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Summary. A variant of multigrid schemes for the Stokes problem is dis-
cussed. In particular, we propose and analyse a cascadic version for the
Stokes problem. The analysis of the transfer between the grids requires spe-
cial care in order to establish that the complexity is the same as that for
classical multigrid algorithms.
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1. Introduction

Multilevel methodswithoutcoarse grid corrections have been defined and
applied to elliptic problems of second order by Bornemann and Deuflhard
[1,5]. They have called it a cascadic algorithm and showed that an optimal
iteration method with respect to the energy norm is obtained if conforming
elements are used.

Deuflhard’s starting point for the cascadic multigrid method [5] was the
idea that it should be sufficient to start the iteration at the lewdth a good
approximation from the level— 1. A similar idea can already be found in
Chapter 9 of Wachspress’ book [12] from 1966, i.e. from the period in which
also the first theoretical investigations of multigrid methods were made.
The approach from that period had, however, the drawback that not enough
steps were performed on the coarse grids. Later Shaidurov [8] established
in essence a recursion relation of the form

h.
(1.1) |ui —villy < |lui—1 —vie1ll1 + Cﬁ

()
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180 D. Braess, W. Dahmen

for some finite element problems with full regularity. Heredenotes the
exact solution on the levelandv; its approximation computed aften;
steps. The accumulation of the error is no problem since the iteration steps
on the lower levels are cheap.

Itis crucial for the optimality of the algorithm that the error from the pre-
vious level enters with a factor of precisdlySince it was not clear whether
a constant factogreater thanl is encountered in the transfer for noncon-
forming elements, there are no serious conjectures for the latter families.
This feature is shared by the Stokes equations as will be obvious in Sect. 4.
In fact, the nonconformity caused by the prolongation operator introduces
factors strictly greater than 1 in the recursion (1.1).

There is another difference to classical multigrid algorithms. The recur-
sion relation (1.1) refers only to the energy norm, and it has been proved in
[2] that the cascadic version is in genemat optimal for theLs-norm. This
is in contrast to classical multigrid algorithms, see [7,13], where one can
more easily move between tti&'-norm and the.,-norm.

We will develop the cascadic multigrid method for saddle point problems
which arise from the Stokes problem. Here we will apply the smoothing pro-
cedure proposed in [4]. However, prolongating an approximate solution to
the next higher level generally destroys the divergence freeness ensured by
the smoother. Since the natural correction arising in this context involves a
projector that is orthogonal if; and not with respect to the energy inner
product, there is the drawback with tlig-norm mentioned above. Never-
theless, we are able to properly isolate the influence of nonconformity and to
apply then a duality technique providing sufficiently sharp estimates for the
additional terms. This eventually will be shown to yield optimality for our
saddle point problems. Since this in turn is related to a careful analysis of
the transfer between the grids, the technique is also useful in the treatment
of nonconforming elementsThe analysis shows that the loss induced by
the transfer between the grids can be controled also in nonstandard cases.
This may be of interest for many multigrid algorithms and not only for those
of cascadic type.

We note that the cascadic multigrid algorithm offers an efficient alterna-
tive to nested iteration for obtaining a good initial guess of the finite element
solution. It is not our intention to replace the standard multigrid procedure.

2. Notation and problem formulation

Let 2 C RY, d = 2 or3, and letl*(£2), H3(£2) denote the usual Sobolev
spaces endowed with the Sobolev norfns||;. The spacel,o(f2) =

! Note added in prooindeed, R. Stevenson [9] told the authors in Jan. 1998 that he has
applied the analogous technique to deal with nonconforming elements
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A cascadic multigrid algorithm for the Stokes equations 181

{q € La(R2) : [ gdz = 0} can be identified withl(£2)/R. The weak
Q
formulation of the Stokes problem reads: Finde X := H}(2)? and

p € M = Ly o(2) such that

2.1) a(u,v) + b(v, p) z éf,v> forall v € X,

b(u, q) forall ¢ € M.

Here,f € X', the dual ofX, is given, with(-, -) being the standard duality
pairing induced by thé.; inner product, and

a(u,v) := /Vquda:,
(9}

22) b(v,q) = —/divquw.

n

We assume that the problem i&*-regular, e.gf2 may be a bounded
convex polyhedral domain in 2-space.

We are interested in approximate solutions to (2.1) obtained by finite
element discretizations. To this end we assume that foreadig, ¢ < J,
T; denotes a shape-regular triangulationfdfvhich is generated by suc-
cessively refining uniformly some initial triangulatidy. Shape regularity
means that the ratio of the diameter and the radius of the largest inscribed
ball of any simplex in7; remains bounded. Accordingly; and M; will
denote the corresponding conforming finite element spaces of Taylor and
Hood [3, 6]. Likewise we may use any elements with the properties listed in
[11]. In particular, the finite element spaces are nested and form an ascending
hierarchy of spaces

XoCcXjC---CXjCUX, MoCc MyC---CMjyC M.

Restricting (2.1) to the paikK;, M;, gives rise to the linear system of equa-
tions

A; B (ui\ ([ fi
@ (57) ()= (0)
where as usual the operatots, B; on X; are foru; € X; defined by
(Ajui,v) = a(ug,v), v e X, (Biui, q) = bus, q), q € M;.

Of course, as soon as one fixes bases;iandM;, one obtains matrix repre-
sentations of4;, B; which will be denoted again by;, B;, respectively. For
simplicity we identify the functions;, ¢; in X;, M; with their coefficient
sequences, always assuming that the bases are normalized so that

(2.4) [villo ~ llville,-
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That is, both norms can be uniformly bounded by constant multiples of each
other. Moreover we have the inverse inequalities

(2.5) HvzHl < Chi_IHUiH(), V; € Xi.

Here and throughout the papewill be a generic constant which is inde-
pendent of the level and which may be different in different equations.
Our objective is to solve (2.3) for the highest level of resolutien J.

3. The smoothing operation

A key ingredient of a multigrid scheme for the solution of (2.3) is a suitable
smoother. In the following we will employ the smoother proposed in [4].
Since this can be described for an abstract saddle point problem, for conve-
nience we suppress the subscripts indicating the discretization level. Thus
we consider the linear system of equations

= (") ()= ()

whereA is a symmetric positive definite matrix. It characterizes the solution
of the constrained minimum problem

1 . .

5uTAu — fMu — min! subjecttoBu = g.
Now suppose that' is a preconditioner foA which, in particular, satisfies
(3.2) vl Av <oTCv, ve X,

and for which the linear system

= (7)) =)

is more easily solved. Note that the inverse is formally given by

¢ BT\' (CcYI-BTS'BC')C-'BTS!
(3.4) B —\ s 1BCc-1 _g-1 ’

where
S := BC~'BT

is the Schur complement of (3.3). SpecificallyCif= al, then (3.2) reads

vTAv < avlo,
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i.e.,« is assumed to be not smaller than the spectral radids of A. In
this case (3.4) becomes

T\ —1 1 T Ty—1
(3.5) ol B —(af -1 b (BBT)—1 ;
B (BBT)"'B —a(BBY)
whereP is the projection
(3.6) P:=1-BY(BBY)'B.

Now, (3.1) is to be solved by an iteration of the form

en ()= ()= () {GT) G- O}

where superscripts will always denote iteration indices. It is important to
note that/‘*+! always satisfies the constraint, i.e.,

(3.8) Butl =g,

see [4]. Each iteration step requires solving a system of the form (3.3) with
C = al. By (3.5), this can be realized by implementing

1
BBY¢=Bd—ae, v= a(d— BYg).

Specifically, this amounts to solving an equation similar to the Poisson equa-
tion in the case of the Stokes problem. In view of the available efficient
Poisson solvers this is acceptable, e.g., smoothers which incorporate Pois-
son solvers have been used in some efficient multigrid algorithms by Turek
[10]. Moreover numerical results in [4] support the expectation that approx-
imate solutions of the equations are sufficient. Obviously it would be against
the spirit of the idea of cascadic solvers to use multigrid here, but fortunately
there are efficient AMG algorithms which solve the Poisson equation in a
black box manner.

In particular, defining fogy = 0

Vi={veX:Bv=0}

the iteration remains iir. Therefore one can construanjugate directions
from the corrections in (3.7). In fact, defining the vector

gﬁ = Au(_'_BTpﬁ _ f

as the residual of the first block and computirfgrom
ol BT\ (ht B gt
B pe o 0/’
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we obtain the next conjugate direction and the next iterate from

d* = —h" + Bpd"
= ut 4 aud.

The factorsay and 8, are determined as in any cg-algorithm. Note that by
constructionBA! = 0 so that also

(3.9) Bd'=0, ¢=0,1,....

Thus one considers the cg-method confined to a subspace wissdefinite.

The cg-method based on (3.7) will be employed as a smoother in the cascadic
multigrid algorithm in accordance with the concept for scalar equations in
[1,8].

4. The cascadic multigrid iteration

Our objective is to analyse the following

CASCADIC Multigrid Algorithm:
Compute the exact solutiam, gg of (2.3) on level = 0. Setvy := ug.
Fori=1,...,J:{

— Computew; as the prolongation af;_.

— Computer” := v? as the projection ofv; to V; := ker B;.
— Executem = m; steps of the cg-method.

— Sety; :=v™

}

Since the spacek;, M; are nested, the prolongation
Vi—1 > Wi, gi-1 qo

in the above scheme is simply the inclusion. However, although e{ﬁqh
and hence;_, belong toV;_1, its prolongationu; will generallynotbelong
to V;. The correction can be performed by solving the sytem

= (57) ()= (o)

where we again suppress the level indéx the matricesB, C. In fact, by
the remarks at the beginning of Secti@ninimizes the quadratic functional
(Cv,v) under the constrainBw = —Bw;. One easily confirms that

(4.2) w=—-C'BY(BC'BY) ' Buw;.
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Hence,

(4.3) v*:=w; +w = (I - C'BYBC'BY) 'B)w; =: Pow;.

Thus, since fofu, v)c := (u, Cv) = (Cv,u)

(Poz — z,w)e = —(C'BY(BC™'BT)"'Bz, Cw)
= ((BC7'BY)"'Bz,Bw) =0, forall w e V;,

the mappingPc¢ is just the orthogonal projection 5 with respect to the
inner product-, -)¢.

The most convenient choice féf is af. Noting thatP,; = Pf =: P
(see (3.6)) for anyx > 0 this gives rise to the orthogonal projector with
respect to the standafd -inner product, i.e.,

(4.4) [Pllo = 1.

For completeness, we note that there is also a bound with respect to the
|| - |[1-norm.

Lemma 1. For P = P, defined by (3.6) one hds?;||1 < c uniformly in
ieN.

Proof. It suffices to prove thaf = S; := BY(BBT)~!B is uniformly
bounded in|| - ||;. To this end, note that” = ker B is a closed subspace
of H}(£2)4. Therefore its orthogonal complemént with respecttd:, -);
exists. Thus any € X; can be written a» = z + w with Bz = 0 and
w € V1. Obviously,BSv = Bv = Bw. Hence,

(4.5) 1Svlli = 1S(z + w)|IF = [|Sw]]?.

On the other hand, since

(4.6) |w||? ~ (Bw, Bw) for we V*,

cf. Remark I11.5.5 in [3], we obtain

|Sw|? ~ (BSw, BSw) = (Bw, Bw) ~ [w]} < [w]? +[|]2 = [[v]]3,

and the assertion follows from (4.5)0
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5. The cg-method and optimal polynomials

According to (3.8) in [4] the error in the-component for the iteration (3.7)
is given by

(5.1) u— v = P(I— S A)(u— o) = (I — ~PAP)(u— oY),
Qy ay
whereP is defined by (3.6). From the theory of the cg-method we know that

lw =™ l1 < elfffu—o™

(5.2) = cinf {||| u — Qum(PAP)Y°|| : deg Qm < m, Qun(0) =1}.

Here the energy norrf| - ||| is defined by||| v||| := (’L},PAP’L})(I)/2, so that
in the case of the Stokes problem

(5.3) Folll = [Pvls.

It has been shown by Shaidurov [8] that, givence N andA > 0, there
exists a polynomial),,, such that

Qm(0)
|
| <

(5.4) VEQm(x)
|Qm ()

We set\ax := Amax(PAP). SinceP AP is selfadjoint, following Shaidu-
rov [8] we obtain from (5.4) an operat@},, with

Amax
Il Quoll < 32

I @molll <1l vlll : vE X

| N

[0, 4],
for:c € [0, 4].

HUH07 v e X,

We emphasize that the energy norm is a mesh-dependent norm, since the
projector in (5.3) depends on the grid. Therefore we reformulate the above

bounds. Since€),,,v belongs tdV;, we havd|| Q. v||| = [Qmv]1, i.e.
55) Qmls < 225 oo, o € X,
(56) |QmU|1 < |PU|1, v € X;.

Although during the computatiordg,, is only applied to functions in the
kernelV;, itis crucial for the analysis that the estimates hold fovatl X;.
Moreover we note that the inverse inequality (2.5) implies

(5.7) Amax = Mmax(PAP) < Apax(A4) < ch™2.
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6. A recursion relation and final estimates

In contrast to cascadic iterations for scalar elliptic problems the prolongation
of the approximate solution,_; on leveli — 1 is followed by a correction
which projects the prolongated; to v° := Pyw; € V;. SinceP; is an
orthogonal projector relative to the-inner product and therefore generally
does not have norm one H!, the relation

100 = willy = (| Ps(wi — wi) |y
does not allows us to directly infer the estimate
100 = willy < fJwi —willx
which would be needed in a convergence analysis following the concepts
of [1, 8]. The subsequent discussion indicates the corresponding difficulties.
We will overcome them by switching to tHe |;-projector in the analysis.

The terms which arise from the compensation will be estimated by applying
the following lemma.

Lemma 2. There exists a linear mapping; : X; — V; and a constant
such that

(61) H(I — Rl)Zlﬂo < CthzzHl for all Zi € Vi—b
(6.2) |Rizil1 < |zi1 forall z; € X;.

The proof of the lemma will be given in the next section.
First, under the regularity assumption

[ull2 + [[plly < ¢l fllo,
one obtains thd.;-estimate
lu —uillo < chZ| flo-
Thus the triangle inequality yields
6.3)  Jlui —wicallo < flui — ullo + flu — wiiflo < chF[|f1lo-
Here we assume as usual thath;_; remains bounded.
We are now prepared to analyze the error produced by the scheme de-

scribed in Sect. 4. To this end, we recall thatlenotes the exact solution of
the discrete problem ii;, whilev? = v? := P,w,; denotes the starting value
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for the iteration on the levél As beforew; is the prolongation of the approx-
imate solutionu;_; = v™i-* in X;_;. AbbreviatingQ; := Qum, (PiA;P;),
we obtain

u; — v = Qi(u; — Fvi—1)
= Qi(u; — Piuj—1) + Qi Pi(uj—1 — vi—1)
= Qi(u; — Piui—1) + QiRi(ui—1 — vi—1)
(6.4) + Qi(P; — Ri)(ui—1 — vi—1).
As for the first summand, we invoke (5.5), (5.7), and (6.3) to obtain
-1

h
Qi(us = Pti1) 1 < e ——lus = Pt o

1

-1

h-
(6.5) < e ——|lu; —ui—1llo
m;
hi
<c—lfllo-
m;

The second term of (6.4) is estimated by employing (5.6), the estimate (6.2)
in Lemma 2, and®,R; = R;:

|QiRi(ui—1 —vi—1)1 < |PiRi(ui—1 —vi—1)1 = |Ri(ui—1 —vi—1)h
(6.6) < Juj—1 — vi—1|1.

The third summand on the right hand side of (6.4) represents the essential
distinction from the scalar elliptic case. It reflects the nonconformity of the
prolongation. Applying first (5.5), using as before tiat- R, = P;(I — R;)
and bearing (4.4) in mind, provides

ht
|Qi(P; — Ry)(ui—1 — vi—1)|1 < c——|[(P; — Ri)(ui—1 — vi—1)llo

mg
-1

h;
11 = Ri)(ui—1 — vi-1)llo-

<c
m

At this point the main estimate (6.1) from Lemma 2 comes into play which
yields
|(I = R;)(ui—1 — vi—1)]lo < chi|ui—1 — vi—1]1-

This in turn implies by the previous estimate that
C
(6.7) |Qi (P — Ri)(ui—1 —vi—1)|1 < E\uia — vi—1]1-

By combining all three estimates (6.5), (6.6) and (6.7) for the terms on
the right hand side of (6.4), we obtain immediately the recursion relation in
the following proposition.
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A cascadic multigrid algorithm for the Stokes equations 189

Proposition 3. There exists a constantsuch that

h; c
(6.8) lui —vilt < c—||fllo + (1 + —) [ui—1 — vi—1|1.
my; m;

The choice ofm; for the number of smoothing steps on levelvas
made in [1] such that the term for= .J dominates in the sums., m; 'h;
and) . mihi_d. (Specifically the choice in [1] corresponds to setting=
(d + 1)/2 in the next theorem.) Therefore the error of the solutigrand
the computing effort are given by the contributions of the finest grids.

With the aid of Proposition 3 we are now in a position to establish similar
properties here and show that the cascadic multigrid algorithm for the Stokes
problem behaves like the cascadic algorithms investigated by Bornemann
and Deuflhard [1] and by Shaidurov [8].

Theorem 4. Assume that < « < d and that the CASCADIC multigrid
algorithm described in Sect. 4 is applied with; cg steps on the levels
1 < ¢ < J them; being the smallest integers satisfying

(6.9) mi > my 20070,

Then the algorithm yields an approximate solutignon the highest level
with

h
(6.10) g — vl < =Ll follo,
my

where the constant is independent of and.J. Moreover, the complexity
of the algorithm is bounded bym ; dim X ;.

Proof. Sincevy = ug, by Proposition 3 we obtain

J ] C h] ;
uy—wvyli <ec <1+ > — | flo-
Jus —val < e TT (1425 ) 2=t

=0 i=0 -

From (6.9) we infer that

J—1 J-1
1 1 ,
S S
o MJ—i My g mg

i=

Thus the productﬂ;.]:_o1 (1 + m§,> are uniformly bounded by
exp(2¢/my) and

J

h,
6.11 — < - .
(6.11) lug —vsll1 < CJZO m; ll.fllo

The estimate (6.10) now follows from (6.11) combined with Lemma 1.3
in [1], while for the above choice of they; the complexity estimate is a
consequence of Lemma 1.4 in [1]O
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7. Proof of Lemma 2

Givenz; € X;, letw; € X; be the solution of
(7.1) a(w;,v) + b(v,p;) = a(z;,v) forall v € X;,
' b(wi, q) =0 forall ¢ € M;.
Obviously we obtain a linear projectid®; : X; — V; if we setR; z; := w;.
Since the finite element spac&s, M, are stable, we have
(7.2) willi + llpillo < ell2i[1-

In order to apply Nitsche’s trick, we consider the auxiliary variational prob-

lem
a(y,v) + b(v,r) = (w; — 2;,v)o forall v € HE(2)4,

73 iy o) ~0 forall g € Lag(£2).
Since we have assuméff-regularity, we obtain
(7.4) lyllz + [I7]l1 < ellwi — zillo-

Now we insertw := w; — z; andgq := p; into (7.3):

(7.5) (wi — 2zi,w; — 2i)o = a(y, w; — z;) + b(w; — 2z, 7) + b(y, pi)-

Note that the left hand side equds; — z;||3. Next we recall that (7.1) holds
forv € X; 1 andq € M;_4. Since we are only interested in estimates for
z; € Vi1, it follows thatb(z;, q) = 0 for ¢ € M;_;. Hence,

a(w; — zj,v) + b(v,p;) =0forall ve X;_q,

b(wz — Z, q) =0 for all q € M;_.

The general approximation results for affine families of finite elements [3]
guarantee that there ig@a ; € X;_; such that|y — y;—1|1 < chl|y||» and
ri—1 € M;_; such that|r — r;_1|lo < ch||r|l;. Combining this with (7.5)
and (7.6), we obtain

(7.6)

lwi — 2l
=a(y — yi—1, w; — 2;) + b(w; — 2,7 —1i-1) + b(y — Yi—1, i)
< cllwi — zilli (ly — yi—1llh + lIr = rizallo) + clly — yi—1ll1llpillo
< chljw; — zil[1 ([lyll2 + [I7]l1) + chllyll2l[pillo-

The triangle inequality and (7.2) yieldsv; — z;|[1 < c||z|1. Finally, we
use (7.2) for estimatingp;||o and (7.4) for estimatingy||» and||r||1:

(7.7) lwi = 2ill§ < chl|zill flwi = zillo-
We divide (7.7) by||w; — z]o, SetR;z; := w;, and the proof of (6.1) is
complete.

In order to prove (6.2) we set:= w;, ¢ := p; in (7.1) and obtain
|wzﬁ = a(w;, w;) = a(zi, w;) + 0 < |zi]1 [wils.

After dividing by |w;|; we have (6.2). O
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