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Ising model on random graphs

We model opinion spreading with the /sing model, a paradigm model in
statistical physics for cooperative behavior.

What are effects of structure of the network on behavior of Ising model?
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Random regular graphs

Let r,n € N such that nr is even

A random r-regular graph with n vertices is a graph selected
uniformly at random

from the set of all simple r-regular graphs with n vertices

Denote this random graph by G, = ({1,...,n}, E,)
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Ising model

Ising measure on G, for o € {—1,+1}"

1 — o
o) = 7€ o)

with Hamiltonian

H(c) = — Z oo — hZO';
i=1

(ig)EEn

5>0 inverse temperature

h>0 external magnetic field

Z, normalization factor (partition function)
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Discrete Glauber dynamics

Discrete time Markov chain where at every time step

1) Pick vertex i uniformly from {1,... n}

1 if H(o') < H(o)
2) Flip spin o; with probability '
e AIH(E)=H(O if H(o") > H(o)

Equilibrium distribution p(o) = Zine*ﬁH(")
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Metastability

Take zero temperature limit 5 — oo

Then, u(o) = Zine_BH(”) concentrates on minimizer of

Z O'O'J—hZO',

(iJ)€En
Minimizer is B — stable state

If h small, local minimum &
— metastable state

Time 7(5, H) to go from & to H?
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Main result

Theorem (D., 2017)

For random r-regular graphs with r > 3, h small, whp, there exist
constants 0 < C; < oo, Gy < oo such that

lim P[eﬁ(rp_cl\ﬁ)” < 7(8,8) < eﬁ(f/2+Cz\ﬁ)n] -1

B—00
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Main result

Theorem (D., 2017)

For random r-regular graphs with r > 3, h small, whp, there exist
constants 0 < C; < oo, Gy < oo such that

lim IP’[e*B(r/2_C1\ﬁ)” < 7(8,8) < eﬁ(f/2+Cz\ﬁ)n] -1

B—00

Note that exponent is /inearin n

Big difference with e.g. finite lattices where (5, H) ~ ¢

Sander Dommers — Ruhr-Universitit Bochum



Pathwise approach

Cassandro, Galves, Olivieri, Vares, 1984, Neves, Schonmann, 1991
Manzo, Nardi, Olivieri, Scoppola, 2004, Cirillo, Nardi 2013

Communication height

d(0,0') = min max H(c")
w path from o to o/ o/ cw

Stability level

V, = min ®(o,0") — H(o
o’:H(c")<H(o) ( ) ( )
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Pathwise approach (cont.)

Proposition
If there exist 0 < [y < T, < oo such that

1) ®(BE,8) - HE) =T,
3) for all o ¢ {B,H} it holds that V, <T,

then, for all e > 0,

lim P[e®("—9) < 7(8,8) < ’Nv+9)] = 1

B—00
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Isoperimetric number

AC

(|0A| > ie(Gn)IA)
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Isoperimetric number

AC

(|0A| > ie(Gn)IA)

For r-regular random graphs 3 C > 0 such that, whp,
(Bollobas, 1988, Alon, 1997)

5~ Viog2yr <ie(Gp) < 5 — CVr

(For lattices /e — 0 as n — o0)
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Lower bound

Lemma
If h small, then 3 C; > 0 such that ¥ o with n/2 + spins

H(o) — H(B) > (ie(Gn) — h)n > (% . clw) n
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Lower bound

Lemma
If h small, then 3 C; > 0 such that ¥ o with n/2 + spins

H(o) = H(B) > (ie(Gn) — h)n > <7 ~ GV

— Y (-1 1) = —|Ea| + hn

(iJ)€En

With A set of + spins

H(o) = —|Ep| + 2|0A| — —h—i— h>2/e( ) — |En|
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Upper bound

For the upper bound use that there exists a configuration with n/2 with

r n
0.4 < (3= €VF) 5
and that there always exists a path to & and H that doesn't increase
energy too much
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Main result

Theorem (D., 2017)

For random r-regular graphs with r > 3, h small, whp, there exist
constants 0 < C; < oo, Gy < oo such that
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Extension to more general degrees

Theorem (D., den Hollander, Jovanovski, Nardi, 2017+)
Let all degrees be at least 3. Then, whp, 30 < vy < 7, < oo such that

lim Pl " < 7(B,8) < " =1
B—00
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Extension to more general degrees

Theorem (D., den Hollander, Jovanovski, Nardi, 2017+)
Let all degrees be at least 3. Then, whp, 30 < vy < 7, < oo such that

lim Pl " < 7(B,8) < " =1
B—00

Open problems

Prove that 7(B,H) ~ exp{4,} with lim,_, Lnn =7

Analyze metastability for 5. < 3 < oo in thermodynamic limit n — oo
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