RUHR
UNIVERSITAT
BOCHUM

Continuous spin models on annealed

generalized random graphs

Sander Dommers

Joint work with

Christof Kiilske and Philipp Schriever

Probability Seminar Essen — May 30, 2017



Motivation

Random graphs can model complex networks, e.g., social networks

Spin models can model for example opinion formation
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Generalized random graphs

The generalized random graph is defined as follows
Assign to each vertex i € {1,...,n} a weight w;
Let ¢, be the sum of the weights: 7, = >"" | w;
For each pair of vertices i, j draw an edge between them with probability
__Wiwj ~ Wivj
Pij = ln + wiw; <N €n>
independently of everything else

Denote the resulting edge set by E, and
the expectation of such random graphs by Q)"
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Assumptions on weights

Let V,, ~ Uniform{1,...,n} and W, = wy,

Assume there exists a random variable W with distribution P such that,
as n — oo,

i) w, = w

(i) EW2] =137, w? = E[W?] < oo
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Assumptions on weights

Let V,, ~ Uniform{1,...,n} and W, = wy,

Assume there exists a random variable W with distribution P such that,
as n — oo,

i) w, = w

(i) EW2] =137, w? = E[W?] < oo

Consequences:

max w; = o(n'/?)
=

and
Wi wj Wi Wwj Wi wj

- ln + wiw; oy, nE[W]

Pij
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Annealed spin model

Let S be a compact Polish space

Denote a spin configuration by o = (/)icq1,..ny € S”
Let v be an a priori probability measure on S

Let ® : S xS — R be a bounded interaction potential

The annealed Gibbs measure is given by

Qy (e>teen DI, a(doy))

do
/~Ln( ) Q,‘;V an (ez('}f)GEn (D(a',-,o'j))
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Annealed spin model

Compare annealed Gibbs measure

Qi (Zuree 11 o)
Qy a” <ez(iaj)6En (D(‘Tiv"j))

pin(do) =

with guenched Gibbs measure

e2(ij)ekn P(0i:9)) 17, a(do;)

2(do) = . (eZ(;,j)eEn q>(&,-,&j)>

In quenched case: model on fixed (random) realization of graph

In annealed case: model on average realization of graph
Graph changes on much faster timescale as spins
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Annealed pressure

Define the annealed pressure as

1 55
Un(®, a,w) = = log Q¥ " (ezw)ea “’("'7'71))
n

and define the thermodynamic limit of the pressure as

(P, a, P) = lim ¢p(P, a, w)

n—o0

if this limit exists
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Annealing

We can write

Qv (ezu,j)efn"’(ahaf)) — Qv (erq-1{(i,j)e5n}¢(0u°’/))

Because of independence of edges expectation factorizes

We compute
QY (eﬂ{('*”eE"}q’("”"f)) = p;je®7 %) 11— p;

(R ®(o),0) O(o;,0;
= elog<1+p”1(e o 1)> ~ ePiile @) 1)

wiWj ®(oj,0;)

e J
~ C’y_l e nE[W]
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Annealing

Hence we get

Wity P(oi05)

Qy (e () €En q’(a"gj)) ~ Cexi<imm®

Define the empirical distribution

1 n
LZ7W = E ; 5(0':'7Wi)

and the function
WW/e(D(U,U’)

/ no__
U(o,o',w,w') = 72E[W]

@ ( () €En "’("f@')) ~ Conla LI (V)
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Large deviations

We want to compute the pressure

1 5 5
(P, a, P) = lim —log Q) " (ez("’ﬁefn ¢(””Uf)>

n—oo N

]. o,w o,w
lim —loga” (e"L" ©Ln (U)) +C

n—oo N

(We ignore the constant from now on)

If we can show that L;" satisfies a Large Deviations Principle (LDP)

we can use Varadhan's lemma to compute the pressure
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Variational expression for pressure

Theorem

w(¢7a7 P) sup Ve V /S W‘Oé dW)
V€M1(S R+)
v(dw)=P(dw)

where S(v|«) is the relative entropy

:/log j—g(a)y(da

» Truncate weights to have compact space

» Prove that rate function is co when v is not a probability measure
or v(dw) # P(dw)

» Take limit of truncation
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Mean-field equation (heuristics)

Suppose there exists an effective potential V(o) so that

v (do) = v"V(do) = le""V(C’)oz(da)

z

Then

®(o,0;)

"a(do)

EeWV(”)a(da) ~ le""% S st e

V4 V4
so that
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Mean-field equation

Let V be the set of solutions to

V(o) =E [EEA/W] / ola), WY ( d&)]

Theorem

v(®,0,P) = sup E [V 0" V(U)] - [ S(V]a)P(dw)
vey

— \S/lé@_;E [WVW’V(V):| +E [Iog a(eWV)]

First equality can be made rigorous using variations

Second equality follows from using fixed point equation
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Rank-2 models on interval

Let S = [~1,1] and e®®%) = ¢ + fo;0;

Then

V(o) =E [H_BE/VM / eq’(a»f’)uW»V(d&)] = c+00FE {EE/VW] / 5VW’V(d5):|

Hence V(o) must be of the form V(o) = ¢ + mo. Using this

"k LEE/VM / aywﬁm&(d&)] = p(m)
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Cumulant generating function of «

We can write

w faewm"oz(da)]

o(m) E[W] E[W] [ eWmoa(do)

W

E [W W’m”(da)] =F [

Iog a(et?)

E[W] dt t_WJ

:E[

Similarly

() = B[ g a(e)

ww] aee 8 (e’ t:Wm]
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2" order phase transition

Suppose that « is an even measure with, for all t > 0,

d3
TS log a(e™”) < 0
Then, for m > 0, also ¢"(m) < 0 and is hence concave

m/6

p(m)

¢'(0) < 1/6 o'(0) > 1/0

We have a 2" order phase transition at /(0) = 1/6,
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Critical behavior

Suppose that « is an even measure with, for all t > 0,
d3

d3|oga( 7)<0

Critical value

2
1/6. = ¢(0) = ryda(e?)

For 6 > 0. unique positive solution m™

Now suppose that k is the smallest natural number such that

k

— log (™) <0

dt t=0
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Additional weight assumptions

We distinguish two cases
(i) E[WK] < oo

(i) W obeys a power law with exponent 7 € (3, k + 1), i.e., there exist
constants Cyy > ¢y > 0 and wy > 0 such that

cww T < PIW > w] < Cww (71 Yw > wo
Bell Curve Power Law Distribution

Very many nodes
Most nodes have with only a few links

the same number of links

A few hubs with

No highl
o ngny large number of links
\

connected nodes

Number of nodes with k links
Number of nodes with k links

Al
NS e

Number of links (k) Number of links (k)

Barabasi, Linked, '02
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Critical exponent

Define the critical exponent 3 as

mt(0) = (0 —0.)P  for 6\, 6,

Theorem

B:{Vw—mfmmwﬂ<m

1/(t—=3) forTe(3,k+1)
Example for k = 4 and E[W*] < cc (left) and 7 = 3.5 (right)

m*(6)
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Critical exponent

Define the critical exponent 3 as

mt(0) = (0—6.)°  for 6\, 6,

5 { 1/(k —2) for E[W*] < oo

1/(r—=3) forTe(3,k+1)

B
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Critical exponent

Define the critical exponent 3 as

mt(0) < (0 —0.)°  for 6\, 0

Theorem

B:{ 1/(k —2) for E[W*] < oo

1/(t—3) forTe(3,k+1)

For 7 = k 4+ 1 we have the following logarithmic corrections

0 — 0. )1/(k—2)

m(0) = <|og 1/(0—0c)

Sander Dommers — Ruhr-Universitit Bochum



Sketch of proof

Using a Taylor approximation
mtk—1

= e(m") = 9(0) + ¢'(O)m" + V() 3y,

6

- E| =% loga(et®
o T E | mpare e (e”)

mt Wk gk
t:0:|
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Sketch of proof

Using a Taylor approximation

m+k—1

= e(m") = 9(0) + ¢'(O)m" + V() 3y,

6

m+ k dk
- E|— S| to
6. T F | B aek og e )t:o}

Only allowed for E[W*] < oo !
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Sketch of proof

Using a Taylor approximation
= o(m*) ~ ¢(0) + ¢'(0)m™ + ¢ ~(0) m
m* Wk dk

- E |
6. | Ew] ek 8¢ a(e”

For E[W*] < o0

1 1 0-6.  E[Wd .
—— = ~ log ar(e™)
O 06, E[W] dtk

t=0(k — 1)!

Indeed
+ o (0 — gc)l/(k—2)
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Sketch of proof

omt) = | i [ o™ ao)]

For 7 € (3, k + 1] split analysis for small and large values of W

Use properties of truncated moments of W
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External magnetic field

Let

1
ap(do) = ;ehaa(da)

For h > 0 still one positive solution m™ (6, h)

Define the critical exponent § as

m*(Oc, h) < h'/°
Theorem

5 k—1 for E[WK] < oo
| 7-2 forre(3k+1)
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Mean-field exponents

For k = 4 and E[W*] < co we get the values
B=1/2 0=3

These are called mean-field values. They are the same for
» Curie-Weiss model

> Ising model on Z9,d > 4
Aizenman, Fernandez, '86

» Many other models

Note that these values do not hold for 7 < 5 or other values of k

Despite the fact that these are still a mean-field models!
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Example models

Models with k = 4 for example include

> Ising model v = 2 (6_1 + &1)
Giardina, Giberti, van der Hofstad, Prioriello, '16;
D.,Giardina, Giberti, van der Hofstad, Prioriello, '16

» Beta distributions, b > 0

) = 2555 (1;O>b_l (150>Hd"

» o uniform on S9 (similar to Beta model with b = ¢/2)
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Example models

Models with k = 4 for example include
> Ising model v = 2 (6_1 + &1)
» Beta distributions, o(do) = 355 (142)" " (552)"  doyb > 0

» « uniform on S9 (similar to Beta model with b = ¢/2)

Model with kK = 6 where ap(do)
equals

do [ 1 for |o| >
2(59 — 181/10) for |o| <

V4

W= W=
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Related / future research

Can we find models with even higher values of k?
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Related / future research

Can we find models with even higher values of k?

Results on critical behavior for Ising model also hold in guenched case
D., Giardina, van der Hofstad, '14
Can we prove similar resuls for general spin models in guenched case?

Can we prove CLTs for the total spin?
(As was done for Ising Giardina, Giberti, van der Hofstad, Prioriello, '16)
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Truncated moments

Fora>r—-1

L
E[Waﬂ{wgg}] -~ / wiw Tdw ~ ga—(r—l)
1

Similarly, for a <7 —1
E[W T ywsp] ~ / w?w Tdw ~ 2~ (771)
¢

Optimal choice is £ = 1/m™
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