic quantities (the magnetization and the susceptibility) around
the critical point. More precisely, we compute the exponent § that describes the behavior of
the magnetization at the critical temperature as the external field vanishes, the exponent 3 that
describes the behavior of the spontaneous magnetization as the temperature increases to the critical
temperature and the exponent ~ that describes the behavior of the susceptibility as the tempe-
rature decreases to the critical temperature. We also provide an heuristic lower bound for the
exponent 7" describing the divergence of susceptibility as the critical temperature is approached
from below. Predictions for the values of these exponents were given by Dorogovtsev et al. in [10]
and independently by Leone et al. in [26] and we prove that these values are indeed correct. These
exponents depend on the power-law exponent 7. We prove that the critical exponents §,3 and
~ take the same values as the mean-field Curie-Weiss model for 7 > 5, and hence also for the
Erdés-Rényi random graph, but are different for 7 € (3,5). In [16], 26] also the case 7 € (2,3)
is studied for which the critical temperature is infinite. Hence, the critical behavior should be
interpreted as the temperature going to infinity, which is a different problem from approaching a
finite critical temperature and is therefore beyond the scope of this article.

Our proofs always start by relating the magnetization of the Ising model on the random graph
and various of its derivatives to the root magnetization of a rooted random tree, the so-called
unimodular Galton-Watson tree, see [5] for a detailed discussion of local convergence of random
graphs to unimodular trees. After this, we identify the critical exponents related to the root
magnetization on the rooted random tree. As a result, all our results also apply to this setting,
where only in the case of the regular tree, the mean-field critical exponents have been identified
[2], and which we extend to general offspring distributions.



2 Model definitions and results

2.1 Ising model on finite graphs

We start by defining Ising models on finite graphs. Consider a random graph sequence (G,)n>1.
Here G,, = (V,,, E,), with vertex set V,, = [n] = {1,...,n} and with a random edge set E,. To
each vertex ¢ € [n| an Ising spin o; = £1 is assigned. A configuration of spins is denoted by
0 = (0i)icfn). The Ising model on Gy, is then defined by the Boltzmann-Gibbs measure

fn(0) = =—— exp Z 00 + Z Bio; ¢ . (2.1)

(4,7)EER i€[n]

Here, 8 > 0 is the inverse temperature and B the vector of external magnetic fields B = (B;)icn) €
R™. For a uniform external field we write B instead of B, i.e., B; = B for all i € [n]. The partition
function Z,(3, B) is the normalization constant in (2.1)), i.e.,

Z.(8,B) = Z exp 4 [ Z Jzaj—l—ZBa, . (2.2)

oe{-1,+1}" (4,4)€EEn i€[n]

Note that the inverse temperature [ does not multiply the external field. This turns out to be
technically convenient and does not change the results, because we are only looking at systems at
equilibrium, and hence this would just be a reparametrization.

We let < . >un denote the expectation with respect to the Ising measure pu,, i.e., for every

bounded function f: {—1,+1}" — R, we write

(F0), = D [f@)ulo). (2.3)

ce{-1,+1}"

2.2 Thermodynamics

We study the critical behavior of this Ising model by analyzing the following two thermodynamic
quantities:

Definition 2.1 (Thermodynamic quantities). For a graph sequence (G,)n>1,

(a) let M,(B8,B) = %Zie[n]<ai> 4. be the magnetization per vertex. Then, the thermodynamic
limit of the magnetization per vertex equals

M(8,B) = lim M,(3, B). (2.4)

b) let x,(8,B) = 1Y . 0,0 o; o denote the susceptibility. Then, the ther-
n i,j€[n] Jln T Hn AV
modynamic limit of the susceptibility equals

X(B, B) = lim x, (5, B). (2.5)



The existence of the above limits for n — oo has been proved in [I5, Theorem 1.5, using the
existence of the pressure per particle proved in [I1] and [I5, Theorem 1.4] and using monotonicity
properties. We now define the critical temperature. We write f(07) for lim,~, f(z).

Definition 2.2 (Critical inverse temperature). The critical inverse temperature equals

B. = inf{B: M(8,0") > 0}. (2.6)

By the GKS inequalities [24], M (3, B) is non-negative and non-decreasing in B for B > 0 so
that the limit M(3,0") indeed exists. Note that 8. can only exist in the thermodynamic limit,
but not for the magnetization of a finite graph, since always M,,(5,0") = 0. The critical behavior
can now be expressed in terms of the following critical exponents. We write f(z) < g(x) if the
ratio f(z)/g(x) is bounded away from 0 and infinity for the specified limit.

Definition 2.3 (Critical exponents). The critical exponents 3, §,~y,~’ are defined by:

M(B,0%) = (8= B.)°, for B\ Be; (2.7)
M(B., B) < B"/?, for B\, 0; (2.8)
X(8,07) < (. — )77, for 87 Be; (2.9)
X(B,07) = (B =577, for B\, B. (2.10)

Remark. The definitions above are meaningful since for 8 > . one has M(3,07) # M(3,0) =0,
i.e., the magnetization of the low-temperature phase is discontinuous in B = 0.

We emphasize that there is a difference between the symbol 5 for the inverse temperature and
the bold symbol B for the critical exponent in (2.7). Both notations are standard in the literature,
so we decided to follow both of them and distinguish them by the font style.

Also note that these are stronger definitions than usual. E.g., normally the critical exponent 3
is defined as that value such that

M(B,0%) = (8 — B.)P*0, (2.11)

where o(1) is a function tending to zero for B\ Pe.

2.3 Locally tree-like random graphs

We study the critical behavior of the Ising model on graph sequences (G, ),>; that are assumed
to be locally like a homogeneous random tree [10] 3], to have a power-law degree distribution and
to be uniformly sparse. We give the formal definitions of these assumptions below, but we first
introduce some notation.

Let the random variable D have distribution P = (pg)r>0, i.e., P[D = k| = pg, for k =0,1,2,.. ..
We define its forward degree distribution by

(k 4+ 1)pr1

Pk = E[D] ) (2-12)

where we assume that E[D] < co. Let K be a random variable with P[K = k] = p;, and write
v = E[K]. The random rooted tree 7 (D, K, ¢) is a branching process with ¢ generations, where the
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root offspring is distributed as D and the vertices in each next generation have offsprings that are
independent of the root offspring and are independent and identically distributed (i.i.d.) copies of
the random variable K. We write 7 (K, £) when the offspring at the root has the same distribution
as K.

We write that an event 4 holds almost surely (a.s.) if P[A] = 1. If v < 1 the branching
processes T (D, K, ¢) and T (K,¢) die out a.s. and the random graph sequence (Gy,),>1 does not
have a giant component a.s. [23]. Therefore, there are no phase transitions when v < 1 and thus
we assume that v > 1 throughout the rest of the paper.

The ball of radius r around vertex i, B;(r), is defined as the graph induced by the vertices at
graph distance at most r from vertex i. For two rooted trees 7; and 75, we write that 7; ~ 7Ts,
when there exists a bijective map from the vertices of 77 to those of 75 that preserves the adjacency
relations.

Definition 2.4 (Local convergence to homogeneous random trees). Let P, denote the law induced
on the ball B;(t) in G, centered at a uniformly chosen vertex i € [n|. We say that the graph
sequence (Gy)n>1 is locally tree-like with asymptotic degree distribution P when, for any rooted
tree T with t generations

lim P,[B;(t) ~T|=P[T(D,K,t) ~T]. (2.13)
n—oo
Note that this implies in particular that the degree of a uniformly chosen vertex of the graph
has an asymptotic degree distributed as D.

Definition 2.5 (Uniform sparsity). We say that the graph sequence (G,)n,>1 s uniformly sparse
when, a.s.,
1
lim i =N Dz =0, 2.14
im limsup — (D;>0} (2.14)

=00 pooo :
i€[n]

where D; is the degree of vertex i and 1 4 denotes the indicator of the event A.

Note that uniform sparsity follows if }L >
degree of a uniform vertex.

We pay special attention to cases where the degree distribution satisfies a power law, as defined
below. For power-law degree distributions, not all moments of the degrees are finite, which has
severe consequences for the critical behavior of the Ising model.

ien Di = E[D] a.s., by the weak convergence of the

Definition 2.6 (Power laws). We say that the distribution P = (pg)i>0 obeys a power law with
exponent 7 when there exist constants C, > ¢, > 0 such that, for all k =1,2,.. .,

kT <N p < Gk, (2.15)

>k

2.4 The random Bethe tree

We next extend our definitions to the random tree 7 (D, K, c0), which is an infinite random tree.
One has to be very careful in defining a Gibbs measure on this tree, since trees suffer from the fact
that the boundaries of intrinsic (i.e., graph distance) balls in them have a size that is comparable



to their volume. We can adapt the construction of the Ising model on the regular tree in [2] to
this setting, as we now explain. For > 0, B € R, let u:éfB be the Ising model on T (D, K, t) with
+ respectively free boundary conditions. For a function f that only depends on 7 (D, K, m) with

m < t, we let

(f) rrr = Hm(f) 25 . (2.16)

8,B t—00 Mt 8.B

These limits indeed exist and are equal for B > 0 [I1], [I5]. This defines a unique infinite volume
+/f

Gibbs measure pz’; on the random Bethe tree. Denoting by ¢ the root of the unimodular Galton-
Watson random tree, the quantity M (5, B) is defined as the expected root magnetization for the
infinite volume Gibbs measure on the random Bethe tree:

M(B,B) =E [(a¢>u+/f} . (2.17)

B,B

Analogously, the susceptibility of the random Bethe tree is defined as the sum of the expected
edge correlations, i.e.,

X(8,B)=E| ) (<U¢UJ>M;’/E{ —{06) 218 (%’M}ﬁé‘) ‘ (2.18)

JET(D,K,00)

Our results also apply to this setting under the assumption that the degree of the root obeys a
power law in (2.15) or that E[K®] < oco. The critical value 3. for the root magnetization is again

defined by ([2.6)).

2.5 Main results

We now present our main results which describe the critical behavior of the Ising model on power-
law random graphs and random trees with power-law offspring distribution. We first give an
expression for the critical temperature:

Theorem 2.7 (Critical temperature). Assume that the random graph sequence (Gp)n>1 is locally
tree-like with asymptotic degree distribution P and is uniformly sparse. Then, a.s., the critical
temperature . of (Gy)n>1 and of the random Bethe tree T (D, K, 00) equals

B, = atanh(1/v). (2.19)

Note that if v \, 1 then 8. — oo which is to be expected as there is no phase transition for
v < 1 at any positive temperature. The other extreme is when v = oo, which is the case, e.g., if
the degree distribution obeys a power law with exponent 7 € (2,3]. In that case 5. = 0 and hence
the spontaneous magnetization is positive for any finite temperature.

Near the critical temperature the behavior of the Ising model can be described by critical
exponents. The values of these critical exponents for different values of 7 are stated in the following
theorem:

Theorem 2.8 (Critical exponents). Assume one of the following condition is satisfied:

(a) a random graph sequence (G, )n>1 is given. The sequence is locally tree-like with asymptotic
degree distribution P that obeys E[K?®] < oo or a power law with exponent T € (3,5], and it

is uniformly sparse. Let M (B, B) and x(B, B) be as defined in (2.4) and (2.5);
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(b) a random Bethe tree that obeys E[K?] < 0o or a power law with exponent T € (3,5] is given.
Let M (3, B) and x(B, B) be as defined in (2.17) and (2.18) .

Then, the critical exponents 3,6 and ~y defined in Deﬁnitionfor the case (a) and the analogous
exponents for the case (b) exist and satisfy

‘ T € (3,5) E[K?] < oo
I6] 1/(t—3) 1/2
) T—2 3
v 1

The exponent 4" defined in Definition f0r the case (a), as well as the analogous exponent for
the case (b), satisfies v' > 1.

For the boundary case T =5 there are logarithmic corrections for 3 = 1/2 and § = 3, but not
for v =1 and for the lower bound ' > 1. Indeed, holds with v = 1 and the lower bound in

(2.10) holds with v" = 1, while

M(B,0) = (%)m for BB M(Be B) = (

B 1/3
log 1/(B — B. )> for B0,

log(1/B
(2.20)

Our results show that x(3,07) > ¢(8 — 3.)~! for some constant ¢ > 0, which, if the critical
exponent v/ exists, then it must satisfy 4/ > 1. See Proposition [6.2 Unfortunately, we cannot
prove that the critical exponent ~’ exists, see the discussion in the next section for more details
on this issue.

From the previous theorem we can also derive the joint scaling of the magnetization as (5, B) \,

(Be, 0):
Corollary 2.9 (Joint scaling in B and (8— f3.)). Under the conditions of Theorem[2.§ with T # 5,
M(8,B) = 6((5 — ) + B, 2.21)

where f(B,B) = O(g(8,B)) means that there exist constants c1,Cy > 0 such that c¢,g(5,B) <
f(B,B) < Cig(B, B) for all B € (0,¢) and f € (B, B + €) with € small enough.

For =25,
M(8,B) = @((%) 4 (@) />. (2.22)

2.6 Discussion and open problems

In this section, we discuss relations to the literature, possible extensions and open problems.

The Ising model on random trees and random graphs. A key idea to analyze the Ising
model on random graphs is to use the fact that expectations of local quantities coincide with
the corresponding values for the Ising model on suitable random trees [11]. Statistical mechanics
models on deterministic trees have been studied extensively in the literature (see for instance
[2, 27] and its relation to “broadcasting on trees” in [19] [30]). The analysis on random trees is
more recent and has been triggered by the study of models on random graphs. Extensions beyond
the Ising model, e.g., the Potts model, pose new challenges [12].
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Relation to the physics literature. Theorem confirms the predictions in [16], 26]. For
7 < 3, one has v = oo and hence /3. = 0 by Theorem [2.7] so that the critical behavior coincides with
the infinite temperature limit. Since in this case there is no phase transition at finite temperature,
we do not study the critical behavior here. For 7 = 5, in [16], also the logarithmic correction for

B =1/2in (2.20) is computed, but not that of § = 3.

The critical exponents 4’ and other critical exponents. Theorem only gives a lower
bound on the critical exponent 4’. It is predicted that 4" = 1 for all 7 > 3, while there are also
predictions for other critical exponents. For instance the critical exponent o’ for the specific heat
in the low-temperature phase satisfies @’ = 0 when E[K?] < oo and &’ = (7 —5)/(7 — 3) in the
power-law case with 7 € (3,5) (see [16], 26]). We prove the lower bound 4’ > 1 in Section
below, and we also present a heuristic argument that 4" < 1 holds. The critical exponent o’ for
the specific heat is beyond our current methods, partly since we are not able to relate the specific
heat on a random graph to that on the random Bethe tree.

Points of non-analyticity of the free energy. In Definition we have defined the critical
temperature as the highest temperature where the spontaneous magnetization is non-zero. This
immediately implies that the free energy (proportional to the logarithm of the partition function
defined in ([2.2))) is non-analytic for B = 0 in the low-temperature phase. Indeed for g > g,
M(3,07) > M(B,07) = —M(B,07), so that the first derivative of free energy with respect to the
external field B has a jump crossing the line B = 0. The question arises if the phase diagram
has more points of non-analyticity. The Lee-Yang Theorem [25] tells us that the free energy is an
analytic function of B # 0. For the analyticity of the free energy as a function of the temperature
we are not aware of general results that allow us to locate the zeros of the partition function
(so-called “Fisher zeros” in the complex temperature plane). Although there are many studies on
ferromagnets (see e.g., [0l [7]), the problem is largely open and model-dependent. For Ising and
Potts models, a non-rigorous result [14] suggests that Fisher zeros on random trees and graphs
should coincide.

Light tails. The case E[K?] < oo includes all power-law degree distributions with 7 > 5, but
also cases where P does not obey a power law. This means, e.g., that Theorem also identifies
the critical exponents for the Erdds-Rényi random graph where the degrees have an asymptotic
Poisson distribution.

Inclusion of slowly varying functions. In Definition 2.6 we have assumed that the asymptotic
degree distribution obeys a perfect power law. Alternatively, one could assume that ) _,., p; <
L(k)k~=Y for some function k +— L(k) that is slowly varying at & = co. For 7 > 5 and any
slowly varying function, we still have E[K3] < oo, so the results do not change and Theorem
remains to hold. For 7 € (3,5], we expect slowly varying corrections to the critical behavior in
Theorem 2.8 For example, E[K?®] < oo for 7 = 5 and L(k) = (log k)2, so that the logarithmic
corrections present for 7 = 5 disappear.

Beyond the root magnetization for the random Bethe tree. We have identified the critical
value and some critical exponents for the root magnetization on the random Bethe tree. The



random Bethe tree is a so-called unimodular graph, which is a rooted graph that often arises as
the local weak limit of a sequence of graphs (in this case, the random graphs (G,),>1). See [1, 4]
for more background on unimodular graphs and trees, in particular, 7 (D, K, c0) is the so-called
unimodular Galton-Watson tree as proved by Lyons, Pemantle and Peres in [29]. One would expect
that the magnetization of the graph, which can be defined by

1
M7 (3, B) = lim ——— o, (2.23)
o | By (0) ;)

where By(t) is the graph induced by vertices at graph distance at most ¢ from the root ¢ and
| B, (t)| is the number of elements in it, also converges a.s. to a limit. However, we expect that
Mr(B, B) # M (B, B) due to the special role of the root ¢, which vanishes in the above limit. Thus
one would expect to believe that My(8, B) equals the root magnetization of the tree where each
vertex has degree distribution K + 1. Our results show that also Mp(5, B) has the same critical
temperature and critical exponents as M (3, B).

Relation to the Curie-Weiss model. Our results show that locally tree-like random graphs
with finite fourth moment of the degree distribution are in the same universality class as the mean-
field model on the complete graph, which is the Curie-Weiss model. We further believe that the
Curie-Weiss model should enter as the limit of » — oo for the r-regular random graph, in the sense
that these have the same critical exponents (as we already know), as well as that all constants
arising in asymptotics match up nicely (cf. the discussion at the end of Section [6.2)). Further, our
results show that for 7 € (3, 5], the Ising model has different critical exponents than the ones for
the Curie-Weiss model, so these constitute a set of different universality classes.

Organization of the article. The remainder of this article is organized as follows. We start with
some preliminary computations in Section [3 In Section [d] we prove that the critical temperature
is as stated in Theorem [2.7 The proof that the exponents stated in Theorem are indeed the
correct values of B and 4 is given in Section [5.3] The value of 4 is identified in Section [6] where
also the lower bound on 4’ is proved and a heuristic is presented for the matching upper bound.

3 Preliminaries

An important role in our analysis is played by the distributional recursion

Ky
WD LB+ e(h?), (3.1)
i=1
where
&(h) = atanh(f tanh(h)), (3.2)

with # = tanh(3), and where h®) = B, (K,);>1, are i.i.d. with distribution p and (hl(-t))izl are i.i.d.
copies of h® independent of K. In [15, Proposition 1.7], we have proved that this recursion has a
unique distributional fixed point A that is supported on [0, 00) for all 8 > 0 and B > 0. Whenever

we write h or h; this is a random variable distributed as the fixed point of (3.1)). Since A is a fixed
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point, we can interchange h 4B+ Zfil ¢(h;) in expectations and we often do this. We also often
use the facts that h > 0 for B > 0 (with equality iff B =0) and 0 < ¢(h) < § for h > 0.

This fixed point A yields the random field acting on the root of the random Bethe tree
T(D, K,0) due to its offsprings. In particular we can use the fixed point h to give an explicit
expression for the magnetization:

Proposition 3.1 (Magnetization). Assume that the random graph sequence (Gp)n>1 is locally
tree-like with asymptotic degree distribution P that obeys E[K]| < oo or a power law with exponent
T > 2 and s uniformly sparse. Then, a.s., for all B > 0 and B > 0, the thermodynamic limit of
the magnetization per vertex exists and is given by

M(3,B) =E [tanh (B + ig(hi))] , (3.3)

where

(i) D has distribution P;

(i) (hi)i>1 are i.i.d. copies of the fized point of the distributional recursion (3.1]);
(iii) D and (h;);>1 are independent.
The same holds on the random Bethe tree T (D, K, 00).

This proposition was proved in [I5, Corollary 1.6(a)] by differentiating the expression for the
thermodynamic limit of the pressure per particle that was first obtained. Here we present a more
intuitive proof:

Proof of Proposition[3.1. Let ¢ be a vertex picked uniformly at random from [n] and E, be the
corresponding expectation. Then,

n

My (8, B) = ~ 3 _(00)pn = Enl(0s)] (34)
i=1
Denote by <>,€: /T the expectations with respect to the Ising measure with + /free boundary con-

ditions on vertices at graph distance ¢ from ¢. Note that <0¢)£’: /1 only depends on the spins of
vertices in By (¢). By the GKS inequality [24],

(ool < {06 < (o6l (3.5)

Taking the limit n — oo, the ball B,(¢) has the same distribution as the random tree T (D, K, ¢),
because of the locally tree-like nature of the graph sequence. With (-)“*/f denoting the expec-
tations with respect to the Ising measure with +/free boundary conditions on 7 (D, K, (), this
means that

lim (o) 5t/ = (04)07/. (3.6)

n— 00 Hn
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Conditioned on the tree 7, we can prune the tree, see [I1, Lemma 4.1], to obtain that

D
(05)% = tanh (B +3 5(h§“”)). (3.7)
=1
Similarly,
D
(75) = tanh (B + 3¢ 7)), (3.8)
=1

where h;(tﬂ) also satisfies (3.1]), but has initial value h'® = co. Since this recursion has a unique
fixed point [15, Proposition 1.7], we prove the proposition by taking the limit £ — oo and taking
the expectation over the tree T(D, K, 00). []

To study the critical behavior we investigate the function {(z) = atanh(ftanhx) and prove
two important bounds that play a crucial role throughout this paper:

Lemma 3.2 (Properties of z +— £(x)). For all z,8 > 0,

0 3
Ox — mm < &(x) < Ox. (3.9)

The upper bound holds with strict inequality if x, 5 > 0.

Proof. By Taylor’s theorem,

£lr) = £0) + €0+ €70)

for some ¢ € (0,x). It is easily verified that £(0) = 0,

(3.10)

£(0) = (1 — tanh®z) 9, (3.11)

- 1—02tanh’z|,_,

and
6(1 — 6?)(tanh ¢)(1 — tanh*() <0

2
" _ _

&) (1 — 62 tanh? ()2 -
thus proving the upper bound. If x, 8 > 0 then also ( > 0 and hence the above holds with strict
inequality.

For the lower bound, note that £”(0) = 0 and

(3.12)

w2001 —6%)(1 — tanh® ()
&0 = (1 — 62 tanh? ()3
20(1 —6*)(1 —tanh®¢) 26

(1 —3(1 — 6*) tanh® ¢ — 6* tanh* ()

= T A—®)2(1—tank?C)  1-06% (3.13)
Thus, for some ¢ € (0, z),
2 3 9 3
E(x) = £(0) + £ (0)z + 5”(0)‘% + 5’”(@% > Oz — %% (3.14)
O
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We next study tail probabilites of (px)r>0. Here, for a probability distribution (gg)x>0 on the
integers, we write ¢> = Zezk qe.

Lemma 3.3 (Tail probabilities of (pi)r>0). Assume that (2.15)) holds for some T > 2. Then, for
the size-biased distribution defined in , there exist 0 < ¢, < C, such that, for all k > 1,

ek < pop < O, (3.15)

Proof. The lower bound follows directly from the fact that psy > (k + 1)psi41/E[D], and (2.15).
For the upper bound, we note that for any probability distribution (gx)g>o on the non—negatlve
integers, we have the partial summation identity

S af(k) = fO0)+ > gl f(0) — f(£— 1), (3.16)

k>0 0>1

provided that either [f(¢)— f(¢/—1)]g, is absolutely summable, or k +— f(k) is either non-decreasing
or non-increasing. Indeed,

Y af(k) = F0)+ Y aulf(k) = f(O)] = FO)+ Y an ) [f(6) = F(£ =), (3.17)

and the claim follows by interchanging the summation order, which is allowed by Fubini’s Theorem
for non-negative functions (see [21I, Section 3.6, Theorem B]) when k — f(k) is non-decreasing,
and by Fubini’s Theorem [21], Section 3.6, Theorem C| when [f(¢) — f(¢—1)]1{o<s<k} qx is absolutely
summable, which, by non-negativity of gy, is equivalent to the absolutely summability of [f(¢) —

f€=1)]gs..
We start by proving bounds on p>;. We rewrite
(¢ + 1 p
P>k = Z as Zf )Pe+1, (3.18)
>k >0

where f(¢) = (€4 1)1ys4y/E[D]. By (3.16) with ¢, = pet1, for k > 1 so that f(0) = 0,

pox = IO = 6= Dlpsens = B s 5 (3.19)

E[D]
>1 e>k+1

From ([2.15)), it follows that

Cy
= E[D]

(k+1)" 72+Z £+1 —(r-1), (3.20)

€>k+1

P>k

so that there exists a constant C, such that

por < C k™72, (3.21)
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When computing the critical exponents for 7 € (3, 5], we often split the analysis into two cases:
one where K is small and one where K is large. For this we need bounds on truncated moments
of K which are the content of the next lemma.

Lemma 3.4 (Truncated moments of K). Assume that (2.15)) holds for some 7 > 2. Then there
exist constants Cpr = C, -(C,) > 0 such that, as { — oo,

Cortt=2 whena>t1—2
E|K*1 < “r ’ 3.22
[ {ng}} - {C’T_QJ logl¢ whena=T1—2. ( )
and, when a < T — 2,
E [K'Ugsn] < Corl™ T2, (3.23)
Finally, when T =5, there exists a constant c35 = c35(c,) > 0 such that, as £ — oo,
E[K(K —1)(K = 2)I{x<p] > c55log. (3.24)

Proof. We start by bounding the truncated moments of K. We rewrite, using (3.16) and with
f(k) =k Nge<ay,

E[K*Yx<g] =Y f(R)pr =D [f(k) = fk = Dlpsp < Y [* = (k= 1)"]pzs- (3.25)

Using k* — (kK — 1)*

k _ _ :
af, ,x* tdr < ak®!, we arrive at

k—1
14 L4141
E[K*Nx<n] <aC,d k072 <aC, Y k7070, (3.26)
k=1 k=1

Note that k — k% (7=1 ig either increasing or decreasing. Hence,

L) +1 042
> kel < / k=D, (3.27)
k=1 1
Fora>71—2,
042 2
/ ko Dag < — =g (=2), (3.28)
1 a+2—71
whereas for a = 7 — 2,
0+2
/ ko= Ddk < 21og /. (3.29)
1
Similarly, for a < 7 — 2,
E [KNksg) = [01%pse+ Y [k = (k= 1)"pss (3.30)
k>¢

<G[0 +aC, Y kT (k4 1) < Gyt
leJ+1

13



Finally, we prove ({3.24)), for which we compute with f(k) = k(k — 1)(k — 2),

00 l 00 V4
E[K(K —1)(K - 2)lx<n] = Y [f(k —DI) =) 3(k—-1)(k—2)> p. (3.31)
k=1 1=k k=3 1=k
We bound this from below by
v
E[K(K - 1)(K = 2)lxp] = D 3(k — 2)[psk — psd]- (3.32)

k=0

By Lemma [3.3] for 7 = 5, the contribution due to p>, is at most
03Ppsy < C732 = 0(1), (3.33)

while the contribution due to ps; and using 3(k — 1)(k — 2) > k? for every k > 4, is at least

Ve Vi+1 dz
¢, Z k> cp/ — =¢,[log (V0 + 1) — log 4], (3.34)
k=4 4 t
which proves the claim by chosing the constant c3 5 correctly. O]

4 Critical temperature

In this section we compute the critical temperature.

Proof of Theorem [2.7. Let f* = atanh(1/r). We first show that if 5 < *, then

lim M (8. 1) = 0, (4.1)

which implies that 5. > *. Later, we show that if limp\ o M (3, B) = 0 then g < g*, implying
that 8, < B*.

Proof of 5. > *. Suppose that g < *. Then, by the fact that tanh z < x and Wald’s identity,

M(B3,B) =E |tanh (B + Zg ) < B+ E[DI|E[¢(h)). (4.2)
We use the upper bound in Lemma to get
E[¢(h)] = E[atanh(6 tanh h)] < 0E[h] = 0 (B + vE[£(h)]) . (4.3)
Further, note that
E[¢(h)] = Elatanh(f tanh h)] < 3, (4.4)
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because tanh h < 1. Applying inequality (4.3]) ¢ times to (4.2) and subsequently using inequal-
ity (4.4]) once gives

_ ¢
M(B,B) < B+ B@E[D]% + BE[D](0v)". (4.5)
Hence,
_ 1— (Ov)* ¢
M (B, B) < limsup (B + BGE[D]W + BE[D](0v) >
{—00 -
~-B (1 +E[D] _19U) , (4.6)
because 6 < 6* = 1/v. Therefore,
1
lim M (8. B) < Jim B (1 + 0E[D]-— 9V> = 0. (4.7)

This proves the lower bound on S..

Proof of 5. < *. We adapt Lyons’ proof in [27] for the critical temperature of deterministic
trees to the random tree to show that §, < f*. Assume that limp\ o M (8, B) = 0. Note that
Proposition shows that the magnetization M (f3, B) is equal to the expectation over the random
tree T (D, K, 00) of the root magnetization. Hence, if we denote the root of the tree T (D, K, 00) by
¢, then M(8, B) = E[(04)]. It follows from our assumption on M (3, B) that, a.s., limp\ o(04) = 0,
since the latter limit exists by the GKS inequalities.

We therefore condition on the tree T'= T (D, K, o). Define for v € T

h(v) = {(o,) and  hST(v) = (0,)"T, (4.8)

and let |v| denote the graph distance from ¢ to v. Furthermore, we say that w < v if {w,v} is an
edge in T and |w| = |v| + 1. By [II, Lemma 4.1], for |v| < ¢,

W) = B4+ S0 &t (w)). (4.9)

wW<—v

Since this recursion has a unique solution by [I5, Proposition 1.7] we have h(¢) = lim_,., h* ().
Therefore, if we suppose that limp\ g(os) = 0, then also limp\ o h(¢) = 0 and then it thus also
holds that limp\ o limg_,oo h%7(¢) = 0. Because of (4.9)), we must then have, for all v € T,

TN AN

ginoéhjgoh (v) =0. (4.10)
Now, fix 0 < fy < [ and choose ¢ large enough and B small enough such that, for some ¢ =

£(Bo, 8) > 0 that we choose later,
hoT(v) < e, (4.11)

for all v € T with |v| = 1. Note that h**(v) = co > ¢ for v € T with |v| = /.
As in [27], we say that II is a cutset if I is a finite subset of 7'\ {¢} and every path from ¢
to infinity intersects Il at exactly one vertex v € II. We write v < II if every infinite path from v
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intersects II and write o < Il if o < Il and o ¢ II. Then, since h**(v) < ¢ for v € T with |v| =1
and h%*(v) = oo > ¢ for v € T with |[v] = £, there is a unique cutset II,, such that h%*(v) < ¢ for
all v < Iy, and for all v € T, there is at least one w < v such that k% (w) > e.

It follows from the lower bound in Lemma [3.2] that, for v < II,,

hé + 62
¢ + 4 —I— ¢ + Y .|.
W (o) = B+ Y €k (w) = Y 0nt( > 3 ontH( ( —3(1_92)), (4.12)
w<—v w<—v wW<—v
while, for v € I,
W) = B+ ) €(h" (w)) > €(e). (4.13)
w4V
If we now choose € > 0 such that
2
€

which is possible because fy < [, then, iterating (4.12)) in each direction until II, and then

using ,
SOEDIRIO! (4.15)
velly

Since £(g) > 0 and limp o lim,_,, K5 (¢) = 0,

inf ; ol = 0. (4.16)

From [28, Proposition 6.4] it follows that 6, < 1/v. This holds for all 8y < 3, so
f < atanh(1/v) = 5". (4.17)
This proves the upper bound on (., thus concluding the proof. O

We next show that the phase transition at this critical temperature is continuous:

Lemma 4.1 (Continuous phase transition). Let ((5,, By))n>1 be a sequence with B, and B, non-
increasing, B > P and B, > 0, and £, \, B. and B, \ 0 as n — co. Then,

I E[E(8,, B,)] = 0. (4.15)
In particular,
lm BB, B)] =0, and  lim BJE(A(5,07))] =0, (4.19)

Proof. For all sequences ((/3,,, By))n>1 satisfying the assumptions stated in the lemma, E[£(5,, B,)]
is non-increasing in n and it is also non-negative so that the limit as n — oo exists. By the concavity
of h — &(h) and Jensen’s inequality,

0<c= lim E[§(B, By)] < lim &(B, + VEE(h(By, Bn))]) = &(ve). (4.20)

Since &(z) < O.x for x > 0 by Lemma [3.2{ and using 6. = 1/v, we obtain
&(ve) < bove =c, (4.21)
leading to a contradiction when ¢ > 0. O]
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5 Critical exponents: Magnetization

In this section we prove that the critical exponents related to the magnetization, i.e., 3 and 4,
take the values stated in Theorem The analysis involves Taylor expansions performed up to
the right order. By these Taylor expansions, higher moments of {(h) appear, where we remind
the reader that {(h) = atanh(6 tanh h) and h is the unique non-negative distributional fixed point
of (3.1). Therefore, we first bound these higher moments of {(h) in terms of its first moment in
Section 5.1

In Section we use these bounds to give appropriate bounds on E[£(h)] which finally allow
us to compute the critical exponents 3 and § in Section

Throughout Section [5| we assume that B is sufficiently close to zero and 8. < 8 < 8.+ ¢ for ¢
sufficiently small, so that we can apply Lemma [4.1| to make sure E[¢(h)] is sufficiently small.

In the following, we write ¢;, Cy,i > 1 for constants that have the properties: i) they only
depend on 8 and moments of K (they do not depend on B); ii) they satisfy

0 < liminf ¢;(B3) < limsup¢;(8) < oo, (5.1)
BN\Be BN\Be

and the same holds for the C;. The index 7 is just a label for the constants. For reader convenience
we try to use the it label to denote a constant appearing in a bound involving the i moment
of £(h). However this is not always possible and therefore in general nothing should be sought
from the labeling of the constants. What we consistently do is to use C; for constants appearing
in upper bounds, while ¢; appears in lower bounds. Furthermore, we write e;,7 > 1 (again the
labeling is arbitrary) for error functions that only depend on /3, B, E[{(h)] and moments of K, and
satisfy for all g € (B, 5. + ¢€)

limsupe;(8, B) < 0o and lim e;(8., B) = 0. (5.2)
B\0 B\O

The expressions of ¢;, C;, e; are given in the proofs of the results of this section and conditions
(5.1) (5.2)) are verified explicitly . Finally, we write vy = E[K(K —1)--- (K — k + 1)] for the kth
factorial moment of K, so that 1, = v.

5.1 Bounds on higher moments of £(h)

We start with bounding the second moment of £(h).
Lemma 5.1 (Bounds on second moment of £(h)). Let 5 > 5. and B > 0. Then,

CoE[£(Rh)]? + Bey when E[K?] < oo,
E[((h)’] < ¢ CoE[§(h)]*log (1/E[¢(h)]) + Bex when 7 = 4, (5.3)
CoE[E(h)]772 + Bey when 7 € (3,4).

Proof. We first treat the case E[K?] < co. We use Lemma[3.2] and the recursion in (3.1)) to obtain

E[6(h)?] < P[] = °E| (B + ig(hi)ﬂ

= 0% (B? + 2BvE[¢(h)] + nE[E(h)])* + VE[E(h)?]) . (5.4)
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Since 1 — 6*v > 0, because 3 is sufficiently close to 8, and 6, = 1/v < 1, the lemma holds with

62y _ B6* +20°vE[¢(h))

_ U d _
1—62y’ an 2 1— 62y

Co (5.5)
It is not hard to see that (5.1)) holds. For es the first property of ((5.2)) can also easily be seen. The

second property in (5.2) follows from Lemma [4.1]
If 7 < 4, then E[K?] = oo and the above does not work. To analyze this case, we apply the

recursion (3.1)) and split the expectation over K in small and large degrees:

K K
E[¢(h)*] =E [5(3 + Zf(hi))2]1{l<se}] +E [5 (B + Zf(hi)>21{1<>e}} : (5.6)
i=1 i=1
We use Lemma [3.2 to bound the first term as follows:

E [5 (B n Z]j: §(hi)>2]l{K§g}} < °E [(B n i&(hi)yﬂ{;{g}] (5.7)
< 6 (B + 2BVE[E(h)] + E[K*1 (x<n|E[£(R)]* + VE[E(R)?])

where in the second inequality we used the indepence of the £(h;) and Wald’s identity, and bounded
E[K1ik<p] <wv. For 7 € (3,4),
E[KQ]I{KSZ}] < C27T€47T, (58)

by Lemma [3.4] while for 7 = 4,
E[KQ]I{KSQ] S 0274 log€ (59)

To bound the second sum in (5.6)), note that £(h) < 5. Hence,

K
El¢(B+ > E(h)) Lion] < FElLisn] < Con 820 (5.10)

The optimal bound (up to a constant) can be achieved by choosing ¢ such that ¢4="E[£(h)]? and

(>77 are of the same order of magnitude. Hence, we choose ¢ = 1/E[£(h)]. This choice of the
truncation value ¢ turns out to be the relevant choice when making the distinction between small
and large values of K also in further computations and hence will also be used (up to a constant)
there.

Combining the two upper bounds gives the desired result with

Ch Cs-0° + Co.5%) (5.11)

T 1-0w (
where, for 7 = 4, we have also used that E[£(R)]? < E[¢(h)]?1og(1/E[¢(R)]), and

B BO? + 20?VE[£(h)]
N 1—6%v

e (5.12)
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We next derive upper bounds on the third moment of {(h):

Lemma 5.2 (Bounds on third moment of £(h)). Let 8 > 5. and B > 0. Then,

CsE[E(h)]? + Bes when E[K3] < oo,
EE(h)"] < { CEIE()]*log (1/BIE()) + Bes when 7 = 5, (513
CsE[E(h)]2 + Bes when 7 € (3,5).

Proof. For E[K®] < oo we bound, in a similar way as in Lemma [5.1]

E[¢(h)?] < 6? (33 + 3B*VE[£(h)] + 3Bw»E[E(h)]? + 3BVE[E(h)?] (5.14)

+ B¢ ()] + 31eE[¢(W)]E[E(h)?] + VE[E (h)3]> :

Using (5.3)), we indeed get the bound

E[¢(h)°] < C3E[(h)] + Bes, (5.15)
where ;
Cs = 1= 05 (v3 + 31,Cs) (5.16)
and
€= 7 —939% {B*+ 3Bve; + 3 (Bv + v2e2) E[E(R)] + 3 (2 + vCo) E[E(h)]?} (5.17)

To see that Cj satisfies (5.1), note that vs, v3 < co since E[K?®] < co. Furthermore, v, > 0 since
P[K > 2] > 0 because v > 1 and v3 > 0 because K can only take non-negative integer values.
That e3 satisfies follows from the bound E[{(h)] < 8 < co and Lemma [4.1]

For 7 € (3,5], we use the recursion , make the expectation over K explicit and split in
small and large values of K to obtain

E[¢(h)’] = E[f <B + ig(hi)>3ﬂ{K<l/E[§(h)] ] [ (B + ZS ) Ny ko1 /m[e(h )]}]. (5.18)

We bound the first expectation from above by

0°E [(B + i 3 (hi))gﬂ{KsuE[s(h)]}} (5.19)

=0’ <B3 + 3BE[K Lix<1/siemp E[E (h)] + 3BE[K (K — 1)x<y/sieap EE(R))*
+ 3BE[K Lix<1/memp EE(h)’] + E[K (K — 1)(K — 2)Lig<i/semp EE ()]
+ BE[K (K — 1) gre<ymeqon JEIEDELE()?) + EIK Ly ereoon EIE (0)7])-

[ ]
] ]
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By Lemma , for 7 € (3,5),

E[K*Lx<i/memn] < CaEE(R)], (5.20)
while, for 7 =5,
E[K3H{K§1/E[£(h)1}] < Cs5log (1/E[¢(R)]) - (5.21)
Similarly, by Lemma 3.4} for 7 € (3,4),
E[K*1ixe<imeny] < Co E[E(R)], (5.22)
while, for 7 = 4,
E[K2H{K§1/E[S(h)]}] < Caalog (1/E[¢(R)]) - (5.23)

For the other terms we can replace the indicator function by 1 and use the upper bound on
E[£(h)?] of Lemma . For the second expectation in ([5.18]) we bound &(x) < f3, so that this expec-
tation is bounded from above by $2Cq ,E[¢(h)]"~2. Combining these bounds and using E[¢(h)]? <
log (1/E[¢(h)]) E[E(h)]? for 7 = 5, E[E(h)]* < E[¢(h)]™? for T € (4,5), E[E(h)]*log (1/E[£(h)])* <
E[£(R)]? for 7 = 4 and E[£(R)]>™5 < E[¢(h)]772 for 7 € (3,4) gives the desired result. O

5.2 Bounds on first moment of {(h)

Proposition 5.3 (Upper bound on first moment of {(h)). Let § > . and B > 0. Then, there
exists a C; > 0 such that

BI¢(h)] < 0B + 6VE[E(h)] — GELE(h))’, (5.24)
where § takes the values as stated in Theorem[2.8 For T =5,
E[¢(h)] < 08 + OvE[§(h)] — C1E[£(h)]* log (1/E[¢(R)]) - (5.25)

Proof. We first use recursion (3.1)) and rewrite it as

E¢(h)] = E[§ (B + ig(hi))] — 0B + OuE[E(W)] + T1 + T, (5.26)
where
T, =E [g (B + KIE[f(h)]) —0(B + KE[¢(h))) } , (5.27)
and
L=E[¢(B+Y_¢(h)) - ¢ (B+ KEEh) | (5.28)

Here, T} can be seen as the error of a first order Taylor series approximation of £ (B + KE[¢(h)])
around 0, whereas T; is the error made by replacing £(h;) by its expected value in the sum. By
Lemma , T} < 0 and by concavity of x — &(x) and Jensen’s inequality 75 < 0. We bound T}
separately for the cases where E[K3] < oo, 7 € (3,5) and 7 = 5. Since these bounds on T} are
already of the correct order to prove the proposition it suffices to use 7, < 0 and we do not bound
T> more sharply.

20



Bound on T; when E[K?] < co. To bound T; for E[K?] < oo we use that £”(0) = 0, so that it
follows from Taylor’s theorem that, a.s.,

(B + KE[E()]) -~ 0(B+ KE[E(h)) = = (B+ KE[g(n))* (5.29)
for some ¢ € (0, B+ KE[{(h)]). Note that
ey = — 200 = 0°)(1 — tanh” () (1= 3(1 — 6%) tanh? ¢ — 6% tanh* ¢) , (5.30)

(1 — 62 tanh? ()3
which we would like to bound from above by a negative constant. By Lemma [3.2] a.s.,
§(B+ KE[¢(h)]) —0(B+ KE[¢(h)]) <0, (5.31)

so that we are allowed to assume that B + KE[¢(h)] is sufficiently small. Indeed, from the above
equation it follows that, for any constant a,

Ty <E[(€(B + KE[E(h))) — 0 (B + KE[EM)]) Lo xeiemizal] (5.32)
If, for convenience, we choose a = atanh%, then
£(0) < 2001~ 6?), (53
and hence,
Ty <~ — 0)E [(B + KEIEM) Liasareimyuons
<~ = PIBIKN csi <ot} -y BIECH)P (534

Note that B+ KE[{(h)] converges to zero for both limits of interest. Thus E[K3]1{K]E[g(h)}gatanh%fB}]

goes to infinity in the case E[K?®] = oo and hence this bound is not useful. We provide better
bounds in the next paragraph for this case.

Bound on 7} when 7 € (3,5]. For 7 € (3,5], we make the expectation over K explicit:

Ti=) p(E(B+HEER)]) —6(B+kEE(R)])), (5.35)

where it should be noted that all terms in this sum are negative because of Lemma [3.2] Define
f(k) = &(B+EKE[£(h)]) — 6(B+ KE[(h)]) and note that f(k) is non-increasing. We use ({3.16)
and Lemma [3.3] to rewrite

= Zf(k)Pk = f(0) + Z[f(k’) — f(k=1)]p>r < f(0) + CPZ[f(k) — flk— 1))k

k>1 k>1

= F(0)+ ¢, Y _[f(k) = flk=1)]) (7 — (0 +1)"02) (5.36)

E>1 >k

21



Then, we can again interchange the summation order as we did to obtain (3.16]) to rewrite this as

¢
Ty < f0)+ep ) Y [f(k) = fk =D — (£ +1)"C2)

£>1 k=1

= FO)(1 = ¢p) ¢, 3 O — (04 1)), (5.37)

>1

Using the convexity of £~(7=2) this can be bounded as

Ty < fO)(1—c¢,) + (T =2)c, > f(O(L+1)" Y, (5.38)

>1

Since we can assume that ¢, <1, f(0)(1 —¢,) < 0. Hence,

Ty < (7= 2)c, (BIEMN Y_((k + DEEM) ™" (€ (B + KE[E(h)]) — 0 (B + KE[E(h)])
b/E[£(R)]
<(r=2)c, BEMD™ D REEM)) TV (€ (B +KEE(D)]) — 0 (B +KEE(h)])
k=a/E[¢(h)]

(5.39)

where we choose a and b such that 0 < a < b < oco. We use dominated convergence on the above
sum. The summands are uniformly bounded, and E[£(h)] — 0 for both limits of interest. Further,
when kE[£(h)] = y, the summand converges pointwise to 3y~ (¢ (B + 1) — 0 (B +v)). Hence,
we can write the sum above as

b
Efe(h)]"! ( [ v €y -0+ + o<1>) , (5.40)

where o(1) is a function tending to zero for both limits of interest [22] 216 A]. The integrand is
uniformly bounded for y € [a,b] and hence we can bound the integral from above by a (negative)
constant —I for B sufficiently small and [ sufficiently close to .. Hence,

E[&(h)] < 0B + 6VE[E(h)] — (v — L), [E[E()] 2. (5.41)

Logarithmic corrections in the bound for 7 = 5. We complete the proof by identifying the
logarithmic correction for 7 = 5. Since the random variable in the expectation in 77 is non-positive,
we can bound

Ty <E[£(B + KE[E(W))) - 0 (B + KE[E(M)]) Lixeessiecnn] (5.42)

Taylor expansion h — £(h) to third order, using that £(0) = £”(0) = 0, while the linear term
cancels, leads to
5///(4‘)
6

T <E (B + KE[E(h)])® Lpcse ey | (5.43)
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for some ¢ € (0, KE[{(h)]). On the event that K < ¢/E[¢(h)], we thus have that ¢ € (0,¢), and
§"(¢) £ —ce =8up,e() §”(x) < 0 when ¢ is sufficiently small. Thus,

Ti < ~SE [(B+ KE[E(MW) Yscce/eiein] (5.44)
< ~GEEMWPE [K(K = (K = 2)lcsessic) -

When 7 =5, by Lemma E[K(K —1)(K —2)l{x<p] > ¢35log¥, which completes the proof.
[l

Proposition 5.4 (Lower bound on first moment of £(h)). Let 8 > B. and B > 0. Then, there
exists a constant Cy > 0 such that

E[¢(h)] > 0B + OvE[¢(h)] — e E[£(h)]° — Bey, (5.45)
where
3 when E[K?] < oo,
0= (5.46)
T —2 when 7 € (3,5).
For =25,

E[£()] > 0B + OUE[E()] — ciE[¢(h)]? log(1/E[£(h)]) — Be:. (5.47)

Proof. We again use the split in ([5.26]) and we bound 7} and T5.

The lower bound on 7). For E[K?] < oo, we use the lower bound of Lemma [3.2 to get

0
T, > —WE (B + KE[£(h)])?] . (5.48)
By expanding, this can be rewritten as
0
T > —WE[K?)]EE(MP — Bey. (5.49)

For 7 € (3, 5], we first split 7} in a small K and a large K part. For this, write

ti(k) = & (B + KE[E(h)]) — 0 (B + KE[S(h)]) - (5.50)
Then,
T = Efty(K)] = E [t (K)Lire<e e ] + B [t (K)Lresemecnn] - (5.51)
To bound the first term, we again use (|5.48]):
0
E [tl(K)]l{ng/E[g(h)]}} > —WE [(B + KE[é(h)])311{1(35/13[5(;1)}}} : (5.52)

23



It is easy to see that the terms B®E [1 (k. mje(n);] and 3B?E[¢(h)]E [K 1 x<c/menyy] that we get
by expanding the above are of the form Be. To bound the other two terms, we use Lemma to
obtain, for ¢ <1,

3BE[¢(h))PE[K? when 7 € (4, 5],
3BE[§(h)]2E [K2]1{K§5/E[§(h)]}] < 3302,4E[§<h)]2 log(1/E[¢(h)]) when 7 = 4, (5.53)
3BCy  E[¢(h)]2 when 7 € (3,4),

which are all of the form Be, and

Cs5E[E(R)]? log(1/E[¢(R)]) when T =5,

E [K* L <e/memny] BE(W)] < (5.54)
Cs,E[¢(R)]? when 7 € (3,5).

To bound 77 for large K, we observe that
E [t (K)Lgscse/mempy) 2 —0BE[ rese/mie] — ORI (RE[K T rese e (5.55)
Applying Lemma now gives, for 7 € (3, 5]
E [t1(K)L{xse/meny)y] = —0BCoEE(h)] 2 — 0Cy ,E[E(h)]7?
= —C4E[¢(h)]? — Bey. (5.56)

The lower bound on 7. To bound 75, we split in a small and a large K contribution:

Ty = Elta (B) 1 re<e/memn] + Blba(K) Uirse/memn] = 15 + 15, (5.57)
where .
ta(k) =€ (B +) f(%‘)) — & (B + EE[¢(h)]) .- (5.58)
=1
To bound 7%, we note that
ta(k) > =B, (5.59)
so that
T3 > —BE[L{kse/miem] = —CE[E(R)]T2, (5.60)

where we have used Lemmal3.4]in the last inequality and the Markov inequality when E[K?] < occ.
To bound T3, we start from

Q) (& 2
T; =E : 2( (Zf(hi) - K]E[f(h)}) Lk <e/miemy | - (5.61)
i=1
for some ¢ in between B + 31 £(h,;) and B 4+ KE[£(h)]. We use that
’ 20 3
§'0) 2~ (B+Y_ &) + KE[E(M)). (5.62)
i=1
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to obtain

s> oE[(B4 Soeh)+ KE[(h)]) (i&(h» ~ KEIE)]) Tgeemeonn]

i=1 i=1

>~ (BUE [(6(0) — BIE)] + vE [(€) -+ BECH)) (¢(h) — ELE(])]
+ 2B e ey ELEMIE [(E(8) — ELEM)])?] )
> 0 (BUBIE(HY?) + (2E(K™L e mgn) + ) ELEMIEIERY] +vEIEM)). (569
Using the bounds of Lemmas B4, [fT] and [F3 we get,

— 17 ((2E[K?] +v) Cy + Csv) E[§(h)]* — Bes when E[K?] < oo,

Ty > —1% ((RE[K?] 4+ v) Cy + Csv) E[¢(h)]* log(1/E[£(R)]) — Be; when T = 5,

— (Cy, + Csv) E[¢(h)]"% — Bes when 7 € (3,5),
(5.64)
where C . = (2E[K?] +v) C, for 7 € (4,5) and Cy, = (20, + v)C; for 7 € (3,4]. Here, we
have also used that (a) E[¢(h)]? < E[£(h)]?log(1/E[E(h)]) for 7 = 5; (b) E[£(R)]? < E[€(h)]72

(n
for 7 & (4,5]; (c) E[¢ (h)]310g(1/E[ (M) < El&(] and E[&(h)]* log (1/E[E(h)]) < E[E()? for
7 =4; and (d) E[¢(h)] ! < E[£(h)]" 2 and E[£(h)]*° < E[£(h)]"2 for 7 € (3,4). Combining the
bounds on T and 75 gives the desired lower bound on E[{(h)]. O

5.3 Critical exponents 8 and ¢

It remains to show that the bounds on E[{(h)] give us the desired result:

Theorem 5.5 (Values of 8 and §). The critical exponents 3 and & equal the values as stated in
Theorem [2.8 when E[K®] < 0o and T € (3,5). Furthermore, for =5, (2:20) holds.

Proof. We prove the upper and the lower bounds separately, starting with the upper bound.

The upper bounds on the magnetization. We start by bounding the magnetization from

above:
tanh (B + Z{ >

M(B, B) = < B+ E[DJE[£(h)]. (5.65)

=1

We first perform the analysis for 3. Taking the limit B \, 0 in (5.24]) in Proposition yields

E[¢(ho)] < OvE[€(ho)] — CLE[€(ho))?, (5.66)

where hy = h(5,07). For 8 > f,., by definition, E[¢(hg)] > 0 and thus we can divide through by
E[¢(ho)] to obtain

(5.67)



By Taylor’s theorem,

v —1<v(l—03(B— B.). (5.68)
Hence, .
2 1/(6—1
E[¢(ho)] < (MTIG)) (B — B!/, (5.69)
Using that 8 =1/(d — 1),
B
M50 < 5] (22 5 - e (5.70
1
from which it easily follows that )
lim sup M5, 0%) < 00 (5.71)

B\Be (B - ﬁc)ﬁ .

We complete the analysis for 3 by analyzing 7 = 5. Since ((5.24)) also applies to 7 = 5, (5.71]) holds
as well. We now improve upon this using (5.25)) in Proposition [5.3] which yields in a similar way
as above that

) v —1
ElEh)l” = Goa /Gl

Since x + 1/log(1/x) is increasing on (0,1) and E[£(hg)] < C(B — B.)'/? for some C > 0, we
immediately obtain that

(5.72)

v —1 v —1
E[¢(ho)]? < < ) 5.73
= G g (1Bl hal)) = Crlog(1/100 — 57 1)
Taking the limit of 5\, 5. as above then completes the proof.
We continue with the analysis for §. Setting § = . in (5.24) and rewriting gives
g \1/3
E[¢(he)] < <—> B, (5.74)
Cy
with h. = h(fB., B). Hence,
g\
M. B) < B+ED (&) B (5.75)
1
so that, using 1/6 < 1,
: M(p., B)
hrg\sblp —pus < % (5.76)

The analysis for § for 7 = 5 can be performed in an identical way as for 3.
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The lower bounds on the magnetization. For the lower bound on the magnetization we use

that "
P tanh 2 = —2tanh (1 — tanh®z) > —2, (5.77)
x
so that
tanhz >z — 2%, (5.78)
Hence,

D
M(5.B) > B + E[DEE®)] ~ E[(B+ Y e(h)) ]
i=1
> B+ E[DJE[S(h)] — Bes — E[D(D = DIE[S(W)]* = E[D]C,E[E(h)]*"
= B+ (E[D] — e7)E[¢(h)] — Bes, (5.79)
with aAb denoting the minimum of a and b, where e7 satisfies both also liminfg g, e7(5,0") =

0, because E[£(h)] converges to zero for both limits of interest.
We again first perform the analysis for 3 and 7 # 5. We get from ((5.45)) in Proposition

that 1/(6-1) B
s> (1) = (M) -, (5.80)
where the last inequality holds because, by Taylor’s theorem,
v —1>v(l—60%(8—B.). (5.81)
Hence,
wuﬁxﬁ>z<Euﬂ—-w>(ﬁgégfﬁ)ﬁus—ﬁaﬁ, (552
so that . pix B
liminf % > E[D] (”(16—_19)> >0, (5.83)

For 7 = 5, we note that (5.47)) as well as the fact that log1/z < A.x~¢ for all z € (0,1) and some
A, > 0, yields that

Gy — 1\ /(1 - g2\ Ve
E[¢(ho)] > > ——— — Be)M o), .84
cralz () 2 (UR) 6-a (5:84

Then again using ([5.47)) yields, for some constant ¢ > 0,

Oy — 1 1/2 B—8 1/2
E[¢(hg)] > >c - , 5.85
> (ot memn) > () 59
once more since x — 1/(log(1/x)) is increasing.
We continue with the analysis for §. Again, setting 5 = (. in (5.45)), we get
0, — e\
Bl = () B, (550
1
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from which it follows that

M (., B) > (E[D] — e7) ( el) BY% — Beg, (5.87)
(&1
and hence,
o M(B., B) 6.\
hgl\}ﬁlf g5 2 E[D] (Cl) > 0, (5.88)
as required. The extension to 7 = 5 can be dealt with in an identical way as in (5.84))(5.85)). This
proves the theorem. O]

We can now also derive the joint scaling of the magnetization as (3, B) ~\ (f,0):

Proof of Corollary[2.9. We start with the lower bound for 7 # 5. From the GKS inequality it
follows that, for § > 5. and B > 0, M(3,B) > %(M(ﬁC,B) + M(B,0%)). Combined with the

lower bounds in ([5.82)) and ([5.87)) this gives
M(ﬁa B) > C6<ﬂ - 50),6 + C7Bl/67 (589)

which gives the desired lower bound.
For the upper bound for 7 # 5 we rewrite (5.24) as

CiE[E () < B+ (v — DE[E(h)]. (5.90)

Dividing both sides by E[{(h)], which is allowed for 5 > . and B > 0, and using (5.68) gives

CLEIE()P™! < gregs + (1= 6)(3 - ) (591)
Since, by the GKS inequality and ,
E[¢(h)] > E[£(he)] > esBY?, (5.92)

we thus have that

1 v
E[¢(h)] < | —BOY/% 4 —
[&H_<%a o

1/(6-1)
(1-02)(5~ ﬁc)) < CsBY° + Co(B — B.)°, (5.93)
where we used (z + )/~ < (2(z v y))Y/ 0D < 21/ @D p1/(0=1) 4 91/(0=1)g1l/(0=1) " with x V y

denoting the maximimum of x and y, in the second inequality. The result for 7 # 5 now follows
from ([5.65]). The proof for 7 =5 is similar. O

6 Critical exponents: Susceptibility

In this section, we study the susceptibility. In Section [6.1] we identify 4y, in Section [6.2] we prove a
lower bound on 4’ and add a heuristic why this is the correct value.
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6.1 The critical exponent ~

For the susceptibility in the subcritical phase, i.e., in the high-temperature region 5 < ., we can
not only identify the critical exponent ~y, but we can also identify the constant:

Theorem 6.1 (Critical exponent ). For E[K]| < oo and 3 < f,,

E[D]o
+)
x(8,0 )—1+1_V0. (6.1)
In particular,
. E[D]6?
+ o — c
Jim x(8,07) (B = B) = 7= E (6.2)
and hence
v=1 (6.3)

Proof. The proof is divided into three steps. We first reduce the suceptibility on the random graph
to the one on the random Bethe tree. Secondly, we rewrite the susceptibility on the tree using
transfer matrix techniques. Finally, we use this rewrite (which applies to all § and B > 0) to
prove that v = 1.

Reduction to the random tree. Let ¢ denote a vertex selected uniformly at random from [n]
and let E4 denote its expectation. Then we can write the susceptibility as

=1 3 (030, = (0 (o) = Eo | 3 (1060300, — (00, <oj>un)] o (64)
Note that 9o
I (65)

which is, by the GHS inequality [20], decreasing in external fields at all other vertices k € [n].
Denote by <-)t’+/ J the Ising model with + /free boundary conditions, respectively, at all vertices at
graph distance t from ¢. Then, for all t > 1,

anEqﬁ

i <<U¢Uj>fif - <0¢>Z’:<0j>fjj>] : (6.6)

j=1

By introducing boundary conditions, only vertices in the ball B4(t) contribute to the sum. Hence,
by taking the limit n — oo and using that the graph is locally tree-like,

x> E [Z <<a¢gj>t,+ — <0‘¢>t,+<o'j>t7+>] : (6.7)

€Ty

where the expectation now is over the random tree 7; ~ T (D, K, t) with root ¢.
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For an upper bound on x,, we use a trick similar to one used in the proof of [I1], Corollary 4.5]:
Let Bj = B if j € Bi(¢) and B} = B+ H if j ¢ By(¢) for some H > —B. Denote by (-)y the
associated Ising expectation. Then, because of (6.5)),

Eo | > <<0¢0j>—<0¢><0j>> =Eq4 a%<0¢>H

| 7¢Bt(8)

] , (6.8)

By the GHS inequality, (04)# is a concave function of H and hence,

0

9
Ey a—H<%>H

<2, |2 (oobumo — (rabu—sz)|. (69

H=0
Using the GKS inequality this can be bounded from above by

Bo | 2 (1050~ (0ol o) | = Bo | 5 (00 = (0)] (6.10)

where the equality holds because the terms depend only on the system in the ball B;(¢) and hence
not on H. By letting n — oo, by the locally tree-likeness, this is equal to

SE (o = (o)) (6:1)

where the expectation and the Ising model now is over the random tree T; ~ T (D, K, t) with root
¢. From [I5, Lemma 3.1] we know that this expectation can be bounded from above by M/t for
some constant M = M(3, B) < oo. Hence, if t — o0,

lim E LZ ((ooos)* <a¢>tv+<aj>t7+)] <y<lmE LZ (oo} - <a¢>tvf<aj>t’f)] - (6.12)

t—o0 4 t—00 ¢
€Ty €Ty

Rewrite of the susceptibility on trees. It remains to study the susceptibility on trees. For
this, condition on the tree T,,. Then, for some vertex j at height ¢ < ¢ in the tree, denote
the vertices on the unique path from ¢ to j by ¢ = vg,v1,...,v, = j and let, for 0 < 7 < /,
S<i = (0uys .- -, 04). We first compute the expected value of a spin o, on this path, conditioned
on the spin values S<;_;. Note that under this conditioning the expected spin value only depends
on the spin value o,, , and the effective field h,, = hfjf/ ! obtained by pruning the tree at vertex
v;, i.e., by removing all edges at vertex v; going away from the root and replacing the external

magnetic field at vertex v; by h,, which can be exactly computed using [I1, Lemma 4.1]. Hence,

ePovi 1 the, _ g=Bov; 4 —ho;

NG/
(00,[5<i-1) Bovi 1oy | q=Bov,_y—hu; (6.13)
We can write the indicators 1,  —+1y = 5(1£0,,_,), so that the above equals
1 eﬁ‘i‘hvi _ e_ﬂ_h”i 1 e_B+h“i _ e’B_h”i
5(1 + 0'1)1;1)6,3.5_}1% + e_ﬁ_hvi + 5(1 — o’vifl)e—ﬁ'i‘hvi I eﬁ_hvi (614)

2 .

- 01)7;715 eﬁ‘i’hvl + e*ﬂ*hvi o efﬁ+hvl + eﬂfh'ui 9 eﬁ“l’hvl + e*ﬁ*hvi + e*,B‘FhU,L _.I_ eﬂ*hvi
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By pairwise combining the terms over a common denominator the above equals
O-Ui_l 5 (eﬁ+hvi —+ e_ﬂ_hvi ) (e_’8+h“i + eﬂ_h”i)
1 (eﬁ+h“i — e*ﬁ*hvi)(e*ﬁq’hvi + eﬁ*hvi) + (e*,B‘Fhvi _ e/j*hvi)<e5+hvi + e*ﬂ*hvi)

- 6.15
+ 2 (eﬁ‘i'hvi + e_’B_hUi)<e_'8+h”i + eﬂ_h”i) ( )
By expanding all products, this equals, after cancellations,
626 + 6_26 e2hvi + e_2hvi
Ot 26 4 028 1 o 1 o 2he, * 028 4 728 4 i 4 o7 2hv;
inh(2 inh(2h,,
_—— sinh(25) + sinh(2h,) (6.16)
cosh(25) + cosh(2h,,)  cosh(28) + cosh(2h,,)
Using this, we have that
t+/f S, NPy b/ sinh(23) sinh(2h,,)
(o) (ow S<e)™ ) (v cosh(283) + cosh(2h,,) ~ cosh(2f3) + cosh(2h,,)
(6.17)
Applying this recursively, we get
sinh(205)

t+/f t+/f
{00, (20 H cosh(20) + cosh(2h,,)

E sinh(2h,,) . sinh(20)
" ; (COSh(Qﬁ) + cosh(2h,,) kgl cosh(283) + cosh(2h,,) | (6.18)

Similarly,

¢
b/f sinh(25)
(o) < (CIUO H cosh(203) + cosh(2h,,)

=1

‘ sinh(2h,, ) ‘ sinh(23) v
* ; cosh(203) + cosh(2h,,) kl;—[l cosh(2/) + cosh(2h,,)

L

B sinh(203)
N H T cosh(28) + cosh(2h )

t /f sinh(2h,,) sinh(24)
(0h)" Z (cosh (28) + cosh(2hy,) Nty _ cosh(28) + cosh(2h,,) . (6.19)

Combining the above yields

t, t, t, /)2 = sinh(20)
g = () o1 = (1= (o)) 1] iy combiny (020
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By taking the limit £ — oo, we obtain

X=E|) (1-{(0w)?) ﬁ sinh(25) (6.21)
Pt 00711 cosh(2) + cosh(2hy,) | '
Finally, we can rewrite
sinh(2) 2sinh(/3) cosh(3) 7
cosh(28) + cosh(2hy,)  2cosh(B)2 — 1 + cosh(2hy,) | 4 cosh(hy,)—17 (6:22)

2 cosh(B)?

so that

Y(B.B) =E | (1 - (00,?) ZQMH( COZILOQSZ(;) )‘1, (6.23)

7€l

The rewrite in (6.23]) is valid for all 5 and B > 0, and provides the starting point for all our results
on the susceptibility.

Identification of the susceptibility for g < g.. We take the limit B 0, for 5 < f., and

apply dominated convergence. First of all, all fields h; converge to zero by the definition of 3., so
cosh(2hy,;)—1

2 cosh(p)?
expectation is bounded from above by > ieTo 0! which has finite expectation as we show below.

Thus, by dominated convergence, the above converges to

we have pointwise convergence. Secondly, 1 + > 1, so that the random variable in the

lim x(8, B) = E [Z 9]’] : (6.24)

B\
pN .

Denote by Z; the number of vertices at distance ¢ from the root. Then,

E [Z il = E izeeﬁ
=0

j€Toe
because Z, > 0, a.s. Note that Z,/(E[D]v*"1) is a martingale, because the offspring of the root
has expectation E[D] and all other vertices have expected offspring v. Hence,

— i E[Z,]6", (6.25)
=0

E[D]6
] E[Z)¢" =1 EDp 10" =1+ . 6.26
(5. = Bz 1438 it (620
This proves (6.1)). We continue to prove ([6.2)), which follows by using ) and (5.81):
E[D]6 1 E[D]o E[D]6 .
14 27 53 <1 <1+ —22 (5 _p)". 6.27
O
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6.2 Partial results for the critical exponent ~’
For the supercritical susceptibility, we prove the following lower bound on ~’:

Proposition 6.2 (Critical exponent v'). For 7 € (3,5] or E[K3] < oo, there exists a ¢ > 0 such
that

X(8,B) = c(B— B.)~". (6.28)

In particular, if %' exists, then
v > 1. (6.29)

Proof. We start by rewriting the susceptibility in a form that is convenient in the low-temperature
phase.

A rewrite of the susceptibility in terms of i.i.d. random variables. For g > (. we start
from (6.23). We further rewrite

29‘

Here, and in the sequel, we use the convention that empty products, arising when ¢ = 0, equal 1,
while empty sums equal 0. Thus, the contribution due to ¢ = 0 in the above sum equals 1. We
write vy = ¢ and v; = ag---a;_1 € N* for i > 1, so that v; the a;_;st child of v;_;. Then,

Zeé Y E|(1-(ow) )]l{weToo}eXp{ Zlo ( CO;};OQSZ“(;)_ )}] (6.31)

A0,y —1
Let K,, be the number of children of v;, and condition on K, = k; for every i € [0,¢ — 1], where
we abuse notation to write [0, m] = {0,...,m}. As a result, we obtain that

o) 3 on{ s (1+ )| e

V€T o

x(8,B) Z > Z (v € T, Ky, = k; Vi € 0,4 — 1)) (6.32)

ao,---,a¢—1 ko,...,

cosh(2hvi) -1 .
X E (1 — {0y,)? exp{ Zlo < 2 cosh(3)2 )} | v € Too, Ky, = ki Vi € (0,0 — 1]] :
Note that
-1
P(K,, = k; Vi € [0, — 1], v, € Toe) = P(D = ko) Lagero) [ [ P = ki) La,ie}- (6.33)

=1

Let T; ; be the tree that descibes all descendants of the jth child of v;, with the a;th child removed,

and Tg the offspring of v,. When v, € T, all information of the tree T, can be encoded in

the collection of trees (Ti,j)je[07Kvi,1],i€[07g,1] and T}, together with the sequence (ai)f;é. Denote

—

T = ((T%yj)j€[07KUi,1}’i€[07g,1],D). Then, for any collection of trees t= ((tid)je[(]’kifl]’ie[(]’[fl], tg),

P(T =1 K, =k Yie[0,0—1],v€T) =BT =t) 11 P =t.) (630
(4,5)€[0,k; —1]x[0,6—1]



where the law of T is that of a Galton-Watson tree with offspring distribution K. We conclude
that

/-1

ng Z Z P ]1{“0<k0}HP k')]l{aiﬁki} (6'35)

0,001 koyrorkio—1 i=1
ol 228

where (h*(E)) _, satisfy the recursion relations h} = hy;

x E

ki—1

hi(k) = B+ (R (0) + Y E(hiy), (6.36)

=1

and where (h; ;)icjo,q,j>1 are i.i.d. copies of the random variable h(3, B). We note that the law of
(h;*(l;))f:o does not depend on (a;)icp,¢—1], S0 that the summation over (a;);cpo,—1) yields

Zeﬁ > kP(D —ko)ﬁkl-]P’(K—ki) (6.37)

ko,....ke—1

= o - $es (14 O]

For a random variable X on the non-negative integers with E[X] > 0, we let X* be the size-biased
distribution of X given by

x E

P(X* = k) = ﬁﬂ”(){ — k). (6.38)
Then
6.8 =220 e Y B = ko) [ RO = k) (6:39
9 : cosh(?hj(q)) -1
< E | (1= (o4,) )exp{—zllog (1+ oo ) )}]

Define (h}){_, = (h}(D*, K%, ..., K} 4, Kg))fzo, where the random variables (D*, K7, ..., K} ;, Ky)
are independent. Then we finally arrive at

14

o - (1 SEDY L e

i=1

_E[D] ¢
x(8

Z:O
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Reduction to second moments. We now proceed towards the lower bound on 4’. Note that,
a.s.,

(04o) = tanh(hy ), (6.41)
where
D*—1 D*—1
hog = B+&(hy) + Y &(hoy) < B+ B+ )  &(hoy) (6.42)
j=1 j=1
Therefore,
D*—1
(0u) < tanh(B+ B+ Y &(hoy)). (6.43)
j=1

The right hand side is independent of (h*){_,, so that the expectation factorizes. Further,
D*—1
]E[tanh(B 6+ Y g(ho,j))} — tanh(8) = 0 < 1, (6.44)
j=1

as B\, 0, 3\ B.. Further, we restrict the sum over all £ to £ < m, where we take m = (3 —3.)'.
This leads to

o - (+ A e

1=

0
We condition on all coordinates of (D*, K7, ..., K; |, K;) being at most b = (38— 3.)~"/("=3) which
has probability

P(D* <b, Ky <b,...,K;; <b,K;<b)>(1—o(1))P(K* <b)™ (6.46)
> (1—o0(1))(1 — C=b9)™,

which is uniformly bounded from below by a constant for the choices m = (8 — 8.)"! and b =
(B — B.)~ V=3 Also, we use that §v > 1, since 3 > 3. This leads us to

exp { _ illog (1 + %) }] , (6.47)

where E, denotes the conditional expectation given that D* < b, K < b,..., K;, <b K, <b
Using that E[e*] > e®IX] this leads us to

x(8,B) > ¢ iexp{ — iE’ [log (1 + %)] } (6.48)
=0 i=1

Define, for a > 0 and = > 0, the function ¢(x) = log (1 + a(cosh(z) — 1)) Differentiating leads to

X(8,B) > ¢, Y Ey
=0

asinh(z

/() = (z)
1+ a(cosh(z) — 1)

so that ¢'(z) < C,z/2 for some constant C, and all z > 0. As a result, ¢(z) < C,z?/4, so that

(6.49)

m ¢
x(8.B) = e, Y e { - €, Y B, [(h)7) |- (6.50)

=0
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Second moment analysis of ;. As a result, it suffices to investigate second moments of A7,
which we proceed with now. We note that

Kr—1

Wy =E(hlg) + B+ Y E(hay). (6.51)

Taking expectations and using that £(h) < 6h leads to
E, [h}] < 0E, [h,,] + B+E[K* — 1| K* < bJE[¢(h)). (6.52)

[terating this inequality until £ — i and using that E, [h}] < B + vE[¢(R)] (since Ey[K] < E[K])
leads to

Ey [h}] < 074 B + vE[£(h)]) + Z 0°(B+E[K* — 1| K* <bE[¢(h))]) (6.53)
S eéfi(B + V]E[f(h)]) B + E[ - 1 L}g* < b]E[f(h)]
Similarly,
Ey [(h))?] < 6%E, [(ht1)?] + 20K, [h%,,] (B + E[K* — 1| K* < bE[(h))) (6.54)
+ B? +2BE[K* — 1 | K* < DE[¢(R)] + E[(K* — 1)(K* — 2) | K* < b|E[¢(h)]?
+E[K* — 1| K* < bE[¢(R)?).
Taking the limit B \, 0 we thus obtain
Ey [(h})?] < 6%Ey [(hi1)?] + 260K, [k}, E[K* — 1| K* < bE[¢(h)] (6.55)
+E[(K* —1)(K* —2) | K* <HE[E(h)] +E[K* — 1| K* < bE[E(h)?].

We start analysing the case where E[K?3] < co. By Theorem , for E[K3] < oo,

E[£(R)] < Co(B — B:)"/?, (6.56)

for some constant Cy. Substituting (6.53]), and iterating in a similar fashion as in the proof of
(6.53)), we obtain that, for E[K3] < oo,

E; [(h7)?] < C(B — o). (6.57)
We next extend this analysis to 7 € (3,5). Note that, for every a > 0,

E[K* ' g <py]

E[(K*)* | K* <b] = 6.58
(KT < E[KT{x<py] (6.58)
so that, for 7 € (3,5),
Cs
E[(K*)? | K* <b] < ——=2T 77, 6.59
(B <tl< E[K gk <p] (6.59)
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Further, for 7 € (3,5),
E[£(R)] < Co(8 — B)/ ¢, (6.60)
and thus

E[(K*)* | K* < DE[E(h)C < b TE[E(R)]? < C(8 — §.)C /#2670 = 05 — B.). (6.61)

It can readily be seen that all other contributions to Ej; [(h¥)?] are of the same or smaller order.
For example, when E[K?] < oo and using that 1/(7 —3) > 1/2 for all 7 € (3,5),

E[K* — 1| K* <BE[E(h)*] < CE[E(h)]* = O(B — Be), (6.62)
while, when 7 € (3,4),

E[K" — 1| K* < BEIE(h)?] < OV EIE()] = O(8 — 5,)"47/0-0+ /00 = o5 — )%,

(6.63)
We conclude that B
Ey [(h})?] < C(B = Be). (6.64)
Therefore,
)> e, Zexp{ CUB =B} = O((B =57, (6.65)

as required.
The proof for 7 = 5 is similar when noting that the logarithmic corrections present in E[¢(h)]?
and in E[(K*)? | K* < b] precisely cancel. O

We close this section by performing a heuristic argument to determine the upper bound on ~’.
Unfortunately, as we will discuss in more detail following the heuristics, we are currently not able
to turn this analysis into a rigorous proof.

The upper bound on «': heuristics for E[K?] < co. We can bound from above

exp { - ilog (1 + %) }] . (6.66)

Now, the problem is that fv > 1 when § > (., so that we need to extract extra decay from
the exponential term, which is technically demanding, and requires us to know various constants
rather precisely. Let us show this heuristically. It suffices to study large values of ¢, since small
values can be bounded in a simple way.

We blindly put the expectation in the exponential, and Taylor expand to obtain that

00 l
X(B, B) =~ E[UD] Z (6v) exp{ Z cosh

/=0 i=1

*

} (6.67)

We compute that
1

COSh(B)2 = 1——(92 (668)
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Since

Kr—1
hi = 0hi,, + Z §(hiy), (6.69)
j=1
we have B[ 1]
E[h]] =~ TQEK(}I)L (6.70)
and
©2] 20E[K* — 1) + E[(K* — 1)(K* — 2)](1 — ) , E[K*—1] 9
Ignoring all error terms in the proof of Lemma [5.1] shows that
92
Bl¢(h)?) = 2Bl = GELEM, (6.72)
so in total we arrive at (also using that 6 ~ 1/v)
*\2 NV3(1_9)/V+3V§/V3 2
As a result, , V)
E[(r))%] _ vs(1=0)/v+3vy/v 2
cosh(B)2 ~ g E[¢(h)]-. (6.74)
[gnoring error terms in the computation in Lemma 5.2 shows that
E[¢(h)*] = CsE[E(h)], (6.75)
where
3 3 3
Cs = 1= 05, (v3 + 3.0y & 7 (v3 + 31uCy) = =10 (,/3(1 —0) + 3(V2/V)2) 7

(6.76)
since # =~ 1/v. Further, again ignoring error terms in (5.24)) and Taylor expanding to third order

shows that
E[¢(h)] = OvE[E(h)] — CLE[E(R)]?, (6.77)

where

B 5///(0)
6

C = (vC5 + 31,05 + v3), (6.78)

and £”(0) = —20(1 — 6?). Substituting the definitions for Cy and Cj yields

o(1 — 0)

Cl = (1/03 -+ 3V202 -+ Vg) (679)

7 (Vv5(1 = 0) + 3v0%(va/v)* + 3U30°(1 — 6%) + v5(1 — 6)(1 — 6°))

= (v3(1 — 0) + 3156°).
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Thus, we arrive at

E[£(h)]* ~ : (6.80)

so that substitution into (6.74)) leads to

—(Iiifw);l ~ (Ov — 1)3(552(; % )” j;y’/;@/z ;3) —3(0v — 1). (6.81)
We conclude that
(Ov) exp { — cosh 2} < (14 (B — 1))e 0D < o201, (6.82)
This suggests that .
NG E[VD S e 200 — o((gy — 1)), (6.83)
=0
as required. Also, using ((6.67] , this suggests that
Jim (v — 1)x(8,07) = E[D]/(2), (6.84)

where the constant is precisely half the one for the subcritical susceptibility (see (6.1])). It can be
seen by an explicit computation that the same factor 1/2 is also present in the same form for the
Curie-Weiss model.

Indeed for the Boltzmann-Gibbs measure with Hamiltonian H,(0) = —5 i 0i0; one has
B. = 1 and a susceptibility x(3,0%) =1/(1—2) for 8 < B, x(8,0%) = (1— m2)/(1—ﬁ(1—m2)) with
m the non-zero solution of m = tanh(fm) for 8 > S.. Expanding this gives m* = 3(8—1)(1+4o0(1))
for 8\, 1 and hence x(8,0%) = (1+0(1))/(1 = B(1 — 3(8 — 1)) = (1 + o(1))/(2(8 — 1).

It is a non-trivial task to turn the heuristic of this Section into a proof because of several
reasons: (a) We need to be able to justify the step where we put expectations in the exponential.
While we are dealing with random variables with small means, they are not independent, so this
is demanding; (b) We need to know the constants very precisely, as we are using the fact that a
positive and negative term cancel in . The analysis performed in the previous sections does
not give optimal control over these constants, so this step also requires substantial work.

The above heuristic does not apply to 7 € (3,5]. However, the constant in (6.81)) is always
equal to 3, irrespective of the degree distribution. This suggests that also for 7 € (3, 5], we should
have v/ < 1.
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